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Abstract

An Investigation into the Roots of Bernstein Polynomials
Via the Cohomology of Differential Forms.

Aqeel Noor

This work considers the Bernstein polynomial and the methods to calculate it.We
consider the polynomial f € C|x,x,...,x,] and explain how to find the Bernstein

polynomial, b¢(s), and the operator D € A,[s], which satisfies

Dfs-‘rl — bf(S)fs.

The calculation of this polynomial depends on the Weyl algebra, A,,. We explain these
calculations by a lot of examples for one dimensional, two dimensional and three
dimensional polynomials. All algorithms which are developed to calculate the
Bernstein polynomial did not gave a method to calculate the operator D above, in our
method we give a method to how calculate this operator. The main problem of this
work is to find a polynomial which describes the dimension of the first cohomology

group, l;_f(s), defined using spaces of one forms and two forms, where f € Clx,y|.

In more detail, starting with a polynomial f, we define two operators

dy:C— Q! definedby di(h)=fd(h)+(s+1)d(f)h,

dy: Q' - Q> definedby dy(w)=fd(®)+sd(f)ANw.

We then calculate the dimension of first cohomology group for specific values of s.

v



The zeros of the polynomial b¢(s) is chosen to correspond to the values of s where the

cohomology is non-zero.

To find a link between our polynomial and the Bernstein polynomial, we compare this
with the case when s is the root of the Bernstein polynomial. After a lot of calculation
we gave our conjecture that b ¢(s) is divisible by b (s).

We support our work by a lot of examples when f is a homogeneous polynomial, a

quasi-homogeneous polynomial and some more complex cases.

The original motivation for our problem is to study the first integrals of vector fields
with Darboux integrating factor in the case where the first integral is not of Darboux

form. The roots of b ¢(s) are exactly the cases where we find new classes of integrals.
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Chapter 1

Introduction

The story of the Bernstein polynomial started around 1974 when Mikio Sato studied
the Zeta function associated with a homogeneous vector space ( ).

In 1980, Sato called the polynomial b (s) which satisfies the equation
Dt =by(s) £, (1.1)

a b-function. Here, D is a differential operator with polynomial coefficients in the
variables (including s). The existence of this polynomial was proved by Bernstein in
1971 ( ). From the two authors above this polynomial is now called the
Bernstein-Sato polynomial. The idea can be generalised to other situations, for example
Sabbah and Gyoja ( ), choose a set of polynomial gy, g>,...,g, and prove

that there is an operator D € A,, satisfing

1 +1
D(gy " g gy ) =b(s) (81,85 8- (1.2)
In 2006, ( ( )), prove that the equation 1.2 is true for any set of

polynomials and give an important result for the roots of by(s): they prove that all its
roots are negative and rational, thus generalising what was already known for the

solution of 1.1.

There are many authors, who have found applications of Bernstein polynomials in



their research. It was our hope here to find similar applications to the Darboux
integrability of polynomial systems and the multiplicity of invariant algebraic curves.
Initial investigations into the latter topic were not continued as they did not appear to
give much insight. However, some of the examples tried are given in chapter 3 where

we discuss the dimension and multiplicity of modules.

There are many algorithms to calculate the Bernstein polynomial, by using the left
ideal ann(f*).

In our work, we explain a method to find the Bernstein polynomial b(s). All
algorithms which we considered to calculate the Bernstein polynomial didn’t give a

way to calculate the operators D which satisfies 1.1, in our work we calculate it.

The main problem in this thesis, is to define a new polynomial, which we call the
D—Coh polynomial, which is derived from the dimension of the first cohomology
group of an exact sequence that we shall define later, we denote our polynomial by b s

where f € Clx,y].

We show in this thesis, by many examples, that b  appears to be always divisible by
by(s). Although we are not able to prove this, the conjecture would give a concrete
way to understand some of the aspects of the Bernstein polynomial and how it relates

in particular to the integrability of planar vector fields.

This thesis contains six chapters, In Chapter two, we introduced the definitions of
most important concepts with some properties which we used in the main of this thesis

such as the Weyl algebra, modules over Weyl algebra and Grobner bases.

Chapter three contains the explanation of grading and filtration for K-algebras with



some example for non commutative rings like the Weyl algebra. In same chapter we
give some explanations about how to calculate the dimension and multiplicity in

commutative and non commutative cases.

The history of the Bernstein polynomial and the algorithms which are developed by

other authors to calculate it will be explained in Chapter four.

In Chapter five, we explain our method to compute the Bernstein polynomial
by(s) € Cl[s| and the operator D € A,[s]. We give many examples for this method in

both one and two dimensional cases.

In Chapter six, we give our definition for the polynomial derived from the first
cohomology group related to the integrability of a one-form, which we call the
D—Coh polynomial and denote it by b 7. Our motivation to study the first cohomology
group is to study the first integral of the vector field and it can been seen in section 6.3.
We support our method by a lot of examples for both homogeneous and
quasi-homogeneous polynomials. Since the definition of this polynomial is new then

there are many problems still open for future works.



Chapter 2

Background

In this chapter we will introduce the definitions of the most important concepts, with
some of their properties, which we use in this thesis such as the Weyl algebra, direct

limits, D-modules and Grobner bases.

2.1 Weyl algebra

Let K be a field of characteristic 0 and let K [X] = K [x1,x2,---,x,| be the ring of
polynomials in n independent commutative variables which are denoted x1,x2,- -+ , ;.
We can consider K [X] as an infinite dimensional K-vector space.

Let End; (K [X]) denote the algebra of linear operators from K [X] to itself. We can
also consider Endj (K [X]) as a non-commutative ring with addition and multiplication

given by composition.

Now, we will define two types of operators on K [x1,x2,- - ,x,|: these are £;, which acts
by multiplication by x;, and d;, which acts by the derivative d/dx;. For all f € K [X],

we have

fi.<f>:xi'f7
d
el =5,

The n-th Weyl algebra, A,,, is a K-subalgebra of End; (K [X]) generated by x7,%, -+ , %,
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and d, 0, ,d,. In particular, A; is generated by £; and d;. Any element s € A,, can

be written as a finite sum of s = ¥, ; ci,-)e,-afa,ﬂf, for some ¢;; € K and o, Bj € Z™.

One must take care with the Weyl algebra because it is non-commutative:

o s Of Oxi _df o
al'xl(f)—xza_xi‘f’fa_)q—xla_xi‘f’f—(xl'al‘f‘l)f-

As aresult, d;£; = £;0; + 1, where 1 is the identity element.

We will give the definition of the commutator of two operators. For more details see

(1995).

Definition 1. For any two operators P and Q in A,, we define the commutator of P and

0, denoted by [P, Q], as follows:
[P,Q]=P-Q-QP.

Proposition 1. In A, we have:

1. [%,%j] = [9;,9;] =0,

2. [%,9] =01,
where 1 <i,j <nand &;=0wheni# jand §; = 1.
Hereafter, we shall write x; for both the variable and the operator which corresponds to
it. Also, we will denote the generators of A; by x and d.
Proposition 2. For any f € K[X], we have [0;, f] = df/dx; in A,.

We need to define multi-index notation before the next theorem which gives the

canonical basis for A, as a K-vector space. If o is the multi-index,
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o = (a,0, -, &) € N", then we denote by x* the product x{" - x52 - -+ - x%. The

length of a, denoted || is the degree of the monomial x%, a; + 0 + - - - + 0.

Theorem 1. A basis of the K-vector space Ay, is the set B = {xaaﬁ o, P e Nn}.

Every monomial written using this basis is said to be in canonical form. For example
x7x405 is in the canonical form in A3, while x197x§ is not. See (1995).

In the polynomial ring K[X], we can define the degree of a polynomial f by the largest
power for the non-zero monomials of f ( ( )). Similarly, we can define the
degree of an operator D € A, (denoted by deg(D)) as the maximum length of multi-
index (a, ) € N" x N for which x*9# has a non-zero coefficient in D. For example,

the degree of 2x%x‘3‘82832 — 5x%833 is 9. For more details see ( ).
Theorem 2. For D, D € A,, the following properties are satisfied:
1. deg(D+ D)) < max{deg(D),deg(Dy)} and if deg(D) # deg(D) then we have
deg(D+ D) = max{deg(D),deg(D1)}.
2. deg(DD;) =deg(D)+deg(Dy).
3. deg|D,D;| <deg(D)+deg(D;)—2.
A non-zero ring is said to be simple if it has no two-sided ideals besides the zero ideal
and itself. In a commutative ring, every non-zero simple ring must be a field, but in

a non-commutative ring this is no longer true. For example, the Weyl algebra A, is

simple but it is not a field.

Remarks 1. 1. A, is a simple non-commutative ring. See ( ).

2. Every non-zero endomorphism of A,, is injective, since A, is simple and the kernel

of an endomorphism is two-sided ideal, which then must be 0.

3. A, is not a left principal ideal ring, for example the left ideal generated by x| and

03 is a left ideal over Az but it is not a principal.
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2.2 Ring of differential operators

Definition 2. For an operator, P € Endy(R), we say that P has an order 0 if [a,P] =
aP — Pa = 0 for all a € R. Suppose that we have defined operators of order < n. An
operator P € Endy(R) has an order n if it does not have order less then n and [a, P] has
order less than n for every a € R. We denoted for the set of all operator with order < n
by D"(R) and one can easily show D"(R) is a K-vector space and that, if P € D"(R) and
Q € D"(R), then PQ € D"T™(R).

A K-derivation of a commutative K-algebra R is a linear operator D which satisfies
D(ab) = aD(b) + bD(a) for every a,b € R. The K-vector space Dery(R) contains all
K-derivations of R. It is clear that Dery(R) C Endy(R). The ring of differential operators
D(R) of the K-algebra R is the set of all operators of Endg(R) of finite order, with the
operations of sum and composition of operators. For every derivation D of R and any
a € R we can define a new derivation (aD) by (aD)(b) = aD(b) for every b € R. From
the above relation we can consider the K-vector space Dery(R) as a left R-module.

The following lemmas are very important and we will give them without proof. For

more details about the proof of these lemmas. See ( )

Lemma 1. The operators of order < 1 correspond to the elements of Derg(R) + R,

and the elements of order O are the elements of R.

Definition 3. Let C, be the set below:
C, = {P €A,:P= Zfa8“with|oc| < r} )
o

Proposition 3. Let P be a derivation of K[X], then P is of the form Y| f;0; with f; € K[X|

foreveryi=1,2,,--- n.

Definition 4. The ring of differential operators D(R) of K-algebra R is a subset of

Endg(R) which contains all finite order operators with the addition and decomposition
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of operators. In other words, D(R) = |J,>o D" (R) for all K-vector space D"(R). Also,

we can show that:
Cr=Cr1 [\ D' (K[X]).

If R = K[X], then it is easy to show that Cyp = K[X], and by Lemma 1 and Proposition
3 we get C; = Derg(K[X]) + K[X].

Definition 5. Let C*(U) be the set of C* functions which are defined on an open set
U of R". C*(U) is a left A,(R)-module, where x.s and d/s act by multiplication and

differentiation receptively.

Lemma 2. [n particular, if P € D(K[X]). If [P,xi] =0 for every i = 1,2,--- ,n, then

P € K[X], where D is defined in Definition 4 above.

By using the above properties we get the very important following result:

Theorem 3. A, can be considered as the ring of differential operators of K[X].

(1995).

Definition 6. Let ' : K" — K be a map and p be a point of its domain. If there
exist F1,F, -+ ,F, € K[x1,x2,++ ,x,] such that F(p) = (Fi(p),F>(p),- - ,Fu(p)) for
all p € K", then we can say that F is a polynomial map. If the F has an inverse and
this inverse is also a polynomial, then F is called an isomorphism or a polynomial

isomorphism.

For example, the polynomial F : R? — R? defined by F (x,y) = (x> +x,y) has an inverse

X 1 8
Gx,y)=(=+-—V8lx2+12— ,
(ny) =G +15 108x+ 12v8L2 112

).
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However, G(x,y) is not polynomial. If K has a characteristic 0 (C for example) then if

F is invertible in K[xj,x.---,xy], then its inverse is also polynomial. See

(1982).

Definition 7. Let F : K" — K" be a polynomial map. We can define the Jacobian

matrix for the polynomial F' by

I JdR IR IF

8x1 axz 8x3 T axn

on on R oR

J( F) _ ox; Jdxp Jdxz 0x,
Ldx; Jdxp dxz 7 Odx,

If F is a polynomial isomorphism, then the Jacobian matrix will be invertible at every
a € K. In other words, AF = det(J(F)) is an invertible polynomial so must be a non-

zero constant in K. See ( ).
Jacobian Conjecture : Let F : K" — K" be a polynomial map. If AF = 1 on K" then
F has a polynomial inverse and K[Fy, F,--- , F,| = K[x1,x2, -+ ,X].

Example 1. Consider the polynomial F(x,y) = ((x —y)? +y —2x,(x — y)¥ — x), the

Jacobian matrix

dx—y)4 -2 —d(x—y)? 141
dx—y)=' =1 —d(x—y?*!

JF =

Clearly, AF = 1, and one can easly to show that the polynomial map G(x,y) = ((y —

x)d - —x)d —2y+x) is the inverse of F(x,y).

2.3 Modules over the Weyl Algebra

We know that A, is a subalgebra of End;(K[X]|) generated by

X1,X2,** ,Xp, 01,04, ,dy,. We will define the action between the generaters of A,, and
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any polynomial f € K[X] to make K[X] as a left A,-module as follows:

xi.f:xif,
_9f
&iof_ a—XI

We will now define some of the most important properties of such modules. Let R
be any ring, an R-module M is irreducible (simple) if it does not have any non-zero
proper submodules. The element s € M called forsion if anng(s) = {Vr € R:rs =0}
is a non-zero (left) ideal of R. A left module M is torsion module if every element of M
is torsion.

The following Lemma is very important and we give it without proof. For the proof see

(1995).

Lemma 3. Let R be a ring and M be an irreducible left R-module.

1. For any non-zero element s € M, then M = R/anng(s).
2. If R is not division ring, then M is torsion module.

Proposition 4. The ring K[X] is an irreducible torsion A,-module and we have
n
K[X]=An/ Y And;.
1

Proof. Let f be any non-zero polynomial in K[X] and we consider the submodule A, f.
Let ax’i‘xéz ---xi" be a monomial of maximal degree with non-zero coefficient of f and
let a be its coefficient. The element 8{182i2 < dinf = aiylix!---iy! € A, f. However, it
is a constant and K[X] is generated by 1. Thus, A, f = K[X| and K[X] is an irrducible
left A,-module. Since A, is not a division ring and by Lemma 3, then K[X] is a torsion
module. Let J be the left A,-ideal generated by di,0,,---,d,. We know that 1 is a

non-zero element of K[X| and its annihilator is the left ideal generated by d;,d>,- - - , Jy.

10
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Then J C anny, (1). Now let P € anng, (1), then P can be written as f + Q, where Q € J
and f € K[X]. Since P € anny,(1),0=P1=(f+Q)(1)=f.1=f. Thus, P=Q € J
and hence anngy, (1) C J. By Lemma 3, we get K[X] = A,/ Y A,.0;. O

There is another left module A, /Y 1A,x; that is closely related to K[X] which is

isomorphic to K[d] = K[d},ds,- -+, dy] as a vector space.

Definition 8. Let R be a ring and let M be a left R-module. We can define a new
module which is called the twisting module of M by o, denoted by M, where ¢ is an
automorphism of R . M = Mg as an abelian group but there is a different action which

depends on the action of module M, gives by aeu = c(a).u foreverya € Rand u € M.

The following proposition gives some properties of the twisting module.

Proposition 5. Let R be a ring, o be an automorphism of R and let M be an R- module.

Then:

1. Mg is irreducible if and only if M is irreducible.
2. Mg is a torsion module if and only if M is a torsion module.
3. For a submodule, N, of M we get (M/N)s = Ms/Ng.

4. For aleft ideal, J, of R we get (R/J)s = R/c~(J).

The most important application of the twisting module is the Fourier transformation
F Ay — A, which is the automorphism defined by .% (x;) = d; and .% (d;) = —x;. Let
M be any left A,,-module. The twisting module M # is called Fourier transformation of

M.

Proposition 6. The Fourier transformation of K[X| is K[d)].

11



2.3. MODULES OVER THE WEYL ALGEBRA

Proof. By Proposition 4 we get K[X] = A,/J, where J = Y!A,.0.
FYJ) ={acA,: F(a)eJ} = Y1A,.x;. From Proposition 5(4) we obtain the

result A, /K[X] is K[d]. O

Since K[X]# = K[d] and, by Proposition 4, K[X] is irreducible, then by Proposition
5(1) we get that K[d] is also irreducible. For another example, let 6 : A, — A, defined
by o(x;) = x; and 0(9;) = J; + g;, where g; € K[x;] forall i =1,2,--- ,n. Let J be a
left ideal over A, generated by d;,0,,- - ,dy, then 671 (J) = Y1 Ap.(di—gi). The above
calculation tells us that the K[X|¢ is irreducible. We know that for every left ideal J
and every automorphism ¢ we get is a left ideal c~!(J), that means that the K[X]s is

irreducible for every automorphism ©.

Definition 9. Let f: C — C be a complex function. If the complex derivative of f
exists at zg, then f is called holomorphic at zy. If f is holomorphic at every point in
open set U of C, then f will be holomorphic on U. For example f(z) = €° is
holomorphic on the whole of C ( ( ).

Let 57 (U) be the set of all holomorphic functions on an open set, U, of C. It is clear
that all polynomials of one variable z of C are holomorphic, then C[z] C 5#(C). Since
C is a field of characteristic 0, then Aj(C) is the Weyl algebra generated by z and
d= diz. Then 7 (U) can be considered as a left A;(C)-module, where z will act by

multiplication and d by derivation.

Remarks 2. . JZ(U) is not irreducible. Since the submodule generated by e is

non-zero and a proper ideal of 7 (U).
2. Every polynomial is a holomorphic function but the converse is not true.

3. Since ¢ € A (U) is not torsion element of the A1(C)-module 7 (U) , then
€ (U) is not a torsion left A1(C)-module . See ( ) Proposition

(5.3.2).
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2.3. MODULES OVER THE WEYL ALGEBRA

Definition 10. Any operator in A, can be written in the form ¥, g,0%, where g4 €
K|[x1,x2,-,x,) and oo € N". Let P as a differential operator and f is a polynomial or (if
K =R, the field of real numbers ) a C* function with the same variable of K[X], then f

becomes a solution for P if

2 8a0“(f) =0, 2.1
o
In general, if P, P»,--- , P, are differential operators in A,, then f will be a solution for

the system of differential operators if

Pi(f) = P(f) = = Ba(f) = 0. 2.2)

The A,-module associated to the system of differential system 2.2 is A,/ Y7 | A,P. A
polynomial solution of the system 2.2 is every polynomial f € K[X] such that P;(f) =0
foralli=1,2,---,m. The set of all polynomial solutions of the system 2.2 is a K-vector
space, and this vector space is isomorphic to Homa,(M,K[X]), where M is the left A,-
module associated to the system 2.2. see ( ), Theorem 6.1.2.

The point is that Homa,(M,K[X]) is not module over K[X] or A,. It is just a vector
space and may be infinite dimensional. For example, the polynomial solutions of the
equation x1d, —xpd; = 0 over K[x1,x;] is an infinite K-vector space. On the other hand,
suppose that P, P», - - - , P, are operators in A,(R), where R is the field of real numbers.
Then, we can see by using the same way above, that C*-solutions for the system 2.2 is

isomorphic to Homy,(M,C*(U)).

Definition 11. A set .# with the relation < is called pre-ordered if < is transitive and
reflexive. A pre-ordered set .# is called directed if for every i,j € .# there exists
k € .7, such that, k <iand k < j. For examples, the set of natural number N and the

set of real number R with the relation < are directed. while the set

13



2.3. MODULES OVER THE WEYL ALGEBRA

o0 ={{0},{1},{2},{0,1},{0,2},{1,2},{0,1,2}} with the relation C is pre-ordered

but not directed.

Definition 12. Let R be a ring and .# be a directed set. Assume that for every i € .&
there exists a left R-module M;. Then the family {M; : i € .7} is called a directed family

if for every i, j with i < j there exists a module homomorphism
Tji:Mj— M;,

such that, for every i < j <k,
T iOTy, j = T

That means that following diagram commutes

.
M, —— Mj

m lﬂ'j’i .
M;

Now, consider the set

U ={(u,i):uecM},

Which is the disjoint union of the left R-modules M;, we can define the equivalence
relation ~ on % by (u,i) ~ (v, j) if and only if there exists k € .# with k < j,k <iand
(1) = m j(v). The direct limit of this family, denoted by lim_, M;, is the quotient
of 7 by the equivalence relation ~. We denoted (u,i) € lim_, M; for the equivalence
class under the equivalence relation ~.

For example, to explain the definition, let D(€) be the open disc in C centred at O of
radius €. Let 7 (&) be the set of all holomorphic functions defined in D(€). 7 (¢€) is

an A1 (C)-module. Let R be the pre-ordered set, then for every € < & € R, we get

14



2.3. MODULES OVER THE WEYL ALGEBRA

A (g1) C H(€). Hence, we can define

e, ¢ 0 H(€1) = H(€)

to be the restriction map of holomorphic function in 57 (€;) to D(€). The directed
family is {77 (€) : € € R"}, and the direct limit lim_, 57 (g) = {(f,€): f € H#(¢)}.
Suppose that € < g, then (f,€) = (g,€1) € lim_, JZ(¢) if f(z) = g(z) for every
z € D(g). The elements of J# = lim_, 77 (¢) are called germs of holomorphic

functions at 0.

We want to make lim_, M; into a left R-module. Firstly, we must define the sum (to
become abelian group) and scalar multiplication ( to become a left R-module) on
lim_, M;. Let (u,i),(v,j) € lim,M; and a € R. Since .# is pre-ordered, then there
exists k € .# such that k < i and kK < j . We can define the sum and scalar

multiplication by

w,))+vJ) = () +mia(v), k)

a-(u,i) = (au,i).

However, we must prove that the sum is well defined because its dependency on the
element k. Assume that there exist k, k| and both are less than or equal to i and j. Claim
that S = (7; 4 (1) + 7 x (v), k) = (Wi g, (u) + T 4, (v), k1) = Sy in lim_, M;. Choose r € .¥

such that » < k and r < k. Thus

T r (g () + 7k (V) = Ty (T, (U) + iy (v) = T () + 725,(v).

Hence S = S| = (m;(u) + 7 ,(v),r) in lim_, M;. By the explanation above, lim_, M; is

a left R-module. Now, we will apply that to our example (f,€)+ (g,€1) = (f + &, &),
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2.3. MODULES OVER THE WEYL ALGEBRA

where & = min{¢g, €} and for every P € A|(C), then P- (f,€) = (P(f),€). Thus 74
is a left A (C)-module.
Let D'(¢) = D(€)\0, and D = {z € C: Re(z) < log(¢)}. Then D with the projection

map

n:D(e) — D' (¢),

defined by 7(z) = € becomes a universal cover for D'(g). Let z = pe® € D’ with
p < &, then m(log(p)+i60) = z. that means 7 is a surjective. The relation of these sets

and maps can be shown in the diagram below.

D(e)

D'(e) —— D(¢).

We want to make the set of holomorphic function in 7 (D(g)) into a left A;(C)-
module. Let h € 2#(D(¢)) , f € Cx] and @ = d/d, then the action between the

element of ring A;(C) and A is

feh(z) = f(e)h(2), (2.3)
deh(z)=H(z)e > (2.4)

Proposition 7. The map

n*: A (D' (e)) — A (D(e)),

defined by n*(h)(z) = h(n(z)) is an injective homomorphism of A;(C) modules. Let
Me = H (D(€))/n*(H# (D(g))). If €, < g, then D(g) C D(€) and hence 7 (D(¢g)) C
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2.3. MODULES OVER THE WEYL ALGEBRA

¢ (D(g1)). This can induce a module homomorphism over A; (C)
TS"‘-‘I . ,ﬂg — %gl .

Hence, {.#; : € € R} is a direct family of A;(C)-module. It has a direct limit, denoted
by .# and called the module of microfunctions.
The Canonical projection from 3 (D(€)) into .4 is compatible with the limit and

gives the following homomorphism of A (C)-modules:

can: ' (D(g)) — A .

. i 2 1
The function % is holomorphic in D(¢), but % =7 *(27”' z

holomorphic in D(€). Hence can(e™%/2mi) = is a non-zero element of .# which is

1 .
). However —z is not
21i

called the Direc delta microfunction, and denoted by 0O.
The equation x2 = 0 has no non-zero analytic solution, but if we consider the element
xd and use equation 2.3 we get

e’ 1

6: z _—) = —
* ecan(Zni) 2mi’

1 1
But or is a constant, and thus holomorphic in D(€). Hence e is a zero in .. That
i i
means that x6 = 0. Another important example is the Heaviside microfunction, which
Z Z Z Z
is Y = can(=——). But — is the image of log(=—) under *. Since log(=——) is not
(2zri) 2mi g g(27ri) g(Zni)
holomorphic in D(€), then the Hyperfunction Y is non-zero. Moreover, we can consider
Y as satifying the equation [ § =Y, because, using equation 2.4 to differentiate Y, we
have
—Z

deY =Y'(z)e " = can(=—
o (z)e can(zm,
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2.4 Grobner bases

In this section we will introduce the definitions of some important concepts with their
properties which has been used it in our report such as term ordering, reduced
polynomials modulo F', S- polynomials and Grébner bases.

Definition 13. Let K[x,x.-- - ,x,] be a polynomial ring, we write X%, where o € N",

lx‘zx ---x%_ A monomial order, >, defined on K[x,xp. - ,X,]

for the monomials of x‘lx
is a total order of the set of monomials of K[xj,x.--- x| satisfying if x; > 1 for all

i=1,2,---,n,and whenever m; > my, then min > mon, where m,m,,n are monomials.
There are many types of monomial ordering. We will define two of them:

1. The lexicographic order >, on K[x,x2, -+ ,X,] With x| >0 X2 >jex *** >(ex Xn
is defined by x‘f“xS‘2 cee X > xf 1X§2 = -x,g” if a; > B;, where i is the smallest
number 1,2,---,n for which & # B;. In the lexicographic order, we are not
looking for the total degree of the monomial X% which is |a|. Under this order,
the monomial m; is bigger than my if the power of x; in mj is greater than the
power of x| in my. If x| has the same the power in m; and m,, then we compare
the power of x, and so on.

For example, in K|[xj,xp], we have x| >, xg and in K[xj,xp,x3] with
X1 > lex X2 >lex X3, WE get X1X0X3 >pp X1X2. In K[x,y.2] With x > y >0y 7 the

lexicographic order would give:

1<z<2 < <y<yz< <Y <yz< - <x<xg< -

2. The graded lexicographic ordering >g on Klxi,x2,---,x,] with
X1 >lex X2 >lex -+ >lex Xn 18 defined by my > glex M2 if:
either deg(m;) > deg(my) or, if deg(m)) = deg(my), my > my.

For example, in K[xj,x;], we have x% >glex X1 and in K[xi,x7,x3] with
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X1 >lex X2 >ex X3, WE ZEU X1X2X3 > gjex X1X2. In Klx,y.z) with x > ¥ >/,x 7 the

lexicographic order would give:

1<z<y<x<z2<yz<y2z<xz<xy<x2<z3<---

For more details or more types of term ordering, see ( ).

From now until the end of this chapter, we will use graded lexicographic ordering

(>glex), if we do not write a different term ordering.

Definition 14. Let K be a field and f € K[x;,x3,...x,] be a polynomial of n variable,
then the leading term for f, denoted by LT, is the term with highest power of the
variables x,x7,...,x,. The leading coefficient, denoted by LC is the coefficient of LT
and the leading monomial is ,LLM is the monomial which contains the leading term. For

example, let f = 1 +3x2y?+5y3 be a polynomial in C[x,y], then LM = 3x?y?, LC = 3.

Definition 15. Let K be a field and F = {f1, f2,---, fu} C K[X]. A polynomial & can

be reduced from another polynomial g modulo F, denoted by g—rh, if h = g — buf;

LM(g) 4, _ LC(s)
LM(fi)’ LC(fi)

g is an irreducible polynomial modulo F if the leading monomial of g is not divisible

for some f; € F,u = . Otherwise, g is called irreducible modulo F. Or

by any leading monomial of f; € F.

For example if f; = xy> —x,f> = x—y® and F = {f1, f»}, then the polynomial g =

x'y? +x3y? —y+ 1 reduces to h = x’ +x3y*> —y+ 1, g—>rh, because h = g — %JCI.

Definition 16. Let f,g € K[X], then the S-Polynomial of f and g is a new polynomial

in the ideal generated by f and g which is defined by S-Polynomial (f,g) = %(f) f—

LTL(g)g, where L = l.c.m.(LM(f),LM(g)).
For example, let f = xy?>z —xyz and g = x>yz — z°, then S-Polynomial (f,g) = —x%yz +

yz2.
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Definition 17. Let F = {f1, f>, -+, fm} be a set of polynomial in K[X], and I be a left
ideal generated by the set of polynomials of F. Then F is a Grobner Basis of [ if the

S-Polynomial (f;, f;) can be reduced to zero for every 1 <i,j <m.

According to [ ( )], the solution of different Algebra
and Algebraic geometry problems could be implemented using Grobner bases which
is an algebraic technique. While [ ( )], defined Grobner as a set of
multivariable polynomials with a certain characteristic so that each set of those
polynomials can be transformed into a Grobner bases.

Algorithm:

Input : Set of polynomials F = {f1, 2, , fu} € K[x1,x2,- - ,X,], and the left ideal
I={f1,f2, s Jm)-

Output : G = {g1,82, -+ ,&s} € I. Which is a Grobner basis of the left ideal / with

respect to the fixed term ordering >.

Step 1 : For every 1 <i, j < m, calculate the S-polynomial (f;, f;), if the result can not
be reduced to zero modulo F, then let f;; be the S-polynomial f;; = (f;, f;). If it is
reduces to zero modulo F, then just ignore it.

Step 2 : We have a new set Fi = {fi,f2,-**, fm, f;j}. Calculate the S-polynomial
(fi, fxj), where 1 <i < m and f;; is defined in step 1. Also, we will ignore it if it
reduces to zero and if not then we add the S-polynomial to the set Fj

Step 3 : We repeat these steps until we get a set G = {f1, /2, **, fm, - » fnsk} Which
satisfies the property that every S-polynomial (f;, f;) can be reduced to zero modulo

G. Thus, the set G is a Grobner bases for /.

Example 2. Let F = {f1, fo} C Clx,y] and I be a left ideal over C|x,y| generated by
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fi and f>, where fi = x*y* —xy, f» = x°y* — xy> + 2, then the S-polynomial of f, f> is

lLem.(LM(f),LM(g)) _l.c.m.(LM(f),LM(g))
LT(f) LT (g)
=x(f) = (8) =’ —x’y-2=f3

S — Polynomial (f,g)

8

We get a new polynomial f3 € I which not can be reduced to zero modulo F.

Let Fy = {f1, f, f3}; we then calculate the S-polynomial (f1, f3) and the S-polynomial
(f2,f3). The S-polynomial (f>,f3) can be reduced to zero modulo Fy, whilst the
S-polynomial (fi,f3) cannot. We then let fy be the S-polynomial
fa=(f1,f3) =y —xy> +2x.

Now, we have F» = {f1, f2, f3,fa}. The S-polynomial (f>, fa) and the S-polynomial
(f3, fa) reduce to zero Modulo F,, whilst the S-polynomial fs = (f1, fa) = xy — 1 does
not.

We will add the new polynomial, fs, to the our set to get Fs = { f1, f>, f3, fa, fs}. Then,
we also see that the S-polynomial (fi,fs), the S-polynomial (fa,fs) and the
S-polynomial (fu,fs) can be reduced to zero modulo F3, whilst the S-polynomial
fo = (f3,f5) = y* —x—2 does not.

We will continue with this work until we get other three polynomial

fr=x34+2x*—xy, fs =x>+2x—y and fo = y> —xy —2y, giving the set

G= {flava"' 7f9}-

One can easily check that S-polynomial (f;, f;) can be reduced to zero for all 1 <i, j <

9, and hence G is a Grobner base.

If we have a set of polynomials, how can we determine whenever it is a Grobner base
for some left ideal 7 or not? The following results will give us an alternative answers to

this question.
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Definition 18. Let / be a left ideal over K[X] then the initial of the left ideal / is defined

by

In(l) = {LM(f),forall f €I}

The following definition give us another way to test the set of polynomial is Grobner

basis or not and it is equivalent to Definition 17. See ( ) Theorem (12.5.14)

Proposition 8. A set G ={g1,82, " ,8s} € K[x1,x2,...,x,| is a Grobner basis for left
ideal I = (f1,f2, -, fm), if the initial left ideal of I, In(I), is the same left ideal as that

generated by the leading monomials of gi,1 < i <s( ( ))

In(I) = (LM(g1),LM(g2),--- ,LM(gs)) -
For example, let I =< fi, f> >, where f; = x?y —2y> +x, f> = x> — 2xy , then the set
G = {f1,f>} is not Grébner bases for I. x> = x.f; — y.f>, then x> € I and LT (x*) = x°.

Then x? € In(I). But x> ¢ (LM(f,),LM(f>)).

If we return to the Example 2, one can easily check that the G is Grobner bases by

using Proposition 8. This is also clear by looking at the following figure.
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LM(fo) = yLM(f3) = xy>
° °

LM(fs) =y* LM(f; 1).2 x%y? .LM (f2) =y

LM(fs) = xy .LM(f4) =x’y

LM(fs) = M (f7) =

~

The Definition 17 and Example 2, we can see that in the figure above some questions.
Is the Grobner basis calculated in Example 2 the minimal Grobner bases? Is there
another Grobner bases for the same left ideal? What is the minimal and unique basis
for a left ideal 1?7

In Example 2, we can see that the LM(fg) can generate
LM(fo),LM(f3),LM(f1),LM(f>) . While LM(fs) can generate LM (f4) and LM(fg)
can generate LM (f7) then the set G* = { f¢, fs, fg } is a Grobner basis for the left ideal
I as well. The left ideal I contains all monomial in C[x,y] except 1,x,y, as we can see
in that in the figure.

If G={g1,82, - ,&r} is a Grobner basis for a left ideal /. The above processes has

shown that we can eliminate some of g; if we find the leading monomial of g; that a be
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generated by leading monomial of g; for some i # j. The new Grobner bases become
G*=G—{gi} : LM(g;) = nLM(g;),n is a monomial, i # j . That is the minimal

Grobner basis.
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LM(fe) =

LM(fs) = xy

LM(fg) = x*

~

Definition 19. The set G = {g1,82, - ,&r} C K[x1,x2,- -+ ,x,] is a reduced to Grbner

bases for a left ideal I of K[x;,x2,--- ,x,] if :

1. LC(g))=1forall1 <i<r.

2. No term of g; can be divisible by LT (g;) forall 1 <i,j <randi# j
The next properties are very useful to show the existence and uniqueness of the Grobner
bases. ( )

Proposition 9. Let I be a non-zero left ideal over K[x,xa,- -+ ,X,] then there exists a

unique reduced Grobner bases of 1.

Proposition 10. Any two left ideals in K[x|,x,-- ,x,| are equal if and only if they have

the same reduced Grobner bases.
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One of the main applications for Grobner bases is to solve systems of polynomial
equations. Let f1 =0, f, =0,---, f;,, = 0, be a system of m polynomial equations with
n variables, then the solution for this system is the same solution for the system
g1=0,80=0,---,g, =0, where G = {g1,82,---, &} is the Grobner bases of the left

ideal generated by fi, f2,-- -, fim- For example , is it difficult to solve the system:

4y =9

252 +4y> = 100

But, when calculating the Grobner bases G for the left ideal

I=(x*+y*—9,25x> + 4y* — 100), we get G = {221x* — 864,221y* — 125}.
2.4.1 Grobner bases for the Weyl algebra

Let L = (dy,d>,--- ,ds) be a finitely generated left left ideal over the n — th Weyl
algebra, A,. Then the subset G = {g1,82, - ,&r} of L is a left Grobner basis for L if
the left initial left ideal, In(L), is equal to the left ideal generated by the LM (g;) for
i=1,2,---,r.

We can use the same constructions used in the commutative algebra case to calculate

the left Grobner basis, but we must take into account that the ring is non-commutative.

Example 3. Consider the left ideal I = <x8y3 —y92,x9? + y8y> over Ay. Then the set
G= <8xz, 8y> is the left Grobner basis for 1. This follows from the fact that every element

of I can be written as a left linear combination of the elements of G:

)cay:%%—y(?x2 = x9;(dy) —¥(37),

x07 +ydy = x(97) +y(9))-

Example 4. consider the left ideal J = <x3 ayz d;, — axzaf d. —3x°yd.,x0,0. + y8y2>. The

left Grobner basis for J is the set
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G = <822,x28z,x3x8z +y8y2,xy8y2 — 2x82,y8y4 + 285’, 8y28z> as we can write every
element of J as a left linear combination of the leading monomials of the elements of

G.
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Chapter 3

Dimension and Multiplicity

3.1 Graded and filtered module

In this section, we will explain grading and filtration for a K-algebra and especially
for the Weyl algebra and give some of their properties and examples without assuming

commutativity.

Definition 20. For any K-algebra R, R is graded if there exists K-vector subspaces R;,

i € N, such that

L. R= @iz R

2. Ri-Rj CRiyj.

The K-vector subspace R; is called a homogeneous component of R. Any element u € R;
called the homogeneous element of degree i. The graded algebra is called positive if

R; =0, wheni<0.

A very important example of graded algebra is the polynomial ring K[x;,x3,- -+ ,x,]. Let
R; be an abelian group containing all monomials on the form xlqugz - xkn where ky +
ky+---+k, =i If f € K[x1,x2,--,X,], then f can be written as a linear combination
of a finite set of monomials. Therefore, f € @,y R;. Also, for every two monomials,
n and m, with degrees i and j respectively, we get deg(m-n) =i+ j. Hence the two

conditions on Definition 20 are satisfied Therefore, K[x},x,- - - ,x,] is a graded algebra.
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Let R be a graded algebra. A two-side ideal / is called a graded ideal if I = @, ((/NR;).
Equivalently, the two-sided ideal is graded if and only if it is generated by homogeneous
elements. See ( ).

Now, let R = D;>oR; and § = P;>(S; be two graded algebras. A homomorphism of
K-algebras ¢ : R — S is graded homomorphism if ¢ (R;) C S;.

The next proposition will tell us the kernel of graded homomorphism is two-side ideal.

Proposition 11. Let ¢ : R =@;>0Ri,S = D> Si be graded K-algebras, then

1. The kernel of a graded homomorphism ¢ : R — S is a graded two-side ideal over

R.

2. For any two-side ideal I of R, the quotient R/I is graded K-algebra.

Proof. Leta € ker(¢), then

0=9¢(a) =9(@1©ar®---Das) = ¢(ar) + ¢(a2) +--- + ¢(ay),

where a; € R;, forevery i =1,2,--- /5. Since ¢ is graded and the sum is direct, we must
have a; € ker(¢), forevery i = 1,2, ,s. Thus (1) is proved.

Now, to prove (2), let I = ker(¢) be a graded two-side ideal over R, we claim:

R/I=EB(Ri/(INR;))

i>0

If a; € R; and a; € R;, then (a;+1)(aj+1) = aja;+I corresponds to the element of
€ (Ri+j/(INR;+;) under this isomophism. Thus (2) is proved as well.
[]

Let g1,82,- -, &, be a homogeneous polynomial over K[X]. Proposition 11 give us a
ways to generate a new graded ring, which is K[X|/(g1,82, " ,&r)-

We can define a special type of module with respect to the graded algebra.
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Definition 21. Let R = ;> , R; be a graded algebra, and M be a left R-module. Then

M is called graded module if there exists K-vector spaces M;, for i > 0, satisfying :

l. M — ®120M1

2. R,‘~Mj QM,-+J-.

As before, we say that M; is a homogeneous component for all i, and any element of
m; is a homogeneous element of degree i. It is important to note that the graded
module depends on the graded algebra. That means the definition of the graded
module depends of the graded structure chosen for the algebra R.

The same processes that were used to define the graded ideal and graded algebra
homomorphism, can be used to define a graded submodule and a graded module

homomorphism.

Definition 22. Let R = @, R; be a graded ring, and M = @, M; and M’ = P> o M;
are graded left R-modules. If a submodule N of M can be written as N = @,~o(NNM;),
then N becomes a graded submodule. A R-module homomorphism ¢ : M — M’ is a

graded homomorphism if it satisfies ¢ (M;) C M.
We can generalize Proposition 11 to show that the kernel, ker(¢), is a graded

submodule of M and M /N is graded left R-module.

For example, let R = P~ R; be a graded algebra and let " = RORG - - - © R (n-copies)
be a free left R- module of rank n. This free left R- module has a natural grading, where

R" = ;> Si, such that:

Sj= Z (Ri, ®Ri, & --- ©R;,).
i +ipg+e+ip=j

For another example, let F = K|[x,y] be a K- algebra with two variables. It is easy to
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3.1. GRADED AND FILTERED MODULE

check that F = @;>(F;, where F; is a K-vector space generated by x*y” with a+b = i.
Thus F is graded K-algebra. Now, let I be the ideal generated by (xy — Ayx) , where

A € K, then [ is a two-side ideal and hence F' /I is graded K- algebra by Proposition 11.

We want to make the Weyl algebra A, into a graded algebra by using the degree
homogeneous component, but we can not. The element d;x; is a homogeneous
component of degree 2, but it is equal to x;d; + 1 and which is not homogeneous. To

solve this problem, we must generalize the concept of graded rings.

Definition 23. A family of K- vector spaces .# = {F;} i>0 18 a filtration of a K-algebra

R if
1. pCF C---CR.
2. R=U;>oF;.

3. F-F; CFuj.

A filtered algebra is an algebra which has a filtration. Is a graded algebra a filtered

algebra? What about the converse?

Proposition 12. Every Graded algebra is filtered algebra.

Proof. Let R = ®;>0R; be graded algebra. Take F; = @é R;, then F; C R for all i then

J J
Fi= @Ri - @Ri@RJH = Fji1,
0 0

and U;>oF; = @izoRi =R. Since R; -R; C R; j, then

i+j
Fij=@RrR2 D R-Rj=F-F
0 k+m<i+j
Hence {F;};- is a filtration of R. O
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3.1. GRADED AND FILTERED MODULE

Conversely, we know that the Weyl algebra A,, is not graded algebra as we explained

above, but it has many types of filtration.

The first filtration for A, we describe is the Bernstein filtration, % = { By };~q, Where
By is the set of all operators in A, of degree < k, where the monomial x*9P has degree
||+ |B]. We can also consider the By as finitely dimensional vector space whose basis
is all monomials x*d# with |ot| + |B| < k. In particular, By = K and the basis of B is
{1,x1,x2,* , Xy, 01,02, , 0}

The second filtration is order filtration, denoted by %', which depends on the order of
operators. ¢ = {Cy};~(, Where Cy is the set of all operators of A, with order < k. For

more details of these two filtration see ( ).

Now, we want to construct a graded algebra associated to a filtration. Suppose that
F = {Fi}izo is a filtration of the K- algebra R. Firstly, we introduce a simple map of

order k, which is the vector space canonical projection,
oj: Fj— Fj/Fj-1,
defined by

a+F,_, ifa §é F._

F_4 ifae F,_

Secondly, consider the K-vector space

gr” R =P (F/F_1).
i>0

We want to make the vector space above a graded algebra. Before we prove that

(Fi/Fi-1) - (Fj/Fj-1) € (Fi+j/Fiyj—1). ~we must define the product of two
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3.1. GRADED AND FILTERED MODULE

homogeneous elements. Let o;(a) € F;/Fi_ and o;(b) € F;/Fj_, where a € F; and

b € Fj. Then their product is
6:(a)0;(b) = G j(ab).

Since ab € Fij, then o;j(ab) € Fi;j/Fiyj_1. Thus gr” R is a graded algebra called
the graded algebra of R associated with the filtration % .

Now, we will apply the above construction for the Weyl algebra A,,. Let & be a
Bernstein filtration for A, then B;/B;_ is isomorphic to vector space of all operators
of A, with degree i. then S, = gr%An = @izOBi /Bi_ is the graded algebra of A,
associated with the Bernstein filtration 4.

The next theorem tells us what the graded algebra §,, looks like. See ( ).

Theorem 4. The graded algebra S, is isomorphic to the polynomial ring

K([y1,y2," - You), where y; = 01(x;) and yi1n = 01(3;), fori=1,2,...,n.

We now know what is the graded algebra for A,,. We need also to define the filtration

for a module over A,

Definition 24. Let M be a left module over A, . A family {I';},., of a K-vector spaces

of M is a filtration if it satisfies:
LITCIC---CM,
2. M =U;>ol7,
3. BI'jC Ty,

4. For every i, I'; is a finite dimensional K-vector space.

For example, A, is a filtered A,-module using the Bernstein filtration. For another

example, consider I' = {T';},-,, where I'; is the vector space of all polynomial of K[X]
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3.1. GRADED AND FILTERED MODULE

with degree < i. Thus I is a filtration of K[X] module over A,, with Bernstein filtration.
Now, we have defined a filtration for the A,- module M, we can define the graded
module associated with a filtered A,-module M, as we did in the case of algebras. We

must first define the symbol map of order k, which is the canonical projection:
Wi T = T /Ty
We then put

ngM = @(Fi/l“,-_l).

i>0

If we want to prove that (B;/B;_1)(I';/T"j—1) C I'iy j/T'i4 j—1, we must define the action
between elements of S, and elements of gr' M. Leta € B;and b € T j» then oj(a) €

Bi/Bi—l and ,u,(b) € Fi/F,-_l. Thus

oi(a)u;(b) = pisj(ab),

and hence gr' M is a graded S,-module, called the graded module associated to the

filtration I'.

Let " be a filtration of K[X] as a module over A, with respect to the Bernstein
filtration, #. Then I';/T’;_; is isomorphic to the vector space contains all polynomials
of degree i. Thus the vector space gr' M is isomorphic to K[X]. However, by Theorem
4, S, is isomorphic to the polynomial ring K[y1,y2,- - ,y2n]-

We must define the action between the y; and a homogeneous polynomial f of degree
k which is also to be thought of as an element of I';/I'x_;. Fori=1,2,--- n, then
vif =xif. Fori=n+1,n+2,--- 2n, since d;(f) is a homogeneous element of degree

< k—1, then (3;(f)) = 0. Thus y;f = 0. In other words, anny, (gr' M) is the ideal
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3.1. GRADED AND FILTERED MODULE

generated by Yn+1,Yn+25""" 2 Y2n-

As we did with the graded algebra, we want to define the induced filtration for the
submodule N of a left A,,-module M. Suppose that I' is the filtration for M with respect
to 4. The filtration of N is I = {I[; NN }i20' The symbol maps of degree k are the

injective linear maps
O Tk NN/Tx 1NN = T /Ty
We can put these maps together to get a new map,
0: ng/N — grrM,

making ¢ a module homomorphism. Since for every k, ¢y, is injective, then so is ¢.
By the same way, let ' = {I;/T; NN }i>0 1s a filtration for the quotient module M/N.

Note that
/T 2T/ (Tiot +TeNN).
Then we can define the following canonical projection :
M T /Ty — Ty /T ).
Again, when we putting these together, we get the K-linear map,
migrtM— ngNM/N,

making 7 a surjective homomorphism of S,,-modules. the following lemma gives us an

important property for the above construtions. See ( ).
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3.1. GRADED AND FILTERED MODULE

Lemma 4. Let M and N be as defined above. Then the sequence of Sy-modules,
0= g'N S gtM ™ g7 M/N — 0,
is exact.

Let us apply the previous lemma. Consider A, as an A,,-module with Bernstein filtration
A, and let N = A, d, where d be an operator d in A, of degree r. The induced filtration

forNis & = {%} >0, where #; = BiNA,d = B;_,d. Thus
By By = Bi—yd |Bx_r_1d = (By_,/Bi—r_1)0+(d)
It is clear By /By is a homogeneous element of degree k of S, thus,
gr” (And) = $,0,(d).
Therefore, applying Lemma 4, we get the following exact sequence
0 — S,0:(d) —= S, — gr?" (A,/And) — 0,

where %" is the filtration for (A,/A,d). From the above exact sequence we get

gr?" (An/And) = S,/S,0,(d).

Before we define a good filtration for a left A,-module, M. We need to define a
Noetherian module and Noetherian ring. A left R-module M is Noetherian if all its
submodules are finitely generated. A ring R is a left Noetherian ring if it is a
Noetherian as a left R-module. The ring K[X] is a clear example of a noetheian ring.

the following theorems and properties are very useful. For more details see

( ) and ( ).
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3.1. GRADED AND FILTERED MODULE

Theorem 5. Let M be a left R-module. The following are equivalent:

1. M is Noetherian.

2. For every infinite ascending chain Ny C N, C --- of a submodules of M, there
exists k > 0 such that N;j = Ny, for every i > k (the Ascending Chain Condition

(ACC)).
3. every set of submodules of M has a maximal element.

Proposition 13. Let N be a submodule of a left R-module M. Then M is Noetherian if

and only if N and M /N are Noetherian.

Theorem 6. Let R be a Noetherian commutative ring. Then the polynomial ring R[X]

is Noetherian.

By using Theorem 6, and the fact Kl[xj,xp, -+ ,x,] = K[x1,x2,-* ,%,—1][xn], by
induction we get the following corollary.

Corollary 6.1. For every field K, the polynomial ring K[xy,x2,--- ,x,] is Noetherian.

Theorem 7. Let R be a left Noetherian ring. Then every finitely generated left R-module

is Noetherian.

The following theorems are an application of Noetherian modules to the Weyl algebra.

Theorem 8. Let I be a filtration for a left Ap,-module M with respect to B. If gr' M is

a Noetherian S,-module, then M is also Noetherian.
Corollary 8.1. A, is a left Noetherian ring.

Definition 25. Let I" be a filtration for a left A,-module M with respect to Bernstein

filtration %. If gr' M is finitely generated S,-module, then I is good filtration.

the following properties give us a way to know whenever the filtration is good or not?
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Proposition 14. Let I be a filtration for a left A,-module M with respect to XB. Then T’

is good filtration if and only if there exists ko such that Bl = ;. for all k > kg .

For example, let M be a finitely generated left A,-module generated by uy,us,--- ,u,,

and let I'y = Y7 | Bru;. It is easy to check that I' = {I'; }, is a good filtration for M.

3.2 Hilbert function and Hilbert polynomial

Definition 26. Let M = @;>(M; be a graded K|[x;,x2,--- ,x,]-module. The Hilbert

function HF : N — N is defined by

HF (n) = dim(M,),

for all n € N. The Hilbert polynomial is a polynomial which gives the same value as

the Hilbert function forn >> 0

Let I = (g1,82.--,&,) be an ideal over K|[x|,x2,--- ,x,], and let G = {f1, 2, , fs}
be a Grobner basis for the generator set I. Let I, is a vector space generated by all
monomial of degree m which divisible by m; = LM(f;) for some i = 1,2,---,s. One
can easily check that I = @;>¢l; be a graded Kl[x|,x2, - ,x,]-module. Then the
Hilbert function HF(d) is equal to the number of monomials of degree d which are
divisible by m; = LM(f;) for some i = 1,2,---,s. The Hilbert polynomial for d is
equal to the number of all monomials of degree < d which can be divisible by m; for

some i.

The next property gives us the way to calculate the Hilbert polynomial for quotient

rings or modules. See ( )

Proposition 15. Let V be a finite dimensional K-vector space and W be a subspace of
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3.2. HILBERT FUNCTION AND HILBERT POLYNOMIAL

V, then'V /W is also K-vector space and

dimV =dimW + dimk(V/W).

Example 5. Let I be an ideal over Clx,y| generated by x3y* — 3xy + 5, with graded
lexicographic term ordering x > g1, y. The Grébner basis of I is {x3’y2 —3xy+5}. We
want to calculate the Hilbert function and Hilbert polynomial.

Let T be a filtration for C[x,y] , where T'; contains all monomials in the form x%yP, with
&+ B = i. Then the filtration for the ideal I is T = {T'; NI} ;5.

The table below gives us the dimension of I'; which gives the Hilbert function for each

i

i dimc (T)
0 0
1 0
2 0
3 0
4 0
5 1
6 2
7 3
8 4
9 5
10 6

Since there is no monomial of degree < 4 that can be divisible by the leading monomial
of the polynomial which generates I, then dimcl'; =0, fori=1,2,--- ;4. When j > 5,

then dimcl'j = j+1—35, where j+ 1 is the number of monomial of degree j. Thus the
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3.2. HILBERT FUNCTION AND HILBERT POLYNOMIAL

Hilbert function HF (n) = n— 4, where n > 5. For the Hilbert polynomial we have,

L =T+ 12
)= ———

By using Proposition 15 and since the Hilbert polynomial of the ring R with degree

t+2

filtration is ( :

) = %tz + %t + 1. We can show that the Hilbert polynomial for R/I is
5t—5.
In general, let I be an ideal over K |x,y| and let the Grébner basis of I is G = {g}, where

the degree of g is s. Then for n > s, we have

HF(n)=n+1-s,

n+1-—s
HP = .

Example 6. Let J = <x2y4+y3,x5y —|—x3,x2y—x6y3> be an ideal over Clx,y], with
graded lexicographic term ordering X >giox Y. The Grobner basis of J is
G = {xX2y* + 3, x*? + x%y, Xy +x3}. Let T be the degree filtration for Clx,y| and T’
the induced filtration for 1. Since the minimum degree for the polynomials of the
Grébner basis for J is 6, then dimcl') = dimcly = --- = dimcs = 0. For i > 6, the

following table gives the results.

i dimc(I'))
6 3
7 5
8 6
9 7
10 8
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It is easy to show that, forn > 7,
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3.2. HILBERT FUNCTION AND HILBERT POLYNOMIAL

2.4 4.4
X7y @Xy .
7
42,52
Xy Xy .
% >
5
X7y .
7

~

From the figure above we can calculate the Hilbert polynomial for the ideal I and it is

equal to:

wre) = 5(", )= ("30) - (0 -2

Also, the Hilbert polynomial of the ring R/I is 3t +7.

Example 7. Let I = <)c412 +xty +x2y3 + 52y, x2? +xy> be an ideal over Clx,y, z], with
graded lexicographic term ordering X >gjex ¥ >glex 2. The Grobner basis for I is G =

{x?y3 4+ x2y? xz> + xy} and the Hilbert polynomial of I is given by

34d=3\  (3+d=5\_(3+d-7 _ d®+3d*—46d +96
3 3 3 B 3! ‘

While the Hilbert polynomial for R/I is %12 + %t —15.

In the next examples we will denoted by x(¢,I',M) the Hilbert polynomial of the
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3.2. HILBERT FUNCTION AND HILBERT POLYNOMIAL

graded module gr' M over the polynomial ring S,,.

Example 8. Consider A, as a left A,-module with respect to Bernstein filtration 5. We

can consider A, as a graded algebra A, = @;>oB;/B;_1. Thus, by Definition 26,

t+2n
X(t7¢@7Al’l> = ( m )

Another example is the left A,-module K[X| with the degree filtration, then we can

calculate the Hilbert polynomial as

werkn) = (17).

n

Example 9. Given the ideal I in Example 3. Since the Grobner basis for I is G =
(02,0y), then the induced filtration for I is B = {BiNG};~o. The dimension of K-

vector space B’ is given by the table.

i dimg ()
0 0

1 1

2 6

3 12

4 26

Thus the Hilbert polynomial of the ideal I is

41083 + 1162+ 21+ 24
x(t7‘%/71) - + +24 + + )

x(t,B" (Ay)D)) = 42+1.
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Where %" is the induced filtration for A, /I with respect to Bernstein filtration.

Example 10. We return to the left ideal J of A3 given in Example 4. By the same
construction that we used in Example 3, we can show that
s 75 17sY 195 13757 2s

AB.J) = _ e
(s, %7) 720 7240 T 144 T a8 T 360 15

st 1753 155 3ls
A" (A3]])) = = 1.

Where mathcalB” and mathcal B” are induced filtration for J and A, /I with respect to

Bernstein filtration.

3.3 Dimension and Multiplicity

Definition 27. Let M be a left A,-module and I" is a good filtration of M with respect
to Bernstein filtration, and let y(¢,I',M) be the Hilbert polynomial of M. The
dimension of M , denoted by d(M), is the degree of x(¢,I',M), and the multiplicity of
M, denoted by m(M) is given by m(M) = d(M)!/ay, where ay is the leading
coefficient of x (¢,I',M).

By using this definition we can calculate the dimension and multiplicity for the
examples above for which we calculated the Hilbert polynomial. For example, in
Example 8 we have d(A,) = 2n and m(A,) = m(K[X]) = 1 while d(K[X]) = n.

In Examples 9 and 10, we can show that d(I) = 4, d(Ay/I) =2 and m(I) = 1,
m(Ay/I) =2. We also have d(J) =6, d(A3/J) =4 and m(J) = 1, m(A3/J) = 3.

3.3.1 Special cases

The Following examples were motivated by trying to find applications of multiplicity
of D-module to multiplicity of algebraic curves.

Unfortunately, we could not make substantial progress in this area, but we include the
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calculations as relevant examples of D-module. The vector field xd; + (y +x) dy has
x = 0 as invariant algebraic curve of multiplicity 2, where as the vector field xdy +yd,
has x = 0 as invariant algebraic curve of multiplicity 1.

Module 1.

Let M| = Ay /A3 (xdy +ydy) and let N be the left submodule of M| generated by xdx +
ydy and #' the induced filtration of N with respect to the Bernstein filtration. The
Grobner basis for N is {xd; +yd, } , thus the Hilbert polynomial for N is

4 3 2
sT+28° —5°—2s

B N) = )
%(s’ ) ) 24

Thus

253 +952+135+6
x(5, 8" My) = x(s,8,(A2)) = x(5,2',N) = 5 )

where %" is the filtration of M; with respect to %. Thus d(M;) = 3 and m(M;) = 2.

Module 2.

Let My = Ay /Ay (xdx + ydy +x) and let L be the left submodule of M, generated by
xdx + ydy +x and #' the induced filtration of L with respect to Bernstein filtration.
The Grobner basis for L is Gp, = <x, Yoy — 1> , then the Hilbert polynomial for L is

X(S,@CL) — s4+1053;;lllsz+2s' Thus
%(S“%W’MQ) = %(svggv (AQ)) —%(S,%/,L) = S2+2S+ 17

where £ is the filtration of M, with respect to %. Then d(M,) = 2 and m(M,) = 2.

Module 3.

Let M5 = Az[%] be the module generated by [x,y,dx,dy, %] Let I' = {T';};5 be the
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filtration of M3, where

1—‘0 = k7
P bacad
I, = <[#] ca+b+ct+d+r< i>.
X
. . . . x“ybafa)‘,l
we will prove that I" is a good filtration. Itis clear that B;I'; C I';y ;. Let —7— € I'i;,

then x%y? 8;9;1 € Bjyj_,. Since the Bernstein filtration is good, then Biy j_, = B;Bj_,
for r or j sufficiently large. Thus, there exists x%y”i 95 8yd ‘ € B; and x%yPs 9% 8de €Bj_,

such that (x%y?i95 o)) (xyPs 9% 9 ) = x%yP ¢ 9d and hence

x%yPs ags Byds B x4yP d¢ ayd

x" x"

(xaiybia;i aydi)

Thus B;I'; =1';4 ;.

. . 3 2
One can easily see that dimgI; = %. Thus

4+ 813 4+ 2312+ 28t + 12

x(t,T,M3) = 17

By using Definition 27 we get d(M3) = 4 and m(M3) = 2.

Module 4.
Let My = A3[1]/Az[1][x0; + yd)] and let J = A;[1][xd, +yd;] be a submodule of M3,
then My = M3/J. Let ¢ = {%;},, be the induced filtration from I' in Module 3. The

dimg%; are shown in the table below:
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i dimg ()
0 0

1 0

2 1

3 4

4 10

5 20

6 35

P—i

In general, dimg (%;) = &, and

4203 — 12—t

x(t,€,J) = o

Let ¢” be the induced filtration of M, with respect to ¢, then

1413 + 2712 + 58t +24

%(ta%/uMﬁo:%(t7F7M3>_X(ta(gaJ): 24

Thus d(My) =4 and m(My) = 1.

3.4 Spaces of 1—forms and 2—froms

Definition 28. A differential 1-form on an open subset of R”" is an expression
Fi(x1,x2,...,xp)dx1 + Fo(x1,x2, ..., %) dxp + - - - + Fy(x1,x2, ..., X,) dx,, where the F;
are R-valued functions on an open set. If f(x,y,z) is a function of three variables, then

its differential, d f, is

0 0 0
df:a—i:der a—];dera—J;dz. 3.1)

It is worth pointing out that a differential form is very similar to a vector field. In fact,

we can setup a COI‘I‘GSpOIldGIlCGI
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j+a—flg “ —fd +—fd +5- f
dz

L+ ox Ty o;

of . 9f
it (3.2)

where [, j,k are the standard unit vectors along the x,y,z axes. For example, if f =
x*yz3, thendf = (2xyz®)dx+ (x*2}) dy+ (3x*yz?) dz, see ( ) and
(2013)

The  differential df  above  corresponds to the  vector field

(2xyz?)i+ (x*2%) j+ (3x*yz*)kin C°.

Definition 29. Let u and v are row vectors in R”, the wedge product of u and v is an

n X n matrix defined as :

1
u/\v:i(uTV—uvT). (3.3)

For example, let u = (a,b,c) and v = (d, e, f), then

0 ae—bd af—cd |

UNV= | —age+bd 0 bf —ce (3.4

| —af+cd —bf+ce 0

Now, we can define a differential 2-form for two functions f,g € C" by
df Ndg = —— ——dx; Ndx;, 3.5
fds j;i—zlaxiaxjx & )

where dx; Adx; is define in the next proposition.

Proposition 16. For every k-dimensional space:
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1. dx; Ndx; =0.
2. dx; /\dx]' = —dxj Adx;.
Example 11. Let f = x3y?z+xy3 23 and g = x*y* 22 so

df = (3Xy2)dx+(2x°yz)dy+ (x’y*)dz,

dg = (2xy*2)dx+ (2x%yz%)dy+ (2x*y*z) dz,

df ndg = (2x*y2)dx Ady+ (4x*y* 2)dx A dz+ (2X°y3 22) dy A dz.

For more details and properties about differential k-forms, see

(2019).
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Chapter 4

Bernstein Sato Polynomial

4.1 The Bernstein-Sato Polynomial

Let f € K[x1,x2,---x,] be a polynomial with coefficients in a field K of characteristic
zero. The Bernstein-Sato polynomial of f, also called the b-function of f, is the non-

zero monic polynomial b¢(s) of minimal degree among those b € K[s] such that:

D =by(s) f, (4.1)
for some operator D € Au[s] = Kxi,xp,-xp,8] < 91,00, ,0, >.
( ), ( ), ( ), ( )-

For example, let f = x*> +y? be a polynomial under Cl[x,y], then

2 9
(G =6+,

2 9 2
50, D = (G + ) and by(s) = (s+ 1)~
For any polynomial f, we know that b¢(s) € Q[s]. Since Q]s] is principle ideal domain

and b (s) is a monic polynomial, then b(s) is unique.

Theorem 9 (The existence of Bernstein polynomials). For any polynomial
f € Clxi,x2,...,x,], there exists an operator D € A,[s] and a polynomial bs(s) € Qls],

which satisfy 4.1
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The proof of the theorem can be seen in ( ), ( ).
The existence was proved by Bernstein for a function over a polynomial ring and was

extend by ( ) and ( ) to power series rings.

( ), proved that, when f has an isolated critical point at the origin and
f£(0) =0, the roots of by(s) are rational numbers. He also proved that if o # 1 is a root
of the Berntein polynimial, then e~27V =1 g ap eigenvalue of the monodromy of the
Gauss-manin connection associated to f. These eigenvalues must be roots of the unity

by Briskorn’s monodromy theorem ( ).

The next theorem is given in ( ) and ( ) and

has important consequences for the Bernstein polynomial.

Theorem 10. Let g be a holomorphic function, then by(s) # 0 and the roots of it are

negative rational numbers.

Proposition 17. For any holomorphic function f, we see that by (s) is always divisible

by (s+1).

4.2 History of Bernstein polynomial

( ) and ( ), introduced this polynomial in a different
context with a view of giving fuctional equations relative invariants of
prehomogeneous spaces and also for studying the zeta functions associated with them.
In ( ), Sato called these polynomials b-functions. As stated above,

Bernstein proved the existence of br(s), and hence the name Bernstein-Sato

polynomial.

( ) and Gyoja ( ) proved a generalization of 4.1 where the
generator set of ideal are chosen. ( ), show that the set of Bernstein
polynomials for a set of polynomials is finite. ( ) proved

generalization of Bernstein’s result for any ideal in a polynomial ring. Then he proved
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that for any polynomials fi, f, ..., fi there exist a polynomial b € K[sy,s>,...,s;] and

operator D € A,[s1,s2,...,5;] such that

+1 pso+1 +1 ‘
DR B Y = b (AR . 4.2)
( ), give a combinatorial description of the roots of the Bernstein-

Sato polynomial of a monomial ideal using the Newton polyhedron and some
semigroups associated to the ideal. ( ) , exhibits a well determined set of
spectral numbers such that the symmetric of each element of this set, when 1 is
subtracted, is a root of Bernstein polynomial. ( ), found the set
of spectral number containing Sato’s but for a particular case of two variable function,
f, with finite monodromy and an isolated critical point at the origin, had the same
property. ( ), proved the same property with just the
assumption of an isolated critical point without restriction on the number of variables

and the monodromy.

4.3 Algorithms to Compute Bernstein Sato Polynomial

Oaku, in ( ) and ( ), introduced an algorithm to compute the
generalization of b-function of holomorphic system by using the Grébner basis for the
differential operators as in the Weyl algebra. As a special case of his method, he
computed the Bernstein polynomial associated with an arbitrary polynomial. His
method depends on the homogenization technique his previous work on the
V-filtration. He presented two algorithms to compute the Bernstein polynomial. One
of them depends on the theory of D-modules, and the other using a technique to
compute the Grobner basis with respect to a specific term ordering. In both of them,
he starts a set of polynomials, fi,f3, -+, fx € K[x1,x2,...X,], then computes the left
ideal ann(f}, f3,..., f;) under Ai[s]. Then he computes the polynomial b(s) which is a

monic generator for the ideal ann(f}, f5,...,f}) NK[s]. As special case, if he starts
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4.3. ALGORITHMS TO COMPUTE BERNSTEIN SATO POLYNOMIAL

with one polynomial f he will compute the Bernstein polynomial b(s). He also
compares these two algorithms and gives two tables to with the corresponding times
needed to compute the Bernstein polynomial by using these two algorithms (see

Tables 1 and 2 in ( ).)

To calculate the left ideal, ann(f*) of A,[s], for any polynomial f, we will explain three

methods all of these methods depends on a new variables ¢ and d;, which are defined as

follows.
tp(x,s) f° = plx,s+ l)fSH,
8tp(xvs)fs = —Sp(X,S— 1)fs_1'
The first method is due to Oaku ( ) and Saito et. al. ( ). They
define an ideal I by

1= <{t—uf,8i+uﬁ8t,uv—l},i: 1,2,...,n>,
8x,~

which is a left ideal of A, 1[u,V], then they prove that ann(f*) =1NA,+.
( ), defined a left ideal J of A,, < dt,s > where s is a new variable

with property [dt,s| = dt, then

J= <{s+fat,a,~+ﬁa,},i: 1,2,...,n>,
8x,~

then ann(f*) =INA,[s].
( ), present an algorithm to compute the
Bernstein polynomial. They start with a polynomial f and consider the left ideal, I,

over Api1[s] = Klxi,x2,...,xn,,5] < 01,0,...,0,,0t >, where s is defined by

53



4.3. ALGORITHMS TO COMPUTE BERNSTEIN SATO POLYNOMIAL

[s,t] = —t and [s,dt] = dt:

1= <{t—f,s+tat,ai+a—fa[},i: 1,2,...,n>,
ax,’

then they compute the left ideal, ann(f*) = Iy NA,[s], by computing the left Grobner
basis for the generators of ann(f*). The purpose of this algorithm is the roots of
Bernstein polynomial with its multiplicity, but they compute the left A,[s] ideal
ann(f*).

We explained three different method to calculate the annihilator of f* as a left ideal
under A, [s], this ideal can be use to compute the Bernstein polynomial. We will use
the first method to calculate the annihilator for two reasons, it is faster than the others
and we use the same strategy to compute the Bernstein polynomial and the operators

D which is satisfy 4.1 in the next chapter by using our computer program.
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Chapter 5

Calculating the Bernstein—Sato

Polynomial

5.1 Introduction

In This chapter we describe in detail how we calculate Bernstein polynomials using the
Weyl algebra, the most important calculation in this method ,which we used, is the left

ideal ann(f*). So we will describe how to calculate it and what are the algorithms for

this.
5.2 Method
Let f € Clxy,x2,...,x,], be a polynomial with n independent variables. we want to find

an operator D € A,[s] ans a polynomial b¢(s) € Cls] which satisfy

Dt =b(s) f. (5.1)

As a first step, we will calculate the annihilator of f*, ann(f*), as ideal of A, =

Kx1,x2,...,%n,1,01,02,...,0,,0], where ¢ and J; are define as follows:

tp(x,5) f* = plx,s+1) £,

atp(x7s>fs = —SP(X,S— 1)fS71'
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One can easily check that £, (f*) = —(s+ 1) f and 12 9? f* = (s + 1) (s +2) f*

We define the ideal [ as follows

af&,

9 ., O +za—f8,,—zw+1>, (5.2)

P
AP
dx,

I=<zf-— t81+za

under the ring A, [z, w],where z,w are new variables such that zw = 1

By Theorem 2.1 ( ) and Theorem 5.3.2 ( ),
ann(f*) =1NA, 4+

Let G be the Grobner basis for I with respect to graded lexicographic order (dx; <
Xy < <Oy <O <x1 <xp < <x, <t <[z]<[W]),and G; = {g1,8,...,8;} is
the set G, but with removed all terms containing z or w and substitute ¥ 9 by (—1)¥ (s +
1)(s+2)...(s+k). So Gy is the Grobner basis for the generating set of ann(f*)

The next step is to generate a new ideal L which is generated by f and the elements of
G1. Let G, be the Grobner basis for L with respect to lexicographic order x; > xp --- >

Xp < dx1 >0y > >x, > 5. By ( )
<by(s) >=< GoNK][s] >. (5.3)

Since the Bernstein polynomial always exists, then G, NK][s] # ¢ and contain one
polynomial which is the Bernstein polynomial by(s), let us call it g;
The last step which is the way to calculate the operator D which satisfy 5.1. Let we

consider the free A, [s]- module

Antils @An—H {(r1,r2)s.t.r1,72 € Ay [s]}

Let L = ((f,1),(g1,0),(g2,0),...,(g;,0)), then we compute the Grobner basis for L
componentwise by using the term ordering <ydefine as follows:

mye; > mpe;j if either j > i or j =i and my > my with respect to lexicographic term
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ordering we used it to compute Gy, where my,my € Ap11[s], e; = (1,0) and e, = (0, 1)
Let G = {(p1,d1),(p2,d2),...,(ps,d,)} is the Grobner basis for L. Since we compute

the Grobner basis componentwisely, then p; = b¢(s)

(p1,d1) = co(f,1)+c1(g1,0)+---+c;(g,0)
be(s) = pr=cof+cogi+--+cogj

dl = Q
Now, we want to calculate the operator D which is satisfy 5.1,

be(s)f* = pr=cof T teogi it teogiff =cof
and hence d| =D

5.3 Examples

we will apply this method for some examples in various cases of one dimensional

polynomials, two dimensional polynomials, and three dimensional polynomials.

5.3.1 One Dimensional Cases

Example 12. Let us start with an easy example, f = x*. Then the left ideal I which is
defined in our method is an ideal of the Weyl algebra As[w,z| = k[x,t,w,z] < 0y, 0; >,

given by

[ =< —xX*24+1,22x0+ 0y, —wz+1>.

We calculate the Grobner bases for the generators of 7, which we call G, with respect
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to the graded lexicographic order (dx < d; <x <t < w < z), to give

G = {28tt+8xx+2,xzz—t,8txz+ %,z&,zt—l—%z&;—%axz,tw—xz

20 x+dyw,wz—1}.

We now calculate the set G; where is obtained from the set G by removing all element

containing z or w and replacing d;t by —(s — 1). Thus, in this case, we have
G, ={dyx—2s},

Since ( ) prove that ann(f*) = INK, 4 , then ann(f*) =< dy x — 25 >.
For the next step, we generate a new ideal, L, of the weyl algebra A [s] = k[x,s] < dy >.
The ideal L is generated by f and the elements of G|. Thus, L =< x?,d,x — 25 >.
To calculate the Grobner basis for the generators of L, which we call G;, by using a
term ordering x < d < [s] this term ordering compares the degree of s first, the leading
monomial which have a higher degree of s is bigger than the others. And for any leading
monomials that not contain s i we use the graded lexicographic order x < dy. In this
way, we obtain

3 1
Gy = {s2+§s+§,sx+x,8xx—25,x2}.

One can easily see that there is just one element of G; is a polynomial depending on s
only which is the Bernstein polynomial b/ (s) = (s+ 1) (s + 3).

The last step, is to calculate the operator D € A;[s] which satisfies 5.1. In order to
do this we use the submodule L, from A, | [s] @A, 1[s] which is defines as a follows
L=< (x?,1),(dxx—25,0) >. To calculate the Grobner basis for L, which we call G3,

we use the same term ordering <; Which is defined above. This gives

_ Je 3 50 _ % N 2
Gy = {<s+2s+2,4ax ) (sx-tx—%.0).(9x-25.0).(2 - 1,0) |
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Again, we can easily identify that the first element of G3 gives the desired operator

equation:

2
% () = (s+1)(s+ %) (x?)*.

For any polynomial f = (x+a)?, where a is a real number, we will also get the same

b¢(s) and the same operator D.
Example 13. In this example we will discuss the polynomial f = x>. The ideal I is

generated by:

[ =< —xXz+1,30 x> 2+, —wz+1>.

As we did in previous Example 12, the Grobner basis, G, of ann(f*), with respect to

the graded lexicographic order (dx < dy <x <t <w < z), is given by

G = {30+0x+3,02-1,00%2+ %2075t + 29,5~ § 02,2972 + 42971+

%78)(3-% 2092‘9’,—x3+tw,3<9,x2-|—8xw,wz— 1}.

After removing every term involving z or w, and substituting d;z by —s — 1, we get a
new set G| = {dyx — 35}, So ann(f*) =< dyx —3s >.

The ideal L =< x3,d,x — 35 > is an ideal under A[s]. G, is the Grobner basis for L
under the same term ordering which we used to calculate G, in Example 12, So

11 2 5 2
G, = {s3+2s2+3s+§,s2x+§sx+ gx,8xx—3s,sx2+x2,x3}.

Since < by(s) >= G, NK]s|, then the Bernstein polynomial is by(s) = (s + 1) (s +
1 2 A
§) (s+ 5) To Calculate the Operator D, we look at the submodule L =< (x*, 1), (dyx —

35,0 >. Also we compute Grobner basis of L with respect to the same term ordering
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we used for Example 12,

11 2 1 5 2 1

Gy = {(s3+2s2+§s+§,ﬁ8x3),(s2x+§sx+§x—§8x2,0),(8xx—3s,0),

0
(sx2+x2—?x,0),(x3—l,())}.

a3

So the operator D = 3—’; satisfies
%O = (4 1) (5 ) (5 2 ()
33 3 3 '

From the previous two examples, one can guess that for a polynomial in the form

f = (x+a)", the Bernstein polynomial should be b(s) = [T (s + E) and the
n
operator D = —Z We have checked this until » = 10, but it are contain a very big
n

equation and maybe confuse the reader. We will give a more general form after the
next two examples.

The next two example are for a polynomial that has more than one root.

Example 14. Let f = x> +3x+2. Then

I[=<—(+3x+2)z+1,0+2(2x+3) I, —wz+1>,

and the Grobner basis of I after we ignore all elements containing w or z, and replace

d;t by —(s+ 1), will become
Gi={—(2x+3)(s+ 1)+ 0x*+30x+20, +2x+3}.
and

ann(f*) =< —(2x+3) (s+ 1)+ x> + 39, x+29, +2x+3 > .
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By following the same method as before, the ideal
L=<x>+3x+2,—(2x+3)(s+1)+ x> +30x+20d,+2x+3 >, and the Grobner

basis for L is
Gy = {s+ 1,x2—|—3x+2}.

Thus, the Bernstein polynomial is b¢(s) = s+ 1. We follow the same method as before

and find an operator D € A [s] which satisfies 5.1,
(20, x 430y —4s—4) (> +3x+2) = (s4+1) (x> +3x+2)".

Example 15. Let f = x> —8x* +25x° —38x% +28x—8 = (x — 1)? (x —2)3. Repeating

the previous method, we obtain

by(s) = (s+1)(s+%)(s+%)(s—l—§).

The Operator D which satisfies 4.1 can be found in Appendix 1.

After making a lot of calculation for a different polynomials in one variable, we found
that the roots of Bernstein polynomial for f = fi f5 ... fx, where f; = (x+a;)", and the

a; are real numbers and the n; natural numbers, is given by

1 .
by(s) = (s+1)( H]’[ BTy,

5.3.2 Two Dimensional Cases

Example 16. Let f = x> +y?, then I is an ideal of the Weyl algebra

Asw,z] = klx,y,t,w,z] < dy,dy,0; >. By Theorem 5.3.2 ( ), it can be
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written as follows:

I= <_ (x2+y2) 2+1,20x2+ 0,20, yz+ 0y, —wz+ 1>.

The Grobner basis for I with respect to graded lexicographic order (dx < d), < d; <
x<y<t<w< z), after we ignore every element that has w or z and substitute d; 7 by

—s— 1, becomes:
G = { =0y +x0,, 03+ Qv —25,-2 (s+ 1) +y07 +3,2y+29, }.
and
ann(f*) =< —dyy+x0y, 0 x+dyy—2s,-2 (s + 1)8y+y8x2—|—8y2y+28y > .

As in Example 12, the ideal L of A;[s] is generated by f and the elements of G| and

gives
L=<x*+y* —0y+xdy,dex+dyy—2s,-2 (s+ 1)8y—|—y8x2+3y2y+28y > .
The Grobner basis for L with respect to the term ordering x <y < dx, dy < [s] is
G, = {s2+2s—|— L,ys+y,sx+x, 8xy—x8y,8xx+8yy—2s,x2+y2} ,

giving, in its first entry, the Bernstein polynomial b¢(s) = (s + 1)2. The operator D is

in the Grobner basis of the submodule 7.,

A~

L=< (o 4y%1),(=0:y+x0,,0), (dex+ dyy —25,0), (2 (s + 1) 9y +y > + 9,2y +29,,0) >,
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and the Grobner basis for L is

1
Gy = {(S2+2S+ 17Zay2+éllax2)7(ys+y_ %8y,0),(sx+x— %o},O),(&xy—xay,O),

(axx+ayy_2s70)7(x2+y2_ 170)} :

The operator D = zlt 8y2 - % 0> satisfies
1 1
(3334300 (22 = (s + 17 (2 4y

Whereas all roots of the Bernstein polynomial in the one dimensional case were simple,

here we can see that this example has a double root.
Example 17. We now compute the Bernstein polynomial for f = x> + x>y +xy* +y>.

The left Ideal I is given by:

I = <—(F+Py+xy"+y)z+1,0c+z (38 +2xy+y*) 9,

c?y+z(x2+2xy+3y2) O, —wz+1>.

The Grobner basis for I after removing every element depending on w or 7 is

G = {30,t+0dx+0yy+3,0itx+209,ty— y* + x>+ dyxy+dyy* +x+2,
30712 20,01y 43001 x+40,9y1y+ 02y — 0,9y y* + 9 xy + 9,22+
80t — 20y +20,x+40,y+2,30°0:1> —9970y1> — 20,0, °ty+ 43,9, dy1y—
609,y +329 — 020, y* + 0, 0,22 — 3,°y* + 80,91 — 240, 9,1 — 29,7 y+
40,0,y -6y +29, -6, }.

Here, the Grobner basis not only has terms in d; 7, but also 812 12 as well, So we will
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substitute d; ¢ by —s — 1 and 9?1 by (s+ 1) (s +2) to give:

Gi = {ox+0dyy—3s,—(x+2y)(s+1)—y*+ x>+ dyxy+9dyy> +x+2y,
3(s+1)(s+2)— (=20 y+3dyx+40,y+8) (s+1)+ 9.2y — 9.9, y*+
A7 xy+ 0,72 =20,y +29,x+49,y+2,(39,—99,) (s +1) (s +2) —
(—28x2y+48x8yy—68y2y+88x—248y> (s+1) 420 — 20,y>+
PI R —23X2y—|—48x8yy—68y2y—|—28x—68y}.

We generate the ideal L from G| with the element f added. The Bernstein polynomial

of f is then the first element of the Grobner basis of L, which is

Gy = {4454 B2 12800 0y Wyt e+ B W
%x,yaxsz — 0y 5?x — 40,57y +20, 5y — 20y 5x— 80y 5y + 65> + dyy — dyx—
40,y + 125% 4635, I x + 8yy—3s,y2s2+ %y2s+%y2,ysx—|—2y2s+xy+
232 sx% =y s+x2 =y 20y s+ 0y y? +2x5% +ys? +dsx+4sy+2x+3y,
8xy2—8yx2 —Byxy—ayy2+sx+2sy,y3s+y3,x3 +x2y—|—xy2+y3}.

2 4
Thus, the Bernstein polynomial is bs(s) = (s+1)* (s + §) (s+ 5) and the operator

D e Az[s] 18

D = -30'y+3,0°x+153.°9,y—79,°xd,> —179,°9,>y+ 139, dpx +
110,0,°y—30,*x 29"y +120,° s+ 69,0, 5s — 249, 0, s+ 1859,” +

309,” — 189,20, — 189, 9,> 4300,
which satisfies (5.1) for the polynomial b (s) given above.
Example 18. Using the same methods, we can show that when f = x> +y?, we have

7
br(s)=(s+1)(s+ %) (s+¢)and D= 549,7xd, +249,° +1620,%5+2439,%.

For the next polynomials, the operator D will be very big, so we will write just the
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Bernstein polynomial to avoiding inconveniencing the reader.

Example 19. We now compute the Bernstein polynomial for f = x* + x>y +x>y* +

xy® +y*. Firstly, we have

I = <—(*"+X0y+22% +x07° +y) 2+ 1,dx+z (47 + 3%y + 207 +y°) dt,

dy+z( +2x%y+3x2 +4y ) dr, —wz+ 1> .

The Grobner basis for I after we ignore all elements that involve have w or z, and

substitute £ d; by —s — 1 and 1297 by (s + 1) (s +2) is

G, = <dxx+dyy—4s,— (x2 +2xy—|—3y2) (s+1) —dxy® +dyx® + dyx*y +dyxy* +
dyy’ + x> +2xy+3y%, (4x+8y) (s+1) (s +2) — (—?)d)cy2 +4dyx* 4 5dyxy+
6dyy* +10x+ 22y) (s+1) +dxy? — dxdyy® + dy* Xy + dy*xy? 4+ dy*y® — 3dxy? +
2dyx* +4dyxy+6dyy* +2x+6y,—16 (s+1) (s +2) (s+3) + (—8dxy+ 16dyx+
24dyy+84) (s+1) (s+2) — (3dx?y* — 6dxdyy® +8dy*xy +9dy*y* — 22dxy+
36dyx—+66dyy+78) (s+ 1) —dx’y® +dx’dyy® — dxdy*y® + dy*xy* + dy’y® +
3dx*y? — 6dxdyy + 6dy*xy +9dy’y* — 6dxy+ 6dyx+ 18dyy+6, —
(—16dx+64dy) (s+1) (s+2) (s +3) + (8dx?y — 24dxdyy + 48 dy*y — 84 dx + 336 dy)
(s4+1) (s+2) — (=3dx*y?* + 6dx’dyy* — 9dxdy*y* + 12dy*y* + 22 dx*y — 66 dxdyy-+
132dy*y — 78dx+312dy) (s + 1) +y*dx* — d’dyy® + dPdy*y® — dxdy®y® +dy*y® —

3dx3y? + 6dx’dyy? — 9dxdy*y* + 12dy’y? + 6 dx*y — 18dxdyy + 36 dy*y — 6dx + 24 dy >

The ann(f*) is a left module generated by the elements of G; The next two steps are

very long to write in full, but are computed as before. They yield the following
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expression for the Bernstein polynomial:

by(s) = (s—l—1)2(s+%)(s+%)(s+%)(s+§).

The operated D which is satisfies 4.1 can be found in the Appendix 6

Example 20. In Example 18, we saw that the Bernstein polynomial for f = (y2 —x3),

is by(s) = (s+1) (s+§) (s+ %).

Here, we will define two polynomials fy =y f and f> = x f, and we will compute the
Bernstein polynomial for each one by repeating all the steps in the previous examples.

In this way we calculate the Bernstein polynomials:

bils) = (125 2) (4 2 (st o) (s ) (s g) (5 o)
ba(s) = (s+ 1P (4 2) (s D) s+ ) (s+ 5

In this example, the two polynomials f| and f> have the same degree but there a huge
difference between by, (s) and by, (s). We see that by, (s) if of degree 8 whilst by, (s) has
only degree 6 and the roots of each are different except for —1. The operators relative
to these polynomials are different as well ( See the Appendix 2 and 3). The graphs of
J1 (See figure: 5.1) and f> (See figure:5.2 ) shows that the singularity of f; is more
degenerate than the one for f,: both curves comprise a cusp and a line passing through

the cusp, but in the case of f; the line is also tangent to the cusp.
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1-5'_

Figure 5.1: The graph of the function f; (x,y) = y (y* —x°)
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X

Figure 5.2: The graph of the function f,(x,y) = x(y* — x°)
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Now, we will study four closely related polynomials, which are g;(x,y) = xy ,
g2(x6,y) =y(y—2°) , g3(x,y) = y(y —x°) and g4(x,y) = y(y —x*). We want between
these four polynomial in case which polynomial have mostly closed to its tangent. The
graphs of these polynomials show that the curve g4 (See figure:5.6) is mostly closer to
its tangent than others. Then g3(See figure: 5.5) is closer to its tangent than g, (See
figure:5.4) and g, is closer than g; (See figure:5.3). Now, we will compute Bernstein

polynomial for each of these polynomials

bg (s) = (s+1),

bols) = (412 (s+2)(s+2),

4 4
bals) = (H1P6+3)6+3) 5+ 2) (5 1),

bus) = (s+1P(5+ ) 5+ ) (54 ) s+ - (5 2) (s )

When we compare between the roots of Bernstein polynomial of the above polynomial
and the approaching between the curve of the each polynomial and its tangent, we see
Bernstein polynomial for g4 in degree 8 and for g3 of degree 6 while in degree 4 and 2
for g» and g; respectively. The operators for g3 and g4 are found in Appendix 4 and 5

respectively.
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Figure 5.3: The graph of the function g (x,y) = xy
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157

Figure 5.4: The graph of the function gz(x,y) = y(y —x?)
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051

Figure 5.5: The graph of the function gz(x,y) = y(y —x%)
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=4 -0.5 0 0.5 1 1.3

Figure 5.6: The graph of the function g4(x,y) = y(y —x*)
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5.3.3 Three Dimensional Cases

For the case of three dimensional polynomial, there are a very complicated

computations, so will give a simple example.

Example 21. Let f = x*>+y?>+u?, then ] =< — (u2 +x? +y2) 7+1,27x0,+0y,22y0; +
dy,2zud;+ du, —wz+1>.

Repeating the methods above, we obtain

a2 9 o’ 3
(7’“+7y+7”) (337 )= (s 1) (s 5) (8 437 )"
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Chapter 6

D—Coh Polynomials for 2-Dimensional

polynomials

6.1 Introduction

In this chapter we will give a method to calculate D-Coh polynomial,denoted by b s
and we will study the relation between D-Coh polynomial l;f and the Bernstein
polynomial b(f).

We will give two method to calculate Ef for a homogeneous polynomial, a
quasi-homogeneous polynomial and another polynomial which is neither

homogeneous nor quasi-homogeneous.

6.2 Method

Let f be a polynomial with two independent variables, x and y, and b(s) its Bernstein

polynomial. The two operators d; and d> are defined as follows:

di :Clx,y] = Q' definedby dy(h)=fd(h)+(s+1)d(f)h,

dr: Q' - Q% definedby dy(w)=fd(®)+sd(f) o,

where i € C[x,y], and Q!, Q7 are the spaces of one-forms and two-forms respectively,

and s is a real number. One can easily check that d» od; = 0 for every polynomial
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6.2. METHOD

h € C[x,y]. We consider the complex

d dy

Clx,y] » Qf > Q2

and calculate the first cohomology group Hy = ker(dy)/im(d;). We denoted by h; for

dimension of Hy. Our polynomial by = [](s — s')".

S,
Our motivation to choose d; and d, is to find a relation between our polynomial l;f and
the Bernstein polynomial. For any polynomial 4 € Clx,y], the normal derivative for

hferl is

dhf) = (s+1) fFhd(f)+ 1 dh) = ((s+ 1) hd(f)+ fd(h)) f°,

so we choose di(h) = fd(h)+ (s+ 1)d(f) h. For any one @ € Q,, the normal

derivative for @ f* is

dof)=f dw)+s 1 df) Ao = (fdo)+sd(f) o),

so we choose dr (@) = f d(w)+sd(f) A w. By looking to the right hand side for the
equation 4.1, b(s) f*, we see its a Bernstein polynomial multiplied by f*, for this reason
we cared by the first cohomology group.

We will give many examples to explain how to calculate the cohomology group and
the dimension of it as a vector space, and the calculation of our polynomial b r.After
these calculation, we will give our conjecture which is b ¢ divisible by the Bernstein

polynomial b(s).
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6.3 Motivation

The initial motivation to calculate the first cohomology group was to study the first
integrals of vector fields with Darboux integrating factors ( ). We consider

the following vector field

x=P(x,y), y=0(xy). (6.1)

An invariant algebraic curve is a curve f(x,y) = 0 where the polynomial f(x,y) satisfies

—fP + —f Q fL, where L is called the polynomial cofactor

ox

( ). If the cofactor is a multiple of the divergence of the system, then there is an

inverse integrating factor of the form f* and the system 6.1 has a first integral ¢ given

by (2000)

Pd de
0= [ (62)
de Qdx
ag = (6.3)
We are interested in cases where the function ¢ is of the form
h
where & is a polynomial, for more details see ( )and

(1999).
Our working hypothesis is that when —a is not a root of the Bernstein polynomial,

b¢(s), then there exists such an .

We have not been able to prove this assertion, but the rest of the thesis is dedicated to

demonstrating it for many examples.

When —« is a root of the Bernstein polynomial, then we expect the first integral ¢ to be
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6.3. MOTIVATION

more complex. For example, let f be any polynomial and let @ = 1 (corresponding to
the root s = —1 which is always a factor of b¢(s)). In this case we have a first integral

of the form ¢ = In f satisfying 6.2, where

lnf:/%.

So when o = 1, the first integral is never of the form 6.4. Conversely, if we could
establish our working hypothesis, then the existence of such a first integral for ¢ = 1
would show that s = —1 is always a root of b¢(s) for any polynomial f.

3

For another example, let us take f = y?> — x>, we know that

br(s) = (4 1) (s D) s+ ).

In this case, there exists a first integral of the form 6.4 whenever o is not equal to 1, 5/6
and 7/6, corresponding to the roots s = —1,—5/6,—7/6 of bs(s). In the case where
o =5/6 we can find two polynomials P and Q which gives an inverse integrating factor

(v? —x3)% which does not integrate to the form 6.4. In more detail, if we let u =

9

B =

then

3 - 3 - 3 -
du=x"} dy— nyTS dx = (xdy— Eydx)xT5 = (xdy— Eydx) (363)TS :
By above, we can see that
/ (xdy — %ydx) B / du
(02— ) (W2 —1)

which is given in terms of elliptic integrals. In the same way, for @ = 7/6 we have

(x*dy — %yxdx) B du
/m<ﬁ<m2 _/WLJ%'
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The above integrals are very complicated in case of —a is one of the roots of

1
Bernstein polynomial. While when o = 3 then then integral above will become

3 X ax u
/(x“dy—zy >dx) :/( (Vi)

(2 —x3)2 ~1)

| —

Our calculation of the first cohomology group as a vector space, we found for a specific
polynomial f with specific value for S a set of generations in the form one form such as

pdy—+ qgdx. the relation between the cohomology group and the first integral is to find a
pdy+qdx
fs
5. . 7.
when s = — cis generated by (2xdy-+3ydx)+1Im(d;) while when s = — g is generated

nice form for [ . If we looking to Example 25, we see the first cohomology

h
by (2x?dy+3yxdx)+1Im(d;). For both cases we find i € Q| with a nice integral [ o
Consider another example, let f = x> +y? the Bernstein polynomial for f is b r(s) =

(s+ 1)? (see Example16) . So we can put z = x + iy, then

xdy—+ydx d(zZ) dz dz
212 =l B
x2+y zZ 4 z

In the last example, consider g = x> +y% +xy, we set w = 1/x (x> +y), so g = y> +w?

and we can find a nice integral by the same way as in the previous example.

6.4 Examples

6.4.1 Homogenous Polynomials

Example 22. Let f = x>+ x> y+x y*> +x3, then the Bernstein polynomial for f is
2 4

bf(s) = (S—|— 1)2 (S—|- 5) <S+ §)

We want to compute the first cohomology group for each root of the Bernstein

2 4
polynomial: —1, —3 and 3 Let us compute the dimension of first cohomology
group h; when s = —1. In order to do that, as a first step we must calculate ker(d,) for

79



6.4. EXAMPLES

some one form w = pdy+ gdx, where p and g are general polynomials of degree up

to 3.

o= (ajy’ +arx> +asx®y+agxy® +ayx*>+asxy+agy> +arx+azy+a;)dy+

(b10y® + b7 x> + bgx>y + boxy> 4+ byx> 4+ bsxy + bsy> +byx+b3y+b;) dx.

Then, by applying d; to @, we get

do(®) = ((bs —b7) x> + (—ay +bs —by)x* + (—ag — 2by +2bg + az) yx* + (—2a9 —
3b; —bs+bg+3bjg+2a7) x> y* + (—2by+2bs —2as5)x>y+ (—2az + b3 — b)) x> +
(ag —ag—2bg —3ajg+2bjg+3ay)x*y> + (=3by — bs +bs +ay —as —3ag) x> y* +
(—2by—az —3a3)x>y+ (—b; —3a;) x>+ (bjp+2as—bg—2aj0) xy* + (2a4 —2bs —
2a6)xy> + (=b3 — 3by — 2a3)xy* + (=2b; — 2a;)xy + (a9 — ap)y> + (—bs + as —

ag)y*+ (=2bs+az —az)y’ + (—3b; —a;)y*) dxdy.

In order to calculate ker(d;) with respect to @, the following homogenous linear system
must be solved

(bs —b7) = (—as+bs —by) = (—ag —2b7+2bg+ay) = (—2a9 —3b7 — bg + bg +
3blop+2a7)=(—2by+2bs—2as) = (—bs+as—as) = (—2a2+b3—by) = (ag—ag—
2bs—3ajp+2bjp+3ay) =(—3bs—bs+bs+as—as—3as) = (—2by—ay—3a;3) =
(—=b;—3a;) = (bjgp+2ag—bg—2aj) = (2ay —2bs —2as) = (—b3 —3by —2a3) =
(=2b;—2a;)=(ag—ajp) = (—2b3+ay—a3) = (—3b;—a;) =0.

One can easily to see that ker(d,) with respect to @ is a 5-dimensional vector space
generated by
Ker(dy) =< (x* + 22y +xy* + %) dy, (¢ + 22y +xy° + ) dx, (—x* —xy —y?)dy +

x?dx,xydx+x*dy,y> dx+xydy > .

Secondly, to calculate Im(d;), let us start with a polynomial 4 = ax + by + ¢ , because
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6.4. EXAMPLES

dy(h) is a one form with weight no more that 3 (like ), then
di(h) = < (x3 + X2y 4 xy? —|—y3) dy, (x3 + X2y +xy* +y3) dx> )

It can be seen that Im(d)) is 2-dimensional vector space generated by the above two
ker(d,) .

elements. Finally, the generating set of the first cohomology H_| = Im(dy) is
may

((—x2 —xy —y?) dy +x2dy) +Im(dy), (xydx +x*dy) +Im(dy), (Y2 dy +xydy) + Im(d; ).

Because the first two generators of ker(d,) can be written as a linearly combination of
the generators of Im(d; ), the first cohnomology H_; is generated by three element and
hence h_y = 3.

Now,we will repeat the same procedure for the second root of b (s), which is —%, let

us start with the same Q, then

—4by+b3;—a;—6a a)—4a;—6by—b —6a;—2b
h(Q) = ( 2+b3—az 3x2y—|— 2 3 2 3xy2-|— 1 ]x2+
3a,—2a3—3b —3a,—2b,+3b —2a;—6b
—4aj9p+6as+ag+5bjy 4 dag—ag—3bg+2bg—6a;90+Tbjp+9a; 5 ,
3 y'x + 3 yx +
6ay+as—4as—3bs+2bg 3
3 o -
—3a9+9bjp+2as+4bg+7a7—bg—6bs 23 6bg+5a7+bs—4b; 4
3 yx  + 3 yxT +
—as+4bs+4ay4—bs;—6bys—6a —3a5+6bs+2as+bs—4b
5 6 43 5 4 6y2x2 i 5 6 : 4+ b5 4yx3 n
-2 3 3b 3as—2 3 3bg—2b —2bs+3b
ajpp+3a9+3bj9 ¥+ as aéy4+ ay+350bg 754 4+ 544
4 4?;9] . . .
%xy)dxdy.

In order to calculate ker(d,), we must solve the following linear system:

—4b2 + b3 —dap — 6613 = ay — 4613 — 6b2 — b3 = —6611 — 2b1 = —4a1—4b1 =

3a,—2a3—3bs = —3a,—2by+3b3 = —2a;—6b; = —4a;9p+6ag+a9+5bj9 =
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dag—a9—3bg+2bg—6a;9+7bjp+9ay = 6ay+as—4as—3bs+2bg =
—3a9+9bj9p+2as+4bg+7T7a7—bg—6b; = 6bg+5a7;+bs—4b; =
—as+4bs+4as—bs—6bys—6ag = —3as5+6bs+2a4+bs—4by =

—2aj0+3a9+3bjp=3as5—2as=3a,+3bg—2b; = —2bys+ 3 bs.

One can easily to see that ker(d;) is a 4-dimensional vector space generated by
Ker(dy) =< (—x3 +xy* — 63 dy + (—12x> —7x%y — 6xy? — 5y%)dx, 2x> + x*y +
9y3)dy + (15x% + 8x%y + Txy? + 6y¥)dx, (x* 4+ 2xy + 3y?)dy + (—3x> — 2xy —

y2)dx,xdy —xdy > .

Let us calculate the Im(h), where h = ax+ by + c, then

2 4b+2 5b 2
di(h) = ((b+g)x3+—6§ +( ;— a)yx2+(?+a)xy2+?cxy+2by3+cy2)dy+
S5a 4a+2b 2¢ b c
(=2ax’ —ex? = (- +b)yx = (—5—)xy = Ty — (a+3)y = 3y)dx.

From above, it can be seen that Im(d;) is a 3-dimensional vector space generated by

1 2 5 4
Im(d)) = <327+ 5%y +x?)dy+ (20 = 2oty — say? =),
4 5 2 1
(4374 307 427 )dy+ (—xy = Ty = 3y,
1, 2 2 1
(§x2 + 5xy+y2)dy+ (=" — 3T gyz)dx >

The first 3 generators of the generator set of ker(d;) can be written as linear

combination of generators set of Im(d;), so the first cohomology group H_ 2 is

generated by one element which is (xdy — ydx) + Im(d,) and hence h% =1

Now, let us calculate the dimension of first cohomology group for the last root of b (s)
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which is —g. We start with the same @ as before, and find that

—8by—b3—5a,—12 —5b3—12b, —8az —
—4b;—12 —9b3—4 3 3b;—4b,—9 —12b;—4
1 azx2+ 3 3a3+ azy3+ 3 32 azx3+ ; azy2+
6 bjo—6bg—8ajp—
as+0bjo 39 ajo a9y4x n
—9a9+9bj9p—2ag+2bg+5a7,—5bsg—12b; 23
3 VX +
2as—5a9—9bg—2bg—12a;0+5b;9+9a; 5 ,
3 VX +
—6 6b —bg—8b -5 2bs+2a4—5bs—12bys— 12
ag+ 94—3617 8 7yx4 n as+2be+ a43 5 4 aéyzxz n
6as—9b5—8as—as—2b —8bys—bs+6bs—2a4—9a
4 5 6 5 6y3x 4 4 5 6 4 5yx3 +

3 3
_4a10+3a9—3b1()y5 n —4a6—|-3615—6b6y4 n 3b8—4b7—3a7x5

3 3
—4bys—6ay4+3bs 4, —8b;—8ajxy
X+

3 3
By solving the system d» (@) = 0, we see ker(d;) with respect to @ is a 4-dimensional

)d.d.
vector space generated by

ker(dy) = <xy?dx+x>ydy, (—x*—2yx—3y")dy+ (3x>+2 ,yx+y*)dx,x>ydx+ x> dy,

y3dx+xy2dy > .

On the other hand, Im(d;) with respect to h = ax+by+c is 3-dimensional vector space

generated by

Im(d)) = < (—x3 — 2x2y — 3xy2) dy+ (—xzy — 2xy2 — 3y3) dx, (3)63 + 2x2y+xy2) dy

+ (3x2y+2xy2 +y3) dx, (—x2 —2yx— 3y2) dy+ (3x2 +2yx+y2) dx > .

Again, the first 3 generators of the generator set of ker(d;) can be written as linear
combination of generators set of Im(d;), so the first cohomology group H_ 4 is
3

generated by one element which is (xy?dy — y*dx) +Im(d;) and hence h = 1.
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Thus B = (s+1)° (s+§) (s+g) while b(s) = (s+1)2 (s+§) (s+§).

Example 23. Let f = x> +?, the Bernstein polynomial for f is bs(s) = (s+1)%

Firstly we calculate the dimension of first cohomology group 4_;. We will start with
® = pdy+ qdx as the same @ which we used in the previous example. By using the

same strategy to calculate ker(d,) and Im(d;), we see that
ker(dy) = < (x*4y?)dy,(x* +y*)dy, (—y)dy+xdx, (x) dy +ydx >,
and
Im(d)) = < ((*+y")dy, (P +y")dy> .

So the first cohomology group H_ is generated by two elements which are (y dy +
x dx)+1Im(d,) and (y dx —x dy) + Im(d;), and hence h_; = 2. Secondly, one can
easily check that Im(d,) C ker(d,) when s # —1. As aresult, by = (s+1)> = by.

Example 24. In this example, we will consider a particular case of a homogeneous

polynomial of degree 4. Let f = x* +x3y+x*y> +xy> +y*. The Bernstein polynomial
1 3 3 5
for f can be calculated as by (s) = (s + 1) (s~|— 5) (s+ 4_1) <s+ 5) (s~|— Z)

To calculate the dimension of first cohomology group with repect to the roots of
Bernstein polynomial, let we start with @ = pdy + gdx, where p and ¢ are a general
polynomials of degree up to 6. When s = —1, one can check that ker(d,) is a
12-dimensional vector space generated by

—1

1 2 2
(520 =20+ 0y + 30 dy + (3 = ) drxty? + 257 + 55 + 07 +

W) dy, (*y + 332 + 2293 +xy* +37) dy, x + 13y + 22y +xyP +y) dy, (3 +yP) dy +
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(=3 — xy? — y)dx, xy*dx + ¥’ ydy, y dx + xy*dy, —y dy + (x* + x>y + xy*> +
2 2 1 1

y3)dx,(—§x6 + gxyS)dy + (2 + §x5y — gy(’ — 1 dx, (= + Y)dy + (—x° +

ys)dx, (x5+x4y+x3y2+x2y3+xy4)dx, (x4—|—x3y+x2y2+xy3+y4)dx,

whilst Im(d;) is an 8-dimensional vector space generated by

(—x* =y —x2y? —xy® =y dx, 6 + Py + 292 +xy® + ) dy, (—2x° — 2xty —
2x03y? —2x%2y3 —2xyH) dx, (X +xty+ 3y 2y oy dy 4+ (—xty — Py — 2y —
xy* — ) dx,(2x*y + 23y + 2227 + 2xy* 4+ 297)dy + (=320 — 3x0y — 3x*y? —
383y =32y dx, (O + Xy + x4y + 2y 2y dy + (—2x0y — 2x%y? —2x3 )3 —
222y — 2xy°)dx, 20y + 2x*y? 4+ 263 y® 4+ 22y + 2xy)dy + (—x*y? — Py —

Kyt —xyd —y®)dx, 3x*y? +3x3y? +3x%y* 4+ 3597 +3y5) dy.

When we look to the basis of ker(dy), there are 8 of its generators can be written as a
linear combination of the basis of Im(d) ), then H_; is generated by

(Pdy + xPydx) + Im(dy),(xy*dx + x*ydy) + Im(dy),(y’dx + xy*dy) +
Im(dy), (x> +x2y+xy* +y>)dy — x> dx) + Im(d).

Thus h_y = 4.

Let us repeat the same procedure with the second root of b¢(s) which is —é. One can

check that ker(d,) is also 12-dimensional vector space generated by

xydx + x*dy, (x> + xy)dy + (xy + y?)dx,(2x> + 4x%y + 6xy* + 8y® 4 4x%)dy +
(—8x> —6x%y —4xy? —2y3 +4xy)dx,(—4x5 + 11x°y +9xy> — 16y° + 11x?)dy +
(12x°y — 5x*y? — 790 4+ 11xy)dx, (—1469x° + 825x*y? + 880x>y® + 3594xy° +
1120y° + 880x%)dy + (—2992x5 + 2163x7y + 240x*y> — 55x°y> + 2112xy° —
918y° +880xy)dx, (7x° +5x%y* —12xy° +5x%)dy + (16x° —9x°y — 11xy> +4y° +
Sxy)dx, (—=313x° 4+ 150x*y + 165x3 y? + 180x%y 4+ 768y’ + 180x%) dy + (—468x° +
275x*y —30x°y? — 15x2y> +288y° + 180xy) dx, (18x* + 21 x>y +24x%y? +27xy> +
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40y* +21x%)dy + (16x* — 6x>y — 3x2y? + 3y* + 21 xy)dx, (—1849x° + 165x*y? +
3954xy° + 480y° + 2640x%)dy + (528x% + 5943x°y + 3120x*y? + 2805x3y® +
2640x%y* 4+ 2112xy° — 1198y° 4-2640xy) dx, (—179x° 4+ 30x*y + 15x3 y? +384y° +
180x%)dy + (36x° + 385x*y + 210x°y? 4+ 195x%y> + 180xy* + 144y° +
180xy)dx,(3x* — 3x2y? — 6xy> + 16y* + 21x%)dy + (40x* 4+ 27x3y + 24x>y° +
21xy> + 18y* 4 21xy)dx, (7% + 5xy* — 12y° + 5x%)dy + (12x° — 5x*y — 7y° +
5xy)dx.

Furthemore, Im(d;) is 9-dimensional vector space generated by

(3 4+2x2y +3xy2 +4y>)dy + (—4x° —3x%y —2xy* —y¥)dx, (x* + 2%y +3x%y? +
4xy3)dy + (=8x* —7x3y — 6x%y? — 5xy> —4yMdx, (4x* + 53y + 6x°y? + Txy? +
8y dy + (—4x7y — 3x%y* — 2xy® — ¥ dx, (¥ + 2x*y + 3x8°y? + 4x%y ) dy +
(—12x° — 11x*y — 10x°y? — 9x%y® — 8xy)dx, (4x° + S5x*y + 6x3y> + 7%y +
8xyM)dy+ (=8x*y —7x3y* —6x%y® —5xy* —4y ) dx, (x0 + 20y + 3x*y? +4x3y3 +
8x*y +9x°y? +10x2y3 + 11xy* + 12y°)dy + (—16x° — 1527y — 14x*y? — 13x3y3 —
12x2y* —4x3y? = 3x%y3 —2xy* —y7)dx, (4x0 + 5y +6x*y> +7x3y? +8x2y*) dy +
(—12xXy — 11x*y? — 10x3y> — 9x%y* — 8xy7)dx,(8xy + 9x*y? + 10:3y3 +
1x2y* + 12xy°)dy + (—8x*y? — 7x3y? — 6x%y* — 5xy° — 4y0)dx, (12x*y* +

1323y + 14x%y* +15xy° +16y%) dy + (—4x>y® —3x2y* —2xy° —y0) dx.

When we compare between the generating sets of ker(dy) and Im(d;),we see the last

10 generators of ker(d,) can be written as a linear combination of the generating set of

w

Im(d,). As aresult, H 3 is generated by two elements and hence /’L%3 = 2. For the

el

another roots, we use the same procedure, giving
H%s =< (2x3y—|— 3x2y2) dy + (2x2y2 + 3xy3) dx + Im(dy), (x2y2 +2xy3) dy +

(xy* +2y*) dx+Im(dy) >,
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H_% =< (xdy+ydx+)Im(d;) >.
Thus, h 2

and h = 1. As a result,

by = (s + D*s + Z)Z(S + 2% + 22 (s + 5> is  divisible by
o= (co3) (o3) (4 ()

In the previous examples, all the polynomial were homogenous and all generators of
the kernel and image were also homogenous. Let us now see what happens for

quasi-homogenous polynomial.

6.4.2 Quasi-Homogenous Polynomials

Definition 30. A polynomial f € K[x;,xz,...,x,] is called quasi homogenous

polynomial of weight w = (wy,wy,...,wy) , if

Frx, 2 xy, . rnxg,) = f(x,xo. .., xy,) for every r € K

Orf(x;,x2,...,%,) is a quasi-homogeneous of weight w, if f(y]',y5%,...,y4") is a
homogenous with respect to yfs ( )

For example, x> +y? is a quasi-homogeneous of weight (3,2) because (x?)3 + (y*)? is

a homogeneous of degree 6.

Example 25. Let f := x> +y* which is quasi homogenous polynomial. The Bernstein

5 7
polynomial of f is bg(s) = (s+1) (s+ 6> (s+ 6)’ which has three simple roots.

Let us calculate the first cohomology group for each root. For the first root —1, we
start with @ = pdy + gdx where p and g are a homogenous polynomials with degree

up to 6. Then

d(w) = (bl + b20x>y* + b22xy* + b19x*y + b16xy> + b26x>y + bI5x*y* +
b27x%y* 4+ bI2xy + b8x*y + bI3x*y* + b21x*y> + bl4x>y3 + b24x* + b25y* +
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b17y% 4+ bI18x> 4+ b23y> + b2x + b3y + b11x® 4+ b10y* 4+ b7x> + b4dx* + b6y +
b28xy> + bSxy + b9xy*)dx + (al + a7x> + a4x®> + a6y* + a2x + a3y + allx® +
al7y® + al8x> + a23y> + a24x* + a25y* + al0y’ + a8x*y + aSxy + a9xy* +
al2x’y + al3x*y? + al4x3y? + al5x>y* + al6xy’ + al9x*y + a20x3y* + a21 x>y +

a22 xy* 4+ a26 x>y +a27 x*y* + a28xy*) dy.
Thus, ker(d,) is a 15-dimensional vector space generated by

—3x%dx 4 2ydy, (x> + y?)dy, (x* + xy?)dy + (—x3y — y})dx, (x® — yH)dy + (=3 —
3.y )dx, (Vx4 y)dy, (3 + y)dy, (Fy + 3 )dy, (—Xy — ¥ )dy + (Pt +
xy)dx, (<3y°x% — 3xy)dy + (VP + y)dx, (=22t — 2x07)dy + () +
Wdx, (= — x¥yHdy + 2x*y + 2x9%)dx, (x> + x*y?)dx,(x* + xy?)dx, (X +

Y )dx, (x° +xy?)dx,
whilst Im(d;) is a 13-dimensional vector space generated by

(=3 = y?)dx, (x> + ) dy, (—2x* — 2xy?)dx, (x* + xy?) dy + (—x>y — y*)dx, 2y +
2y3)dy + (=3x° — 3x2y?) dx, (x> + x2y?) dy + (—2x*y — 2xy3) dx, (2x*y 4+ 2xy°) dy +
(=32 — yHdx, 3x3y? + 3yMdy, (—4x8 — 4x3y?)dx, (x0 + x*y?)dy + (—=3x°y —
3x%y3)dx, (2x°y + 2x2y3) dy + (—2y*x* — 2xyM) dx, 3y*x* + 3x9%) dy + (=3 —
Y)dx, (4y°x* +4y°) dy.

One can easily to check that all of the generators of ker(d,) can be written as a linearly
combination of the generators of Im(d;) except for —3x*dx+2ydy,soh_1 = 1.

For the second root —%, following the same steps, one can easily to see that the

ker(d,) is a 16-dimensional vector space generated by

-9 4 1
< xydy + (7x3 — 3yY)dx, (¥ + gyz)dy — Exzydx,xzydy + (—6xy* —
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gx“)dx, (xy*+ 2x4)dy+ (—9);3); - §y3)dx, (3y® + %) dy — éxzy“dx, (¥*y* +
io9—y4)dy — éx2y3c61x,x4ydy +;—27T)C6 - 12x33y2)dx, (x6 — %)dy + (—25);2)73 -
§x5y)dx, (3y + §y3)dy + EXde,ydy - Exzdx,(—xSy — 8x2y3)dy + (xy* +
§x4y2)dx,(—3x4y2 — ?xy“)dy +  + %x3y3)dx,§xdy + ydx,(—%xzy2 -
%xs)dy + (xy> + Zx“y)dx,%)ﬁdy + (2 + gxs)dx,—%xfdy + (0 - 27x5 —
4SX3y2)dx >.

2
However, 15 of these generators belong to the submodule Im(d; ), generated by

< =3x%dx 4 2ydy,(—9x> — 6y?)dx + 2xydy, (6x> 4+ 8y*)dy — 3x>ydx,(—15x* —
12xy?)dx + 2x%ydy, (6x* + 8xy*)dy + (=9x>y — 6y%)dx, (14x>y + 14y%)dy

+ o+

(—21x° — 21x%y*)dx, (6x° + 8x2y*)dy + (—15x*y — 12xy%)dx,(12x*y
14xy>)dy + (=9x°y* — 6y*)dx,(18x°y> + 20y )dy — 3x*y3dx,(—27x% —
24x3y?)dx + 2x*ydy,(6x° + 8x°y)dy + (—21xy — 18x%y%)dx,(12x°y +
14x2y)dy + (—15x*y?* — 12xyMdx,(18x*y?* + 20xyYdy + (—9x°y> —
6y°)dx, (24x>y® +26y°)dy — 3x> y*dx >.

So Hf% is generated by (2xdy + 3ydx) + Im(d;) and hence hf% =1.

When we repeat the same procedure, we see H is generated by

7
6

(2x*dy + 3yxdx) + Im(d;) and hence h_% = 1. As a result,
- 5 7
bbef(S> = (S—’rl)(s—{-g) (S+6)

Example 26. Let f = x> +y*, the Bernstein polynomial is b¢(s) = (s +1)2. If we put
u =1y, then f =x>+u? so by Example 23, we see H_; is generated by two elements
which are (u du+x dx+1Im(dy)) and (u dx —x du) +1Im(dy). Thus by = bs(s) =

(s+1)2

In the previous two examples, we see that b r=Dby

Example 27. Let f = y* — (x> — 1), the Bernstein polynomial is bs(s) = (s + 1),

Using the same method as before, we can consider f = y* — u?, then b r=bs(s) =
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(s+1)?

6.4.3 Other Polynomials

Example 28. Let f =y (y* —x>). We can calculate the Bernstein polynomial as b¢(s) =

7 1 11 1
(s+1)2(s+ g) (s + §) (s+ g) (s+ EO) (s+ 3) (s+ 33) We will calculate the first

cohomology group for each root as before.

Let us start with first root, —1, and the same @ = pdy + gdx, where p and ¢ is a
general polynomial with degree up to 6. The vector space ker(d,) with respect to @ is

generated by

ker(dy) =<
Bdxx’y + 2dyy*, 2%y — 2y°)dy,(2x°y* — 2y*)dy,(2x°y — 2y°)dy,(—2x°y +
2x2y3)dy + (4x*y? — 4xyt)dx,dx (3y? — ) +dy (—2x*y? +2x0%), 2x*y — 2xy°)dy +
(—2x3y? +2yMdx,3dxx’y + 2dy x>, (—2x3y +2y3)dx, (—2x4y—|— 2xy3) dx >,

whilst the image of d; is generated by

Im(dy) =< dx(Xy =y’),dy (=y +y*),dx (2x%y = 2xy%), dx (%y* — y*) + dy (—x*y +
xy?),dx(3x%y — 3x%y%) + dy(=2x3y* + 2y"),dx(2xy? — 2x*) + dy(—xy +
), de(Py = )+ dy(=2x0 4+ 2x%),dy (=387 + 3y7),dx(4x% —
4x3y%),dx (3x°y* — 3x%y") + dy(—x%y + x*y),dx (2x*y} — 2x9°) + dy(—2x°y? +
2x%yY), dx (F3y* —y0) +dy (=3x*y +3x97),dy (—4x3y* +4y°) >.

One can easily check that

H_ | =< (3x>ydx+2y*dy) +1Im(dy), 3x>ydx+2x>dy) + Im(d;) >.

Hence h_; = 2.

5 ) ) .
For the next root,—§, we will start with the same @ and make the same calculation to

see that:
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ker(d,) =< —3x%ydx 4+ (x> =3y)dy, (—429x°y+225x%%) dx  +
(44x° —180y%) dy, —6x?y* dx + (11x3y? — 15y%) dy, —12x%y? dx +
(13x%y —21y%) dy, (30x*y* — 18xy*) dx +
(130 +21x%3) dy, (—21x%y% +9y*) dx +
(13x*y —21xy%) dy, (213y —9y%) dx + (—4x*+12xy%) dy, (55x*y—33x)°) dx +
(2 2242y )dy,3ydx+2xdy>,

whilst

Im(dy) =< —12x%ydx  +  (4x—12y?) dy, (-3x%y—9y*) dx  +
(4x* —12x0%) dy,—122y%dx ~ + (=55 =3y dy, (6x*y— 180 )dx  +
(4x° —12x%2) dy, (=323 —9y*) dx + (—=5x*y—3xy*) dy, (157 —39x%%) dx +
(4x0 —26x7y2 +6y%) dy, (6x*y* — 18xy*) dx +
(=50y—=3x%3) dy, (=3x8 —9y°) dx + (—14x*y?+6xy*) dy,—12x°y*dx +
(=233 +15y°) dy > .

One can easy to check that:
H s =< (3ydx+2xdy)+Im(d;) >

and hence h_% =1.
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) 7
We will make the same calculation with the next root ——:

ker(dy) = —3x%ydx+ (x*—3y?) dy, (—165x5y+ 126x2y3) dx+ (10x6—36y4> dy,
—3xzy3 dx+ (10)(3y2 — 12y4) dy, —6x2y2dx+ (11x3y— 15y3) dy,
(24x4y2 — 18xy4) dx+ <—11x5y+ 15x2y3> dy, <15x3y3 — 9y5> dx+
(—20x*y? +24xy%) dy, (= 1527y +9y*) dx+ (11x*y — 15xy%) dy, (15x°y —9y*) d

+ (—2x4+6xy2) dy, (12x4y—9xy3) dx + (—x5 -|-3x2y2> dy,3xydx+2x>dy >,

and

Im(dy) = < —18x*ydx+ (6)63 — 18y2) dy, (—9x3y—9y3) dx+ (6x4 — 18xy2) dy,
—18x2y? dx+ (—3x3y—9y3) dy,—18xy> dx+ <6x5 — 18x2y2> dy,
(—9)c3y2 —9y4) dx + (—3x4y—9xy3) dy, <9x5y—45x2y3) dx + (6)66 —30x3y2> dy,
—18xy4dx+ (—3x5y— 9x2y3> dy, (—9x3y3 — 9y5) dx — 12x4y2dy, —l8x2y4dx+

<—21x3y3 —|—9y5) dy > .
If we check the two two generator sets above for ker(d,) and Im(d; ), we see that:

h_y =< (3xydx+2x*dy) +Im(dy) >

andh 7 =1.
9

For the other roots, we will give just the generator sets of the cohomology group and

its dimensions.
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After the appropriate calculations, we have:

H_g =< (3y*dx+2xydy) +Im(dy) >,

H_j =< (3xy* +2x7ydy) +Im(dy) >,

H_j =< (3} ydx+2x*dy) +Im(d;) >,
Hili? =< (3x*ydx+2x°dy) +Im(dy) > .
Then the dimension of cohomologies are hf% =h_ = h_ u = h_ L= 1. As a result,

we see that

by =by(s) = (s+ 12 (s+3) (s 5) (s7+5) s+ ) (s 5 ) (4

9 9 9 9 9 )

Thus, in this example f = y(y> —x), we see that by = by(s). However in the next
example, we take f = x (y> —x?). The Bernstein polynomial has a different number of

roots to b (s).

Example 29. Like the previous example, we will start with s = —1 and ® = pdx—+qdy
where p and q are general polynomials of degree up to 6. The vector spaces, ker(dy)

and Im(d,), are given by

ker(dy) = < 3y?dx+2xydy, (—x4+xy2) dy, (2x5y—2x2y3> dx + (—x6+x3y2> dy,
(x4y—xy3) dx+ (—xs +x2y2> dy, (—x4y+xy3) dy, (—x4y2 +xy4) dy,
(x* —3?) dx, (—x* +xy?) dx, <—x5 +x2y2) dx, (x*y* —xy*) dx +

(—2x5y—|—2x2y3> dy >,
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and

Im(d)) = < (x4 —xyz) dx, (—x4—|—xy2) dy, <2x5 —2x2y2) dx, (x4y—xy3) dx+
(—x5 +x2y2) dy, (3x6 —3x3y2> dx+ (—2x4y—|—2xy3) dy, <2x5y—2x2y3) dx+

(—x6 +x3y2> dy, (x4y2 —xy4) dx+ (—2x5y+2x2y3) dy, (—3x4y2 +3xy4) dy > .
By looking for the generating sets of ker(d,) and Im(d, ), one can easily to check that:
H_ | =< 3y*dx+2xydy+1Im(dy),(y* = 3x°)dx +xydy + Im(dy) >,

and the dimension of first cohomology group is h_| = 2.

5
For the next root,s = -3 and for the same @, we see that

ker(dy) =< (—12x%y+3y*) dx  +  (8x*—14xy?) dy, (—4x> +y*) dx —
2xydy, (—20x4 + 11xy2) dx - 6x%ydy, (—12x6 —|—9x3y2) dx —
2x*ydy, (—28x5y+ 19x2y3) dx —+ (8x6 - 14x3y2) dy, (—20)64)72 + 11xy4) dx

(16x5y—22x2y3) dy, (—4x3y3 +y5) dx

+ o+ +

(8x4y2 — 10xy4) dy, (—2Ox4y+ 11xy3) dx
(8x5 - 14x2y2) dy, (—28x5 + 19x2y2) dx —6x>ydy,3y dx+2xdy >,

and

Im(dy) =< (16X +4y*) dx  —  Bxydy, (—8x*—4xy?)dx -
8x?ydy, (—16x°y+4y3) dx — 8x*dy, —12x*y*dx — 8x ydy, (—8x*y —4xy®) dx —
8x° dy, (8x° —36x%y? +4y*) dx + (—24x*y+8xy*) dy, —8x5dy —
12223 dx, (—8x*y? —dxy*) dx  + (—16x"y+8x%%) dy, (—16xX°y3 +4y°) dx  +

(—24)64)72 + 16xy4) dy > .

So, H%s =< (3ydx+2xdy)+1Im)d;) and h%s =1.

For the last three roots, we will give just the generators of the first cohomology group
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and the dimension:

H_ ;=< (3xydx+2x*dy) +Im(dy) >,
H_% =< (3x%ydx+x>dy) +Im(dy) >,

H_% =< (32 ydx+x*dy) +1Im(d;) >,

o =h 1 =1. Asaresult
8 8

by=bs(s)=(s+1)*(s+ %) (s+ %) (s+ g) (s+ %) (6.5)

As a result,b; and by (s) are not always equal. We saw by # bs(s) in case f = x> +

x? y+x y? 4 x> while by = bg(s) in case of g = x> 4 y?

Another way to compute the dimension of cohomology group /;

For higher degree polynomials, f, the first cohomology group needs more extensive
calculations. We will use the following way to calculate the dimension of the first
cohomology group &, where s are the roots of by(s).

Firstly, we start with @ = pdy + gdx, where p and g are general polynomials up to
degree j.

Secondly, we will consider ker(d,) as a n-dimensional vector space and Im(d,) as a
m-dimensional vector space with respect to the bases

X dy, X Vydy, X" 2y dy, . .., xdy,ydy,dy,x" dx,x" "V ydx,x" % y* dx

yeo o, xdx,ydx,dx.

So we have n vectors as a bases of ker(d,) and m vectors as a bases of Im(d))

Thirdly, we make the new matrix M; as follows
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Where I, is the n x n identity matrix, O is the zero matrix, kry,kra, ..., kr, are the bases
of kr(d,) as a vector space and Imy,Imy,...,Im,, are the bases of Im(d;) as a vector
space as well. Since the kr’s is a bases for ker(d;) as a vector space so it should be a
linearly independent and the same thing for Im's. For these reasons we make the
matrix M; in this way and if any vector from kr’s can be written as a linearly
combinations of Im's it will be a zero vector after we make row echelon form of M.

The matrix Nj is the row echelon form of M. If any one of the bases of ker(d,) can be
written as a linear combination of the bases of Im(d)) it will become a zero vector in

N, so
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ki

=
Il

,,,,,,,,,,,,,,,,

Im,,

where d < n and k’s + Im(d;) are the generator set of kr(d,)/Im(d,) as a vector space.
To make these generator set a bases, we put the vectors ky ,k>, ..., ks in a matrix called
K;. If any vector from k’s can be written as a linear combinations from the others in Kj
will become a zero after making Gaussian elimination of matrix Kj, so the bases of the
first cohomology group with respect to s is the non zero vectors in Gaussian
elimination of matrix K;.And its number is /.

We will apply our method to two examples, the first is the case f = x>+ y?, we have
just one root of the Bernstein polynomial by = (s + 1)?. From Example 23 one can see
the bases of ker(da) is (x*+y?)dy, (x* +y?)dy, —ydy +xdy,xdx+ydy, so we can
consider it as a 4-dimensional vector space with respect to the bases
x*dy,y*dy,xdy,ydy,x*dx,y* dx,xdx,ydx,

and the bases of Im(d) is (x*+y*)dy,(x*+y*)dy, so we can cosider it as

2-dimensional vector space with respect to the same bases above. Then the bases of
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ker(d,) can be written as

{[1,1,0,0,0,0,0,0],[0,0,0,0,1,1,0,0]

[0,0,0,—1,0,0,1,0],[0,0,1,0,0,0,0, 1]},

And the bases of Im(d;) also can be written as

{[1,1,0,0,0,0,0,0],[0,0,0,0,1,1,0,0] }/.

The matrix M_ is

And N_; is
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In N_1, we see the first two rows are zero ( if we ignore I4), then kr_ is

000 -100O0T1FP©0

001 0 0O0O0OT1

The Gaussian elimination of kr_ still the same matrix, then 4_| = 2.

The second example is f = x> + x> y+xy*+x>. From the Example 22, we Know

2 4
that br(s) = (s+1)* (s+ 3) (s+ 5) First, we take s = —1, since ker(d;) contain

5 independent elements, so we can consider is as a 5-dimensional vector space with
respect to the bases , see 22

x> dy, x> ydy,xy*dy,y> dy,x* a’y,)cydy,y2 dy,xdy,ydy,dy,

x> dy, x? yvdx, xy2 dx, y3 dx,x*dx, xydx, y2 dx,xdx,ydx,dx.

And Im(d;) as 2-dimensional vector space with respect to the same bases. Then the

basis of ker(d,) is

{[1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]
0,0,0,0,0,0,0,0,0,0,1,1,1,1,0,0,0,0,0,0]
0,0,0,0,1,1,1,0,0,0,0,0,0,0,—1,0,0,0,0,0]
0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0]

[0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,1,0,0,0]},
and the basis of Im(d) is

{[1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]

[0,0,0,0,0,0,0,0,0,0,1,1,1,1,0,0,0,0,0,0] }.
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The matrix M_; is

10000111 100000O0O0O0OO0OO0OO0 0O

01ro00000O0O0O0OI111000O0O0O0O0-12020

00000O0O0O0OO0OO0OOO0OOOO0O1T1TTT1 O0OO0O0

In N_1, we see the first and fifth rows are zero ( if we ignore Is), then kr_; is

(00001 110000000 100000 ]

0000100000O0OO0OO0OO0 O0 I 00O0ODO0

 0000010000000O0 0 O01O00O0 O]
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The Gaussian elimination of kr_; still the same matrix, then h_; = 3.

For the second root of Bernstein polynomial s = %2 Since the Grobner bases ker(d;)
contains 4 elements, so we can consider it as a 4-dimensional vector space with respect
to the bases

x> dy, x> ydy,xy*dy,y> dy, x* dy,xydy,y2 dy,xdy,ydy,dy, x> dy,x*ydx,

xy?dx,y3 dx,x*dx,xydx,y* dx,xdx, ydx,dx,

and Im(d;) as 3-dimensional vector space with respect to the same bases. Then the

basis of ker(d;) is

{[0,0,0,0,1,2,3,0,0,0,0,0,0,0,—3,—-2,—1,0,0,0]
[-1,0,1,-6,0,0,0,0,0,0,—12,—7,—6,—5,0,0,0,0,0,0]
[2,1,0,9,0,0,0,0,0,0,15,8,7,6,0,0,0,0,0,0]

[0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,1,0]},
and the bases of Im(d;) are

{[0,0,0,0,1,2,3,0,0,0,0,0,0,0,—3,—2,—1,0,0,0]
3,4,5,2,0,0,0,0,0,0,0,-3,—-2,—1,0,0,0,0,0,0]

[1,2,3,0,0,0,0,0,0,0,—6,-5,—4,-3,0,0,0,0,0,0]}.
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Then the matrix M, is
3

0

1 0

0

1 000 0 0O O

-12 -7 -6 =5 0 0 O

2 7 6 5 0 0 O

-9 6 -5 -4 0 0 O

o 0 0 0 -3 -2 -1

One can easily to see that four rows from the first five rows from above matrix are zero

if we ignore the identity matrix, so h—» =1
3

For the last root of Bernstein polynomial s =

4
ER since ker(d,) generated by 4

independent element , then one can consider it as a 4-dimensional vector space and

Im(d;) as 3-dimensional vector space with respect to the same bases which we used in
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-2
cases s = —1l and s = =3 Then the basis of ker(d,) is

{[0,0,1,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0]
[1,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0]
[0,0,0,0,—1,-2,-3,0,0,0,0,0,0,0,3,2,1,0,0,0]

[0,1,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0] },
And the basis of Im(d}) is

{[0,0,0,0,—1,—2,-3,0,0,0,0,0,0,0,3,2,1,0,0,0]
3,2,1,0,0,0,0,0,0,0,0,3,2,1,0,0,0,0,0,0]

-1,-2,-3,0,0,0,0,0,0,0,0,—1,—-2,-3,0,0,0,0,0,0] }

The Martix M = is

oo1ro0o0 o0 O0°600-1-2-300000 0 0
ooo0o0 o0 o0 O0OO0O0-1-2-300000 0 0

o000 -1 -2-300 0 O0O0OO0O0O0-1 -2 -3
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and N_4 is
3

1

When we looks to the first 4 rows,

elimination of the matrix kr_s4 is
3

0

0100O00O0

000O0O0O0© O

00O0O0O0OO

000O0O0O0© 0

3000000 O -3 -2 -120290

we see 3 of them are not zero, but the Gaussian

If we look to a bove matrix we see it have 1 non zero vector, that means i1_4 = 1.
3

Our strategy to calculate the first cohomology group is to start with a @ = pdy + qd,,

where p and ¢ are general polynomials up to certain small degree (m). Then we repeat

the same steps with @ = py d; + q1 dy, where p; and g are generals polynomial up to

certain small degree (m) until we get a non-zero dimensional first cohomology group.

In this step there is an important question. If we start with a higher weight ®, the
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dimension of the first cohomology group will change or will be the same?.

Our answer for this question, after calculating the dimension of first cohomology
group for a higher weight @ and we saw that the result is still the same.

For example, we start in Example 22 with weight 1 in @ , we saw that the dimension
of cohomology group is 0, and we got the same result with weight up to 2 in @. But in
weight up to 3, the dimension of the cohomology group have a non-zero dimension.
We continue until up to weight 12 in @ and we saw that the result is still the same.

In Example 23, we found the non-zero dimensional cohomology group in ® of weight
1, but we succeed to consider until ® of weight 20, because this example have smaller
degree than Example 22, and the result is still the same. In Example 25, we wrote the
more complicated case which is when  is up to weight 6, but we found the non- zero
cohomology group when in @ is up to weight 2 in case s = —1 and s = —% and when

o is of weight 1 in case s = —

SN
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Chapter 7

Conclusion and Future Work

In this thesis, we study the Bernstein polynomial and developed a method to calculate it.
The previous authors founding many ways to calculate Bernstein polynomial without
caring about the operator D which satisfy D f**! = b +(s) f°. In our method we gave a
way how to calculate it. All references about the Bernstein polynomial gave a methods
or algorithms without any example to explain to the reader how it works. We present
many examples to explain how our method work. We start with very easy polynomials
like f = x, and we continue with harder ones. Thinking geometrically like and in
Example 20, we see that the polynomials which its curve is more closely to their tangent
they do have a higher degree Bernstein polynomial. This motivate us to study some
related polynomials and see the relation between the Bernstein polynomial and how
much the closer is its curve with their tangent.

This work will give a way to us or to other authors to study the geometric relation for
Bernstein polynomial.

In chapter six, we give our definition for the polynomials of the dimension of the first
cohomology group. To calculate the Bernstien polynomial we start with f**! and we
end with f*. This give us the motivation to think on the derivative, and we define two

operators

di :Clx,y] = Q' definedby di(h)=fd(h)+(s+1)d(f)h,

dr: Q' - Q% definedby dy(w)=fd(®)+sd(f) o,
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7.1. FUTURE WORK

The first operator is the derivative of & f**!, and the second is the derivative of @ f,
for some h € Clx,y] and @ € Q;. And we calculate the dimension of the first
cohomology group for certain degree of ®.

After our calculation and many examples, we see that our polynomial b’; is always

divisible by the Bernstein polynomial.

7.1 Future work

1. In chapter five we present a way to calculate the operator D, but still we to more

study more properties of this operator.

2. The geometric relation between the Bernstein polynomial and its graph needs

deep study.

3. We calculate b7 until certain degree @. If we go to higher degree then it needs a

complex calculation. We should try to prove it in general.

4. Our polynomial b; depends on the dimension of the first cohomology group. We

will study the dimension of the higher cohomology group.

5. We study two dimensional polynomials and we calculate the first cohomology

group. We will study three dimensional polynomials and its cohomology.
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Appendix A

The Operator D relative to Bernstein

polynomial

1. The operated D which is satisfy 4.1 when f = (x —1)% (x —2)* is
1952683 dx* 889 dx® 982813 dx> 9077172457 s%dx*

D = - -
1296 t e T 1620 43200
10961235421s3dx34_188838533sdx5%_3786139ak5x2 8387593979 s2dx>
3600 16200 2025 16200
2115383 dxx 174569551 sdx* 4996297 dx*x? 141902147 sdx®
1200 6480 2700 2700
562x3dx? 5159dx°x N 8155 sdx® N 8267539693 s3dx
9 1296 432 16200
211273972669 s*dx* N 35581 s%dx® N 54816888547 s'dx®
86400 324 32400
3138634733035°ax" - 3026595°%dx® 80320126559dx’s®
86400 864 1296
34773860117 dx s 208034467 s3dx* 24037615678 s*dx>
1080 225 2025
3254032787 s%dx° N 100 x*dx> 50dx*x° N 2dxx0 N 35 dx®x*
32400 9 9 27 108
1081 dx*x* 58123 dx x* N 12377313331 s%dx° B 2157559279 s%dx*
27 405 3240 1440
858011s'dx®  73108039045dx’s”  266333xdx®  15220625s'0dx’
1296 864
106544375 s dx* 76103125 s! L dx? N 10955 s0dx° N 8575 s dx®
96 24 24 72
1541288875 5s10dx* 126399875 s%dx° 7493649475 s8dx>
288 72 1728
37282519225 s%dx* 338830625 51043 N 163146786555’ dx>
3456 18 2592
115055441885s%dx" _ 43531830875%dx’ 1253’ 19226278°dx"
10368 864 648 2592
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6944027 dx>x> 86161 dx*x3 415019 dxx2 26269186955 s dx*
8100 270 405 5184
52018824925 s3dx> 30820899349 s0dx° 5467 dx®x>
648 5184 1296
1223063796463 s*xdx* 345411534311 s> xdx* 7939165505 s®xdx*
259200 51840 5184
3444101051 sxdx* 16398547 sdx>x 205318204469 s3dx x>
64800 225 129600
355 s2dx0x° 270625 x*dx> s 4000x*dxs 4874427785 x*s5 dx°
72 324 27 5184
14258946875 s°x3dx* 34405 s2dxOx* 13203125 s dx x4
3456 1296 2592
962675s°dx%x*  3774964375s3dx°x*  2078125s%dx xS 1442553 dxO0 x5
5184 3456 2592 1296
4283507677 x*s*dx®>  5845sdx®x*  1671875s3dxx* 148085 s3dxOx*
10368 1296 648 1728
6109375 s*dx>x* 424795 s*dxOx* 8157920125 s dxx*

1296 2592 5184
849585625 sOdx x* 173125 s2dx*x> 82 sdxx° 1625 sdx*x>
576 648 81 27
134375 s3dx*x> 18663125 s°dx x> 5626355 57 dxOx3
216 648 5184
22009462375 s8dxx3 3727625 s*dx*x* 89017651 s3dx>x*
3456 648 720
51324820721 s*dx*x> 59075501021 s°dx>x 571203125 5103 d*
17280 1296 288
1953125 s%dx3 x4 166255%dx%x* 6410937552 x* 78125 5°dx*x°
648 144 144 144
5125 s*dxx> 186383125 5%dx°x3 1668125 s> dx*x*

432 72 432
171921875 s'10x2dx> 1884743 s3dx®x2 56993129515 xs0dx>
18 1728 648
2090403653 x3s*dx* 40763925775 x2s°dx> 11851096993 x3s3dx°
3456 2592 16200
40820047799 x2s5 dx* 857029925 x3s5dx* 25268562191 x3s*dx>
10368 1152 10368
39619398925 x2s0dx> 437557 dx%x* 38828125 s!Lx3dx*
1296 144 96
1953125s7dx°x* 77656255940 x%  390625s%dx*x®  31255°dx0x°
2592 96 2592 648
450406255104 x3  171875s%dx*x* 388281255 1x2dx® 151081 sdx®x2
96 162 24 2592
142219 sdx®x 192678315499 s3dx>x 414379 s2dxOx
2592 129600 1296
1278690133189 s*dx x 1765253 s3dx®x 9283745561 x3s2dx°
259200 1728 64800
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3078765359 x3s3dx* 67022477 x3 sdx’ 688198387 x3s2dx*
12960 4050 12960
7418738863 x2s*dx> 3459109 x3 sdx* 1558135177 x2s3dx>
12962 ) 540 1080
775358173 x2s2dx 17216630573 s2x2dx
- 257x2sdx31620 —
2240 37988257 x2sdx> 1620 1300
3851103863 xs3dx> 2333379017 sdx x> 9795370223 s> xdx*
900 64800 5400
37884697351 s2dx"x 273728377 sdx*x> 1953470677 s2dx>x
129600 8100 2700
53731374769 s%xdx" 1098322601 sdx’x 882623 5%dx%x* 34741 sdx"x®
129600 32400 2592 1296
96404304475 s°dx x> 670523 s*dx0x2 4077090395 s” xdx*
5184 324 324
90032124205s%dx°x 253755’ dx0x®  96775s°dx0x° 1053025 s3dx’x3
5184 144 144 72
872893 s3dx0x> 5769625 s*dx>x> 415541 s*dx0x>
1728 216 432
23849983625 s dx x> 3736611335 s°dx x> 156460 s2dx*x*
2592 432 81
3001361 sdxx*  140939sdx*x*  5815075s3dx*x* 312814469 s2dx>x*
1080 324 1296 12960
26057246875 x2dx>s3 766045 x3dx> s* 15053 x3dxs
648 162 18
47604521875 % dx®  2292932125s"x'dx* 219520718755 x%dx’
10368 864 864
151640640107 s*dx x> 4020989 5% dx0x2 11244541 s3dx5x
28800 1728 5184
34326581861 s°dx’x* 48164254727 5°dx’x  1670585s%dxx
2880 4320 864
27343753 dx>s” 13750003 dx> s° 25070921587 s3dx*x?
648 81 21600
8061182357 s2dx x> 36184959193 s*dx x 31994375 s'0dx7x2
25920 2160 32
796578125s"dx*x*  891493755'%dxx 54359375 ' dx*x?
96 96 32
76103125 s lxdx®  54359375sdxx  1923955%dx°x 206815 s0dxOx?
32 12 144 144
5022557 dx%x 369665625 s 0xdx*  7400758755%dx°x 11054625 s°dx x>
144 32 144 2
18025 57 dx®x2 895908779 x3s5dx’ 724763525 x3s0dx*
48 162 2592
6816963625 x2s7 dx’ 15699065225 s8dx° x? 6573366875 s%x2dx*
162 1152 384
43849963025 s8dx"x 27166529875 s%xdx* 967421875 s'0xdx>
3456 1152 36



1420955345 5" dx> x> 64554053875 s8x2dx* 953959841455 dx°x
72 3456 5184
28948297175 s®xdx* 31040625625 s°xdx> 52540054475 s7 x2dx*
1152 432 5184
148172142125 s8xdx> 420424675 s0x%dx* 77965400675 s xdx*
1296 5184 648
407323s5%dx°x*  6710144dx’x 651757 dx
2592 2025 270

. The operated D which is satisfy 4.1 when f = x (y* —x%) is

D — 3x2d3dy’s 27 x32dy*s? 3x2dx3dy? 27 sdy*x? 3xdx’dy’s?
N 1024 256 1024 128 256
ydx*dys  9ydxdy’s®>  1701x%dy*  93dy*sdx’x  ydx*dy  9sdy’dxy
512 128 16384 2048 512 64
di*s? 3dxdy’ss  69xdx’dy’  567ydxdy’  sdx*  69sidy’dx  dx*
256 32 2048 8192 128 128 256
1689dy’sdx  3081dxdy*
2048 8192

. The operated D which is satisfy 4.1 when f =y (y? —x7) is

b Tdy’y?  80dy'y  74812dx’dy  9440dysdx®  2s53ydy’
N 729 ) 95651 135945323 5 590349 32433 )
1/27s4dy4y B 19s°y~dy 26s°dy™y B 80s°dydx B 344 dy’ x~dx
729 729 177147
10936 dy xdx* 640dy>dx>y? 32 s2ydx® 64 sydx® 16 dy s*dx®
1594323 531441 59049 59049 729
20sy*dy’ 595 s2dy*y 11852 s%dydx’ 56sdyty 8 dy s xdx*
729 6561 59049 6561 2187
272dys*xdx*  8dy’s*dx’y?  16dy’sdx®y*  Tldxyxdy*  79s%dy’dxx
19683 6561 6561 59049 19683
2680 sdy>dx x 253dy3dxx 8dy’ s ydx® 68 s2dy*dx’y stdy’dxx
177147 81 187 6561 81
1712 sdy*dx’y 14 dy*x%ydx* 2dy’s3x%dx? 50dy?s2x2dx?
177147 19683 729 6561
1208dy3sx2dx®  14dy’dxy*x  872dy*xydx*  3016dysxdx*  776dy’s
177147 6561 1594323 177147 2187
172dy® 163 s2dxyxdy*  890sdxyxdy*  4dy*s?x*ydx*>  26sdy*x2ydx*
2187 6561 59049 6561 19683
452dy’dxy*x  26sdy>dxy*x  8dy*s?xydx*  56dysxydx*  8s3dy*dxyx
21876 §5261 19683 33 5904;9 ) 7293
2560 ydx 1279dy’s . 1/9s4dy3—|— 34dy’s’  524dx’dy“y 1204dy’dxx
4782969 2187 81 177147 177147
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J— _23dx3dy _ 1/24dysdx3 B 13dyxdx* B s2dydx®  Tlsdy*  sdy*dx’y B
llszxdy23112+ 1/244 3 Y 476177263 . dyz)?_)ilx4 dy7s2xdx4 ig)czlyz
—_— XX N —
144 Yy 2y L 2592 1296 36
dy*x*d dy*xd
1/12sdy3dxxy — 1/2453dy2dxx — 2“2 1 /36dy2sxdn® + yl ggx
dx® Tydy’s®>  T1ydy’ dx’dy? 13 ydy*
1/245%dy’deyx - 11264 + y1y6s + 1y4: -+ x21zy + 7y2y -
2 2 4.2 2 5
11dy“sdxx B dy*dx*x* L 7s*dy L 1/8s3ydy3 _ dydx>x?
432 72 8 7776

. The operated D which is satisfy 4.1 when f =y (y —x%) is
_ 285dy*ydx* 1267dysdx*  151dys’dx*  3dysPdx*  28821sdy*

) 2524288 5 262144 32768 - 2048 )3 16384 )
9s“xdy“dx  1935dy’dxxy . 1/4a’y2s5 . 11dy"s 385dy“s 6165dy

128 * 32768 8 * 128 + 16384

6863 sdy’dxxy 885 dydx* 217 s3dy*dxx 43 s2dy?x2dx*
32768 524288 2048 1024
3389dy*sx2dx’  1845dy’xdx  35s%dy’dxyx  209ydy’s®  28821ydy’s
131072 32768 128 128 32768
6165 ydy* B 3s53dy> 3 dx’ B 952dy>x3dx’> B 579 dy*sx3dx’ dy*yx*dx®
327638 ) 2048 6 %O48 ) 131072 452;122882
1 1
95dy’yx“dx B dysdx°x B 5s%dxdy“x B 1/32s5dy2dxx S dy“x“dx B
32768 262144 128 128
61 s3dy*x2dx* 23 dy?yxdx® B dysdx>x 45 dy? sydx* dy*s2ydx*
20428 524212828 ) 3227682 ) 655356 4096
4805dy“sdxx  765dy“dx"x 209 s°dy dy~syxdx 4.3
_ 1/32s*dy’yd
32768 131072 64 65536 | 1/32sdyydex +
1953dy3ydxx  353dy’yxid 9s2dy yxdx® 579dy’syx2dx® B dx® B
512 512 512 32768 4194304
195dy*3dx®  25dydxSx®  dydxx s, 3. dy x3dx’
- - +1/8s7dy’y —
131072 2097152 16384 2097152

. The operated D which is satisfy 4.1 when f = x* +x3y+x2y? +xy3 +y* is
_ 1167dx’dy  12831dx’dy*  1601dxdy’ N 15767dxy  650761dy’y

320000 640000 320000 763000 7680000
140243dy°x  97273dy°y*  191dy* N 573dx* N 5202503 sdy’x*y?dx
5120000 960000 10240 ' 40000 61440000
2699dy’y*xdx®  123853dy*y'xdx®  140973dy’yxdx* | 96721dy°y xdx’
512000 5120000 5120000 5120000
200263dy’y*xdx* 16529 sdy’xy® N 251569 s%dy"xy* 830671 sy*dy"x*
15360000 480000 3840000 30720000
1316171ys*dy’x*  130477ysdy®x®  26479ys’dy°x  73601dy°y*dxx’
15360000 30720000 320000 20480000
23819’y dxx®  232729dy’s*y dx’ N 768721 s*dy*yldx®
12288000 763000 1536000
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75341 s%dy’y3dx®  180841s%dySy3dx  TdysPy*dx® 11297 dy*s>y?dx*

384000 1536000 320 38400
16069dy’s3y?dx®  48859s3dy*y*dx®>  177dy’ydx’x>  3591dy’sdx’x*
25600 384000 5120000 2560000
1771 dy?sdx®x* 33dy3y?dx’ x* 243 dy*y?dxSx* 131 dy’y*dxx*
2560000 2560000 5120000 2560000
23 dy*ydx' x* 77 dy*ydx®x* 4759 dy*ydx x* 11 dy sdx’ x*
320000 160000 5120000 320000
33dy?s2dxOx* 1167 dy’s*dxx* N 247 s2dy*dx*x* 1504107 sdy’ xy?
640000 1280000 64000 20480000
3834857 s2dy0xy  21733sydy’x*  344352dySdx’x*  3477s2dy’dxx*
15360000 3840000 320000 1280000
89 s2dy’ dx’x* 11 s2dy*y*dx’ 537 s2dy*y*dx* 153 s2dy’y*dx
10000 2560 25600 5120
59 s2dy®y*dx? 4589 s2dy’ dxy* Hdy*sy'd  217sdy’y’dx*
5120 384000 1920 64000
289dy s*dx®x3 297 dy*s3dx x> 245257 s3dy>y2dx 19dy s*ydx*
320000 640000 384000 480
187 dy*s*dx>y 3773 s*dy>ydx? 1639 s*dy*ydx N 33dy’stdx*x?
2400 16000 4800 32000
1049dy>s*x2dx® 85237 sdy* N 843 sdx* N 3y2dx®  9dy’x° N 77 dx"x3

80000 1280000 64000 1600 ' 5120000 = 320000

45733 s2dy*  11s2dx*  899dy’yS  5237dySx*  7163dy’'x® 1347 s3dy*

640000 3200 | 512000 ' 10240000 | 2560000 80000
481031dy’y*  6899x%dx®  95279dy°x* | 17293dx’x | 236827d)%y*

10240000 2560000 5120000 T 2560000 10240000
199871dy°x*y*  879dy*dx*x*  sdx'x®  4001dy’dxy’  137449s%dy’y’

15360000 2560000 6400 3072000 768000
26669 53 dy’y? 6059 ys*dy’ 13069 sdy®y* 3dyy3dx®
64000 48000 1536000 1600
127751dy*y3dxy’  233dy’s*xydx® 10241 s*dy*xydx® 1473 s*dy’xydx
1536000 9600 120000 32000
12157 sdySydx>x* 21479 sdySydx x* B 33dy?s2y3dxOx 83 s2dy>y3dx’x
5120000 7680000 12800 4000
1873 s%dy*xy*dx*  75915%dy’xy’dx®  2195%dy°xy dx® 15503 s2dy’xy dx
38400 192000 16000 960000
121dy*s3xy2dx®  6281dy>s3y2dx*x 12503 s3dy*y*d®x  33dy*s?ydxSx3
7680 128000 1920000 80000

33941 sdySdxy*x 13037 sdy>y*dx®x3 7553 sdy*y*dx x3
3840000 7680000 1536000
76159 sdy’ ydx*x* 3169 dy syx?dx® N 1813651 dy?sydx>x*
15360000 96000 7680000
2349009 sdy’ ydx* x> N 9040463 sdy™*dx’ yx* 643573 sdy’yx2dx*
5120000 61440000 5120000
164609 sdy°yx*dx  55dysxy*dx® N 69567 s*dy’xy*dx*
2457600 1536 640000
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4866727 s2dyoy* xdx ~ 2dysixydx®  56179dy’s’xydx* 25661 dy> s xydx’

15360000 75 384000 768000
2790487 53 dy* xydx? 1367831 s3dy’ xydx 421 sdy> x>y dx®
3840000 3840000 128000
77153 sdy*x*y3dx’ 46081 sdy’ x*y3dx* 8057 sdy®x?y3dx’
7680000 3840000 960000
19753 sdy’x2y3dx? B 413 dy3stydx> 3 B 33 sdy>y*xdx® 4 71 sdy*y*xdx®
1920000 2560000 25600 9600
49759 sdy>y* xdx* N 9997 sdySy*xdx* 30401 sdy’ y*xdx*
3840000 1280000 3840000
140581 sdySy2dx x> 101843 sdy’y dxx®  33dy’s*xyd* 3 sy2dx®
15360000 7680000 6400 1280
22341dy>dx’*x> 2483 dy*yddx’ 4787 dy’y® dx* 2989 dy®y’dx’
640000 1536000 1024000 1024000
15121dy°y*x 2286Oldyak4x_+.1857571a®2dx3x 6467xydx6_%53ak5x
2560000 1280000 4096000 768000 320
97 s2dx>x N 2759dy’dx’x*  17dydx’x*  1147dy*dxSx*  21dy'%yx°
6400 1280000 256000 1280000 2560000
21sd§9x5_+>7930®6dk3x5_+>1049a®8dxx5 17dy>dx*x>  2929dy’ dx*x°
640000 2560000 5120000 512000 5120000
48047 dy’y3x2 5457 dy s2dx* 2131 dy*s%dx* 11421 dy*s%dx
10240000 320000 320000 160000
4056641 ysdy>  983sydx’  647dysdx’  31893dy’sdx’>  11351sdy’dx
30720000 15360 20000 640000 320000
217 sx2dx® N 43853 dy dx x> 4638879 dy*dx*x? 231523 dy’x2dx’>
51200 640000 20480000 1280000
5109 s*dy®x? n 1097 s3dy’ x> 3xy?dx’ dy*y*dx® 11113dy*y*dx’
160000 160000 6400 3200 512000
13799dy*y*dx*  618679dy>y*dx®  442309dy%y*dx® 629837 dy’dxy*
160000 10240000 10240000 30720000
2907 dy’dx x* 3713 dy’ dxx* 53897 dy®dx*x* 593117 dy*dx x>
1024000 5120000 20480000 20480000
97s%ydx®  1499dy°yx*  823sdy®x*  21379dy°y2X 59s3dydx’
1920 10240000 5120000 15360000 32000
102953dy?dx>  827s3dy3dx 19226294y y3dx* 1788083 dy*y3dx’
160000 32000 3840000 3840000
7923193dy>y3dx>  77513dy%y3dx  15162589sdy%y?  1549079s2dy’y
30720000 480000 30720000 1536000
108637 dy*x3dx’ N 27841 dy’ x3dx* 16799dy%dxx® 43519 52dy0x2
20480000 5120000 20480000 640000
3577dy8x3y  74521dxX°dyy*  4002439dx*dy*y? 46981757 dx’dy’y?
960000 768000 3840000 30720000
5788361dx’dy*y*  12430541dxdy’y*  482327dy°xy  222347dx*dyy
7680000 30720000 5120000 384000
45734579dx3dy*y  89921dx’dy’y  2234097dxdy‘y 127 sdy’ydxSx*
30720000 128000 10240000 512000
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3869 sdy*ydx> x* 285687dy’sydx’x® 14557 ysdy’dx*x*
5120000 10240000 15360000
75031 s%dy*xydx* 258809 s5%dy’x’ydx’ 331531 s2dy°x3ydx?
7680000 7680000 7680000
12167 s%dy’ydxx®  209dy*s’x*y?dx® 29627 s*dy’y?dx x?
1280000 76800 1920000
59037 s%dy*xy*dx* 10931 s%dy’x*y?dx’ 163399 s2dy°x2y2dx>
2560000 2560000 7680000
17407 s%dy’x®y*dx -~ 85229sdy’x’y*dx* 34951 sdy®x3y2dx>
7680000 15360000 5120000
180799 sdy’ x3y2dx* 2739435 dy’xy*dx®  772495°dy%y xdx
15360000 1920000 384000
229 dy s*yx>dx® 517081dy’s*ydxx® 1863091 dy’s*ydx*x*
38400 7680000 15360000
133021 s?dy*dx>yx? 2779515%dy’yx*dx®  11065095%dy°yx*dx
1024000 768000 3072000
135037dy’sxy*dx® 4072379 sdy’y*dx*x 2746197 sdy*y*dxx
307200 3072000 2560000
22950769 sdy’xy*dx* 3342569 sdy®y*xdx 16297 dy s2xydx’
61440000 15360000 76800
314003 dy? sxydx* 14362949 dy’ s%xydx> 2214741 s2dy* xydx*
307200 15360000 2560000
10609903 s%dy’xydx ~ 223819sdy*ydx® 359369 sdy’x’ydx’
15360000 12288000 15360000
2225401 sdy’x>ydx 26827 sdy’ydxx®  Tdysx’y*dx’  39113dy*sx*y*dx®
61440000 3840000 6400 1536000
549747 sdy’y*d’x®  943229sdy*x*y?dx’ 207949 sdy> x2y2dx>
5120000 6144000 2457600
834783sdy’dx’x®  dy’dx'xy*  3dydy'xy’ 5129 sdy’y*x
20480000 12800 6400 1920000
20747s%dy"xy®  31dy°ydx'xt 633dy’y’dxt  893dy’yrdx’xt
480000 320000 2560000 7680000
2611 dy’y*dxx* 1dyy*dx’x®  791dy*y’dxx 1391 dy’y3dx*x3
15360000 160000 2560000 3072000
dy®y3dx*x3 5417dy’y’d’x®  299dy°ydx’®  2279dy’y dxx’
2500 7680000 480000 5120000
143 dy*y> dxSx 307dy’y dx x T dy®y>dx*x 119dy’y>dx’x
384000 256000 6400 128000
107dy°y°dx’x  69dy’dxy’x 62851 sdy’dx’x*  6109sdy’dxx*
192000 256000 5120000 2560000
653 dySydx>x* 24161 dy%ydx x* _ 55991 sdy’ dx>x* 187 dy*s*dx’x
245760 15360000 5120000 8000
11319 s*dy> xdx* B 1639 s*dy*xdx dy*sy*dx® 1473 sdy’y*dx’
160000 16000 2560 51200
30481 sdy*y*dx* 99267 sdy’ y*dx> B 15653 sdy®y*dx? 7229 sdy’ dx y*
256000 1024000 256000 204800



1981 dy*s2y3dx° 19dy8ydx*x° 59dy’ydx x> 11 sdy’dx*x>

38400 5120000 2560000 640000
69sdySdx’x> 13 sdy’ dx*x’ N 391sdySdxx®  33dyOydx*x®  587dySdxy*x
256000 20000 1280000 2560000 5120000

6641 dy s> xdx* N 13619dy’s3dx’x n 286123 dy’ s> xdx? 23639 s3dy*xdx
64000 51200 1280000 51200
3dysy3dx® 845 dy?sy’dx’ 212807 sdy’y3dx* 2941549 sdy*y3 dx®
1280 6144 256000 3072000
1000309 sdy’>y3dx*  1696029sdy®y3dx  307dys?y?dx> 3401 s*dy*x%dx*
2048000 5120000 2400 160000
3717 s*dy’ x*dx 391dy>s3y3dx* 7949 s3dy*y3dx® 851 s3dy’y3dx*
160000 12800 192000 192000
1403 s3dySy3dx 11 dy?s*y*dx* 311dy>s*y?dx® 1159 s*dy*y?dx?
38400 384 4800 24000
67 s*dy’y*dx 11dy’y*dx’ x* 2359 dy*y*dxSx? 2497 dy’y*dx® x*
640 128000 3840000 1920000
17dy°y*dx*x® | 2233dy’y'dcx®  697dySyld’x® 2033dy’ytdxx’
16000 1920000 640000 3840000
395993 dy ydxx 32817947 dy*ydx*x 21793649 dy>ydx*x
1536000 30720000 20480000
3843871 dy>x2ydx? N 1080499 dySydx x> N 14007 sdy*dx* x>
61440000 30720000 128000
935829 sdy’dx x> N 2925113 dy*y*dxx 28180973 dy>xy2dx* N
20480000 7680000 30720000
10539301 dy*xy2dx’> 21257509 dy’ xy2dx* 107551 dySxy?dx
15360000 61440000 614400
24129071 sydy®x 273263 dy sydx* 1213213 dy?sydx’
61440000 192000 307200
41971453 sdy’ ydx* 678239 sdy*ydx 552379 dy sdx*x N
30720000 2560000 1280000
6067917 dy?sdx’x 418043 s?dy dx*x 4877813 s*dy*dx’x
5120000 1280000 5120000
125635%dy’xdx>  2734541sdy*dxx 3779089 dy*yxdx® N
1280000 5120000 10240000
2781631 dy> yxdx 1633501 sdy> xdx* 444821 sdy*xdx
12288000 4096000 5120000
118379 dy?s>y2dx* N 20816647dy’s*y*dx>  14714335%dy*y2dx
96000 7680000 1920000
200913 s2dy>y2dx 6641 dy s> ydx* N 341231 dy*sdxy N
512000 19200 384000
1419779 dy> s> ydx* 118519 s3dy*ydx 430537 dy’ x3y*dx* N
1920000 76800 61440000
170401dy°Fy*d®  780223dy’y*d®  53527dy*flydx*
20480000 61440000 2048000
440307 sdy°x*y*dx®  19dys*xdx’ N 87659dy’’ydx® 65069 dy°x’ydx®
10240000 1600 20480000 30720000
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196141 dy’ydxx® 272093 sdy*x3dx® 1190841 sdy’x3dx®> 7867 sdySdx x>
61440000 10240000 20480000 256000
253021 dy*x2y?dx® 486073 dy>y*dx’x* 1533067 dy*x2y?dx*
7680000 3840000 10240000
5469713 dy>x*y2dx’ 1982111 dy®x?y?dx? 1839539 dy’x2y?dx
61440000 30720000 61440000
235283 dy yx2dx® 1561333 dy*ydx x> 7097337 dy’ydx*x?
7680000 7680000 20480000
5582843 dy*dx3yx? 66749 dy s2dx°x> 131431 dy sdx x>
30720000 1280000 1280000
282439 dy’ ydx*x* 1958469 dy? sdx™ x* 1001083 dy?s2dx* x*
61440000 5120000 5120000
5318841 sdy>x*dx’ 46007 dy>s*x*dx? 1687161 s2dy*x*dx*
20480000 1280000 5120000
891469 s2dy’ x*dx 302177 dy*y dx x 3797561 dy*xy3dx*
5120000 1920000 15360000
9964349dy’xy’dx’  6578893dy°xy’dx® | 892523dy'xy’dx  3sxydx®
61440000 61440000 20480000 640
1031 sxydx® | 22823dy’s’dx*x®  3218735%dy*xdx’ | 4786915%dy’xdx’®
76800 5120000 5120000 5120000
390977 s2dy®dx x° 179dy?*x2y3dx’ 16337 dy>x2y3dx®
5120000 192000 1920000
234347 dy*x2y3dx’ 428881 dy>x2y3dx* 185413 dy®x2y3dx®
10240000 20480000 12288000
65899 dy’ x*y3dx? 79dyx*y?dx’ syx*dx’ 193dy s dxx?
4096000 38400 1920 32000
1393 dy?s3 dx’* x* 85141 dy>s>x2dx’> 264391 s3dy*x2dx*
80000 1280000 1280000
31603 s> dy’x2dx 1889 sdy’x 17957 s3dy’>x 570501 dy®xy?
640000 409600 64000 20480000
594391 s2dy®y? 452651 s3dy’y 127 yx2dx’ 861373 sdy’x
7680000 480000 192000 20480000
3441 dy> xdx* 1547819 s2dy>x 102281dy’'x?y 371671 sdy’x*
16000 5120000 5120000 5120000
1013029 dy’ xy? 278579 dy*dxx 1001sdx’x  33883dy*dx’x’
20480000 4096000 51200 819200
149623 dy’ dx x> 79779 s3dySx? 4793 s2dy’ x3 6059 s*dy>x
5120000 1280000 320000 160000
2989dy’y dx*  16283dydx®x®  21dy'%x  49dy'%y*x*  651dy'0y3x3
1024000 2560000 128000 640000 2560000
7 dy'0y*x? 9 s2x2dx8 Sydx’ 2227 s3dy’y? 131 s*dy%y?
20000 6400 96 48000 6000
4061 s2dy®y* 221 s2dy8x* 131sdy’y’ 1404549 sdy’y’
192000 640000 64000 10240000
11 dy*sy?dx’x3 11 dy*sy3dx’x? 11 dy?sydx’x* 17dysydx’x
76800 38400 640000 38400



341 dy*s3ydx x* 11437 dy’s3ydx*x? 10531 s3dy*dx’yx?
128000 960000 128000
1034595°dy’yx?dx®  357595%dy°yPdx  153dy’sy’dxx
640000 192000 10240
55553 sdy>y3dx x 1823429 sdy*xy> dx* 2550739 sdy’xydx*
512000 7680000 15360000
840757 sdySxy’ dx? 389641 sdy’ xy>dx 63 dy s2xydx®
7680000 3072000 6400
44151 dy*s*xy*dx’ 697287 dy>s2y2dx*x 2128071 s2dy*y*dx’x
256000 1280000 5120000
65971 dy’sydx®x> 311813 sdy ydx x 4893843 sdy’ydx*x
7680000 768000 2560000
20456709 sdy’ydx>x 8904581 sdy*yxdx? 1268389 sdy’ yxdx
10240000 61440000 30720000
89599dy’sdx x> 113123dy*y%dxSx>  332963dy*ydxSx> 847 dysdxSx>
2560000 30720000 30720000 128000
7769dy*s2dx°x®  96221dy*y*dx x> 1940249dy’ydxx® 46279 s3dy’ xy?
1280000 12288000 61440000 320000
64363 s2y2dySx? 23833 ys3dy’ x? 67 ys*dy®x? 7991 ys*dySx
3840000 384000 120000 80000
151 sdy’y3x? 201 sdy’yx* 10031 sdy’y*x* 6907 dy*xy>dx®
256000 512000 7680000 307200
23719dyy*xdx®  217sdyy*dx> 812783 sdy’y*dx* 28850497 sdy’y2dx’
768000 1024 384000 7680000
17099989 sdy*y*dx* 1529973 sdy’y?dx 27847 s2dy ydx*
10240000 2560000 25600
1632111 s%dy’ydx®  145807sdy’ydx® 13501969 s*dy*ydx
512000 1920000 7680000
587 sdySdx y’ 143 sdy*y dx 87 sdy’y> dx* 217 sdySy’ dx’
384000 76800 16000 64000
2293dy’sPdx*x®  735353dy*d 143183dy’Pdx? 24803 s°dySdxxd
320000 320000 40000 640000
14881 sdy*dx*x*  7939dy’ydx*x*  2021dy*y*dx’x®  1691dyydx’x
5120000 7680000 3840000 1920000
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