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It has been known for many years that methods inspired by string theory, such as the worldline
formalism, allow one to write down integral representations that combine large numbers of
Feynman diagrams of different topologies. However, to make this fact useful for state-of-the-
art calculations one has to confront non-standard integration problems where neither the known
integration techniques for Feynman diagrams nor algebraic manipulation programs are of much
help. Here I will give a progress report on this long-term project focussing on photon amplitudes
at one and two loops, in vacuum and in external fields.
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1. Worldline representation of the QED S-matrix

After Feynman’s seminal work on the quantum-mechanical path integral in 1948, two years
later he used a relativistic generalization of the path integral for a perturbative construction of
the S-matrices for scalar [1] and spinor [2] QED. This leads to a decomposition of arbitrary
QED amplitudes into contributions with a fixed number of scalar/spinor lines and loops, each one
represented by a single path integral, interconnected by photon propagators in all possible ways

(Fig. 1).
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Figure 1: Contributions to the QED S-matrix with a fixed number of matter lines and loops.

However, after deriving the Feynman rules from this construction he seems to have concluded
that they provide a much more efficient way of constructing QED perturbation theory than the
worldline path-integral representation. This judgement was shared by the community, so that
for several decades to come the worldline path-integral representation of QED was rarely if ever
considered as a tool for everyday-life calculations of scattering amplitudes or effective actions. It
is only since the nineties, and as a spin-off of developments in string theory and supersymmetry,
that it became appreciated that this representation, although completely equivalent to the Feynman
diagram one, has two principal advantages over it:

1. It avoids the break-up of the scalar/spinor lines or loops into individual propagators.
2. A priori it does not require a fixed ordering of the photon legs along a line or loop.

The first property becomes important when those propagators are already complicated objects
by themselves, which typically happens if one wishes to absorb an external field non-perturbatively.
The second property is relevant for multi-loop calculations, since in QED the rapid growth in the
number of diagrams with increasing number of loops is mainly due to the many different ways of
inserting photons into or between fixed loops or lines.

Let us start with the one-loop N-photon amplitudes in scalar QED, which in the modern
“string-inspired” approach to Feynman’s worldline formalism are expressed as follows [3—6] (for
details, see [7, 8], for generalization to the open line case [9]):

T, x
[kreil ... Vi lky.enleh 475 (1

scal

F[{ki,si}]:(—ie)N/d?Te‘sz DxVA

Here m is the mass of the loop scalar, and the path integral runs over the space of closed loops in
(euclidean) space-time with periodicity 7 in proper-time. Each photon is represented by a vertex
operator

T
Vs’zal[k,g] = /0 dre-x(1) elkx(T) 2)
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The zero mode x¢ = % fOT dtx(7) factors out of the path integral and produces the momentum
conservation factor (27)P 6 (3 k;) which we suppress as usual.
Since the path integral (1) is gaussian, it can be evaluated in closed form, leading to the

“Bern-Kosower master formula”

00 N T
T[{kiei}] = (—ie)N/O d—;(4nT)_?e_m2Tn‘/o dr;
i=1

N
1 . 1.
xexp{z [EGijki . kj +iGijki CEj + EGijgi '8]']}

- lin(gp,...,eN)
i,j=1

written in terms of the “worldline Green’s function” G (7, 7’) and its derivatives,

2
-7
G(r,n) = |n-nl|- %
. -7
G(ti,12) = sgn(11 — 1) —2(7),
. 2
G(r,m) = 26(ti—-m) - T
The notation means projection on the terms linear in each polarization vector.

lin(&y,..., EN)
The generalization to spinor QED can be done in various ways. Feynman’s original formalism

used a “spin factor” under the path integral involving gamma matrices. Nowadays this spin factor is
usually used only in numerical path integration, while for analytic purposes one prefers to rewrite it
as a Grassmann path integral [10, 11]. One can then introduce worldline superfields to write down
a master formula analogous to (3), but in practice it is usually preferable to use a certain integration-
by-parts algorithm for removing the G; i’s, after which the effect of spin can be implemented by the
application of the “Bern-Kosower replacement rule”

GiiiyGiyiy -~ Giyiy = Gi1iyGigiy -~ Giiy = GFiniyG Figiy -+ G Figiy » “)
involving the “r-cycles” Gil izGi2i3 “e e Gi,,i, and the fermionic worldline Green’s function G g,
Gr(r,7') =sgn(r - 7'). &)

This rule was first derived by Bern and Kosower from string theory for the case of the one-loop
N-gluon amplitudes on-shell [4]. Strassler [6] then studied the systematics of the integration-by-
parts for the off-shell case, which allowed him to see that it leads to the emergence of photon field
strength tensors fl.” V= k;‘ gl — sf kY, and thus to the emergence of gauge invariance at the integrand
level. Remaining ambiguities were resolved in [12] in a permutation-invariant manner.

No such replacement rule is available for the open fermion line, for which a worldline repre-
sentation suitable for state-of-the-art calculations was found only quite recently [13, 14].

Note that the master formula (3) gives the whole amplitudes, without the need of adding
“crossed” terms, which is made possible by the signum and absolute-value functions appearing in
the worldline Green’s functions. To take full advantage of this property of the worldline formalism
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it is therefore necessary to develop methods for the calculation of integrals of this type without
splitting them into ordered sectors, a non-standard integration problem for which neither existing
tables of integrals nor algebraic manipulation programs are of much help. The main purpose of my
talk is to give an update on the state-of-the-art of this long-term endeavour (see also [15]).

2. Worldline representation of the four-photon amplitudes

After the integration-by-parts, the four-photon amplitude in spinor QED appears naturally
decomposed as follows:

4
Topin(k1, €1, .. ks eq) = —é(rm 4T 41 1@ L 1O, ©6)

(n _ (1) (1) (1) (1) (1) (1)
0= T Tiaaay + U124y Ti243) T Tiazo T(1324) -

2 _ (2) (2) (2 (2) (2 (2)
r - F(12)(34)T(12)(34) F(13)(24)T(13)(24) Iﬂ(14)(23)T(14)(23) ’
3) _ 3) 70B)r 3) 70O)r 3 T@r (3) 73
r - Z r(lzz)lT(123;z Z F(234)1T(2%4;z Z r(341)zT(341§1 F(412)1T(412)L
i=1,2,3 i i=3,4,1 i=4,1,2
4) _ r“ 7@ (4) T®
r - Z (ij)ii (l])u * Z Iﬂ(u)u @i’
i<j i<j
(5) _ r® 76 r® ro
T - Z @j)ij (U)U * Z i) Jji (U)ﬂ ’
i<j i<j
Here we have introduced the following tensor basis,
T = Z7,(1234)
(1234) = 44 ’
(2 -
T(12)(34) = Z,(12)Z,(34),
G _ re - fa-k .
T(123)z = Z3(123)————— " k4 , i=1,2,3,
@ _ i3 fackio
@ = gap ik
(12)ii 3- k4
ki f3- fa-kj
(5) - : J Co =
T(12)l_] = 22(12) k3 . k4 s (l’ j) - (1,2)’ (29 1)
as well as
. 1
Z2(l]) = Etr(fifj):8i'kj8j'ki_8i'8jki'kj’

Za(iria . . .in)

tr(ﬁ fi_,-) , (n>3). (“Lorentzcycle”)
J=1

The coefficient functions are given by the following integrals,

o 1 4
o = [ Er et [ Taur 6y et o oot
0 0 =i
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where we have rescaled 7; = Tu;, i =1,...,4 and
F((ll;%) = G12G3G34G41 — Gr1nGri3GraGral ,

F((f%)m) (G12G21 = GF12G r21)(G34Ga3 — Gr34Gras) ,

1"((23)1 G12G23G31 — Gr12Gr3Grat)Gar

(
r((ig)n = (G12G21 - GFr12GF21)G13Gar
(G

F((IS;)IZ G12G21 — GF12Gr21)G13Gas -

(N

In previous work, the coefficient functions have been evaluated for the off-shell case, but with two
legs taken in the low-energy limit [16, 17]. In a forthcoming article [18], we instead compute them
for the on-shell case at full momentum, for both scalar and spinor QED. Although this could be done
using existing methods for the calculation of one-loop on-shell integrals, with a view to eventual
multi-loop generalization we prefer to do it “the hard way”, that is, by building tables of worldline
integrals that allow one to integrate out one photon leg without fixing any ordering between the
photons. For starters, let us consider the basic scalar box integral. Keeping all three Mandelstam
variables to maintain manifest permutation invariance, the universal exponent of the master formula
(3) becomes

L&
A=3 2, Gu

J:

[(G12+G34)S+ (G13+G2a)t + (G s+ Go3)u] )

Integrating out leg number 4 without fixing an ordering for the remaining three legs can be done
with the formula

1
/ duy e = l i 2 i + i 2 i ] e%(G12+Gl3—Gz3)MT
0 T u+Gpt+Gizs u—Gppt—Gi3s
l _ 2 _ + i 2 i e%(G12+G23—G13)1?T
T t+Gouss+Griu  t—Gos —Gou
1 2 2

e% (G13+G23=G2)sT

T

- - + - :
s+G3u+ Gyt s—Gzu— Gt

€))

In the four-photon case, we need a generalization of this formula with additional factors of G in the
numerator. For example, an additional factor of G4 leads to

1
8 8
/ du4 Gyr e = [— . . + . -
0 Tz(u + Gt + G13s)2 TZ(M -Gt - G13S)2
+ _ 2 _ - i 2 i e%(G12+G13—G23)MT
T(M+G12t+G13S) T(M—Glzt—Glj,S)
+2 Perm. (10)

In [18] along these lines we obtain the known on-shell four-photon amplitudes for spinor QED, as
well as the ones for scalar QED that apparently have never been computed in full generality. As an
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(5)
(12)12

“dl 4 p 21 TA o o o (1) ) Bs—1) Bi—1
‘/0 7T 2 e ™M [4)6 G12G21G13G4 = r(12)12+r(12)12h1 Bi+ 1 +r(12)121n ﬁf+1

example, let us show the result for the integral of the coefficient function I in scalar QED:

2 2 2
(4) Bia—1 (5) Bs — 1 (6) p— 1 7 Ba—1
1)1 10 (’gﬁ+1)+r(12)12 [1n(ﬁ§+1 +7 g2 |In B+ 1 + o I Ba + 1
8) & 9 10) 5
+r§1%)lzB(s, t,u)+ rgl;)nB(s, u,t)+ rglzglzB(t, u,s).

Here we have introduced the variables [19]

1 s 1 1
Bs = 1—§, mE\/l"‘g:\/l_}_E' an

ﬁ, f= ﬁ, #. The functions r((};)IZ’ e rgllg))lz are algebraic, and all dilogarithms

are contained in a single integral B(s,t,u),

with § = 0=

1 oo L+ B
_ _ s(2t+u)(1—2x) (25 +u)(1 - 2x) )
B(s,t,u) = — /0 dx[ 2 s(1 - 11 —Dx ]1n =4, (12)
2

3. Incorporating a constant external field

The generalization of all the previous formulas from vacuum QED to the inclusion of a constant
external field requires only the following changes:

1. Replacing the worldline Green’s functions G g, G ¢ by field-dependent ones Gg, GrF,

T Z i .
Gp(t,1) — QB(Tl,T2)=2—Z2 Ee 2G4 i Z G- 1],
e—iZGBlz

Gr(t,1) — Gr(t1,m2) =GF12

cosZ
where Z,,, = eF},,T.

2. Adding global determinant factors

i v
det [sinZ

(Scalar QED) , deti[ < ] (Spinor QED) .
tanZ

In particular, the master formula (3) generalizes to the N-photon amplitudes in a constant field
as [20, 21]

00 N T
dT
Fscal(kl,sl;...;kzv,szvlF)=(—i€)N/ S (4nT) Z e T det? .Z ]_[/ dt;

o T sinZ i1 Jo

N
1 . 1 .
XGXP{Z [Eki Gpij - kj—igi - Gpij - kj+ S8 Gaij - Sj]} (13)

i,j=1

lin(g1&--&enN)
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The loop replacement rule (4) can also be generalized in a straightforward way.

This formalism for calculations in constant fields has already found many applications in
strong-field QED. This includes the photon propagator in a constant field [22, 23], magnetic photon
splitting [24], one and two-loop Euler-Heisenberg Lagrangians [21, 25, 26], magnetic photon-
graviton conversion [27, 28], and the low-energy limit of the N-photon amplitudes in a constant
field [29].

4. Low-energy limit of N-photon amplitudes in vacuum and in a constant field

Let us discuss here the last-mentioned calculation, since it is recent and relevant for our main
topic, worldline integration. We start with the N-photon amplitudes in vacuum as a warm-up. After
expanding out the exponential in the master formula (3), and the removal of the G; ;s by integration-
b}ll—pI%rts, the low-energy limit can simply be taken by replacing the remaining exponential factor
e2 Zij=1 Giskikj by unity. It turns out that then all terms in the integrand that are not just products of
cycles turn into total derivatives. and integrate to zero. The cycle-integrals can be done in closed

form, leading to Bernoulli numbers B,,:

2n (2" — 2)% (n even)

1
durdus . .. duy (G12Grz -Gt = Gp1aGraz -G ):
/0 uiauy un( 12023 nl F12U F23 Fnl { 0 (n Odd)

This leads to the closed-form expression [26]

(LE) e"T(N - % N 2m—1y bom 2m
Fspin (k1’81;~.-;kN’8N) = (—2)m exp 2(1—2 )%tr( tot

lin(fi...fn)
(14)

m=1

where fior = Zf\;  Jisbn = —2”%. For the projection on individual helicity components, see [30].

In the constant-field background, it is still true that the N-photon amplitudes can, in the weak-
field limit, be reduced to terms that factorize into cycles. However, since the generalized worldline
Green’s functions are non-trivial Lorentz matrices, these cycles do not any more factorize into
“r-cycles” and “Lorentz-cycles”, instead they combine as

GiiyGiriy -+ Gipiy Zn (it . . .iy) > tr (fi1 - GBiriy * fir - GBinis *** fi 'gBinil) : (15)
Thus the basic mathematical problem becomes the computation of the “open-index cycle integral”
1 1 . . .
/ du, / dun G2 ® GB23 ® - ® Ggni (16)
0 0

which at first sight seem to generate a large number of component integrals. However, it turns out
that there is a nice way of calculating them all in one go. Let us show this for the purely magnetic
case. The magnetic worldline Green’s function Gp has the matrix decomposition [23]

Gp(11,72) = G2 8- + Sp12(2) 8+ — Ap12(2)irs (17)

where z = eBT, G12 = sgn(t; — 1),
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1 000 00 0O
10100 10000
#Zlooool *#7|loo1o0f
0 00O 00 01
0 1 00 00 0 O (13)
-1 0 0 0 00 0 O
"l o o000l r(0001
0 00O 00 -1 0
and
Spi12(z) = —Sinh.(ZGIZ), ABlz(Z)=—COSl1.(ZG12)—1.
sinh z sinh z Z
Introducing the function
2Gij
Hiy@) = S -2 (19
the three component functions of the Green’s function can be written as
Gij = Hij(o)’ SB:](Z) [Hl](z)+Hl]( -2)|, ABu(Z) HL](Z) Hij(_Z)~
(20)

In this way the multi-component integral (16) can be reduced to a single iterated integral, which
moreover turns out to have the following remarkable self-reproducing property:

T ’
, H:.(z Hi;(z
(2)(2 Z) = / deHij(Z)ij(Z ) = /lk_( ) + lk_( ') ’
H 0 z Z Z—Z

(3) (z,7,7")

T T
/ dt; / dtiH;j(2)H (2 ) Hy (2)
0 0

Hii(2) N H; () N Hi(z")
(Z=2)(z"—2) (-2)("-2) (-2 -z2")’

H" (21.....20) = Z HZ;L’ZZ(E"Z)]{) Q1)
Note that the right-hand sides have the full permutation symmetry. Defining
20=0, z4=z, z-=-z, (22)
1 . 1 .
g=8-. 8+=5(8r—iry), g-=5(8+iry) (23)

we can then write

1 1
/duz"'/ din GB12 ® GB23 ® -+ ® Gpn(n+1) = Z Hl(n+1)(Zal,..-,Za,,)ga1®~--®g(,n
0 0

where each index «; runs over 0,+,—. This can be extended to the spinor QED case [29], and
reduces the calculation of the low-energy limit of the magnetic N-photon amplitudes to simple
algebra and a single global proper-time integral with trigonometric integrand.
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5. N-photon amplitudes in a plane-wave background

The plane-wave background can be defined by a vector potential A(x) of the form
eA,(x)=a,(n-x) 24)

where n# is a null vector, n”> = 0, and as is usual we will further impose the light-front gauge
condition n - a = 0. Despite of many similarities with the constant-field case, it is far from
straightforward to reduce the path integrals for the N-photon amplitudes to gaussian ones. Building
on work of [31] for the two-point case, in [32] the following master formula for the scalar QED
N-photon amplitude in a plane-wave background was obtained:

N 0

N N
Twea({kieiyia) = (=ie)N 2n)%s(Y k)o(D k)6(D k7 / dx) ™% Lk

[ee)

i=1 i=1

i=1
0 N T . ..
X/ d_T (47TT)_% ]_[/ dTi ezl{\szl [%Gijki‘kj_lGijSi‘kj'F%GijSi'Ej]
o T i1 Jo

w o~ (M +((@)=(@?) T2 3N, ki (1) =((1)) -2i ¥, (a (i)~ (@) & 25)
£ eN
where we have introduced light-cone coordinates and the worldloop average
1 [T
=g [ drr. 26)
0

Spin was incorporated in [32] using the following generalization of the vacuum correlator (5),
’ 1 7
WO () = 36 (7,7,
where
T2
@’Iﬁv(r, ') = {6‘“’ + 2 TV (1, ) + 2 TH (7, )n + 2| T (r, 1) - Z((a’»z]n"n"}GF(T, 7’)
27)
and we have further defined
T T .
10 = [ () = @) T ) 2 00 = 1) = SO

See [33] for generalization to the open-line case.

6. The combined constant and plane-wave field

The arguably most complex known background field for which the Klein-Gordon and Dirac
equations can be solved in closed form is the combination of a constant and a plane-wave field where
the directions of the magnetic and of the electric field coincide with each other and the direction
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of the wave propagation [34, 35]. Thus this background should also permit a Bern-Kosower type
master formula, and indeed it was derived in the recent [36]:

N

N N
Tea({ki,&i};a, F) = (=ie)N (2n)° 5(2 )(s(Zk%)a(Zk;)/ dx} e %0 I ki

-1 i=1
x/ T (47rT)_2det2[
0

] l_[/ dT e lj 1 k gBl] '_lgl gBl] k + 7¢i" gBl] 5]]

2,1

xe~ [m +3 deO dv'a(r)-Gg(r,7v')-a(r’ )]T Zleo dr [a(T) -G (7,7;) ki+ia(t)-Gp(7,7:) s,] (28)
£1en
where now
N
67;1(7) =day (xa tn- Z[—iQB(T,Ti) ki +Gp(7,77) - Si]) (29)

i=1

and the fermionic worldline Green’s function (27) has been further generalized to

651?(7’,‘1”) = Gr(t,7')+ 2i[n ®J(1) - Gr(t,7) - Gr(1,7) n® j(T’)]
+ 2i[§F(T,T') Jrh)en-J(t)en- QF(T,T')]

272 (t)nen- Gr(r,7) +2Gr (1,7') - n @ nJ*(1")
—4J(1) - Gr (7, 7)) - J(*n®n

L [Gr(r. ) (n@ (@)yema~ (@)rma @n)

Z+ Az
~(n® (@)ema = (@ Vrma@n) - Gr(r.7)]

+

Z| +/lzl [<< ayema- J(@)Gr(7,7) -n@n+ {@))rmy - J(T)n@n - Gr(7,7)

~(J(7) - Gr (7, 7') - mall@y))e + (@) ema - Gr (7, 7') - J(T)n ® n]

2 ~I\\2 7'))2
N 2T : [<<02>>FQF(T,T’)-n®n+@n®n-6ﬂﬁ7')

Z“_Z_L

(@ - Gr(r.T) - (@ rnen|. (30)

Here m, = 1,+4,0,0) and

L
JH (T mh _ZT(Z+’lZi)/Tdf a,(t) - {a’ 27 (@+4z1)
@ = 3 [ ar(an@ - «ar)

where z, = eBT, 7| = ieET, and

2 +A 1 T .
Kar = M—/ drad) (1) e 2(g+z)

1 = e 2@z+z) T 0
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7. Multi-loop photon amplitudes

Finally, let us come to the second interesting feature of the worldline formalism mentioned
in the introduction: dealing with the amplitude as a whole becomes important when one uses the
one-loop amplitudes to construct higher-loop amplitudes by sewing. E.g., from the four-photon
amplitude we can construct the two-loop photon propagator,

'\A/\I@\/W + '\AA/@'\AM + ’\/\/\@\AM
Figure 2: Summing diagrams for the two-loop photon propagator.

with all three diagrams combined into a single integral. Similarly, from the one-loop six-photon
amplitude we get the three-loop quenched propagator

Figure 3: Summing diagrams for the three-loop quenched photon propagator.
etc. And precisely this type of sums of diagrams is known to suffer from particularly extensive
cancellations (see, e.g., [15, 37]). More efficient than sewing is the use of multi-loop wordline
Green’s functions that hold the information on photon insertions [38, 39]. For a single insertion,

1[G(11,7a) = G(11,7)][G (10, 12) = G(15, T2)]
2 T +G(7a,7p)

GV (11,m) = G(11, 1) + (31)

where T is the proper-time length of the inserted propagator, and 7,7, the points on the loop
between which the propagator is inserted. It leads to integral representations for the /-loop photon
propagator naturally written in the variables Gu,5,, Gaybys - - - > Gabys Caybrashys - -+ » Cag_1by_yaghy»
where the G 4,5, depend only on a single propagator, and the Cg,; 1,45, On pairs of propagators.

In continuation of previous work [39] (see also [7]) on the two-loop QED beta functions,
we (V.M.B.G. and C.S.) are presently calculating the full two-loop photon propagators for both
scalar and spinor QED along the lines outlined above. Let us show here the integral representation
obtained using the Green’s function (31) for this propagator in scalar QED,

scal( ) = _2(47r)D 0 TD+le 0 0 Ta 0 WY ab

T T
x/ dn/ dry e (G PR (32)
0 0

Yab Yab

. . . 1
I = D(-Gup+222G>)(-G1p — 2226,CH,C)—
(=Gap + > ) (=G 5 01Co )k2

.. . .. . 1
+[(_Gal - )/ZLbGabalc)(_GbZ + yzibGab(?ZC) +(1 & 2)]@
—[8,C - V—Sbc‘abq [0,C + Vzib(;a,,c*] (Gu + %al cazc) 33)

(C=G1a-G1p—Gara+Gap, Yap = (T +Gap)™h).
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8. Some remarks on the non-abelian case

While here we have focussed on the abelian case, let us mention that the integrated-by-parts
integrand following from the master formula (3) has recently been found to have other interesting
properties that are not visible in the abelian case. In particular, it provides a simple route to the
derivation of gluon [40] and graviton [41] Berends-Giele currents.

References

[1] R. P. Feynman, Phys. Rev. 80 (1950) 440.
[2] R.P. Feynman, Phys. Rev. 84 (1951) 108.
[3] A.M. Polyakov, Gauge Fields and Strings, Harwood 1987.
[4] Z. Bern and D.A. Kosower, Nucl. Phys. B 379 (1992) 451.
[5] M. J. Strassler, Nucl. Phys. B 385 (1992) 145, hep-ph/9205205.
[6] M.J. Strassler, SLAC-PUB-5978 (1992) (unpublished).
[7] C. Schubert, Phys. Rept. 355, 73 (2001), arXiv:hep-th/0101036.
[8] J. P. Edwards and C. Schubert, arXiv:1912.10004 [hep-th].
[9] K. Daikouji, M. Shino, Y. Sumino, Phys. Rev. D 53 (1996) 4598, hep-ph/9508377.
[10] E.S. Fradkin, Nucl. Phys. 76 (1966) 588.
[11] E.S. Fradkin, D.M. Gitman, Phys. Rev. D 44 (1991) 3230.
[12] C. Schubert, Eur. Phys. J. C5, 693 (1998), hep-th/9710067.

[13] N. Ahmadiniaz, V.M. Banda Guzman, F. Bastianelli, O. Corradini, J.P. Edwards and C.
Schubert, JHEP 2008 (2020) 049, arXiv:2004.01391 [hep-th].

[14] N. Ahmadiniaz, V.M. Banda Guzman, F. Bastianelli, O. Corradini, J.P. Edwards and C.
Schubert, JHEP 01 (2022) 050, arXiv:2107.00199 [hep-th].

[15] J. P. Edwards, C. M. Mata, U. Miiller and C. Schubert, SIGMA 17 (2021), 065,
arXiv:2106.1207 [hep-th].

[16] N. Ahmadiniaz, C. Lopez-Arcos, M. A. Lopez-Lopez and C. Schubert, Nucl. Phys. B 991
(2023) 116216, arXiv:2012:11791 [hep-th].

[17] N. Ahmadiniaz, C. Lopez-Arcos, M. A. Lopez-Lopez and C. Schubert, Nucl. Phys. B 991
(2023) 116217, arXiv:2303.12072 [hep-th].

[18] V. M. Banda Guzmadn, J. P. Edwards, C. M. Mata, L. A. Rodriguez Chacén and C.S., in
preparation.

12



Worldline integration of photon amplitudes C. Schubert

[19] A. I Davydychev, Contribution to: Quarks 92, 260, hep-ph/9307323 [hep-ph].

[20] R.Zh. Shaisultanov, Phys. Lett. B 378 (1996) 354, hep-th/9512142.

[21] M. Reuter, M. G. Schmidt and C. Schubert, Ann. Phys. (N.Y.) 259 (1997) 313, hep-th/9610191.
[22] W. Dittrich, R. Shaisultanov, Phys. Rev. D 62 (2000) 045024, hep-th/0001171.

[23] C. Schubert, Nucl. Phys. B 585, 407 (2000), hep-ph/0001288.

[24] S.L. Adler and C. Schubert, Phys. Rev. Lett. 77 (1996) 1695, hep-th/9605035.

[25] M.G. Schmidt and C. Schubert, Phys. Lett. B 318, 438 (1993), hep-th/9309055.

[26] G. V. Dunne and C. Schubert, JHEP 0208, 053 (2002), hep-th/0205004.

[27] F. Bastianelli and C. Schubert, JHEP 0502, 069 (2005), gr-qc/0412095.

[28] F. Bastianelli, U. Nucamendi, C. Schubert, and V. M. Villanueva, JHEP 0711 (2007) 099,
arXiv:0710.5572.

[29] N. Ahmadiniaz, M. A. Lopez-Lopez and C. Schubert, Phys. Lett. B 852 (2024) 138610, arXiv:
2312.07047 [hep-th].

[30] L. C. Martin, C. Schubert and V. M. Villanueva Sandoval, Nucl. Phys. B 668 (2003) 335,
arXiv:hepth/0301022.

[31] A.Ilderton and G. Torgrimsson, Phys. Rev. D 93 (2016) 085006, arXiv:1601.05021 [hep-th].
[32] J.P. Edwards and C. Schubert, Phys. Lett. B 22 (2021) 136696, e-Print: 2105.08173 [hep-th].

[33] P. Copinger, J.P. Edwards, A. Ilderton and K. Rajeev, Phys. Rev. D 109 (2024) 065003,
arXiv:2311.14638 [hep-th].

[34] P.J. Redmond, J. Math. Phys. 6 1163 (1965).
[35] I.A. Batalin and E.S. Fradkin, Teor. Mat. Fiz. 5, 190 (1970).

[36] C. Schubert and R. Shaisultanov, Phys. Lett. B 843 (2023) 137969, arXiv: 2303.08907 [hep-
th].

[37] D. J. Broadhurst, R. Delbourgo and D. Kreimer, Phys. Lett. B 366 (1996), 421, hep-
ph/9509296.

[38] M. G. Schmidt and C. Schubert, Phys. Lett. B 331 69 (1994), hep-th/9403158.
[39] M.G. Schmidt and C. Schubert, Phys. Rev. D 53, 2150 (1996), hep-th/9410100.

[40] N. Ahmadiniaz, F. M. Balli, C. Lopez-Arcos, A. Quintero Velez and C. Schubert, Phys. Rev.
D 104 (2021) L941702, arXiv:2105.06745 [hep-th].

[41] N. Ahmadiniaz, F. M. Balli, O. Corradini, C. Lopez-Arcos, A. Quintero Velez and C. Schubert,
Nucl. Phys. B 975 (2022) 115690, arXiv:2110.04853 [hep-th].

13



	Worldline integration of photon amplitudes
	Recommended Citation
	Authors

	tmp.1730137080.pdf.0_E6j

