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John Summerscales 

Ph. D thesis: 

The mechanical properties of carbon fibre with glass fibre hybrid reinforced plastics. 

ABSTRACT: 

Fibre composite hybrid materials are generally plastics reinforced with two different 
fibre species. The combination of these three materials (in this thesis they are carbon 
fibres, glass fibres and polyester resin) allows a balance to be achieved between the pro- 
perties of the two monofibre composites. Over the fifteen years since the introduction of 
continuous carbon fibre as a reinforcement, there has been considerable speculation 
about the "hybrid effect", a synergistic strengthening of reinforced plastics with two 
fibres when compared with the strength predicted from a weighted average from the com- 
ponent composites. 

A new equation is presented which predicts the extent of the hybrid effect. Experi- 

ments with a variety of carbon-glass hybrids were undertaken to examine the validity of 
the theory and the effect of the degree of inter-mixing of the fibres. The classification 
and quantification of the hybrid microstructures was examined with a view to cross- 
correlation of the intimacy of mixing and the strength. 

Mechanical tests were monitored with acoustic emission counting and acoustic emission 
amplitude distribution equipment. Some specimens were subjected to one thermal cycle 
to liquid nitrogen temperature prior to testing. Fracture surfaces were examined in the 

scanning electron microscope. 
Numerical analysis by finite element methods was attempted. A constant strain tri- 

angular element was used initially, but in the later analyses the PAFEC anisotropic 
isoparametric quadrilateral elements were used. The system was adapted so that a \Ir 
singularity could be modelled, and post processor software was written to allow nodal 
averaging of the stresses and the presentation of this data graphically as stress contour 
maps. 
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"Every being which is not homogeneous and simple, 

but complex and composite 

must have in it some organising principle" 

Balbus' discourse in Book 11, Section 29 of 
Cicero: "The Nature of the Gods" 
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1 Introduction 

Materials constructed by the reinforcement of a binder matrix with a fibrous reinforce- 

ment are commonly called fibre composite materials. These materials have, by virtue of 

combining complimentary properties, numerous advantages over conventional structural 

materials, such as 

high strength and stiffness 
low density 

corrosion resistance 

relative ease of forming complex shapes. 

The use of two different types of fibre within a single component is known as "hy- 

bridisation" and results in a "fibre composite hybrid material". The advantages to be 

gained by using composite materials can be further enhanced by such hybrids to give a 

product with improved properties tailored to a specific requirement, and yet they can 

often result in enhanced performance parameters (weight, properties) or savings in fabri- " 

cation costs (man hours/item, reduced no. of inserts or machining operations, lower 

energy requirements). The use of hybrid reinforced plastics fibre composites is increasing 

rapidly, and is beginning to move out of the specialist industries such as aerospace and 

sports goods into mass production industries such as the automotive sector. However, 

most hybrids which have been produced today are created by gross mixing of the two 

fibre species and it is therefore the intention of this work to investigate the effect of 

reducing the scale of mixing in respect of the mechanical properties of the resulting com- 

posite. 

1.1 The definition of fibre reinforced composites 
The term microstructure has outgrown its original meaning, namely that structure 

which is seen through a microscope (=1). In scientific engineering usage it is advantageous 

to associate a microstructure with heterogeneities of polycrystalline and polyphase mater- 

ials. The most general characteristic of a microstructure is the presence of boundaries 

between the phases which comprise the material. 

Composites are complex material systems composed of distinct phases, in which there 

is generally a continuous medium (the matrix), and a discontinuous medium (the fibres) 

held together by the matrix. A recent development in composite materials is the use of 

two different fibres (a hybrid composite), in an attempt to produce a material with a 

balance between the properties of the individual monofibre materials. Quantitative micro- 

scopy of a cross section of any multiphase material has advantages over ordinary chemical 

analyses, primarily in that it is possible to ascertain the relative position of the individual 

components, for example: the fibres in a composite. 
This section will first review the types of definition which have so far been applied to 

fibre composites, and will then considerthe analyses of point patterns used in such areas as 

ecology, geography and ceramics with a view to establishing an appropriate quantitative 

1 



definition of the patterning in hybrid composites. 

1.1.1 The definition of fibre reinforced composites 

a) unidirectional composites: 
For continuously uniaxially aligned fibres a rule-of-mixtures based on a parallel model 

has been found to agree well with experimental values for the tensile modulus of speci- 

mens tested in the direction of fibre alignment (=2), using only a simple parameter of the 

microstructure: the volume fraction. This parameter can be obtained either by chemically 

removing one of the ingredients and determining the volume remaining as a proportion 

of the original volume, or by polishing a specimen normal to the major axis of the fibres 

and determining the ratio of the area of the fibres to the area of the specimen examined. 

The modulus of the composite, Ec, is then derived from the moduli, EX, and volume 

fraction, V, 
, of the fibre (subscript f) and matrix (m) using the equation: 

Ec = Em Vm + EfVf (E1.1.1 

where: Vm + Vf 1 (E1.1.2 

Benveniste et a/ [=3] point out that the equivalent modulus theory which replaces the 
fibre reinforced material by a homogeneous anisotropic medium destroys all micro- 

structure effects and is therefore not suitable for certain problems in composites, and 

especially dynamic, fracture and flexure situations. 
For uniaxially aligned fibres of finite length (=2) the rule of mixtures can be modified 

by the inclusion of a length correction factor, nL , such that: 

Ec=nLEfVf+EmVm =n EfVf+Em(1-Vf) (E1.1.3 

Cox (=4) developed an expression for nL of the form: 

n=1_ 
tanh (ßL/2) 

(ßL/2) 
(E1.1.4 

where: 
G. 2ir 

EfA In(R/ro) (E1.1.5 

where: L is the fibre length 

Gm is the shear modulus 

A, is the cross sectional area of the fibre ' 

ro is the fibre radius, and 

R is the mean separation of the fibres, normal to their length. 

The effect of the fibre length distribution (FLD) in the Cox (=4) approach will give: 

E =. E nEf [1 - 
tanh (ßLl/2)) 

+E (1 - V) (E1.1.6 Em 
.1-1f 

fý. 
(PL/2) 
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where: n is the number of intervals in the FLD, and 

Vfj is the volume fraction of fibres with length Lj 

The coarser that a structure is, and thus the more commensurate the structural scale 

factors are with the specimen scale factors, the stronger becomes the scale factor effect 

on strength with all other conditions remaining equal (=5). In composite materials this 

scale factor is a consequence of the structural inhomogeneity. As structural scale factors 

for fibrous materials with unidirectional orientation, Bolotin proposes that: 

hi - 2r and h2 =2r/7 Em (E1.1.7 

where: r is the fibre radius 

E is the material modulus 

hi characterises the structure in sections across the fibre, and 

h2 is of the order of the characteristic length associated with the edge effect in 

the composite. 

Hlavacek considers a composite material of infinitely long fibres with a circular cross- 

section of radius, r, arranged in a hexagonal array throughout the matrix material (=6). 

If the fibres are parallel to the z-axis and at a distance apart of 21 from centre to centre, 

where I is obviously greater than r, then the hexagonal prisms can be replaced by circular 

cylinders of the same volume. The radius of the cylinder will then be: 

r2=I -- 1.11 (E1.1.8 

The results of finite element numerical analyses by Murakami (=7) et a/. for several 

geometries of practical interest indicate that for achievable volume fractions, the "con- 

centric circular cylinder approximation" (using a polar co-ordinate system) provides an 

adequate indication of the global and local isothermal contours in the temperature- 

microstructure problem for composites containing circular fibres in a hexagonal array. 

Verchery (=8) has reported that the strength of boron fibres reinforcing aluminium 

decreases sharply when the fibre setting disorder increases, however little. 

Guild (=9,10) has attempted to gain a more quantitative definition of the microstructure 

of glass reinforced polyester, than volume fraction, using data derived from a Quantimet 

image analysing computer. The first analysis involved the determination of the variances 

of the values of fractional area covered for different cell sizes of a contiguous grid. Inform- 

ation regarding the nature of the fibre distribution was sought both from comparing the 

variance values with those predicted for the null hypothesis, a random distribution, and 

from examining the shape of a surface defined by a variance matrix. The second method 

of analysis was based on the concept that a structure may be defined by its relationship 

to a structuring element, in this case squares and rectangles of empty space. The prob- 

ability of finding such empty space is estimated and information regarding the nature of 

the fibre distribution is sought from the probability matrices. 

3 



It was found that, although Nomarski interference shows that the fibres do not truly 

touch, a significant number of groups of two or more fibres were detected as single fea- 

tures during the analysis of a photomicrograph at X 1750 magnification. The shape of the 

features may be classified by the form factor (non-dimensional) which is the area divided 

by the square of the perimeter. The form factor of a circle is 1/4ir and that of a group of 

fibres detected as a single feature will be less than for a circle. 

Qualitative analysis suggested that two factors should be considered, the tendency for 

fibres of the same type to aggregate into clusters, and the tendency for regions of pure 

resin to occur. There is an additional need to carefully consider the choice of cells before 

counting. Using the null hypothesis, in which fibres are considered as a random distri- 

bution of point particles which may co-exist at any position: 

the theoretical variance (fractional area covered) _ XM2 /A2, and 

the standard derivation (variance of fractional area covered) _ 

AM4 +2X2 Mz 
(E1.1.9 

A2 

where: A is the mean number of points per cell 

A is the mean cell area, and 
Mx is the xth moment of area of distribution of fibres about zero 

from which it follows immediately via the standard properties of the Poisson distribution 

that the probability of an empty cell is given by e k, assuming the approximation of fibres 

to point particles. The second method of analysis arises from the visual observation that 

the microstructure includes distinct regions of empty space or resin-rich areas containing 

less than the equivalent of one-half of a fibre. 

b) bidirectional composites 
In addition to the length correction factor introduced for unidirectional composites 

Cox (=4) derived an efficiency factor dependent on the fibre orientation, no, to give: 

Ec = nonLEfVf + Em 11 - Vf], (E1.1.10 

and he showed that no took values of 1/3 for two dimensional random fibre distributions 

(and 1/6 in three dimensions). 

For the general case of planar fibre orientation distributions (FOD), Krenchel (=11) 

proposed that no be given the simple form: 

no = Em akCOS40k (E1.1.11 
k-i 

where: ak is the fibre fraction at angle 9k to the reference axis, and 

m is the number of angle intervals considered. 
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Rossmanith (=12) has derived an expression for the random variable volume fraction of 

fibre reinforced cylindrical shells given by: 

S= 2ira 
cos a (MEN) (E1.1.12 

m 

where: a is the radius of the shell, 

a is the wrapping angle, 

m is the number of fibres intersecting a circumferential line, 

6 is the mutual distance of the fibres which obey the restrictive law, and 

V is the volume fraction given by: 

s 
v -/iý 

I 
mI 

a,. cos(aj + eil 
lE 1.1.13 

where: N is the number of layers in the laminate 

r is the radius of the fibre, and 

ei are uniformly distributed random variables. 

Stroeven (=13) in consideration of fibre reinforced cementitious materials (FRC) 

treats the fibres as lineal features in space, because of their slenderness. The FRC speci- 

mens develop an axis of symmetry which coincides with the direction of the gravity field, 

and slices in this axial direction show partial orientation after projection. The image is 

then sampled in two different ways, firstly by counting the number of fibre projections 

per unit area (NAP), or secondly by the number of intersections with the fibre projections 

per unit length' of a line array covering the image (PO. The problem considered by 

Stroeven is the relationship of these two basic dimensional data to the spatial characteristics 

(Lu, the fibre length per unit volume, Vv the volume fraction of the fibres and w, a measure 

of the degree of orientation). 

Milewski (=14) has considered the efficiencies of packing fibres into a composite in a 

variety of ways and presents graphs of the relative bulk volume at various component 

ratios for the systems below: 

fibre packing at various length to diameter ratios 

fibre packing with various fibre diameters, and short fibres packed with glass 

beads. 

c) hybrid composites 
Kanovich et al. (=15) have shown that when fibres of different diameters are used, even 

if the distance between the reinforcing elements increases, the reinforcement content 

remains high by filling the spaces between the main fibres (D) with fibres of a smaller 

diameter (d) and cutting down on the "ballast" matrix. In the case of fibres with the 

same diameter: 

5 



al = 7rdn -4F (E1.1.14 

P 

whereas with interstitial fibres of different diameters: 

012 -ir(d+D) nF_4F (d+D) =1.2(x1 (E1.1.15 
! (dz +Dz)n 

(d2 +D2) 
4 

where: a is the interface density 

ie: the total interface perimeter per cross section of composite 

F is the relative volume content of the fibres. 

The total interface perimeter increases with the number of interstitial fibres present 

and consequently a greater volume fraction of fibres can be incorporated into the matrix 

by mixing the fibre diameters. 

Kulkarni and Rosen (=16,17) identify two major types of patterning in hybrids, 

firstly "intimate" in which each fibre is surrounded by fibres of the second type, and 

secondly, "zebra" or "discrete" in which fibres of the same type occur in aggregates. These 

two types may of course be combined in interply-intraply combinations. 

A more segmented classification (=18,19) divides the possibilities for fabrication into 

six classifications (figure 1): 
,; 

A : mixed fibre tows 

B : mixed fibre ply 

C : individual fibre ply 

D : core-shell sandwich 
E : internal ribs, and 

F : external ribs, 

followed by a number to denote the directionality of the net composite. Mixtures of the 

categories are still possible, but are unlikely to be economically viable to produce. 

Bader and Manders (=20) have defined the dispersion of a hybrid composite as the reci- 

procal of the thickness in metres, of the smallest representative repeat unit of the laminate. 

In the case of simple sandwich laminates the repeat distance, tr, is the total laminate 

thickness, otherwise: D= 1/tr (E1.1.16 

Clearly in a bicomponent composite with a given volume fraction of one component, 

decreasing the size of one component automatically involves decreasing the size of the 

other (=21), since pieces of one component separate those of the other. When fibres are 

aligned in a matrix the separation of the surfaces are on average given by s, which can be 

written in terms of the fibre diameter, d, for a given volume fraction V, as the equation: 

_-1 
(E1.1.17 s=d 

ßX 
Vf 
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where ß is a constant equal to 0.912 for a hexagonal array and 0.785 for a square array. 

Clearly s and d will vary in direct proportion, decreasing the fibre diameter also decreases 

the spacing and the effect of fibre size and of fibre spacing is thus interdependent. 

Marshall (=22) reports that in composites formed from a hybrid tape the tows of car- 

bon fibre will adopt a trapezoidal shape, in cross section, in order to interlock more 

efficiently with the glass fibres. 

A 

mixed fibre tows 

1 unidirectional 2 bidirectional 

eg. mixed tows 

B 
mixed fibre ply eg. hybrid tape 

eg. chop strand mat 

eg. hybrid fabric 

C 
individual fibre ply eg. conventional eg. conventional 

rovings fabrics 

D 
carbon shell glass 
core "sandwich" 

E 
reinforced with e. g. pultruded rods eg. webs 
rods or webs 

F 

external reinforce- 
ment ribs 

KEY: glass fibres 

mixed fibres 

carbon fibres 

Figure 1. The lay-up nomenclature for hybrids (=18,19). 
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1.1.2 Microscopy 

The sampletobe examined must be selected to accurately represent the overall pattern- 

ing of the composite. In order to analyse the fibre distribution it is necessary to make the 

individual fibres contrast with the matrix, and with one another in hybrids, before micro- 

scopy is undertaken. Glass fibres may be indistinguishable from the matrix in reflected 

light, but this can be overcome by careful etching with hydrofluoric acid to remove 

material along the interface and leave a dark ring (=23). 

There are several methods of quantitative microscopic analyses recognised (=24): 

a) estimation: with practice observers can judge to an accuracy of ±10%. 

b) counting the individual features using a net-ruled eyepiece: to determine volume per- 

centage the fibre size must be accounted for. 

c) areal analysis: the sum of the areas of any given component relative to the total area of 

the measured surface is approximately the volume percentage. 

d) linear (Rosiwal) analysis depends on the principle that for any line of adequate length 

drawn on a plane surface, the ratio of the sum of the linear intercepts on any given com- 

ponent to the total length across the sample will tend to the value for volume fraction of 

that component. 

e) point counting: the material lying at the intersection of crosshairs at each step move- 

ment of the slide is identified and counted. About 1000 to 1500 points should be observed 

on average. 

The mean intercept of a line on a circle is 7rD/4. Objective discrimination of those 

points where the crosshairs coincide with an interface can be obtained by counting all 

intercepts and deleting all exits (=25). The ideal standard deviation is then: 

UXI =v/X for the Poisson distribution, or (E1.1.18 

«X, =v 
i for the binomial distribution (E1.1.19 

where X is the actual number of points counted in one phase, and 

N is the total number of points counted. 

If p is the volume fraction of one phase and q the volume fraction of the second phase, 

then in a binary system: p+q=1. At 50% of each component the binomial expression 

gives a ux value which. is smaller by-vý'2-/2. In either case the percentage standard deviation 

will be 100ax/N. However the two equations above apply to completely ideal sampling 

cases only, when p=0.5 the real standard deviation of X at equal volume fraction will be: 

ox = 0.5k, -, /N (E1.1.20 
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where k is a variable factor, which includes all parameters which cause distortion of the 

results, and is always greater than 1. A value of k=3 *is suggested as an appropriate esti- 

mate for results obtained by subsample methods. 

Ripley(=26) identifies four classes of statistical test for obtaining the randomness of 

spatial patterns, and qualifies the first two as the most appropriate for preliminary field- 

work: 

i) quadrat counts 
ii) distance or nearest neighbour methods 

iii) second order methods, including spectra 

iv) the "test set" approach. 

For a schematic presentation of the alternatives to solving exact fibre bundle-unit cell 

geometrics see Rosen, Chatterjee and Kibler (=27) (figure 2). 

Figure 2: Alternatives to solving exact fibre bundle/unit cell geometry from Rosen STP 617 

Exact solution for 
actual fibre bundle 
/unit cell neometrv 

Exact solution for 

very special geometry 

Jý 
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actual geometry with statistical 

models 
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Bounding 

solutions 

Approximate 

Exact solutions 
to approximate 

geometry 

Closed form 
solution for 

/ Approximate solutions 
to approximate geometry 

Mechanics of Self-consistent 

materials model scheme models 

ýmposite Back of envelope 
linder models 

sembla e 
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1.1.3 Nearest neighbour analysis (=28,29) 

1.1.3.1 First nearest neighbour analysis 

Nearest neighbour analysis was developed by Clark and Evans (=30) and is based on the 

measurement of the distance from one point to the nearest neighbouring point. In a 

clustered distribution these distances will obviously be low, while in an ordered pattern 

relatively high spacings between points will be found. To standardise results the overall 

density of points is taken into account in the calculation of the index. The method 

generally employed is: 

* locate the points in the pattern to be analysed 

* measure the distance from each point to the nearest neighbour 

* find the mean observed distance do 

* calculate the density of points in the area, p= n/a 
* calculate the expected mean distance, de = 1/(2. /p) 

The nearest neighbour index compares the observed mean distance with that expected 
for a random distribution: 

Rý = 
o/d 

2doN/(n/a) (E1.1.21 

If the pattern under consideration is itself random, then the nearest neighbour index 

should have a value of 1.00. Clustering causes the value of Rn to fall significantly below 1, 

a value of zero indicating the total coincidence of all the points. A value of Rn greater 

than 1 indicates a greater degree of uniformity or ordering and Rn has a limiting value of 

2.15 which is equivalent to all the points lying at the vertices of a mesh of equilateral 

triangles. 

In general this technique is more rigorous than the chi-squared analysis (covered later) 

as it deals with individual points rather than grouped data, and the analysis allows simple 

objective comparison between distributions without the limits of x2, but with a large 

number of points the calculation is time consuming. The scale of invest`gation is important, 

especially when the frame of reference can be enlarged or reduced without altering the 

number of points. 

1.1.3.2 Nth nearest neighbour analysis 
If a population of individuals is distributed randomly with density m per unit area, the 

probability of x individuals falling in any area of unit size is obtained from the Poisson 

series and is mxe_1/xl, (=31). The number of individuals in a circle of radius, r, will 

follow a Poisson distribution with a mean of irre m, written Xr2, as irm is now denoted X. 

Now if a random individual is taken as centre, the probability that no individual occurs 

inside a circle of radius r1, is given by the first term of the Poisson series: 

P(0 in (0, rl )) = e'a`r; . 
(E1.1.22 
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and the probability of at least one individual then being inside a circle of radius R1 is 

given by: 

P(>1 in (rl, R1)) = e-? -(R 2 -'> > (E1.1.23 

which will tend to 2Xr1 dr, as R, tends to r, . Therefore the probability that the nearest 

neighbour is at distance rl from the centre is as obtained by Clark and Evans (=30): 

P(rl) = e-)" 2 
. 
2Xr1. dr1 (E1.1.24 

If the second individual is at distance r2 given that the nearest neighbour is at r1, 

the probability is written P(r2Ir1), and the joint probability is P(rl, r2 ), the latter when 

not given rl. Thus: 

P(O in (rl, rz )) = e--\ (r', - r, 

P(>Oin (r2, R2))=1-e-X(R'3 -º)) 

which tends to 2Xr2. dr2 as R2 tends to r2 

P(r21r1) =e -x (r 2-r). 2Arz. drz, and 

P(rl, r2) = P(r1). P(r21rl) = e- "1. (2X)2. rl r2. dr1. dr2 

And the general result follows from this: 

P(rl 
, r2 .... r") = e" ri " . 

(2X)". rl dr, 
, r2 dr2 

...... rn drn 

(E1.1.25 

(E1.1.26 

(E1.1.27 

(E1.1.28 

(E1.1.29 

where OSr16rz........ <rn. 

The absolute probability that the nth nearest neighbour is at distance rý from the centre, 
P(rd, is obtained by integrating the general result successively with respect to rl from 0 

to r3...... and is: 

P(rd = 2Xn. e-"n: rn2n -1). drn/(n - 1)1, (E1.1.30 

showing that 2Xr2 is distributed as X2 with 2n degrees of freedom. If we put xn = 2Xr2 

into the above equation: 

P(xn) ° e-35xn. (X")" `'. dxn/(n -' 1)1 (E1.1.31 

and it follows that in a sample of size N, the statistic Nznis distributed as X2 with 2Nn 

degrees of freedom, where xnis the mean of the N observed values of the mean value of 

x,, and so we immediately have a simple test of randomness or otherwise for a given 
distribution of distances. A probability of X2 greater than 0.95 indicates significant over- 

dispersion of individuals, the distances being smaller than expected. A probability less 

than 0.05 indicates significant underdispersion. 

The mean distance to the nth nearest neighbour is: 

E(r )=% 
n �o 

r . P(r ) 
Cr 

/. 
nn 

(2n)In 
= 

(2"nl)2 
1 (2n)In 

17m (2n, nI)2 
(E1.1.32 
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and the second moment is: 

E(rl) / 0r2. P(rn) = n/), (E1.1.33 

Using the Stirling approximation we obtain: 

E(rg) 
= 

(2n)12n 2ý/(n/n) = 1A 3%/n, (E1.1.34 
Fri j 1) 2 

so that the area of the circle containing the nth nearest neighbour on its circumference is 

expected to be approximately n times as large as the area of the circle with the nearest 

neighbour on its circumference. In other words, the series of radii, E(rg), describe concen- 

tric circles with annuli of approximately equal area, as would be expected intuitively. 

The limits for the expected mean E(xd, if the population is random, can be derived 

using the normal approximation to the XZ distribution, if the number of degrees of free- 

dom is fairly large. The 95% limits for E(&) are given by: 

( (4Nn - 1) ± 1.96)2/2N (E1.1.35 

where 1.96 is the deviate corresponding to a probability of 0.05 in the two tails of the 

normal distribution. In practice then estimation of Aa = Irma (where mo is the observed 

density), and calculation of the mean, Xn = 2Ä0f 2 allows comparison with the expected 

limits under the hypothesis of randomness. ,, 
An approximate result, applying normal probability theory to the mean and standard 

deviation gives 95% limits of: 

E(rg) ± 1.96 0(rn)l 
f (E1.1.36 

or alternatively the statistic, c, can be taken as a normal deviate and tested against prob- 

ability levels of the normal distribution: 

C`fn -E(rn) (E1.1.37 
a(rn)/-/N 

but most reliance should be placed on the tests employing the X2 distribution. 

Eberhardt (=32) has suggested an index of non-randomness: 

In = (C[xn])2 +1= E(x2)/(E(xn))ý (E1.1.38 

where C[xn] is the coefficient of variation of xn, xn is the distance to the nth nearest 

point and E(y) is the mean of a random variable, y. This will however require that to 

define a hybrid composite there will be a value of In for each fibre type, if the relative 

distributions are to be made clear and also that the relative numbers of fibres will vary 

with the individual fibre volume fractions. The ratio, In, is easily calculated from field 

data and increases with increasing 
-tendency to aggregation, yet it does not require a 

knowledge of density. A disadvantage is that the sampling distributions of the ratio have 

not been worked out and an exact test of deviation from randomness is not available. 
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1.1.4 Chi-squared - (X2) analysis 

The main application of chi-squared analysis is in the testing of results for statistical 

significance, but it may be adapted to the description of point patterns (=28). If we have 

a perfectly ordered distribution of 100 points and superimpose on it a grid of ten squares, 

we may confidently expect that each square will contain ten points. The basis of X2 analy- 

sis is the comparison of frequencies expected under precisely defined conditions such as 

the above, with the frequencies observed in the actual pattern under consideration. The 

procedure is as follows: 

* count the number of points in the pattern under investigation, 

* completely cover the study area with a grid of equal sized squares, 

* calculate the expected frequency, E, ' in points/square, for perfect ordering. 

count the number of points actually located within each grid square, and record 

each total as an observed frequency, 0. 

"Then X2=E(0EE)2 (E1.1.39 

With perfect ordering, then X2 will be zero, and a higher value suggests a greater degree 

of clustering. A problem arises here in that a random pattern should also have a X2 value 

of zero, 
, 
although this is unlikely to occur exactly in practice especially with a limited 

number of points. At the lower end of the range there will be little discrimination between 

perfect ordering and a random pattern. The maximum value of X2 occurs when all the 

points lie within one grid square, and in this case the value increases with either the total 

number of points or with the total number of grid squares. In view of this X2 is of little 

value in applying descriptive labels to individual patterns, but is useful for comparing the 

degree of clustering in different patterns, and is relatively simple in this latter respect. 

Changes in the size and orientation of individual squares in the grid can have a consider- 

able effect on the value of X2 even though the number and pattern of points in the study area 

is unchanged. If grid square size is reduced the discrimination of clustering is improved, 

and therefore, the X2 value is increased. If a single grid square covers the entire area then 

perfect ordering is inferred. 

Greig-Smith (=33) has described a method of determination of the scales of hetero- 

geneity in the abundance of a species which depends on the analysis of density in a grid 

of contiguous quadrats, the data from which are associated into successively larger blocks. 

The mean square plotted against block size shows a peak at the block size corresponding 

to the mean size of the clump or mosiac unit. 

The grid method of analysis as developed by Greig-Smith makes the implicit assumption 

that the areas of heterogeneity are isodiametric, but Kershaw (=34) suspected that in 

plant communities which are a result of ploughing and reseeding, the area of any hetero- 

geneity might be elongated in the direction of cultivation. The grid method as it stood 

would thus be inadequate. This was overcome by associating single grid units into blocks 
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of 2,8,32 etc. in rows and columns and plotting two sets of mean square against block 

size results. For the majority of species, analysis of the same data in these two ways revealed 

a shift of the peak in the variance curve to the right when the long axis of the group was 

at right angles to the contours of the site. The difficulty of testing the significance level 

of such a peak once non-randomness has been established is discussed and from an analy- 

sis of a series of experiments with artificial communities, a subjective approach is proposed 

for the problem. The experiments indicate the importance of using an optimum sample 

size and sampling unit for the accurate detection of small scale pattern. A series of samp- 

ling experiments give an indication of the sample size required for a given level of percent- 

age cover and it is suggested that the sampling unit be less than one half of the size of 

the smallest dimension of an area of heterogeneity likely to be encountered in any given 

community. 

The analysis by Usher (=35) of models of basic patterns suggests that the starting point 
for sampling is important. If the series starts towards the centre of a clump there is a 

strong possibility that the indicated peak mean square will be one size smaller than the 

actual value, a shift of the peak in the variance curve to the left, unlike the shift to the 

right identified by Kershaw. 

Miles (=36) has considered the problem of deciding whether or not to include particles 

truncated by the quadrat boundaries, by the use of a general "associated point" solution. 

The particle is counted as in the randomly located quadrat only if its unique associated 

point falls in the quadrat. The scheme is identified as similar to, but less restricted than, 

the Gundersen method (=37) in which the plane is covered by a rectangular or hexagonal 

tessellation of congruent regions with the same orientation and then a count is taken of 

the particles associated with a randomly positioned region. A corresponding edge effect 

problem to consider the specimen boundary has also been reported (=38). 

In an attempt to undertake simultaneous testing for pattern at various scales, Mead 

(=39) has concluded that a set of tests based on randomisation arguments provides a 

fully valid method. If the grid is in the form of a square, instead of considering pairing or 
halving of quadrats alternatively horizontally and vertically, it is possible to consider sets 

of four quadrats in squares. This halves the number of scales of pattern which can be 

examined, and it may be impractical, but the two within four randomisation test can be 

easily extended to a4 within 16 randomisation test. One advantage of this extension is 

that the number of points in the randomisation distribution is 16l/(41)5 and is quite large 

enough for one 4X4 square grid to give a realistic test on its own. 

Tests conducted for data in the form of quadrat counts are based on the standard result 

that the counts have a Poisson distribution for random cover of the area under consider- 

ation. In addition to the "obvious but usually ineffective" X2 goodness of fit test various 

statistics have been suggested. The ineffectiveness is because of the power of the technique 

relative to particular alternatives. Among the test statistics suggested are the variance, the 

mean ratio, and the estimated index of dispersion probably first used by Clapham (=40): 
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I= (n - 1). variance/mean (E1.1.40 

and the Morisita index (=41): 

nEx(x- 1) 
(E1.1.41 

Ex(E(x -1)) 

Tests of the random hypothesis based on these statistics use the result that I has an 

approximate Xn 21 distribution. Other tests involving less detailed recording have been 

suggested (=42,43) using only the number of quadrats with up to 2 counts and the total 

number of plants or quadrats. 

The distance at which two samples can be considered to be independent of each other 

can be found by constructing the semivariogram (=44). The procedure involves plotting 
half of the average variance between pairs of samples against the distance between the 

pairs. In an ideal case, pairs close together have the lowest semivariance, and there is a 

distance, h, beyond which semivariance no longer increases with increasing distance be- 

tween pairs. Two samples separated by a distance that exceeds h, may be considered to be 

independant. (=45). 

1.1.5 Mean free path and mean random spacing (=46) 

Cribb has reviewed the relationship of mean free path and mean random spacing with 

respect to microstructures. The statistically exacts expression for the mean free path, 

commonly referred to as the mean phase intercept, X, of individually dispersed particles 

in a matrix phase is given by: 

X=4Vv/Sv (E1.1.42 

where Vv is the volume fraction of the dispersed phase and SV is the interface area relative 

to the matrix phase. The equation denotes the mean edge-to-edge distance between second 

phase particles, or alternatively the average distance to surfaces common to matrix and 

particles. 

In the case of three-phase structures consisting of matrix phase, a, with a dispersion of 

ß'and 7 clusters, the concept of the above equation is expanded to give six relationships. 

However as frequently occurs in polyphase systems there may be negligible contact be- 

tween similar particles, and as a result when the secondary phases are not multigrained, the 

six equations are simplified to yield a complete specification of the mean phase intercepts 

with only four equations: 

X* = 4V*/(S*ß +S"'r) (E1.1.43 

A9 =4V: /(Sll a+S*7+2S* (E1.1.44 

=4V, 6/S*7 (E1.1.45 

X'r = 4VY /S" ti (E 1.1.46 
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where X is the mean free path in the x-phase 

is the mean phase intercept between xx boundaries in the x-phase. 

The term, 
, 
a9, is the "a-grain size", and will be the same as X when there are no bound- 

aries within the homogeneous a-phase. An additional parameter, similar to the intercept 

is the mean random spacing, denoted v, which is defined: 

a"=1/Nx (E1.1.47 

where NI are the particle, or cluster, intercept counts. This latter parameter may be inter- 

preted as the mean centre-to-centre distance between dispersed particles or clusters of a 

phase. 

The amount of internal boundary area can be determined with a reasonable degree of 

accuracy by a simple counting procedure (=17), often intercepts of boundaries with a 

random line transect across the section. The boundary area per unit volume, S., is then 

given by Sv = 2PL where PL is the number of boundaries crossed by a unit of length of 

the random line. 

1.1.6 Space auto-correlograms 
Mirza (=47) has identified space auto-correlograms as capable of giving a clear picture 

of the structure of a mixture (of particulate solids) with the power of showing features, 

such as periodicity, in any given direction and even slight departures from the optimum 

random structure. It was possible to analyse the structure of mixtures by means of direc- 

tional auto-correlograms. As the mixing proceeded, it was shown that changes in the 

spatial arrangement, ' which were not detected by the usual statistical methods based on 

second or higher moments of composition about their mean, were revealed. The space 

auto-correlograms are more informative than serial correlograms, but the method is limited 

by the need for exhaustive sampling. 

1.1.7 General comments on the concept of size 

It has been suggested that the ultimate criteria for evaluating the meaning of such terms 

as cluster, or similarity, is the value judgement of the user. If using the terms produces 

an answer of value to the investigator, then that is all that is required (=48). 

The conclusions derived from studies made at one scale may not be applicable to prob- 

lems whose data are expressed at other scales. Every change in scale will bring about the 

statement of a new problem, (=49), and there is no basis for assuming that associations 

existing at one scale will exist at any other scale. 

Understanding the perceived structure is an important aspect of image analysis , 
(=50). 

Schacter discusses several models for generating isotropic cellular textures, which tesselate 

a region into cells and assign grey level probability density to the cells. The models can in 

principle be used to predict statistical texture properties commonly used for texture classi- 

fication. The models are intended to describe a variety of natural textures arising from 

physical processes that create cellular decompositions of a region. Model fitting can yield 
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useful results as long as the cell size distribution for the model is similar to that of the 

texture. 

In map reading several small compact shapes are much more visually comparable than 

a few large regular shapes (=51). The average of unweighted small area ratios may well 
differ from the weighted averages of larger areas, but with regular grids problems arise 

when the edge of the specimen area under consideration is outside the real area, for 

example at the coastline. 

The separation of observation and explanation problems, and the distinction between 

macro and micro issues within each, are somewhat artificial. Levels are continuous rather 

than dichotomous and observations and explanations are but segments of the gestalt of 

scientific enterprise (=52). Nevertheless, the failure to separate analysis levels results in a 
host of logical and methodological problems. Ultimately it is required to integrate macro- 

and micro-observations and explanations. This integration is not achieved by mixing levels 

between the data and the interpretation: synthesis can only result from preliminary 

separation of micro- and macro-analysis and their eventual reintegration. 

Small scale exceptions to macro-models are inevitable. Although the relationship be- 

tween areal size and population size is not direct, the population density is specifically 

affected by areal size. Indeed there is a negative exponential relationship between the 

size of particular areal units and the population density (=53). Simple ways of reducing 

the irregularities of areal units are: 

by grouping them into fewer more regular areas, 
by weighting them according to size, 
by eliminating aberrant areas, 
by the use of grid meshes. 

Grid squares offer, through aggregation, a broad range of precisely defined scales in a 

spatial series, to which it is possible to apply quantitative techniques in order to deter- 

mine the degree of variance at successive levels of aggregation. There can be no clearly 
defined threshold between the micro- and the macro-population. 

Aggregation of squares is, conceptually at least, -a simple matter either for larger areal 

units or for population units of more regular size, but less regular shape. The disadvantages 

include the greater difficulty of data collection. Absolute counts should not be plotted 

in relation to areas of variable extent, but division to give a density measure is essential 
(=54). Squares are more easily compared with regard to size, and are more easily drawn 

by mechanical machines. In certain statistics it is essential that a distinction be made be- 

tween "out-of-area" and "missing data" before matrix operations are performed. If the 

aim is to compare spatial patterns of several variables, then standard deviation units have 

much to commend them relative to mapping. 
Given the definition of a population as an aggregate of the members, it appears super- 

ficially that the characteristics of the population are merely derivative from the character- 
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istics of the individuals by summation. The situation is in fact more complex than that. 

Just as the properties of the individuals may be used in aggregate form as properties 

of the population, so the properties of the population can be used as properties" of the 

individuals (=55). The macro-analytic level of inquiry consists of propositions or state- 

ments of relationships among the properties of individuals as the unit of reference. In 

general it is invalid either to transform a proposition about populations into a proposition 

about individuals or to transform a proposition about individuals into a proposition about 

populations. The relationships among individual characteristics, expressed as a regression 

equation linking individual variables, will generally have different parameters from one 

population to another. 

1.2 Mechanical properties of composites 

1.2.1 Elastic properties of monofibre composites 

The simplest type of composite material consists of continuous unidirectional fibres 

in a solid matrix. The composition of a composite is normally defined by the volume frac- 

tion of a component, i. e. the volume of that component relative to the total volume. 
Microscopy of such a composite sectioned normal to the major axis of the fibres will 

yield an image which consists of a set of circles (the fibres) on a continuous background 

(the matrix). Component x will have a volume fraction Vx, calculated from the area, A. 

of that component relative to the total area of image considered. The sub1cript x will be 

taken as c for composite, f for fibre and m for matrix. Hence: 

Vf =Af/Ac Vn =Am/Ac At +Am =Ac (E1.2.1 

and therefore: 

Vf+ m=1 (E1.2.2 

This assumes that the void content, V,,. is zero. If this is not so: 

Vf+ m +. V'= 1 (E1.2.3 

If the fibres and matrix both act as perfectly elastic solids, then at low tensile stress 

with the fibres and matrix equally strained, the composite strain will be: 

cc =Qm=af (E1.2.4 
Em Ef 

and since the stress, a, is equal to the load, P, acting on an area, A, and from equilibrium 

considerations Pm + Pf = P, then: 

Pm Pf P_ Qc 
cc EA EA EA +EA EV +EV 

(E1.2.5 
mm ff mmffmmff 

If the volume fraction of fibres, Vf, is high, and they have a high modulus, Ef, then in 

equilibrium conditions the composite strain for a given load will be dominated by the 
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fibre properties and the stiffness can be estimated by: 

v 
EfVf (E1.2.6 

The equivalent modulus theory replaces the random multiphase fibre reinforced material 

with a homogeneous, anisotropic medium, and destroys all microstructure effects. There- 

fore it is not suitable for describing certain properties in composites, especially in dynamic 

situations and in fracture behaviour. 

The modulus of elasticity along the major axis of the fibres can be derived from the 

following equation, which is commonly termed the rule of mixtures: 

E, =EfVf+E. Vý (E1.2.7 

Tsai (=56) derives an expression for the transverse stiffness of the composite, E22, by 

regarding the filaments as parallel, cylindrical inclusions. The problem is regarded as 

analogous to Hashin's considerations of spherical and cylindrical inclusions (=57,58). 

This assumes that the inclusion is completely enclosed by the matrix and that the amount 

of resin enclosing each inclusion is the same as the average matrix content of the entire 

composite. The maximum theoretical volume fraction for a hexagonal array of aligned 

cylindrical fibres of the same diameter is 90.6v/o but this is unlikely to be achieved in 

practice. Tsai considers that, at filament contents as high as 80v/o, the fibres may come 

into contact with one another and not be isolated by the matrix. Guild (=9) and Guild 

and Silverman (=10) have reported that. No/marski interference during microscopy of 

30v/o glass fibre reinforced polyester resin shows that the fibres do not truly touch, 

although a significant number of groups of two or more fibres were detected as single 
features in the analysis. 

The theoretical prediction of 'E22, modified for filament contiguity, can be resolved 
by taking the two extreme cases and using a contiguity factor, C. When all fibres are iso- 

lated C=0; when all fibres are contiguous, C=1, and in practice fractional values will 

probably occur at high volume fractions. 

The resulting relationship is: 

E22 =2[1 --Pf +(vf-Ym)Vm] 

Kf(2Km +Gm)-Gm(Kf-Km)Vm 
x 1-0 

(2Km +Gm)+2(Kf-Km)V. 

+CKf(2Km 
+Gf) +Gf(Km -- Kc)Vm 

(2Km +Gf)-2(Km - Kf)Vn 
(E1.2.8 

where: 

KX=E /2(1-v., )and 

GX=Ex/2(1 +vX). (E1.2.9 
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The major Poisson's ratio has been obtained by considering the isotropic plane of the 

unidirectional composite to be in a state of plane stress, (U = 0, where oli is the normal 

stress component along the axis of the filaments). The amount of lateral contraction as 

measured by ell is proportional to v12 i so that: 

V12 °- 
Ell ell (E 1.2.10 

a22 + 033 

Again the effect of filament packing must be taken into account, as in the prediction 

of E22, and the equation is: 

(1 - C) 
Kfvf(2Km+Gm)(1 - VVt+Kmvm(2Kf+Gm)Vm+C 

mvm(2Kf+Gf)Vm+Kfvf(2Km+Gf)(1 - Vm) 

Kf(2Km + Gm) -C (Kf - Km) Vn Kf(2Km + Gf) + Gf(Km - Kt)Vm 

(E1.2.11 

The shear modulus is similarly derived from consideration of the extremes of contiguity 

such that: 

G12=(1-C)G f- (Gf - Gm) Vm 

m 

2G 

2Gm +(Gf -Gm)Vm 

CG f 
(E1.2.12 

f (Gf #Gm) + (Gf 
-Gm)Vm 

The value of C must be the same for the transverse modulus, shear modulus and 
Poisson's ratio within any single specimen. 

Alternative semi-empirical equations have been developed by Halpin. and Tsai (=59) 

from rigorous elasticity calculations. These are: 

Ell `= Ef Vf + Em V. (E1.2.13 

V12 =PfVf+YmVm (E1.2.14 

and: 

P (1 + ýn Vf ) 
-= (E1.2.15 
Pm 0 -nVf) 

where n= (pf/pm - 1)/(Pf/Pm + f). 

P is the composite modulus, E22, G12 or G23, 

Pf is the corresponding fibre modulus, Ef, Gf, of respectively, 

pm is the corresponding matrix modulus, Em, Gm, vm, and 

r is a measure of reinforcement which depends on the boundary conditions. 

Once the r factors are known for the geometry of inclusions, packing geometry and 
loading conditions, the composite elastic moduli for fibre reinforced composites are 

approximated from the Halpin-Tsai formulae. Reliable estimates for the ý factor can be 
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obtained by comparison of the equations with the numerical micro-mechanics solutions 

employing formal elasticity theory. The only assumption made, Halpin and Kardos (=60), 

in assigning values for the geometrical factor is that the engineering stiffness expressions 
for the composite ply are insensitive to the differences in the Poisson's ratios of the con- 

stituent phases in the ply. 

The effect of the interface, of discontinuous fibres, of lay-ups with multiple orientation 

of the fibres and of defects in the composite are discussed in reference (=61) which is 

included in Appendix 1. 

1.2.2 Failure of uniaxial monofibre composites 

The concept of failure in composite materials requires some qualification. In the dis- 

cussion of this topic the term failure will indicate the first load drop off in the stress-strain 

curve, and any other types of failure will be qualified as they arise. Failure is therefore 

considered to occur when the elastic properties cannot be retrieved completely upon un- 

loading, and not when the specimen has separated into two discrete pieces. A similar 

equation to that obtained for the elastic modulus parallel to the fibres may be used to 

predict the tensile strength of a fibrous composite, u'C, assuming that the composite fails 

at the breaking strain of a fibre not embedded in resin: 

arc =offVf+amVm 
, 

(E1.2.16 

where am is the stress acting on the matrix at the breaking strain of the fibres. If the 

equal strain concept holds up to the breaking stress of the fibre, a'1, then: 

ac°v1fVf+QtEmm (E1.2.17 
Ef 

As a result of this assumption that the fibres govern the strength, it can be seen that both 

the strength and stiffness of a unidirectional composite will vary linearly with the volume 
fraction of the fibres. 

Considering a bundle of fibres not enclosed in a matrix and subjected to a tensile stress, 

any fibre which breaks will no . 
longer take its share of the load, which is then transferred 

to the remaining fibres. It can be shown that the strength of a bundle will, therefore, not 

be as great as the sum of the strengths of the individual fibres. The bundle strength will 

decrease with an increase of variability in strength of the filaments because of this transfer 

of load. 

When short fibres are embedded in a matrix which is subjected to a tensile stress they 

will take up the stress to an extent related to the ability of the matrix to sustain shear 

deformation. The fibre stress will build up from zero at the fibre ends, and if the fibre is 

long enough will reach a certain constant value. If the fibre is shorter than a critical length 

the fibre will never carry a stress high enough to cause fibre fracture, as the composite 

will fail in shear, either in the matrix or at the fibre matrix interface. The critical length, 

/ý (when there is no debonding) is given by the expression: 
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=Rfa" (E1.2.18 
Qu 

where Rf is the fibre radius, 

all is the tensile stress in the fibre, and 

a 12 is the shear strength of the interface (or matrix). 

1.2.3 Elastic properties of fibre hybrids 

Hayashi (=62) developed an expression for the elastic modulus of a hybrid laminate, 

constructed of three kinds of unidirectionally fibre reinforced materials, in tension. If 

all the materials have brittle properties for the stress strain curve, and the elastic moduli, 

ultimate strengths and strains are represented by (EA, Ee, Ec), (o'A' U's, o'c) and 

(e'A, e'B, e'c) respectively, then if the volume fraction of each laminate type is V. the 

expression for the total modulus will be: 

Ei = EA VA + Es VB + Ec Vc (E 1.2.19 

up to the failure of the low elongation component, after which it will be independent of 

the properties of the failed component and, until the medium elongation component fails, 

will be determined by: 

I; 
Eil = EB V8 + Ec VV (E 1.2.20 

and then until the final failure will be further reduced to: 

E-1j = Ec VV (E 1.2.21 

The above equations assume that the fibre failure strain distributions do not overlap. This 

result is now generally accepted as the rule of mixtures for the initial elastic modulus of 
hybrid composites at all levels of dispersion, but is more commonly written in terms of 
the volume fraction of the component fibres, assuming a common matrix: 

E=EAfVAf+EBfVBf+ECfVCf+Em Vm (E1.2.22 

According to' Chamis and Lark (=63) reasonable agreement between measured and 

calculated flexural modulus data, using the properties of each of the k plies, is given by: 

EH -1ý (zi+ 
1- 

z3)Ei (E1.2.23 
3 ti- t 

where EH is the elastic flexural modulus of the hybrid, 

t is the thickness of the complete hybrid, 

zi is the distance to the bottom of the ith ply, and 

zI +1 
is the distance to the top of the ith ply. 

When thin fibres are used to fill the spaces between thick fibres, (=64) the Young's 

22 



modulus of the composite rises by an amount: 

AE =Ei (Vmax - V2)1 (E1.2.24 

where El is the elastic modulus of the thin fibres, 

Vz is the volume fraction of the thick fibres, and 

Vmax is the theoretical maximum mixed fibre content. 

Skudra et a/. (=65) have obtained a linear plot of Poisson's ratio against the volume 

content of glass fibres in a hybrid composite: 

all carbon, v=0.249, 

all glass, v=0.263. 

1.2.4 Strength of fibre hybrids 

In addition to his proposed equations for elastic modulus Hayashi (=62) derived expres- 

sions for the tensile strength of a three fibre brittle elastic composite. Until the failure of 

the lower elongation component (LEC), the tensile stress, and ultimate strength, will be 

given by: 

U, =Ele v'I = EtE'A (E 1.2.25 

At the failure of all the LEC fibres there will be a discontinuity in the stress strain curve 

and for failure of the medium elongation component (MEC): 

Q;; = E;; e - dii = Eiie'B (E1.2.26 

For final failure: 

°iii =E iiie 
° 

li, = EMjjE'c (E1.2.27 

and the total elastic strain energy per unit volume up to separation will be given by: 

U= YEAVAe'A2 +%, EB VBe'B2 +%2EcVice'C2 (E1.2.28 

This assumes that all fibres of a single type fail at a definite strain and then no longer con- 

tribute to the load carrying capability of the composite. 
In a mixture of two materials systems, if the failure of the high elongation component 

(A) occurs with no contribution to the strength from the low elongation component (B) 

then the strength of the hybrid will be given by: 

a' = VA EA e'A (E1.2.29 

where VA is the volume of component A as a proportion of the total volume of the com- 

posite. 

However, when the' low elongation component fails there will be a contribution to the 

overall strength from the high elongation component which will be given by:, 

O'° (VA EA +VBEB)e'ß (E 1.2.30 
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At the volume fraction at which the minimum strength occurs, we can equate the two 

equations, so that: 

VAE crA ° (VAEA t V13 EB)C'B (E1.2.31 
A 

and by rearranging and taking VA =1- VB : 

(1 - 
Vei_ EBe'e 

(E1.2.32 
Vg EA (EIA 

-¬B 

and therefore: 

V 
=1 EAe 

E/A-1 
(E1.2.33 

ABB 

hence allowing the determination of point T in figure 3. 

Gunyaev (=64) and Chamis (=66,67) presented equations for the ultimate deformation 

of hybrid composites and derived a related expression for the critical volume content of 
low modulus fibre at which the fracture mode changes from being dominated by the low 

elongation to the high elongation material. The ratio µcr, of the critical content of low 

modulus fibre composite to the total amount of composite is given by: 

/ 

Pa + 
e, ' 

_ 
El ]-' 

(E 1.2.34 
02 E2 

where 1 and 2 refer to the low and high modulus fibres respectively, and 

v' and E are the tensile strength and modulus. 

The minimum strength associated with this critical content of low modulus fibre is: 

Q/min = E', El V, (E 1.2.35 

ucr Ve'1 El (E 1.2.36 

where e' is the failure strain, and 

lac, = Vi /V 

The minimum strength of the hybrid is proportional to the critical content of low 

modulus fibres. If the content of low modulus fibres in the composite is greater than the 

critical content, a characteristic inflection occurs in the stress-strain diagram, corresponding 

to the limiting elongation of the high modulus material. 

The ultimate failure stress of a hybrid composite when multiple fracture occurs should 
be that of the high elongation component (HEC) multiplied by the volume fraction of 

that component, provided that failure of the LEC causes no stress concentration on the 

HEC. 

Kelly (=21) postulates that the failure strain of the high elongation component is 

invariably reduced by the presence of the low elongation component but that the ultimate 

strain of the LEC may remain unchanged, or be increased by decreasing the dimensions 
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(bundle diameter, individual fibre diameter, or transverse ply thickness in bidirectional 

laminates). He demonstrated that an earlier theory of multiple cracking and constrained 

failure can be applied to the prevention of thermal cracking in laminated hybrids. The 

stress concentrations due to failure in the LEC do not appear to be very important. Ir- 

reversible first failure can occur by fracture- of one fibre population, cracking of a brittle 

matrix or cracking in the 90° plies of a cross-plied laminate. Multiple cracking occurs 

wherever one component of a hybrid system breaks at a smaller strain than the other, and 

there is sufficient HEC to bear the total load at this first cracking strain, assuming no 

stress concentrations result on the HEC. The spacing of these multiple cracks depends on 

the absolute size of the microstructure and results in a relaxation of the material around 

the broken component. This leads to local extension of the specimen, due to the additional 

load borne by the HEC. 

Failure of the low elongation fibres will lead to an additional strain on the adjacent 
fibres. If the adjacent fibre is the high elongation component of the hybrid it is probable 

that this HEC fibre will bridge the crack rather than suffer consecutive failure. In intim- 

ately mixed hybrids the area of the HEC/LEC interface per unit volume will be high 

compared to the interfacial area in composites where each fibre type occurs in large homo- 

geneous groups. Hence there will be only a small distance from the failed fibre to the 

bridging fibre in an intimate hybrid. It is therefore probable that the full reinforcing 

strength will be redeveloped within the failed fibre within a short distance of the fracture 

surface of that fibre (approximately the critical length). In composites which contain 

large areas of a single fibre species there is likely to be a greater distance between bridging 

and broken fibres, and therefore a greater distance will be'required along the broken fibre 

before the full reinforcing strength is redeveloped. As a consequence of the greater utilis- 

ation of the fibre in the intimate hybrid, there will be a reduced displacement of the 

specimen ends compared to that in unmixed hybrids. As a result, for a greater dispersion 

of the two species, the energy required to form the multiple cracks is increased. 

The same theory is applicable to both external mechanical and thermal loading. If there 

is no contribution from mechanisms such as pull-out of the LEC, and provided that no 

stress concentration on the HEC fibre occurs on failure of the LEC, then the ultimate 

failure stress when multiple fracture occurs will be that of the HEC multiplied by its 

volume fraction. The strain however will be less because the HEC is not stretched uniformly 

along its length and the ultimate tensile strain of the composite will lie between calculable 

limits, depending on the crack spacing and, hence, on whether the two phases are elastic- 

ally bonded or debonded. There is a transition from cracked to uncracked matrix with 

increase in dispersion at approximately constant thermal strain. 

Aveston and Sillwood (=68) and Kelly (=69) point out that the matrix cracking strain 

of a brittle matrix composite can be raised above its normal value, under certain conditions, 

and extended the work to cover the failure strain of LEC fibres in a hybrid. Assuming the 

existence of a sliding frictional bond these authors give the following equation for the 

failure strain of the LEC fibres in a matrix consisting of the HEC fibres and resin: 
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3_ 
12r7tEm ym 

e (E1.2.37 
f EcVEi Rf 

where 2Vf/Rf is the area of fibre matrix interface per unit length parallel to the fibres, 

e' is the longitudinal strain at failure, 

V is the volume fraction of component x, 

Ex is the Young's modulus of component x, 

7x is the work of fracture of component x, and 

r is the shear strength. 

Aveston and Sillwood argue that r is not commonly known but that the stress transfer 

length, L, between fibre and matrix is, and is related to the fibre stress by:, 

e fEf _ 
2rL 

(E1.2.38 
Rf 

Thus by substitution equation E1.2.37 becomes: 

C0 = 
67f Vz 

m 
Em 

(E1.2.39 
LE EfVf 

They quote an example of 3.5 v/o type I carbon fibre in 35 v/o glass fibre reinforced 

plastic (i. e. a brittle fibre in a less brittle matrix). For granular graphite 'y1 = 150 Jm ', 

and for the composite studied L=1 mm. The predicted value of e'f, the mean LEC fibre 

breaking strain in the hybrid, was. 1.1% compared with an experimentally determined 

value of 1.08 t 0.02%. Forthe plain carbon type I fibre composite the breaking strain 

was 0.5 t 0.06%, by experiment. 

The enhancement of the strain to failure of brittle matrices is observed in the direction 

of reinforcement, the increased breaking strain has frequently been demonstrated, and it 

is most noticeable when the fibres are fine and provide an extended surface to which the 

matrix adheres thereby preventing the opening of the matrix cracks. 
Bader and Manders (=20) define two fundamental constitutional parameters for hybrids- 

the hybrid ratio or factor and the state of dispersion. The hybrid ratio is the proportion 

of a given fibre component to the total amount of all fibre components. It is most easily 

expressed in terms of layer thickness. For the layer by layer lamination considered, the 

dispersion is defined as the reciprocal of the thickness, tr, of the smallest representative 

repeat unit. They confirm the existence of a hybrid effect in glass shell-carbon core lamin- 

ates. The failure strain of the carbon fibre layer may be enhanced to a degree dependent 

on the laminate geometry, up to 35% in high tensile carbon and up to 45% in high modu- 
lus carbon fibres. The extent of this hybrid effect is greater when the carbon is present at 
low volume fractions and when the dispersion is high. In certain hybrids it can be up to 

double the strain of monofibre carbon composites. The absolute thickness of the carbon 

fibre ply must be small to observe this enhanced failure strain and virtually no effect is 
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observed when the core thickness exceeds three laminae. The extent of the debonding at 

the glass carbon interface is decreased as the dispersion is increased and the volume per- 

centage of carbon is reduced. Debonding is inhibited when the core thickness is diminish- 

ingly small and is contained in the interface throughout the test until the glass fibres fail. 

The thermal stresses due to fabrication only account for a minor part of the observed 

failure strain enhancement and the bulk of the enhancement is attributed to a constraint 

mechanism (the restriction of carbon relaxation by the glass leads to a higher hybrid 

strain which increases fracture energy), but only a moderate agreement has been found 

between the simple model and experiment. Progressive failure occurs in the carbon fibre 

ply in a multiple fracture mode with matrix cracks appearing more frequently in resin-rich 

areas. The acoustic emission count rate becomes significant at about 0.005 strain. 
Better load distribution is provided by the uniformly distributed interply hybrids than 

by core shell systems according to Rao and Hofer (=70) and Hofer et al. (=71). This also 

overcomes the modulus mismatch across the core shell interface, which causes high inter- 

laminar stresses and early failure. 

Edwards et at (=72) have studied the mechanical properties of aligned intimately 

mixed short fibre hybrids. The pre-pregs required to produce composite specimens were 

created by a convergent fibre flow in a liquid suspension, followed by deposition by either 

vacuum filtration or centrifugal action. Fibres of nominally brittle behaviour can be iso- 

lated sufficiently from fibres of their own type that they attain their full reinforcing effici- 

ency because they are not subject to consecutive cracking or to stress concentrations 

from adjacent failed brittle fibres. Sets of fibres which have overlapping distributions of 

elongation at failure can combine to produce a hybrid composite which is stronger than 

the single component values would predict. In the analysis of the glass-HTS carbon sys- 

tem, using weighted mean of the fibre breaking strains the results show the bridging of 

the hybrid strength trough expected when fibres behave elastically but have different 

elongations at failure. 

It appears that for two fibres of equal diameter brittle behaviour can be suppressed 

completely when the brittle fibre is slightly in the minority. When the environment of a 

single brittle fibre is analysed in terms of the surrounding five fibres characteristic of 

normal imperfect fibre packing, the suggestion is that if the brittle fibres have the larger 

diameter, they need only be in a numerical minority to modify composite behaviour. 

The conscious overlapping of distributions of fibre breaking strain can in principle be 

tailored to maximise the energy absorbed on a rising load curve and to minimise the 

deterioration of hybrid strength below the rule of mixtures value. This procedure will be 

most effective with simple composites which are weak largely because their fibres have a 

high variance in strength values. Both the coordination and bundle strength arguments 

ignore local stress concentrations caused by fracture of the other set of fibres and hence 

represent an upper bound to the strength. If the glass fibre is assumed to adhere to the 

matrix less strongly than the carbon fibre, then to enable it to develop adequate reinforc- 

ing strength the glass fibre must be correspondingly longer. 
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Bunsell and Harris (=73) reconsidered the Hayashi work using hybrids in which altern- 

ate layers were either bonded or not bonded to one another. Initial fracture was similar in 

both cases but in the bonded hybrid the carbon fibre continued to carry load and contri- 
bute to stiffness until final failure, which occurred at a lower strain than in the unbonded 

or all GRP specimens. It was suggested that extension only takes place in the regions of 

GRP adjacent to the fractured CFRP. 

Bunsell and Harris (=74) report that the fracture of the carbon in a sandwich hybrid in 

three point bend was heralded by a burst of acoustic emission and began at a strain greater 

than that expected of monofibre CFRP. The carbon fibre continues to contribute to stiff- 

ness because of the good bond between the laminate plies (figure 4). At a critical distance 

from the fracture the carbon fibre is again able to take load and multiple cracking results 

atsubsequent failures, normal to the fibre direction. On cooling from the cure temperature 

the fibres attempt to contract in proportion to their individual expansion coefficients and 

at room temperature the glass will be in tension and the carbon in compression. Failure 

of the composite in tension will therefore occur at higher strains in a hybrid composite 

than in a monofibre carbon material, because the loading will first reduce the compres- 

sive strain in the fibre to zero and then the tensile strain will build up. 

McColl and Morley (=75) report that major advantages can be gained by the design of 

composite systems using fibres of very different sizes to perform distinct functions. As a 

consequence of the difference of scale, the action of the second, toughening, fibre phase 

can be confined to the matrix fracture faces, while the much larger primary fibres influence 

the fracture process at a distance from the crack front. This was examined experimentally 

with a 600µm diameter steel wire/glass fibre tissue/epoxy resin system at low fibre volume 
fractions. The hybrid system carried about twice the tensile strain before crack growth 

than did either of the component composites. The values of critical stress observed by 

McColl and Morley were found to be in reasonable agreement with the theoretical predic- 
tions. 

Fischer et a/. (=76) have shown that the hybrid effect depends on the loading configur- 

ation, in three point bending, through its dependence on the mode of failure. The results 
for Young's modulus in interlaminar or translaminar loading indicate that this property is 

determined by the rule of mixtures and does not depend on the construction of layers in 

the hybrid. Values of the critical stress intensity factor and work of fracture for the initi- 

ation and propagation of failure exhibit similar trends in that they decrease from the 

values predicted by the rule of mixtures as the plies of the two reinforcements become 

more segregated. Visual and scanning electron microscope examination reveals that failure 

under interlaminar loading occurs by delamination. When the fibres are more intimately 

mixed, failure by delamination will be more difficult because of the greater energy involved 

in creating the larger amount of new surface in an intimate mix than that required to 

cause delamination of a layered hybrid. Thus it is clear that under interlaminar loading 

with failure by delamination, the grouping of like fibres into distinct layers results in a 

reduced hybrid effect. 
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Under translaminar loading the prominent failure mechanism is pullout. The work of 

fracture under interlaminar loading is greater than in the translaminar configuration. The 

stress deflection curves reflect the different energy dissipation mechanisms in hybrids 

under the two types of loading. Delamination develops most readily in hybrids with thick 

layers of a single fibre type and occurs at the HEC/LEC interface. Beaumont (=77,78) 

has presented microscopic observations of fibre-matrix debonding, fibre fracture and the 

pullout of broken fibres from a cracked matrix. Models for the dissipation of the energy 

in these processes were presented and comparison was made between the theoretical and 

experimental work of fracture data for a carbon fibre and glass fibre hybrid reinforced 

plastics (CGHRP) composite. The dominant mechanism of fracture was shown to be 

dependent on the relative proportions of the components (figure 5). The shape of the frac- 

ture energy curve was dominated by the post-debond sliding mechanism of the glass 

fibres, but in carbon-fibre-rich samples the pullout of the carbon fibres became important. 

The cumulative probability of each of the pullout lengths and of the glass fibre debond 

length are shown in the figure. 

Manders (=79) has identified three factors which contribute to the hybrid effect: 

- residual strains of thermal origin, 

- variation of carbon fibre first failure strain with volume in the hybrid, 

- thickness dependence of the defect limited strength in the reference material 

(all-carbon-fibre composite). 
The hybrid effect in-this case, the enhancement of first failure strain in the low elongation 

component, has been shown to arise partly from the differential thermal contraction of 

the components. As a result of the slight expansion of carbon fibres upon cooling being 

more than balanced by the contraction of the glass fibres and the matrix (the latter sup- 

plemented by the volume reduction during curing), a residual compressive strain results in 

the carbon fibre, but this only accounts for a small proportion of the effect. 
A Weibull probability graph (strength vs. discrete volume of cfrp: on logarithmic axes) 

enabled the strength of specimens with different cfrp volumes to be compared. Good 

agreement between the experimental strength values and numerical predictions (from a 

statistical model presented by Harlow and Phoenix (=80,81)) showed that volume was 

the parameter of overriding importance limiting the strength of the cfrp component in 

the hybrid. This strength dependence has "weakest link characteristics", whereby the 

strength is limited by the catastrophic propagation of a small group of fibre fractures 

which has exceeded some critical size. 

Manders identifies five factors which could further improve the agreement between the 

experimental and predicted strengths: 

-- inaccurate extrapolation of single fibre strengths to short gauge lengths where 

they do not fit a Weibull distribution (see =82,83), 

-a difference in the variability of fibre strength between fibres tested in iso- 

lation and when surrounded by other fibres in a composite, 

- over simplification of the load redistribution at fibre fractures, 

- the two-dimensional nature of the hybrids, 
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