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SU(2) gauge theories with two quark flavours in the fundamental representation are among the
most promising theories of composite dynamics describing the electroweak sector. Three out
of five Goldstone bosons in these models become the longitudinal components of the W and Z
bosons giving them mass. Like in QCD, we expect a spectrum of excitations which appear as
resonances in vector boson scattering, in particular the vector resonance corresponding to the
rho-meson in QCD.

In this talk I will present the preliminary results of the first calculation of the rho-meson decay

width in this theory, which is analogous to rho to two pions decay calculation in QCD. The results

presented were calculated in a moving frame with total momentum (0,0,1) on two ensembles.

Future plans include using 3 moving frames on a larger set of ensembles to extract the resonance

parameters more reliably and also take the chiral and continuum limits.
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ΣB ΣH

EW symmetry unbroken broken
model composite Higgs Technicolor
pNGBs W±, Z, H + 1 extra W±, Z + 2 extra
Higgs pNGB scalar resonance

Table 1: Comparison between vacuum alignments in SU(2) model with 2 fundamental flavours.

1. The model

One of the most promising candidate models which can explainthe electroweak symmetry
breaking in a natural way is the SU(2) gauge model with two fundamental flavours [1]. An im-
portant feature of the fundamental representation of SU(2)is its pseudo-reality. This means that
a field in an anti-fundamental representation can be converted into a field in the fundamental rep-
resentation by the application ofC = iσ2

c colour matrix. As a consequence, fermion fieldsq and
iσ2

s q∗ (whereσ2
s is a matrix in spinor space) can be combined into a single flavour multiplet. In

the two-flavour case, this multiplet can be written explicitly as:

Q=











uL

dL

−iσ2
sCūT

R

−iσ2
sCd̄T

R











(1.1)

which is symmetric under SU(4) flavour group.
This flavour symmetry is broken by the formation of the condensateΣab = 〈Qa(−iσ2

s )CQ∗
b〉,

wherea andb are flavour indices and spin and colour indices are contracted. Under flavour group
transformations, the condensate transforms asΣ → uΣuT whereu is a matrix in a subgroup of
the SU(4) flavour group, which leaves the condensate invariant. This induces symmetry break-
ing patternSU(4) → Sp(4). BecauseSU(4) is 15-dimensional andSp(4) is 10-dimensional, this
gives us 15-10=5 pseudo Nambu-Goldstone Bosons (pNGBs), which will be called “pions” in the
remainder if this article, in analogy with the QCD case.

To relate our model with the Standard Model Higgs sector, we need to imposeSU(2)L ×
U(1)Y gauge symmetry on our fields. Thus, in analogy with the Standard Model, we combine
the left-handeduL anddL into anSU(2)L doublet with hyperchargeY = 0, while the right-handed
fields remainSU(2)L singlets with hypercharges +1/2 and -1/2 respectively. We can see that the
condensate is going to transform under the electroweak symmetry transformations asΣ → gΣgT ,
whereg is a block-diagonal matrix of the formSU(2)⊕eiα(x)⊕e−iα(x). We can see by inspection
that, depending on the choice of the condensateΣ, the electroweak symmetry may or may not be
broken. These options along with their consequences for pNGBs are summarised in Table 1. The
additional fields can be interpreted as dark matter candidates [2].

Even more interestingly, the vacuum can also be a superposition of the symmetry breaking
vacuumΣH and symmetry-conserving oneΣB:

Σ0 = cosθΣB+sinθΣH (1.2)
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In this scenario, the physical Higgs boson is the superposition of the pNGB and the scalar techni-σ
state. The spectrum of the model has been studied in [3, 4].

In this study, we are interested in the scattering of pNGBs, which is equivalent to the scattering
of heavy vector bosons at high energies (equivalence theorem). This allows us to give predictions
about the resonance spectrum in these processes. In our model, the pNGBs are in the 5-dimensional
representation ofSp(4). BecauseSp(4) is locally isomorphic toSO(5), we can think of the pNGBs
as being in the fundamental representation ofSO(5). This immediately leads to three possible
irreducible representations of two-pion state:

1. 14-dimensional symmetric traceless:π iπ j +π jπ i − 2
5πkπkδ i j - see [5]

2. 10-dimensional antisymmetricπ iπ j −π jπ i

3. 1-dimensional traceδ i j πkπk.

In this proceeding we study the antisymmetric case. It is easy to see in the centre-of-mass frame
that the two-pion wavefunction is odd under parity. We can rewrite it in the partial-wave basis
|E,P, l ,m〉, whereE is the total energy,P is the total momentum andl and m are the integers
corresponding to total angular momentum and the angular momentum in the z-direction. The parity
transformation of such a state is(−1)l , which implies thatl is odd. We can then conclude, using
angular momentum conservation, that this representation can mix with a vector (J = 1) state. Note
that this discussion is analogous with(ππ)I=1 case in QCD, which exhibits a vector resonanceρ .

We want to investigate the techni-ρ (abbreviated henceforth asρ) resonance parameters,
namely the resonance massmρ and widthΓρ . Equivalently, the width can be expressed in terms of
the effective couplinggρππ defined as

Le f f = gρππ εi jkρ iµπ j∂µπk (1.3)

In QCDgρππ ≈ 6. This need not be the case for this model. The relation betweenΓρ andgρππ is:

Γρ =
g2

ρππ

6π
p3

m2
ρ

p=
√

m2
ρ/4−m2

π . (1.4)

Below inelastic threshold (4mπ ) there is only one state contributing to the S-matrix, whichcan
be written as:

S= 〈E, p, l ′,m′ |ECM,0, l ,m〉= δ (E−ECM)δ (p)δll ′δmm′e2iδl (ECM) (1.5)

This defines the phase shiftδl (ECM),which can then be related togρππ using

tanδ1 =
g2

ρππ

6π
p3

ECM(m2
ρ −E2

CM)
p=

√

m2
ρ/4−m2

π . (1.6)

2. Scattering on a lattice

As discussed in the previous section, our calculation is analogous toρ → ππ scattering in
QCD, which has been extensively studied on the lattice [6, 7,8, 9, 10, 11, 12, 13, 14]. Phase
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frame representation tanδ1

COM T−
1

π3/2q
Z00(1;q2)

MF1 A−
2

π3/2q
Z00(1;q2)+ 2√

5q2 Z20

MF2 B−
1

π3/2q

Z00(1;q2)− 1√
5q2 Z20+i

√
3√

10q2 (Z22(1;q2)−Z2(−2)(1;q2))

Table 2: Expressions forδ1 phase shift calculated in different moving frames.

shifts can be calculated from the energy spectrum using the approach first described by Lüscher
[15] and generalised to moving frames by Rummukainen and Gottlieb [16]. The idea is to exploit
finite volume effects to relate the energy spectrum of two-pion states to the phase shift. The exact
formula depends both on the reference frame and the representation of the interpolating operators
in that frame.

Specifically, we are interested inl = 1 states in the infinite volume, which have a wavefunction
proportional to the spherical harmonicY1m(θ ,ϕ). However, in the finite volume we no longer have
a full rotational symmetry. If we are in the centre-of-mass (COM) frame, then the symmetry is
broken to the cubic symmetry groupO. The l = 1 spherical harmonic then corresponds to the
irreducible representationT−

1 , which unsurprisingly is the representation of a vector.
Moving frames offer additional complication. This is because the phase shift is defined in the

COM frame, which means that our system needs to be boosted back to the COM frame. Then,
because of Lorentz contraction, the symmetry group will be reduced. We consider two moving
frames: MF1 with total momentum (0,0,p) and MF2 with total momentum (p,p,0). In MF1 the
cube is contracted along one of its sides resulting in a cuboid. The symmetry group describing
this object is the dihedral groupD4h. TheY1m(θ ,ϕ) transforms reducibly under this group and
Clebsch-Gordan decomposition reveals that it can be written as a direct sum of 1-dimensionalA−

2

representation and 2-dimensionalE− representation. Either of the two can be used to extract the
l = 1 partial wave. In this work we use theA−

2 representation. Finally the MF2 respects theD2h

symmetry, under whichY1m(θ ,ϕ) reduces to three 1-dimensional representationsB−
1 ⊕B−

2 ⊕B−
3 .

The formulae for thel = 1 phase shift are given in Table 2. They are given as functionsof the
Lüscher zeta function given by:

Zlm(s,q
2) = ∑

n∈Z3

Ylm(n)
(q2−n2)s (2.1)

whereq2 depends on the centre-of-mass energy of the pion system via the continuum dispersion
relation formula

ECM = 2

√

m2
π +

(

2πq
L

)2

. (2.2)

The problem is then reduced to accurately obtaining the energy levels of the two-pion system.
This can be done by analysing the time dependence of the two-point correlation function, which is
(assuming total time extentT >> t):

Ci j (t)≡ 〈0 |O†
i (t)O j(0) |0〉= ∑

n,m
〈0 |O†

i |n〉(e−Entδmn)〈m |O j |0〉, (2.3)
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where the operatorsOi/ j have the same quantum numbers as the state we are trying to create, i.e.
same representation of the cubic/dihedral group and 10-dimensional representation of the flavour
symmetry group. We then see that for large time separations the exponential suppresion will re-
move all but the lowest energy state. In practice this procedure is not good enough for studying
resonances. This is because in order to have sensitivity to the resonance we require the two-pion
energy to be close to the resonance energy. This means that the lowest two energy states in the
spectrum will be very close together and extracting the ground state would require going to pro-
hibitively large values oft.

The solution is to use the generalised eigenvalue problem (GEVP) approach. In this approach
we use as many interpolating operators as the number of energy levels we want to extract and define
square matrices in Eq. 2.3Uin ≡ 〈0 |O†

i |n〉 andVm j ≡ 〈m |O j |0〉. Then, assuming thatt is large
enough that higher energy levels don’t contribute, we have:

C−1
i j (t0)Cjk(t) =V−1

in diag
(

e−En(t−t0)
)

nm
Vm j. (2.4)

The spectrum can then be extracted from the eigenvalues ofC−1(t0)C(t).
We use the following two interpolating operators

O1(t) = ∑
x,y

ψ̄(x)γ5ψ(x)ψ̄(y)γ5ψ(y)eip·x (2.5)

O2(t) = ∑
x

ψ̄(x)(γ · p̂)ψ(x)eip·x (2.6)

The corresponding contractions are:

C11(t) =

p p

00

−

p 0

p0

+

p 0

p0

+

p 0

p0

−

p p

00

−

p p

00

(2.7)

C12(t) =−C∗
21(t) =

p

p

0

−

p

p

0

(2.8)

C22(t) = p p (2.9)

Each of these diagrams can be calculated on a lattice. For the“direct” diagrams, where two
pions propagate without exchanging any quarks, we use propagators calculated at time slice 0.
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Triangle and rectangle diagrams require one inversion per timeslice, making the calculation par-
ticularly expensive. We use sequential propagators to ensure the∑x ψ̄(x)ψ(x) structure at the
intermatiate vertices. Finally, to ensure this structure at the source timeslice we use the stochastic
noise “one-end trick”, where we rewrite the operator at the source as∑x,y〈ψ̄(x)η†(x)η(y)ψ(y)〉η ,
where we introduced the stochastic random noiseη(x) satisfying〈η†(x)η(y)〉η = δ (x− y). We
then invert the fermion propagators usingη(x) as the source and average over a number ofη con-
figurations (called “hits”). Note that in order to prevent unwanted contractions, we need a different
noise source for each of the pions at the source.

3. Results

The results presented in this section were obtained using two Wilson fermion ensembles with
dimensions 324 (122 configurations) and 323×64 (112 configurations). Both ensembles have the
same parameters:β = 2.0, bare quark massam0 =−0.958, which correspond toa fπ = 0.049(3),
amπ = 0.18(1) andamρ = 0.38(5). On the 324 ensemble we use periodic+antiperiodic boundary
conditions for the fermion fields to effectively double the time extent. The plots in Fig. 1 show
“effective masses” corresponding to each of the eigenvalues, defined asEi(t) =− lnλi(t)/(t0− t).
The upper horizontal line on both plots corresponds to the energy of two non-interacting pions. We
expect the energy of the interacting pion pair to be lower, because the interaction in this channel
is attractive. The lower line corresponds to the rest energyof two pions. Below this lineq defined
in Eq. 2.2 becomes imaginary and, as discussed in [15], the quantity obtained with our procedure
would not correspond to the phase shift. If theρ state is unstable we expect the lower eigenvalue
to be between the two horizontal lines. This is not clear fromthe plot.
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Figure 1: “Effective mass” plots corresponding to the eigenvalues of the correlation matrix on
two ensembles - 324 with P+A boundary conditions (left) and 323 × 64 with periodic boundary
conditions (right).

4. Conclusions

We have presented the first attempt at calculatingρ resonance mass and decay width in a
non-QCD theory. The early results show no indication ofρ meson being stable on the ensembles
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used and hence no information about the phase shift could be extracted. Future work in this area
involves generating configuration whereρ is unstable and adding theO(a) improvement to the
fermion action in hopes of getting a signal. In the long run wealso plan on including the centre-of-
mass frame in the analysis as well as performing the continuum and chiral extrapolations.
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