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Abstract

This work is devoted to investigating the behaviour of invariant algebraic curves
for the two dimensional Lotka-Volterra systems and examining almost a geo-
metrical approach for finding invariant algebraic surfaces in three dimensional
Lotka-Volterra systems.

We consider the two dimensional Lotka-Volterra system in the complex plane

which we can simplify to the following form

j:zm(l—:z:—A(l—C’)y),

y:y<A—(1—B)x—Ay).

We consider the twenty three cases of invariant algebraic curves found in Ol-
lagnier| (2001)) of the above system and then we explain the geometric nature of
each curve, especially at the critical points of the system above.

We also investigate the local integrability of two dimensional Lotka-Volterra sys-
tems at its critical points using the monodromy method which we extend to use
the behaviour of some of the invariant algebraic curves mentioned above.
Finally, we investigate invariant algebraic surfaces in three dimensional Lotka-

Volterra systems by a geometrical method related with the multiplicity of the

1l



intersection of the algebraic surface with the axes including the lines at infinity.
We will classify both linear and quadratic invariant algebraic surfaces under some

assumptions and commence a study of the cubic surfaces.
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Chapter 1

Introduction

We consider the following three dimensional Lotka-Volterra system in C

. dx

T = 7 = J}(l +a1x+a2y+a3z),

. dy

?/Zazy(bo+b1$+bzy+b3z)y (1.1)
. dz

z= 7 = z(co +clx+02y+cgz),

where a;, i € {1,2,3} and b;,¢;, 7 € {0,1,2,3} are complex parameters. The
name the of Lotka-Volterra system comes from the American mathematician
Alfred J. Lotka, Lotka; (1920) and the Italian mathematician V.Volterra, |Volterra
and Brelot| (1931). In the application of this system, the variables z, y and z
represent populations of different species: by and ¢y are the growth rates among
these species; and the other parameters are the interaction coefficients of the

species.



Chapter 1. Introduction

Lotka-Volterra systems also have applications in physics, see for example Sprott
et al.| (2005). In this thesis, we are interested in investigating invariant algebraic
surfaces C'y with respect to the system defined by the polynomial f(z,y, z) =
0. In fact, the study of such a surface C'y becomes much easier by investigating
the corresponding curves of C in each face, (by the faces, we mean the xy, zz
and yz-planes in C3). For this purpose, we will first study invariant algebraic
curves in two dimensional Lotka-Volterra system.

In fact, any two dimensional polynomial vector field takes the following form

. dx
0=

=Y — Py, =0 = Q) (1.2
where P(z,y) and Q(x,y) are polynomials and not necessarily homogeneous. We
assume that the polynomials P and () are co-primes. If they are not co-prime,
then they have a common factor say h and hence h = 0 is a line of singularities
in the case of the quadratic system. In two dimensions, we can divide out by the
line of singularities, while in three dimensions, the line of singularities can not
divide the system and it will appear in our study.

It is known that the system ((1.2)) can also be considered as a holomorphic folia-
tion $ in the affine complex plane. We can also write the vector field in the form
X = P(z,9) 5 + Qz,9) 5.

An algebraic curve Cy, is defined by a polynomial f(z,y) = 0 in the polyno-
mial ring C[z,y| called invariant with respect to if x(f) = fLy, for some
polynomial L¢ called the cofactor of f. Notice that the degree of the cofactor

is at most one less than the degree of . If f is irreducible, then the conditions

X(f) = fLy, for some Ly is necessary and sufficient for f = 0 to be invariant.



In 1878, Darboux proved that invariant algebraic curves can be used for first
integrals in polynomial vector fields (Darboux| (1878)). By a first integral of the
system , we mean a non-constant function H defined on an open ball in C?
such that H(z(t),y(t)) is constant for all values of ¢ for which (z(t),y(t)) is a
solution of the system ([1.2). Darboux showed that a sufficient condition for a
polynomial vector field of degree n to possesses a first integral is that the system

has at least @

+ 1 invariant algebraic curves. In this case the first integrals
can be expressed as functions of the invariant algebraic curves. |Jouanolou (1979)
proved that if a polynomial vector field of degree n possesses at least @ + 2
invariant algebraic curves, then it has a rational first integral. Llibre and Pan-
tazi, Llibre (2004) argued that, the existence of a first integral for a differential
system determines the whole of the phase portrait of the system. Many authors
have worked on the Darboux theory of integration for a polynomial vector field
such as Schlomiuk| (1993)), |Christopher| (1994)), |Christopher and Llibre| (1999)),
Christopher and Llibre| (2000), Christopher and Llibre, (2002), |Christopher et al.
(2002)) and [Pantazi et al.| (2004).

In 2001, |Ollagnier| (2001)) classified all invariant algebraic curves up to degree 12

for the following homogeneous quadratic Lotka-Volterra system in C?
t=x(Cy+z2), y=ylAz+z), 2Z=z(Br+y), (1.3)

where A, B and C' are complex parameters.
He found twenty three invariant algebraic curves including line, conic, cubic,
quartic and sextic curves with an exceptional family of parameters |A =2, B =

2%+1 v 1 .
s, C = 3], for some integer k.



Chapter 1. Introduction

We are interested in studying all the twenty three cases mentioned above except
the general case (Case 24), since this case has zero ratio of eigenvalues at one of
the critical points of the system . We study each case individually, showing
fully the behaviour of the branches of the curves at the critical points of the sys-
tem . Later, |Ollagnier| (2004)) found another invariant algebraic curve missed
in the previous work. This curve has zero ratio of eigenvalues at one of its critical
point, so we will not study this case either. The system is equivalent to the
normal Lotka-Voltera systems in C? (Cair6 et al. (2003)).

The results in |[Neto| (1988) will also play a role in our work. We use his re-
sults to verify the fact that the sum of the ratios of eigenvalues for an invariant
algebraic curve of degree n is n?. Authors such as [Cair6 and Llibre| (2000) and
Cairo| (2000)) have studied invariant algebraic surfaces in three dimensional Lotka-
Volterra systems. In |Cair6 and Llibre| (2000), the authors studied the existence
of first integrals. They formed on linear and quadratic invariant surfaces for the

following class of three dimensional Lotka-Volterra system

t=xAN+Cy+2),
y=ylp+z+ Az),

2=z2(v+ Bx+y)

In (Caird (2000)), the invariant algebraic surfaces for the system (1.1)) up to degree
two have been investigated. Twelve invariant algebraic planes have been shown
with 149 invariant quadratic surfaces. However many of these cases are projec-

tively equivalents.



We now turn to the contents of this thesis which is as follows: In Chapter 2,
we review the necessary subjects related with our work. We present the notion
of affine and projective algebraic sets, holomorphic foliations and the concept of
invariant algebraic curves in holomorphic foliations which has a big application
in this work. We also give the basic definitions, results and some proofs for the
topics we considered. In Chapter 3 we study invariant algebraic hyperplanes in
three and higher dimensional complex Lotka-Volterra systems. We supply the
codimension associated to the different hyperplane cases. The formula is related
to the non-zero terms appearing in the linear polynomial f, defining the hyper-
plane. In Chapter 4, we study the behaviour of all twenty three invariant algebraic
curves found in [Ollagnier| (2001) mentioned above. We explain the behaviour of
each curve by a graph including the ratios of eigenvalues of the corresponding
system which the curve is invariant. In Chapter 5, we investigate the local in-
tegrability of two dimensional Lotka-Volterra systems at its critical points. We
make use of the behaviour of some of the invariant algebraic curves which we
considered in Chapter 4. In Chapter 6, we use a geometric method to classify
invariant algebraic surfaces in three dimensional Lotka-Volterra systems. We use
our technique to investigate many of the quadratic invariant surfaces. In the end
of this chapter, we will apply our technique to reinvestigate the invariant alge-
braic planes that we found in Chapter 3. In Chapter 7, we commence a study
of the possibilities for invariant algebraic cubic surfaces for the three dimension
Lotka-Volterra systems. In this case it has been necessary to make a number
of assumptions. In Chapter 8 and Chapter 9, we present respectively the main

results and the personal contribution in this thesis.
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Chapter 2. Background

Introduction

In this chapter, we introduce and review definitions and results which are neces-
sary for our work in this thesis. We reproof some results and showing them in

different ways to seem much simpler in using for our work.

2.1 Affine and projective spaces

In this section, we define the notion of affine and projective algebraic sets.

2.1.1 Affine space and varieties

For a field, F, the affine n-dimensional space over F', denoted by A", is defined
to be

Anz{(al,-.-,an)‘ a; € F, where i€{17---,n}}_

Let K be the polynomial ring F[xy,- - -, x,]. The variety, V(f), of a polynomial
f € K is the zero set of f, that is V(f) ={a € A" | f(a) = 0}.
For a subset B = {fi,- -, f-} of polynomials in K, not necessary of the same

degree, the variety of B is defined by

V(B) = V<{f17 o '7fr})
=V(fi, - f,) = {a e A" | fila)=0, i€ {1,..7"}}.



2.1. Affine and projective spaces

Geometrically, V(B) is the solution of the system (2.1

filxy, - xy) =0, ie{l,---r} (2.1)

A subset X of A" is said to be an affine algebraic set if X = V(B), for some
B C K. In the polynomial ring of real numbers R, the set of all irrational numbers
is not an affine algebraic set.

For an ideal J in K, the variety of J is defined by V(J) = {a € A | f(a) =
0, forall feJ}.

Theorem 1 (Hilbert Basis Theorem). Any ideal J in K is finitely generated,
in other words there exists a set of polynomials {f1,- -, f;} in J such that any

member of J is a linear combination of {fi,- -, fi}. In this case J is denoted by

J =< fl:"'?ft >.

For a variety, V(J), of an ideal J in K, the ideal, I(V(J)), is defined to be the

set of all polynomials in K that vanishes on V(J). In other words

I(V()) = {feK | f(a) =0, forall aeV(J)}.

2.1.2 Projective spaces and projective varieties

For the (n+1)-dimensional vector space F™ ™, the n-dimensional projective space,
denoted by P"(F') is defined to be the set of all one-dimensional vector subspaces
of Fntl,

On the other hand, P"(F) can be defined as the quotient set F"1- {0}/ ~, where

9



Chapter 2. Background

~ is an equivalence relation given in ([2.2))
N:{(p,Q>€Fn+1XFnH| p = Aq, for some O#AGF}. (2.2)

In other words

PH(F)::{(xO:---;xn)|(x0,--,mn)e F“+k{0}}.

We will call any point © = (x¢ : - - - : x,) in P"(F), a projective point. Geomet-
rically, P"(F') can be considered as the set of all lines passing through the origin

in Frtt,

Theorem 2. The n-dimensional projective space P"(F) can be covered by the

charts {(U;, i)}, where

m:{(~:%:~J€P%FH:m#O}

and for each i, ¢; is a one-to-one correspondence between U; and F™.

Proof. Obvious. O]

Remark 1. 1. In P"(F), any projective point having a non zero coordinate
xo intersects the hyperplane {xy = 1} in one and only one point. Thus
there is a one to one correspondence between {zo = 1} and F™, and hence
P"(F) can be identified topologically as the union of £ with the hyperplane

{zo = 0}, which is itself is topologically equivalent to P*~1(F).

10



2.1. Affine and projective spaces

2. A one dimensional projective space P*(F) called a projective line, and it is

isomorphic to the Riemann Sphere C.

Definition 1. In P"(F), the projective variety of a homogeneous polynomial h

in the polynomial ring K* = Fxq,- - -, x,] is the zero set of h and is defined by

Wi(n) = {p € P*(F) | h(p) = 0}.

For a set B = {hy,- - -, hs} of homogeneous polynomials, in K*, not necessary of

the same degree, the projective variety is given by

W(B) = {p € P™(F) | h(p) =0, i€ {1,---,3}}.

A subset Y of P"(F) is said to be a projective algebraic set if Y = W(B), for
some B C K*.
A homogeneous ideal is the ideal, generated by a set of homogeneous polynomials

in K*, not necessary of the same degree.

2.1.3 The relations between affine and projective

algebraic sets

e affine — projective
Let X be an affine algebraic set in A", so X = V(B), for some B =

{f1,, [} € K. To each curve f; of degree d;, we may define a homogeneous

11



Chapter 2. Background

polynomial h;, by adding a new variable xy, such that

hi(.’L'(), C '7xn) = Z.fj(xla t '7$n)xgi_j

where f; is the homogeneous term of degree j of f;. Hence the zero set of
the set of homogeneous polynomials {hq,- - -, h,} in K*, given a projective
algebraic set in P"(F). This process called the homogenisation of the affine

variety to projective variety.

e projective — affine

Let Y be a projective algebraic set in P™"(F), so Y = W(B), for some
B ={hy,- - -, h} of homogeneous polynomial in K*. Fixed a chart (U;, ®;)
and then for each h;, we may define a polynomial f; as a restriction of h; at
x; = 1. Hence f; is a member of a polynomial ring K; = F[---, 2,1, 41, -]
Consequently the zero set of {f,- -+, f;} gives an affine algebraic set. This
process called the dehomogenisation of the projective variety with respect
to the variable z; to the affine variety. (Cox et al.| (1992)).

Notice that, we may dehomogenise with respect to other variables, conse-

quently, homogenisation and dehomogenisation are not isomorphic.

2.2 Holomorphic foliation

A holomorphic foliation, I of the complex projective plane P2(C), can be defined

as follows

(I) In the affine complex plane C?, by either

12



2.2. Holomorphic foliation

e a polynomial differential equation system

p= P(x,y),
dt (2.3)
1= _ Qa,y)
Yy dt yY),
or
e a vector field
= Pl y) 2+ Qay) (2.4
X - 7y ax ay ay7 .
or
e a l-form

where, P(z,y) and Q(z,y) are co-prime polynomials in K = C[z,y] not

necessary of the same degree.

(IT) In projective complex plane P?(C), by a 1-form

A(X,Y, Z2)dX + B(X,Y, Z2)dY + C(X,Y, Z)dZ = 0, (2.6)

where

A(X,Y,Z), B(X,Y,Z) and C(X,Y,Z),

are homogeneous polynomials of the same degree such that

XAX,Y,Z)+YB(X,Y,Z)+ ZC(X,Y, Z) = 0. (2.7)

13



Chapter 2. Background

Theorem 3. Any holomorphic foliation S in the affine complex plane C?* corre-
sponds to a holomorphic foliation in the projective complex plane P?(C) and vice

VErsa.

Proof. The proof is straightforward. O

2.2.1 The degree of a holomorphic foliation

By a solution of the holomorphic foliation & defined by the 1-form (2.5]), we mean

a pair of analytic function (z,y) = (2(t), y(t)) such that

The zero solution of is the affine algebraic set V(P, Q). Points in V(P, Q)
are called the critical points of ¥, denoted by S(J). Non trivial solutions of
over the complex domain are called the leaves of <.

The solution of a holomorphic foliation in term of algebraic curve C/, defined by
a polynomial f = 0 is given by Definition 2.

Definition 2. An algebraic curve Cy is called a solution of a holomorphic folia-
tion ¥ if Cr — S(S) is a leaf of 3.

Definition 3. Consider a holomorphic foliation S in P2(C) for which the pro-
jective line L = 0 is not a solution. A point p € L is said to be a tangency point
of S with respect to L if either p € S() or the tangent space of L at p and the
leaf of & through p, are coincide. (Neto (1988))

Theorem 4. Let S be a holomorphic foliation in P?*(C), for which a projective

line L = 0 is not an algebraic solution. A point p € L is a tangency point of § if

14



2.3. Invariant algebraic curves of holomorphic foliations in P?(C)

and only if there exist t, that satisfies the equation @

bP(1(t)) = aQ(¥ (1)), (2.8)

where Y (t) = (xg — at,yo — bt) is a parametrization of the affine version of the

line L.

Proof. See Netol (1988)). O

Definition 4. The degree of a holomorphic foliation ¥, denoted by |(3, L)| is
given in ((2.9)
(S, L) =) malt,(S, L), (2.9)

pEL

where mult, (3, L), is the multiplicity of the root t such that p = (t).

2.3 Invariant algebraic curves of holomorphic

foliations in P?(C)

An algebraic curve Cy = { f } flz,y) = 0} is said to be invariant with respect
to a holomorphic foliation & if, x(f) = fLy, for some polynomial Ly, called the

cofactor of f; Moreover, Ly is a polynomial of degree at most deg(J) — 1.

Remark 2. Since the points of P?(C), are lines in C? passing through the origin,
then every line intersects the plane, {z = 1}, in a point (z,y, 1), for some x,y €
C?, so the coordinates of any line can be given by (z : y : 1) except the lines

having z = 0 as a third coordinate. In fact, the projective plane points intersect

15



Chapter 2. Background

the plane {z = 1}, can be described by a pair (x,y) in the xy-plane. Points p in
the projective plane, which lie in {z = 0} have the coordinates p = (z : y : 0).
Without loss of generality, if  # 0, then (1 DY 0) is another formulation of p.
Hence by assuming £, as another axis, we may express P?(C) geometrically by

exactly three axes, as shown in Figure (2.1)

In Figure (2.1), any point determined

by the yellow and green lines {x = 0} (=0},
and {y = 0} respectively has a coordi-

nate (z : y : 1) or briefly (z : y) and we -

will call it a finite point of P?(C). The

set of all finite points constitute the fi- =0

nite part or the affine part of P?(C). Figure 2.1: PX(C).
For the red line {z = 0}. Without loss of generality, let x — 0o, hence the coor-
dinates of the points on the red line are given by (1 D2 0) or briefly (0 : %),
which is the projective line P!(C). Any point located on the line {z = 0} is called
a point at infinity and the line {z = 0} is called the line at infinity or the infinite

part of P?(C), denoted by L.

Recall the following results from Neto (1988)

Theorem 5. Let S be a holomorphic foliation in P?(C), then the line at infinity

1s invariant with respect to S if and only if

where Py(x,y) and Qy(x,y) are the homogeneous terms of degree k of P(x,y) and

16



2.3. Invariant algebraic curves of holomorphic foliations in P?(C)

Q(z,y) respectively and k=mazx {deg (P),deg (Q)}.

Proof. The proof can be found in |[Neto| (1988]). O

Remark 3. To study the vector field at infinity, we may use the change of
coordinates (2.11]) as z — oo

1
Z7== v=2 (2.11)
xr

T
or, the change of coordinates (2.12)) as y — oo

1
m7 g

X == - 2.12
y y (2.12)

Theorem 6. Let S be a holomorphic foliation in P2(C) defined by the 1-form

guen in
P(z,y)dy — Q(x,y)dz = 0, (2.13)

where k=maz{deg (P),deg (Q)}. Then, the degree of S is equal to k if and only

if Loo 1s tnvariant; Moreover, the degree of & is either k or k — 1.

Proof. The proof can be found in |[Neto| (1988]). O

Corollary 1. Let S be a holomorphic foliation in P?(C) defined by the 1 -form

(2.13). Then the degree of S is equal to k if and only if yPy(z,y) —2Qx(z,y) # 0.

Proof. Follows directly from Theorem 5 and Theorem 6. [

Lemma 1. Any holomorphic foliation S of degree n can be written as the 1-form

17
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given in

(p+zg9)dy — (¢ +yg)dx =0, (2.14)

where p and q are polynomials of degree at most n and g is a homogeneous poly-

nomial of degree n.

Proof. Let & defined by the following 1-form

P(x,y)dy — Q(x,y)dxr = 0, (2.15)

Let d =max{deg (P), deg (Q))}, then from Theorem 6, either d = n+1 or d = n.

e Let d = n + 1, then there exist polynomials p and ¢ of degree at most n

such that

P(z,y) = Poyi(z,y) + p,

Q(may) = Qn-ﬁ-l(xvy) +4q,

where P,,; and @),.1 are the homogeneous terms of P and () of degree
n + 1 respectively.

By using Corollary 1, we have

yPnJrl(xv y) - xQnJrl(xv y) = 07 (216>

so, 4" and 2" are not terms in P,y1(7,y) and Q,1(,y) respectively.

18



2.3. Invariant algebraic curves of holomorphic foliations in P?(C)

Consequently

Pn+1(x7y) - l’R(l’,y)

Qni1(7,y) = yS(z,y),

(2.17)

for some homogeneous polynomials R and S of degree n.

By substituting (2.17)) in (2.16]), we get zy(R —S) = 0, hence R = S.

e For the case, where d = n, the proof is trivial since we may choose g as a

zero polynomial.
O

Remark 1. Generally there is no any relation between the degree of a holomor-
phic foliation and the degree of their invariant algebraic curves, for example the

b

algebraic curve Cy defined by f = y*—2" is invariant with respect to the following

holomorphic foliation
axdy — bydr =0 (2.18)

where a and b are distinct positive integers.

Definition 5. Let S be a holomorphic foliation of degree n in P?(C) defined by
the vector field x = P(z, y)a% + Q(a:,y)a%, Cy an invariant algebraic curve with
respect to I of degree m defined by a polynomial f(x,y) = 0, p € Cy a critical
point of S and ¢ : U — C? a local parametrization of a branch B at the point p,
where U is an open disk in C such that ¢(0) = (0,0).

The multiplicity of S at B is defined as the order of the pullback of the vector
field x and denoted by i(3, B).
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Chapter 2. Background

Remark 4. Let ¢ : U — C? be a smooth map such that ¢(t) = (a1(t), aa(t)),
where U is an open disk in C. The pullback of the vector field x in (2.4)) is defined
by

(2.19)

or, equivalently

Theorem 7. Let S be a holomorphic foliation of degree n in P*(C) and Cy an
mvariant algebraic curve with respect to S defined by an irreducible polynomial

f(z,y) =0, of degree m, then

2—2g(Cy) = > i(S,B) —m(n—1),

BeA

where A is the set of all local branches of S passes through the critical points of

S and g(Cy) is the geometric genus of the curve Cj.

Proof. Assume the representation ([2.20) given in Lemma 1 for &

fl_f = P(,y) = plx,y) + zh(z,y),
i (2.20)
< = Q) = a(x.y) + yh(z.y),
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2.3. Invariant algebraic curves of holomorphic foliations in P?(C)

where p(z,y) and ¢(x,y) are polynomials of degree at most n and h(x,y) is

homogeneous of degree n. We may write

p(JZ,y) = pn<x7y) T+ +p0($,y), Q($>y> = Qn(xvy) et QO($>y>7

where p;(z,y) and ¢;(z,y) are the homogeneous terms of degree i of p(x,y) and
q(z,y) respectively. Without loss of generality, let the invariant algebraic curve

C'y intersect the line at infinity transversely. Assume the change of coordinates

given in ([2.11)), hence the corresponding vector field of (2.20)) is given in ([2.21))

= (o) - D) (4 5) -3 )
(2.21)

or, equivalently

o ( —Zp(Z,Y) - W(Z, Y)) it (q(z, Y) -~ Y§p(Z, Y)) aiy’ -

) (1Y (1Y . (1Y
§2Y) =255 ) A2 Y) = -2 5. ) adizy) = -z ( 5.3 ).

Since the line at infinity intersect the curve C transversely, then the constant

term of the part —Zp(Z,Y) — h(Z,Y’) is a non zero. In other words

—Zp(Z,Y) = h(Z,Y) =c+ A(Z)Y), c¢#0.
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Then for any local branch
o(t) = <Z(t)7 Y(t)) = (t, o0t + aot® + - - ),

passes through the origin, we get the pullback vector field given in ([2.23))

c+ A(t,aqt + agt? + - - -
f(t) = ( 1tn71 2 ). (2.23)

Consequently f(¢) is a meromorphic vector field having poles of order n — 1.
By hypothesis the invariant curve C} is of degree m, then we must subtract
the quantity m(n — 1) from the Euler characteristic of the curve C. Hence by

applying Poincaré-Hopf formula, we get the proof. O

2.3.1 Branches and index of the branches

For a curve C; defined by a polynomial f, the variety V(f, %, g—i) is called the
set of all singular points of Cy. Any non-singular point of C is called a regular

point of Cf.

More details about the topic below can be found in |[Neto| (1988).

Let & be a holomorphic foliation and Cy be an algebraic solution of & defined by
the polynomial f. Suppose f = fi--- f. is a decomposition of f. For a critical
point p of & belongs to the algebraic solution Cy, the branch B; of f at p is

defined as follows

B; ={q € U] f;(q) = 0, where U is an open neighborhood of p having

the coordinates (z, y) such that z(p) = y(p) = 0}.
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2.3. Invariant algebraic curves of holomorphic foliations in P?(C)

ofi

The branch B; defined by an irreducible polynomial f; called smooth if 7

p%o

Of; , # 0, otherwise B; is called singular. For any regular point of Cy there is

ora—y

a unique branch.

We will present the notion of index of the branches.

Consider the 1-form representation of &. To each branch B mentioned above,
there corresponds a complex number called the index of B defined in terms of
some residue, let I,(B, <) denotes the index of the branch B at p with respect to

$. If p is a regular point of Cy, then

I,(B,S) = Residue<g(x’ 0) LT = O). (2.24)

If P(z,y)dx — Q(z,y)dy = 0 is a holomorphic foliation such that the Jacobian of
P and @ at (0,0) has eigenvalues p; # 0 and ps, where the eigenvector relative
to p11 coincides with the tangent space of B, then I(g)(B, <) is defined to be the
ratio of eigenvalues ﬁ In the case where p is singular and from the results in

Neto, (1988)), we conclude that the index can be given as follows

Ly (x(t),y(t))

! P(e(t), (1)

(B,S) = Resz’due( = 0), (2.25)
where Ly is the cofactor of f and (x(t), y(t)) is a local parametrisation of f in a
small neighbourhood of p.

On the other hand, for the case when we have a number of smooth branches, B;,

i€ {l,..,k}, of fatp, the index can be computed from the following formula

k—1 k
Z < Z multp(BZ-, BJ) +7r; + Tj), (226)
i=1  j=it1

23



Chapter 2. Background

where mult,(B;, B;) is the multiplicity of the intersection between the branches
B; and Bj, while r; and r; are the ratios of eigenvalues at p with respect to B;
and B; respectively.

The following theorems will play a role in our work.

Theorem 8. The sum of the indices of an invariant algebraic curve C'y of degree

n with respect to a holomorphic foliation  is equal to n?.

Proof. The proof can be found in Neto| (1988). O

Theorem 9. If the equation of a curve Cy is of degree n, a line is either is
a component of Cy or has precisely n points of intersection with Cy (properly

counted).

Proof. The proof can be found in [Walker| (1950). O

2.4 Lotka-Volterra system of equations

The n-dimensional Lotka-Volterra systems in the complex domain is defined by

._dIi

Z; i = B(Jfl, . . -,xn) =x; <)\z + jzlaijI]), 1 E {1’ .. .7n}. (227>

In this section we are interesting in two dimensional Lotka-Volterra systems.

Consider the following two dimensional Lotka-Volterra system

&= P(z,y) = z(1 + ax + by), (228)

¥ =Q(z,y) = y(A +cr + dy).
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2.4. Lotka-Volterra system of equations

The system ([2.28)) is said to be degenerate if the polynomials P(x,y) and Q(z,y)

are co-primes. In Figure [2.2] we assume that all the parameters in (2.28) are

(=0}

z=0}

Figure 2.2: Critical points of 1)

non zero. Hence in P?(C), the system has exactly seven critical points as
follows: P, = (0,0), P, = (0,y1), P3 = (21,0) and Py = (2*,y*), where x1, yi,
x* and y* are non zero numbers. All those points are located in the affine part
of P?(C) and the others are at infinity for which the critical P, located at the
intersection position of the lines {y = 0} with {z = 0}, while P; located in the
intersection position of the lines {z = 0} with {z = 0}. The other critical point
at infinity has coordinates FPs = (0,Y]) or Py = (X1,0), where X; # 0 # Y] as
xr — oo or y — oo respectively. We call the critical points Py, Py and Ps the
corner points, P, and P3 the finite side critical points and Py the side critical
point at infinity. We call the point Py the face critical point. The position of P
is various and depends on the parameters of . It is easy to verify that the

lines {z = 0}, {y = 0} and {z = 0} are invariant lines with respect to the ({2.28]).
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Chapter 3. The codimension of Families of Invariant Algebraic Planes and
Hyperplanes

Introduction

This chapter is divided into two sections. In the first section, we investigate
invariant algebraic planes and hyperplanes in both three and four dimensional
Lotka-Volterra systems. In the second section, we find a relation between the
codimension of an affine variety with the number of non-zero terms appearing
in an invariant hyperplane with respect to the n-dimensional Lotka-Volterra sys-

tems.

3.1 Invariant algebraic hyperplanes in

Lotka-Volterra systems

In the next sections, we will investigate the codimension of invariant algebraic

planes and hyperplanes in three and four dimensional Lotka-Volterra systems

3.1.1 Invariant algebraic planes in three dimensional Lotka-

Volterra systems

Consider the following three dimensional Lotka-Volterra system

3
i; = Py(x1, 20, 23) = ; ()\Z- + Zaijxj), ie{1,2,3}. (3.1)
j=1
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Lotka-Volterra systems

Let Cf = {f | f(xy, 29, 23) = b0+2?:1 bir; = 0}, be an invariant algebraic plane

with respect to the system (3.1). So we have

x(f) = fLy, (3.2)

where x is the corresponding vector field of the system and Ly = ¢o +
Z?:l c;x; is the cofactor of f. Clearly the space of the equation containing
the parameters \; and a;; for 4, j € {1,2, 3}, while the space of C'y with its cofactor
Ly include the parameters b; and ¢; respectively, where i € {0, 1,2, 3}.

From equation (3.2)), we get the following equations

aiby = by,

a12b1 + ag1by = bycy + bacy,

biaiz + az1bz = bicz + bzcy,

A1y = bocy + bicy,

ag2by = bacy,

(3.3)

ag3by + asabs = bacs + bsca,

Azby = bocz + bacy,

azzbs = bscs,

Asbs = bycs + bsco,

boCO = 0.

Now for the equations (3.3), we split into a number of cases depend on the number

of non zero coefficients in f.
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IT.

IIT.

. The case of exactly one of the coefficients is non-zero trivial, since we get

either a constant or a one of the coordinate planes which already are invari-

ants.

Exactly two of the coefficients are non zero.

For by, either by # 0 or by = 0. Later, we will show that both cases are
equivalents under a projective transformation. Assume the case where by #
0. Without loss of generality, let b; # 0 and b, = b3 = 0. Hence Cy =

{f | f="bo+ bix1}, then from (3.3, we get the following equations

Co = 0, Cy = 0, C3 = O, C1 = a1y,
(3.4)
192 = O, a13 = 0 and boa,ll — bl)\l = 0.

Let II be the ideal generated by (3.4]), then clearly V(II) has codimension

two. The invariant plane C in this case is parallel to the zoz3-plane.

Exactly three of the coefficients are non zero.

Similarly as we have declared in II. above, we consider the case where by # 0.
Without loss of generality, let by # 0 # by and b3 = 0. Hence Cy ={f | f =

bo + bixy + baxo}, then from (3.3), we get the following equations

a3 =0, a3 =0, ¢g=0, c3=0, ¢ =an,

Cy = a9y and aj1aiaAg + A\jag1age = a11a92( A + A2).
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Let III be the ideal generated by (3.5]), then V(III) has codimension three.

In this case, the invariant plane C} is parallel to the xs-axis.

IV. All coefficients of f are non zero.

Hence from system (3.3)), we get the following equations

co =0, ¢ =ay, c3=az, 3= ass,
a11a12A2 + Ajagiaz = Cl116l22()\1 + )\2), ( )
3.6

a11a13A3 + A\jasiasy = a11a33()\1 + >\3),

A22023A\3 + AoG32033 = A22a33(Aa + A3).

Let IV be the ideal generated by the system ({3.6)), then V(IV) has codimen-
sion three. In this case, the invariant plane Cy intersect each axis in a point

different from the origin.

3.1.2 Invariant algebraic hyperplanes in four dimensional

Lotka-Volterra systems

Suppose the following four dimensional Lotka-Volterra system

4
Ty = Pi(x1, 02,73, 74) = (Ai + Zaij%), i€{1,2,3,4}. (3.7)

J=1

Let Cf = {f | f(x1, 29, 23, 24) = by + Zle bixi} be an invariant algebraic hyper-
plane with respect to the system (3.7)). Similarly as we have done for invariant

algebraic planes and by using the corresponding vector field of (3.7) with the
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Hyperplanes
cofactor Ly = co + Z?Zl cix;, we get the following equations
airby = by,
a12b1 + ag by = bycy + bacy,
a13by + az1bs = bics + bscy,
a14b1 + agby = bycy + bycy,
A1by = bocr + bicy,
a2y = bycy,
ag3by + asabs = bacs + bsca,
ag4by + a42by = bacy + bycy, (3.8)

A2by = boca + bacy,

azsbs = bscs,

a34b3 + as3by = bcy + bycs,
Asbs = bocs + bsco,

ag4by = bycy,

Asby = bocy + bycy,

boCO =0.

Notice that, the space of the equations containing the parameters \; and
a;; for 4,7 € {1,2,3,4}, while the space of an invariant algebraic hyperplane
Cy with its cofactor Ly include the parameters b; and ¢; respectively, where i €
{0,1,2,3,4}.

For the equations , we split into a number of cases depend on the number of

non zero coefficients of Cy. Similarly as the cases of invariant algebraic planes,
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we assume by # 0, in other words we will take one possibility for each case.

[. The case for which exactly only one of the coefficients is non-zero trivial by

similar way as we have explained in the case of invariant algebraic planes.

II. Exactly two of the coefficients are non zero.
Without loss of generality, let by # 0 and by = b3 = by = 0.
Hence Cy = {f | f = bo+b1x1}, then from system (3.8)) we get the following

equations

00207 62207 03207 C4:O7 C1 = a11,
(3.9)
12 = 0, a1z = O, 14 = 0 and boan — bl)\l =0.

Let II be the ideal generated by (3.9), then V(II) has codimension three.

The invariant hyperplane C'; in this case is parallel to the 3-fold xox324.

IIT. Exactly three of the coefficients are non zero.
Without loss of generality, let by # 0 # by and b3 = by = 0. Hence Cy =
{f | [ = bo+ bixy + baxs}, then from system (3.8) we get the following

equations

Co = 0, C3 = O, Cy = O, C1 = a1, C2 = Q99,
a;3 =0, a14 =0, a3 =0, a =0, (3.10)
a11a12A2 + A21G22A1 = aq1a22(A1 + Ag).

Let III be the ideal generated by (3.10)), then V(III) has codimension five.

The invariant hyperplane C} in this case is parallel to the z3z4-hyperplane

and not passes through the origin.
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IV.

Exactly four of the coefficients are non zeros.
We consider only the case where b; # 0, ¢ € {0,1,2,3} and by = 0. Hence
Cr={f1|f=b+ Z?:l b;x;}, then from the system 1D we get the

following equations

co=0, c¢4=0, ¢t =an, c=ax, c3=ass,

a4 =0, a4 =0, az =0,

a11a12A2 + A1G21G22 = a11A2a22 + A1G11022, (3.11)
a11a13A3 + A\1a31a33 = a11\3a33 + A1a11a33,

220233 + AoG32a33 = A22\3033 + Aa2as3.

Let IV be the ideal generated by (3.11)), then V(IV) has codimension six.
In this case, the intersection of the invariant hyperplane C'y with each one

of the x;x4-hyperplanes, for i € {1,2,3} does not contain the x4-axis.

. All the coefficients of f are non zero.

Hence from system (3.8)), we get the following equations

co=0, a1 =an, ca=ax, c3=das, C14=au,

a11a12\2 + A\1a21G22 = a11a22(A1 + Aa),

a11a13A3 + A1az1ass = ariazs(A; + )\3)7

arna14bo + Mbrag = ajras (A + A1), (3.12)
A22G23)3 + 232033 = A20a33(A2 + A3),

A22024b0 4 Aoboayy = A22a44(A2 + Ay),

a33a34b0 + A3bsaqs = asgass(As + A\g).
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Let V be the ideal generated by (3.12)), then V(V) has codimension six. In
this case, the intersection of the invariant algebraic hyperplane C'y with each

axis is not the origin.

3.2 Codimension formula of an affine variety by

an invariant hypersurfac

In this section, we investigate a formula about the codimension of affine varieties.

First we need mention the concept of projective equivalence among affine varieties.

Recall the following definitions and results from Cox et al.| (1992)

Consider P?(F') and a non singular (n + 1)-dimensional matrix T

Since any point p € P?(F') can be written as an (n + 1) X 1 matrix, then T can
be considered as a transformation on P™(F') such that for any p = (29 : - - - :

x,) € P?(F)

Ip) = ( > i T DI L ) '

T is called a projective transformation on P?(F') and it is exactly the same which

divided by a non-zero constant .
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Remark 5. Any projective transformation we are interested in are exactly the

same as we have explained in Chapter 2, Section 2.1.3.

From the following theorem, we show a formula related to the codimanesion
of affine varieties.

Theorem 10. Let the hyperplane Cy defined by the polynomial

f=0bo+ Z bix;. (3.13)
i=1

be invariant with respect to the n-dimensional non-degenrate Lotka-Volterra sys-

tom

Z; :ZEi()\i—I—ZCLijl'j), 1€ {]_,...,TL}, (314)
7j=1

where \; and a;; are constants in an arbitrary field F.
If f has exactly r non-zero terms for 1 < r < n+ 1, then the codimension of the
variety, V(J), where J is the ideal generated by the equations introduced from the
system [3.19

v(f) = fLy, (3.15)

can be given by the formula

(2n —r)(r—1)
2 )

(3.16)

where v is the corresponding vector field of the system and Ly = ¢y +

Yoy cix; is the cofactor of f.
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Proof. From ([3.15)), we get
boCO =0.

® by # 0. So the polynomial f can be rewritten as (3.17))

r—1
f=1+4) b (3.17)
=1

Notice that in (3.17]), each b; is not necessary to be the same b;’s appearing

in (3.13). Hence the equation (3.15)) can be written as

r—1 n
Zb)\:vﬁ—ZZbal]xlxj chﬁ—Zcm—i—Zqux% (3.18)
i=1 j=1 i=1 j=1

From system (3.18)), we get

b\ if i€ {l,..,r—1},

0 if i€{r,..,n}.

By substituting the values of ¢;’s in (3.19) to the system (3.18)), we get

r—1 r—1 r—1 n r—1 r—1
Z biaijxixj + Z Z biaijmixj = Z Z bibj)\jl’ifﬂj. (320)
i=1 j=1 i=1 j=r =1 j=1

Now, from ([3.20]), we have

a; =0 for je{r..n}, (3.21)
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Hyperplanes
and
r—1 r—1 r—1 r—1
Z Z biaij:cixj = Z Z bibj)\jxi.flﬁj. (322)
i=1 j=1 i=1 j=1
Then from (3.22)), we get
R T (3.23)
Ai
and

By substituting the values of b;’s appearing in (3.23]) to the system (3.24)),

we get
wij = u(a;j, N;), for ie{l,..,r—2} and je{i+1,...,r—1}, (3.25)

where each u(a;j, \;) is an equation including only the parameters a;; and
A; for fixed ¢ and j.

Consequently, the total number of equations including the parameters \;
and a;; are given in both systems and . For , we have
exactly

(r —1)(n —r + 1) — equations, (3.26)
while for (3.25]), we have exactly

(r—=2)(r—1)

5 — equations. (3.27)

(r—=2)+(r—-3)+..+1=
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So the total number of the equations is given by

(r—1)(n—r+1)+ (T_Q)Q(T_” = (2”_7“2)0’_1). (3.28)

e by = 0. Without loss of generality, the polynomial f can be rewritten as in

(3-29)
f= b (3.29)
=1

Similarly, each b; is not necessary to be the same b;’s appearing in (3.13).
Consider the coordinate system (X7, ..., X,,) of F™ with an arbitrary hypersurface

C, defined by the polynomial g having exactly r-non zero terms

r—1
g=do+ Z di X;. (3.30)
i=1
For
Cr = {x = (21, ..., z,)| flz)= Zbixi = 0},
i=1
and

r—1

i=1

C, = {X — (X1, 0y Xy 1)

Let C’f and C~’g be the projective versions of Cy and C, in P™(F’) respectively

Cy

{x = (z1,..., ;)

T b
2 2:0} UP™L(F),
xl_’_;blx z17#0 ( )

c, {X — (X0, ooy Xo1)

r—1
d.
X+ —’XZ-:O} UPL(F).
0 ;dg Xo#0 (F)
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Hyperplanes
Consider the following change of coordinates
€Ty = X07
3.31)
bid; (
7= —"LX, |, where ic {2,...,r}.
bidy

To show that C’f and é’g are projectively equivalents by the change of coordinates

1} let z = (z1,...,x,) € CN’f, then

O—$1+Zb—$l Xo—i‘z—xl
bl i— 1
_X0+Zb1< bido Xiot)
i—1
:Xo+;d—ox_1
r—1 dz

hence X = (Xo,..., X,1) € C. O

Remark 6. From the proof of the above theorem we can get the justification of
why we considered only one possibility for each case mentioned in the first sec-
tion for invariant algebraic planes and hyperplanes in three and four dimensional

Lotka-Volterra systems.

40



Chapter 4

Branch Behaviour of Algebraic
Curves in Two Dimensional

Complex Lotka-Volterra Systems

41



Chapter 4. Branch Behaviour of Algebraic Curves in Two Dimensional
Complex Lotka-Volterra Systems

4.1 Introduction

In this chapter, we investigate fully the behaviour at the branches of all invariant
algebraic curves found in |Ollagnier| (2001)).
In 2001, Moulin-Ollagnier considered the following homogeneous Lotka-Volterra

system in C?
t=x(Cy+z2), y=y(Az+z), 2Z=zBx+y). (4.1)

He studied the values for the non-zero parameters A, B and C for which the
above system has a homogeneous Liouvillian first integral of degree zero. For
this purpose, he found twenty four irreducible invariant curves as follows: two
algebraic lines, two conics, nine cubics, seven quartics, three sextics and an ex-
ceptional family of triples of parameters, (A =2,B= %, C= %), where [ is an
integer. We will study all twenty three cases but not the exceptional case since
the corresponding system of this case includes six critical points instead of seven
and then we get zero ratio eigenvalues at one of its critical points. Also we are
not interesting to study the Case 25 in |Ollagnier| (2004) missed in his previous
work for the same reason as we have mentioned in Case 24.

We will study the branches of each invariant algebraic curve mentioned above as
they have not been studied. To do that, we will use the two dimensional Lotka-
Volterra system in the complex domain. Fortunately, the system (4.1) can be

transform to a correspondence system in C? as shown by [Cairé et al.| (2003). We

will do something similar to what we have got in [Caird et al. (2003).
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Consider the following two dimensional non-degenerate Lotka-Volterra system in

(CQ
u:d—u:u(l—l—au—i—bv),
dt (4.2)
o dv (A + cu + dv)
U_dt_v .

Assume ad # 0, otherwise, if @ = 0, then the side critical point on the line
{y = 0}, which has coordinates (£,0), & # 0 coincides with the origin and
then we get zero ratio of eigenvalues, similarly the side critical point on the line
{z = 0} which has the coordinates (0,7;), m # 0 draws to the origin if d = 0.
Henceforth, we consider ad # 0.

To scale the side critical points (0,7,) and (&1, 0) of the system to the points

P, = (0,1) and P; = (1,0), we may assume the change of coordinates given in

#.3)

1 A
== = —Zy. 4.
u T, U 7Y (4.3)

Hence, in the new coordinate system, the equation (4.2]) can be rewritten as the
following system

i:x(l—x—A(l—C)y)’ (4.4)

:Q:y(A—(l—B):v—Ay),

where

A=x B=1-Sand c=1-2
a d

We assume that the parameters A, B and C are non zero to guarantee that the

system has exactly seven critical points.
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Remark 7. Notice that we used these three parameters A, B and C to make our
system much simpler than the system by including only three parameters
that correspond to the ratios of eigenvalues of the system at its corner critical
points, (see Figure (ii). All invariant algebraic curves found in Ollagnier
(2001)) can be transformed to the correspondence with respect to the system (4.4)).
So the algebraic curves which we will study in the next section are invariant with

1

respect to |D with an exceptional of the value of B become

We will describe fully the behaviour of the invariant algebraic curves mentioned

above.

4.2 Branch behaviour of invariant algebraic

curves

In this section, we will explain how can we find the branches of invariant algebraic
curves with respect to .

First, we will use Figure[.1]in drawing the graph of each invariant algebraic curve
as follows: Figure [4.1] (i) describes the intersection multiplicity of an invariant
algebraic curve Cy defined by the equation f(z,y) = 0 with the axes and the line
at infinity of P?(C), for example, ny = multp,({x = 0},C}), is the intersection
multiplicity of the curve C} with y-axis at the point P,. Notice that the sum of
the number of intersection multiplicities of any curve at the points on the same
axes is equal to the degree of f. See Theorem 9, Page 24.

In Figure |4.1] (i), we have also shown
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4.2.  Branch behaviour of invariant algebraic
curves

X0

(i) Multiplicity of C in P?(C).

(ii) Ratios of eigenvalues of (4.4)).

Figure 4.1: Behaviour of an algebraic curve C; in P?(C).

e The yellow and green lines are respectively the axes {y = 0} and {z = 0}

of the affine part of P?(C), while the red curve is the line at infinity.

e P, and P; are the side critical points on their corresponding lines, while
Fs is the side critical point at infinity. P, and Ps are the critical points at

infinity where © — oo and y — oo respectively.

o my =multp ({y = 0}, Cy), my = multp,({y = 0},CY),
ny = multp,({z = 0}, Cy), ne = multp,({z = 0}, Cy),
Moo = multp,({y = 0}, CY), Noo = multp,({x = 0}, Cy),
koo = multp,(Los, C), ky oo = multp, (Lo, Cf),

k= multPG(Loo, Cf)
In Part (ii) of Figure [£.1] we use the following conversion.

e The axes and the points are the same as we have explained in Part (i), while

the red circle stand to the line at infinity and the position of the face point

45



Chapter 4. Branch Behaviour of Algebraic Curves in Two Dimensional
Complex Lotka-Volterra Systems

P; is various and depends on the invariant algebraic curves.

e To each perpendicular arrows to the axes at the critical points, the quan-
tity near the head of each arrow stand for the ratio of eigenvalues at the
corresponding point. We apply colour formatting among the perpendicular
arrows to the axes, for example at P, the quantity, B, for the yellow arrow
is the ratio of eigenvalues at P, with respect to the line {z = 0}, while the
quantity, % for the red arrow is the ratio of eigenvalues at the same point
with respect to the line L. In the applications, to each critical point, we
draw only one of the arrows with the priority to the cases where the arrow

is perpendicular to such an invariant algebraic curve C.

e We use blue colours for the graph of each invariant curve C'y with the same
arrow colour to the ratios of eigenvalues at the critical points for which
C'y passes through. Notice that in the case for which the branch of C; is

complex, we use dotted lines points.

To find the behaviour of each invariant algebraic curve C'y defined by a polynomial

f and sketch its graph, we apply the following steps

Step 1 We find the associated Figure (i) for C} by substituting the values of

the parameters A, B and C.

Step 2 We will verify the type of each critical point belonging to C'; by whether it

is singular or regular point for the curve Cf.

Step 3 We will find the ratio of eigenvalues at each critical point mentioned in Step

2 and then by using Step 1, we can get the values of the ratios of eigenvalues
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Branch behaviour of invariant algebraic

curves

Step 4

Step 5

Step 6

at the remaining critical points.

For any singular point, the value of the ratio of eigenvalues gives the fact:
what type of singularity it is. In our work, we will find that the singularities
are mainly cusps or nodes but higher order of singularities, for example tac-

nodes also occur.

For each critical point mentioned in Step 2, we find the branches of C'; in a
small neighbourhood containing the critical point. We apply some change

of coordinates or the Puiseux’s expansion method to find the branches.

We will find the index of the branches of C'y at each critical point belongs to
C'¢. Notice that for a regular point, the index is the same as the value of the
ratio of eigenvalues, while for a singular point is defined to be the residue
concept on simple poles in complex analysis. (See Chapter 2, Section 2.3.1)
For the quantity m,(index=n) to each arrow, the value of m is the ratio of
eigenvalues and n is the index. The value of n applies in the calculation
of the sum of the ratios of eigenvalues at all critical points belong to CY,
while the value of m contributes to the sum of the ratios of eigenvalues lo-

cated on the same axis and must be equal to one. (See Theorem 9, page 24)

Remark 8. For each invariant algebraic curve Cy with respect to (4.4))

1.

We use a table to summarise the behaviour of Cy. The title ‘ Critical Points’
in the first column stands for the critical points belong to C}, while the
titles ‘R.E.’, ‘Branch’ and ‘Indices’ are stand for the ratio of eigenvalues,

the branches and the index of Uy at each corresponding point in the first
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column. Notice that the expression ‘Singular’ beside each critical point in
the first column indicate to a singular point of C, otherwise the point is

regular.

2. In some cases, points at infinity appear in opposite position on the line at
infinity, so we represent the critical point once by a dot and its correspon-

dence by an open dot.

3. At infinity, we use the (Z = 0,Y = Y)) in the coordinate system ({2.11)) or

(X = X1,Z =0) in the coordinate system (2.12)).

We prove the following theorems.
Theorem 11. If Cy = {f : f(z,y) = 0} is an invariant algebraic curve of degree

n with respect to (4.4]), then the number of the branches of Cy passes through the

critical points of the system s given by
n+2—29(Cy), (4.5)

where g(Cy) is the geometric genus of Cy.

Proof. From Theorem 7 of Chapter 2, we have

> i(Brs,S) =n+2—2g(Cy). (4.6)
dEA

where & is the holomorphic foliation defined by (4.4). Now, the corresponding
vector field of the system (4.4) is given by

0

0
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where P(z,y) = :L’<1 —z—A(l— C)y> and Q(z,y) = y(A —(1-B)x — Ay)).
Let ®(t) = (z(t),y(t)) = (¢*,y(t)) be a local parametrisation of an arbitrary

branch Brs for some rational number k. Then the pullback x*(®) of ® by the

vector field y can be defined as follows

P(a(t),y(t))(2(1))

_ == AL O)thy() (4.7)
otk 1
1

where () is a polynomial in ¢ of order greater than one, hence the multiplicity
i(Brs, ) of (4.7)) at the branch Br;s is equal to one. Since 0 is arbitrary, then the
number of the branches of the invariant algebraic curve Cy at the critical points

belong to Cf is given by n + 2 — 2¢(CY). O

Theorem 12. Let C; be an invariant algebraic curve with respect to the system
(4.4) passes through the origin, If the branch Br of Cy at the origin is a cusp
defined as follows

Br = {(a:, y) € C* | y™ — ka™ = 0, for coprime numbers m,n and k # O}.
Then the index of Br is equal to mn.

Proof. 1t is easy to verify that an invariant algebraic curve Cy defined by the
polynomial g = y™ — ka™ is invariant with respect to the system (4.4) with the
cofactor Ly, = n(1—z—y) under the conditions, A=, B=1-2and C = 1-".

For the singular point (0,0) of Cy, let Br* be a local branch in a small neighbour-
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hood of (0,0), then Br* can be defined as follows

Since the index is an invariant quantity, then the proof is completed. O

Proposition 1. The necessary and sufficient conditions for the system
having an invariant algebraic line passes through the origin transversely is that

the ratio of eigenvalues must be equal to one at the origin.

Proof. Suppose the ratio of eigenvalues of the system is equal to one, then
the value A = 1 in . It is not difficult to show that the line f = x — %y is
invariant with respect to (4.4) with the cofactor Ly =1 — 2 — v.

The converse is obvious, since any algebraic line passes through the origin has
multiplicity one in both axes. Consequently the ratio of eigenvalues is equal to

one. ]

Remark 9. Proposition 1 is true for any corner critical points of the system ({4.4])

by applying projective transformations.

We consider all invariant algebraic curves found in Ollagnier| (2001) and we divide

them by their degrees starting from those of degree one and so on.
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curves
Critical Points R.E. Branches Indices
i BIc-EC y=1-¢ Jeaxeraile
P3 prc=BC y=tow BEC-BC
Fo==0Y="11 —528%o= y=-1 b:ezesyiie

Table 4.1: Behaviour of Cf,.

4.2.1 Invariant Lines

There are two separate cases of invariant algebraic lines with respect to (4.4]). We

will explain the behaviour of each case individually.

a e algebraic line, , defined by the polynomia
The algebraic line, CY,, defined by th 1 ial

f1<$,y) :1_‘T_y7

is invariant with respect to the system under the condition AC' = —B.
Hence C}, has codimension one. The invariant algebraic line C}, does not
pass through the face point. We will see later that CY, is the only invariant
algebraic curve found in Ollagnier| (2001) not passing through the face point.
More details about C, can be found in Table 4.1 and Figure 4.2} Notice that
the sum of the indices of C}, is equal to 1> = 1 which satisfies Theorem 8,

page 24.

(b) The algebraic line, C'y,, defined by the polynomial

C
f2($7y) =T — Eya

o1
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\

(ii) The graph of Cy,.

Figure 4.2: Behaviour of Cf,.

52



4.2.  Branch behaviour of invariant
curves

algebraic

Critical Points R.E. Branches Indices
P 1 y=Eg 1
P =(— c _ B ____BC y= LBz ____BC
f B+C—BC> _ B+C—BC BC-B-C c BC-B-C
Ps=(Z=0y=2 __BC 1-S$y =0 BC
6 = ( 0, C) BC—B-C B BCO—_B—C

Table 4.2:

is invariant with respect to the system (4.4]) under the condition A = 1. Hence
(', has codimension one. The invariant algebraic line C'y, passes through the

face point P;. More details about Cy, can be found in Table and Figure

Behaviour of CY,.

4.3l Also notice that the sum of the indices in Table [£.2]is equal to 1.

Remark 10. In Ollagnier (2001)), for any invariant algebraic curve of degree

more than one, there is no any other invariant algebraic line passes through

the corner critical points.

4.2.2 Invariant algebraic conics

There are two separate cases of invariant algebraic conics with respect to (4.4)).

We will explain the properties of each one of them individually.

(a) The irreducible algebraic conic curve, CY,, defined by the polynomial

fs(z,y) = (¢ =1)° + (y — 1) — 22y — 1,

is invariant with respect to the system (4.4]) under the conditions

B

A=—-(B+1) and C = ———.

23
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(i) Multiplicity of C},.

(ii) The graph of Cy,.

Figure 4.3: Behaviour of Cf,.
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curves
Critical Points R.E Branches Indices
Py 2 w:i(y—l)Q—{—.,. 2
Ps 2 y=1@-1)%+.. 2
- 2 2 -
P = (5% (5)?) 2 v (3)"=-B(s— (%)) + ?
Ps=(Z=0,Y =1) 2 Z=1(Y -1)2+ . 2

(b)

Table 4.3: behaviour of Cy,.

Hence CY, has codimension two. On the other hand C/}, is a smooth conic
since no critical point belongs to CY, is a singularity. Consequently C', has
exactly four branches. More details about Cy, can be seen in Table and
Figure .4l Tt is easy to verify that the sum of the indices in Table is

equal to 2% = 4.

The irreducible algebraic conic, Cf,, defined by the polynomial

fi(z,y) =2 + (Biﬂyy(y - 1)+ Ty,

B+1
is invariant with respect to the system (4.4) under the conditions

B
A—2 and C__B—H

Hence CYy, also has codimension two. Clearly CY, is a smooth conic since no
critical point belongs to CY, is a singularity of C,. Consequently, C, has
exactly four branches as Cy,. More details about Uy, can be seen in Table

and Figure .5 Tt is easy to verify that the sum of the indices in Table

4.4 is equal to 4.
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v {z=0}

(i) Multiplicity of Cf,.

(ii) The graph of Cy,.

Figure 4.4: Behaviour of Cf,.
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_2B+D)
3B+1

(ii) The graph of Cy,.

Figure 4.5: Behaviour of Cf,.
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Critical Points R.E. Branches Indices

. 2 y=1(B+1)% + . 2

Py 2(B+1) y—1=—(B+1z+.. 2(B+1)

3B+1 3B+1

_ (_ 3B+1 (B41)2 (B+1)? _ _ (B+1)? 3B+1
Py = ( 2B2 '\ 2B ) ) 2(B+1) Y+ Ip7 = T2@B+D (9”"' 282 )+ *2;5,219
— 3B+1
2
Po=(z=0y=-iB-1) 2 Z=-55(Y+3(B+1) +.. 2

Table 4.4: behaviour of CY,.

4.2.3 Invariant algebraic cubics

There are nine separate cases of invariant algebraic cubics, Cy,,i € {5,...,13}

with respect to the system (4.4)). We will explain each case individually.

a) The irreducible cubic curve, C'y., defined by the polynomial
fs
2 3, 1 4
fo(,y) = (& = 1)"+ (1 —y)° + Joy” — dzy — 1,

is invariant with respect to (4.4]) under the conditions

At the affine part of P?(C), the cubic curve C}, passes through the critical
points P, P; and Py, while at infinity it passes through the critical points Py
and Ps (see Figure (1)) Py is the only singular point of Cy, among the

other critical points passed through, so by assuming the change of coordinates

5) 1 1 1
= lta—oy+oiR v=- 01— = .
u +x 2y—|—8y, v 2(y+8) 8(y+8)
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curves
Critical Points R.E. Branches Indices
Py 3 z=—go(y—17°+ .. 3
P 2 y:%(mfl)2+... 2
Py (singular) = (—27,—8) 3/2 (y+8)2 =k(x+27)3+ .., k#0 6
Py 2 Z=—3Y2+ .. 2
Ps=(Z=0,Y =1) -4 Z=-(yY-H+ -4

(b)

Table 4.5: Behaviour of CY,.

The correspondence curve of C, at Py can be given by the polynomial

g5(u,v) = u® + v

Hence Py is a cusp singularity of C,, and then from Theorem 12, the index is
equal to 6. Generally, any irreducible cubic curve with at most one singularity
has a zero geometric genus. Then from Theorem 11, we conclude that C¥,
has exactly five branches. More details about the invariant curve Cy, can be
found in Table and Figure [4.0] It is to easy to verify that the sum of the
indices in Table [4.5]is equal to 9.

The irreducible cubic curve, C,, defined by the polynomial

fo(z,y) = 272%(x — 1) + 64y(y — 1)* + 10827y + 1442y — 144xy,

is invariant with respect to (4.4)) under the conditions

At the affine part of P?(C), the cubic curve C}, passes through the critical
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% 2

(i) Multiplicity of Cf,.

(ii) The graph of Cy,.

Figure 4.6: Behaviour of CY,.
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curves

Critical Points R.E. Branches Indices

P1 2 Yy = %Q@ =+ ... 2

Po(singular) % (y—1)3 =ka?+ .., k#£0 6

4 4

Ps -3 y=-2(@-1)+.., -3

_ 32 6 6

Pr=(="%55) 5 y—5=—gpr+ % +.. 5

Po=(z=0,y =-2) 3 Z=-FV+5°+ .. 5

Table 4.6: Behaviour of Cf,.

points P, P, P3 and Py, while at infinity it passes through the critical point
P only. (see Figure [4.7)(i)). P is the only singular point of C'y, among the

other critical points passed through, so by assuming the change of coordinates
u=—-84+9x+8y, v=—4+3z+4y.

The correspondence curve of C'y, at P, can be given by the same polynomial
g5(u,v). Hence P, is a cusp singularity of C,, and then from Theorem 12, the
index is equal to 6. Generally, any irreducible cubic curve with at most one
singularity has a zero geometric genus. Then from Theorem 11, we conclude
that C}, has exactly five branches.

More details about the invariant curve C, can be found in Table and
Figure [4.7 Tt is to easy to verify that the sum of the indices in Table is

equal to 9.

c) The irreducible cubic curve, Cy,, defined by the polynomial
I7

fr(x,y) =:U2(x—1)+@ (y_1)_|_¥

27 3
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uhc. -
g
o

o=0; [P

1w

(i) Multiplicity of Cl,.

{x=0}

{y=0}

%( index =6)

(ii) The graph of Cy,.

Figure 4.7: Behaviour of CY,.

62



4.2.  Branch behaviour of invariant algebraic
curves

is invariant with respect to (4.4)) under the conditions

7 1
A=2 B=-—- and C=-.

g M 3
At the affine part of P?(C), the cubic curve C}, passes through the critical
points P, P, P; and Py, while at infinity it passes through the critical
point P; only. (see Figure (1)) Py is the only singular point of Cy,
among the other critical points passed through, so by assuming the change

of coordinates

4Jr 4Jr +16(+1>
u=—-+x, v=—-+z+ — -).
3 T 3 g Y]

The correspondence curve of C, at Py is given by the polynomial
g7(u,v) = u® + 3.

Consequently the branch of Cy, at Py is a cusp and then the index is equal
to 6. Similarly to the other cases, C'y, has a zero geometric genus. Then from
Theorem 11, we conclude that C, has exactly five branches.

More details about the invariant curve Cy, can be found in Table and
Figure [4.8] It is easy to verify that the sum of the indices in Table [4.7] is

equal to 9.

d) The irreducible cubic curve, C',, defined by the polynomial
I8

1
fs(my)=(1—2)+(1—-y)?*- ;lxzy — xy? + 22y — 1,
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Iv (z=0}

(ii) The graph of Cy,.

Figure 4.8: Behaviour of Cf,.
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curves
Critical Points R.E. Branches Indices
P 2 y = —%mg + ... 2
) 6 zzfg(yfl)Jr... 6
P3 -8 y:f%(:rfl)Jr..., -8

Py (singular) = (%,*i) (y—&-i)Q:k(r—%)?’—l—...,k#O

W |win

Z=-2LX3 ¢ ..

Ps 256

Table 4.7: Behaviour of Cf,.

is invariant with respect to (4.4)) under the conditions

A=6, B=2 and C’:—;

At the affine part of P?(C), the cubic curve C}, passes through the critical
points P, Py and Py, while at infinity it passes through the critical points P,
and Pj. (see Figure ,(i)). P, is the only singular point of C'y, among the

other critical points passed through, so by assuming the change of coordinates

1( L yt2— 2 1) (1 + 1){/1
Uu=—\——Tr —2 Xr— — vV=|= — —
S (g7 a2y 2y 1), S7+y ;

1
—r+y—1

The correspondence curve of Cy, at P, is given by the polynomial

gs(u,v) = —u? + v

Consequently the branch of (s, at P, is a cusp and then it has index 6.
Similarly to the other cases, Cy, has a zero geometric genus. Then from
Theorem 11, we conclude that C'y, has exactly five branches. More details
about the invariant curve Cy, can be found in Table and Figure 1.9} It

is to easy to verify that the sum of the indices in Table is equal to 9.
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uhc. -
g
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=0y o0 | P
v 1

(ii) The graph of Cy,.

Figure 4.9: Behaviour of CY,.
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4.2.  Branch behaviour of invariant algebraic

curves
Critical Points R.E. Branches Indices
Py (singular) % (y—1)°3 =ka?+ .., k#0 6
P *% y:f%(x71)+... *%
P= (%) ¢ | vE-kerDr. E
Py 2 Y =422+ .. 2
Ps=(Z=0Y =-1) 2 Z=20Y+3)+.. 2

Table 4.8: Behaviour of Cf,.

e) The irreducible cubic curve, Cy,, defined by the polynomial
fo

1
folz,y) = (L—2)+ (y —1)° + Zx2y+xy— 1,

is invariant with respect to (4.4)) under the conditions
1
A=-6, B=2 and C:§.

At the affine part of P?(C), the cubic curve Cy, passes through the critical
points P, P; and Py, while at infinity it passes through the critical points Py
and Ps. (see Figure ,(i)). P, is the only singular point of C'y, among the

other critical points passed through, so by assuming the change of coordinates
1, 1 1, 1
u=——\/1+=-x, v=-2"4+=x — 1.
o\ TET VTR Tt
The correspondence curve of C, at P, is given by the polynomial
go(u,v) = u® + v2,

Consequently the branch of Cy, at P, is a cusp and then it has index 6.
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(f)

Critical Points R.E. Branches Indices
Py (singular) % (y—1)B3 =ka? +..,k#0 6
P3 % y:fg(:vfl)+... %
P= (D) = y-3=—ha-f+ =
Py 2 Y =422 + 2
Ps 2 Z=—3X*+.. 2

Table 4.9: Behaviour of Cf,.

Similarly to the other cases, C, has a zero geometric genus. Then from
Theorem 11, we conclude that C, has exactly five branches. More details

about the invariant curve Cy, can be found in Table [1.9 and Figure 1.10] It

is to easy to verify that the sum of the indices in Table is equal to 9.

The irreducible cubic curve, Cy,,, defined by the polynomial
fro(z,y) = 2* + 8y + 8xy” — 12y,
is invariant with respect to (4.4]) under the conditions

A=2 B:% and C' = 2.

Y

At the affine part of P?(C), the cubic curve C},, passes through the critical
points P, and Py, while at infinity it passes through the critical points Py
and Ps. (see Figure m,(1)) Py is the only singular point of Cf,, among the

other critical points passed through, so by assuming the change of coordinates

1 4 1
u =1 — 6y + 4y°, v:\/E(y—i)\/ljtg(y—i)——(y——)z.

68



4.2.  Branch behaviour of invariant algebraic
curves
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(i) Multiplicity of Cf,.

{x=0}

(ii) The graph of Cy,.

Figure 4.10: Behaviour of Cy,.
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(2)

Critical Points R.E. Branches Indices
P 2 y= —%a:Q + ... 2
Py(singutar) = (2,1) a3 ((ﬁ — =11 +i3) (@ —-2) + ., \
-1 =L10-ivB)(@—2)+ .,
Py 2 Z=-8Y?+ .. 2
Ps 2 X=-2Z2+.. 2

Table 4.10: Behaviour of Cf,,,.
The correspondence curve of C,, at Py is given by the polynomial
gio(u, v) = u® +v*.

Consequently the branch of C'y,, at Py is a node. Since the ratio of eigenvalues
at Py is equal to :gf—zg and each branch has multiplicity one to the other

one at Py, then from ([2.26)), we can compute the index which is given by

2+ <:§fz£) + (:g;ﬁg) = 3. Similarly to the other cases, Cf,, has a zero
geometric genus. Then from Theorem 11, we conclude that C,, has exactly
five branches. More details about the invariant curve C,, can be found in

Table 4.10]and Figure [4.11] It is to easy to verify that the sum of the indices
in Table is equal to 9.

The irreducible cubic curve, Cy,,, defined by the polynomial

fulz,y) = 2° = 9y(y — 1)> + 12zy,

is invariant with respect to (4.4]) under the conditions



4.2.  Branch behaviour of invariant algebraic
curves

®
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(i) Multiplicity of Cp,.

%( index =3)
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(ii) The graph of C,,.

Figure 4.11: Behaviour of Cf,,.
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Critical Points R.E. Branches Indices
_ 1.2
P 2 y=gz-+.. 2
Py 2 x:%(yfl)QJr... 2

: 1) = (-2+i)(@@—6)+ ..,
Py (singular) = (6, 1) S (y+1) éi( +i) (@ —6) + ,

W+1) = (-2 - )@ —6) + ...

Py 3 Z =9Y3 + ... 3

Table 4.11: Behaviour of Cf,,.

At the affine part of P?(C), the cubic curve Cy,, passes through the critical
points Py, P» and Py, while at infinity it passes through the critical point P,
only. (see Figure m,(l)) P; is the only singular point of C'y,, among the

other critical points passed through, so by assuming the change of coordinates

u=x+6y, v=23y+1)v—y.

The correspondence curve of Cy, at Py is given by the same polynomial
gio- Consequently the branch of Cy, at P is a node. Since the ratio of

—14i

eigenvalues at P is equal to =*; and each branch has multiplicity one to

the other one at Py as shown in Table then the index is given by
2+ (%) + (ﬁ) = 2. Similarly to the other cases, Cy,, has a zero
geometric genus. Then from Theorem 11, we conclude that C,, has exactly
five branches. More details about the invariant curve Cy,, can be found in

Table and Figurel4.12| It is to easy to verify that the sum of the indices
in Table is equal to 9.
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4.2.  Branch behaviour of invariant algebraic
curves
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(i) Multiplicity of Cf,,.

{x=0}

{y=0}

i{ index=2)

(ii) The graph of C,,.

Figure 4.12: Behaviour of Cf,,.
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(h) The irreducible cubic curve, Cf,,, defined by the polynomial

fo(z,y) = (z =1+ (1 —y)*> — 6zy — 1,

is invariant with respect to (4.4]) under the conditions

At the affine part of P?(C), the cubic curve Cy,, passes through the critical
points P, P3 and Py, while at infinity it passes through the critical point P,
only. (see Figure ,(i)). P; is the only singular point of C'y,, among the

other critical points passed through, so by assuming the change of coordinates
1
u=—14+z—-3y, v=+3y+3) 1—§(y—|—3).

The correspondence curve of C'y,, at P is given by the same polynomial gjo.
Consequently the branch of Cf,, at Py is a node, since the ratio of eigenvalues
at Py is equal to 1“? and each branch has multiplicity one to the other at
Py, then the index is given by 2 + (1“%) + (%) = 1. Similarly to
the other cases, Cy, has a zero geometric genus. Then from Theorem 11,
we conclude that C,, has exactly five branches. More details about the

invariant curve C,, can be found in Table and Figure{4.13| It is to easy
to verify that the sum of the indices in Table is equal to 9.
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(i) Multiplicity of Cf,,.

(ii) The graph of Cf,,.

Figure 4.13: Behaviour of Cf,,.
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Critical Points R.E. Branches Indices
Py 3 x:—%(y—l)?’—l-... 3
P3 2 y:é(zfl)2+..., 2

3)=1(1+1iv3 8) + ...
Py (singular) = (=8, —3) 1+iv/3 (v+3) =30+ 50V3)@+8)+..

R KA R o i Rt Rt

Py 3 Z=Y53+ .. 3

Table 4.12: Behaviour of Cf,,.

(i) The irreducible cubic curve, C},,, defined by the polynomial of complex co-

efficients
fist0) = (1=a+ (=) +5 (1=ivBay+ (V)2 +(1-ivB)ay?) -1,

is invariant with respect to (4.4) under the conditions

_ 343 2 ~1+iv3

A - =
6 —3+iv3 2

At the affine part of P?(C), the invariant cubic curve C},, passes through
the critical points P, P3 and Py, while at infinity, the only critical point for
which Cf,, passes through is F, (see Figure M(l)) Pj is the only singular
point of C,,. By applying Puiseux’s expansion, (for more about Puiseux’s
expansion, see Walker| (1950)), Chapter 4) of Cy,, at Py, we get two branches,
one of order two and the other is of order one, (see Table , consequently
P; is a node. Since the ratio of eigenvalues at one of the branch is equal
to 2 and the multiplicity between them is one, then the index is given by
2+ (2+4) = 3.

More details about the invariant curve Cf,, can be found in Table and
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4.2.  Branch behaviour of invariant algebraic

curves
Critical Points R.E. Branches Indices
Py 3 T = %i\/g(yfl):’Jr... 3
1 1. /e 2
. y=2(1—1iv3)(x —1)2+ ..., or
Ps(singular 2 6 3
s(singular) y=—201+iV3)(x—1)+.. 2+3
Pr=(—1,—(1+iv3)) 5 |y +iv3) = LB+ LiVE @+ D)+ .. -3
Ps=(Z=0,Y =-1(1+iV3)) 3 z=1Li(v - 11 -iv3)? 3

Table 4.13: Behaviour of Cy,,

Figure |4.14] Tt is easy to verify that the sum of the indices in Table is

equal to 9.

Remark 11. From the above results, we see that any invariant cubic curve,

Cy,,i € {5,...,13} has codimension three with exactly five branches.

4.2.4 Invariant algebraic quartics

There are seven separate cases of quartic invariant algebraic curves, Cy,, ¢ €
{14, ...,20} with respect to the system . We will find that to each C},,
exactly two of the critical points for which C}, passes through are singulari-
ties for the quartic curves. Every Cy,i € {14,15,16} has a cusp branch at
one of its singularity and a node at the other, while the other quartic curves
Cy,,i € {17,18,19,20} have only node branches at their singularities; Moreover
the quartic curve Cf,, is of complex coefficients. Generally, since any irreducible
invariant quartic curve having at most two singularities has a zero geometric
genus. Then from Theorem 11, each invariant quartic, Cy,,i € {14, ...,20} has ex-
actly six branches. We will explain and give the details of each Cy,, 7 € {14,15,16}
and Cy,, 7 € {17,18,19,20} individually
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(i) Multiplicity of C,,.

2( index:%)

(ii) The graph of Cy,,.

Figure 4.14: Behaviour of Cf,,.
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4.2.  Branch behaviour of invariant algebraic
curves

I. The irreducible quartic curves, Cf,,7 € {14,15,16}, defined by their corre-

sponding polynomials

1 5 923
Ll fu(z,y) =1 -2+ @y —1)" - ;l:cy?’ + ba’y — 5562/2 + oy =L
3 1 3 3 3 2 2 1 3 7 2
L2: fis(z,y) = 2°(x — 1) + —y(y — 1) + 22°y + -2”y" + say” — —27y

16 2 2 A

, 1
28561 2% 169 8788
1.3: — A 2 — 8, g2, 2199 2
fo(w,y) = 2%+ ey (L= y) + 5707 = 0y = gy,

are respectively invariants with respect to the system (4.4) under the fol-

lowing correspondence conditions

7 1 4

11: A= —g, B = g and C = —?7
[.22 A=3, B=5 and C’:—g,
7 1

[3: A=2, B=—— and C=-.
3 , 3 and C 5
We will give the details of each case one by one

I.1. At the affine part of P?(C), the invariant quartic curve C/,, passes
through the critical points P, Ps and Py, while at infinity, the crit-
ical points for which Cy,, passes through are P, and F, (see Figure
4.15,(1)). P» and Py are the singular points of Cy,. By applying
Puiseux’s expansion of Cf,, at P; and Py, we get a tac-node and a
cusp branches respectively, (see Table . Clearly by Theorem 12,
the index at P; is equal to 6. For P, since we have two branches of
order two with a double multiplicity at P, and the ratio of eigenvalues

is equal to 2, then by using the equation (2.26]), the index is given by
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Complex Lotka-Volterra Systems

Critical Points R.E. Branches Indices
o= L(B+7VT)(y—1)2 + ...
Ps(singular) 2 or 2(2+2)
z= (13 -TivVT)(y—1)% + ...
Py 3 y=g5(z—1)°+.. 3
Py (singular) = (—98, —27) % (y+27)° =k(z+98)> + ...k #0 6
Py 3 7 = —iYi” + 3
Ps=(2=0Y=}) -4 Z=—3(Y - D+ -4

[.2.

L.3.

Table 4.14: Behaviour of Cy,,.

2(2+2) = 8. More details about the invariant quartic curve C'y,, can
be found in Table and Figure [4.15 Clearly the sum of the indices
in Table is equal to 4% = 16.

At the affine part of P?(C), the invariant quartic curve C/,, passes
through the critical points Py, P5, Ps and Py, while at infinity, the only
critical point for which C',, passes through is F, (see Figure m,(l))
P, and P are the singularities of Cy,,. By applying Puiseux’s expansion
of Cy,, at P, we get a cusp branch, (see Table . Clearly the index
at P, is equal to 6. For F, the branch of the projective version of Cf,,
at Py is of a tac-node type, since we have two branches of order two
with a double multiplicity and the ratio of eigenvalues at Fg is equal
to 2, then the index is given by 2(2 4+ 2) = 8. More details about the
invariant quartic curve C,, can be found in Table and Figure 4.16]

and the sum of indices is equal to 16.

At the affine part of P?(C), the invariant quartic curve C,, passes
through the critical points P, P, and Py, while at infinity, the crit-

ical points for which C},, passes through are P; and F, (see Figure
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(i) Multiplicity of Cp,,.

2/ index =8)

(ii) The graph of C,,.

Figure 4.15: Behaviour of Cf,,.
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(ii) The graph of Cy,,.

Figure 4.16: Behaviour of Cy,,.
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4.2.  Branch behaviour of invariant algebraic

curves
Critical Points R.E Branches Indices
Py 3 y:—16$3+m 3
Po(singular) g (y—1)3 =ka?+ .., k#0 6
Py 1 y=—p@—-1)+.. —1
— 27 7 6 7T _ 8 27 6
Pr=(— 3535 —z y—ogg=—gl@etzg) +.. —7
4 Z=3:1+iVB)(Y +2)%+ ..
Ps(singular) = (Z =0,Y = —2) 2 or 2(2+2)
Z=310-iVB)(Y +2)% + ..
Table 4.15: Behaviour of Uy, .
Critical Points R.E Branches Indices
1 ; 2
Y = mz2m 9+ 27iv3)z2 + ...
Py (singular) 2 or s ) 2(2+2)
Y= 22=(9 — 27iV3)a? + ..
P 6 y—l:—%a}—&—... 6
. 2
Py (singular) = (13, -9) 3 (y+9)3 =k(zx—13)2+..., k#0 6
- _ 54 y3
Ps 3 Z=355X3+ .. 3
Po=(X=-207=0) -7 Z=2(X+2)+.. -7

1.17)(31)).

Puiseux’s expansion of Cf,, at P, and P, we get a tac-node and a

cusp branches respectively, (see Table |4.16). Clearly the index at Py is

Table 4.16: Behaviour of Cy,.

Py and Py are the singular points of Cf,,.

By applying

equal to 6. For P, the branch is of the same what we have got in Cf,,

at P, hence the index is given by 2(2 4+ 2) = 8. More details about
the invariant quartic curve Cf,, can be found in Table and Figure

4.17. It is easy to verify that the sum of the indices is 16.

II. The irreducible quartic curves, Cy,,i € {17,18,19,20}, defined by their
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v (20}

(i) Multiplicity of Cf.

(x=0}

2(i =
3,( index =6)

(ii) The graph of Cy,.

Figure 4.17: Behaviour of Cf,.
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4.2.  Branch behaviour of invariant algebraic
curves

corresponding polynomials

IL1: fir(z,y) =2° 4+ Sy(y — 1)* — dxy® + 122y,

11.2: fig(z,y) =(1 —2)* + (y — D)* + 62y — 3zy° + 62y — 1,
IL.3: fio(z,y) =(x — 1)* + (y — D)* + 29> — 8ry — 1 and
I14: foo(z,y) =(x — 1)* + (y — 1)* — dizdy — 62%y* + dizy®+

4(=1+2i)2%y + day® +4(2 — i)y — 1,

are respectively invariants with respect to (4.4)) under the following condi-

tions
IL1: A=2, B=> and C= -2,
2 2

9 1 5
1I1.2: A=—, B=- - _ =

1 1 and C 5

3 1 7
I1.3: A——§, B—§ and C__§ and
11.4: A:Z;2, B:l;?) and C =i—1.

We will give the details of each case individually

I1.1. At the affine part of P?(C), the invariant quartic curve C},, passes
through the critical points P, P» and Py, while at infinity, the only
critical point for which CY,, passes through is P, (see Figure m,(l))
P; and Py are the singularities of C'y,,. By applying Puiseux’s expansion
of Cy,, at Py, we get node branches, (see Table [4.17)). Since the ratio
of eigenvalues at Py is equal to :gf—zg and the multiplicity of both
branches is equal to 1, then the index at Py is equal to (2 + (M) +

—3—iv/3
(:g;—;g)) = 3. For P, the branch of the projective version of Cy,, is
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Complex Lotka-Volterra Systems

Critical Points R.E. Branches Indices
P 2 y = éxQ + ... 2
Py 3 z=—(y—1)3+.. 3
y+1=2(-5+iV3)(x—8) + ..,
Py(singular) = (8, —1) —3+iv/3 56 (()r ) ) 3
—3—iV3 y+l=2(-5-iV3)(z—8)+..,
Py (singular) 2 Z=21+4)Y2+..
or 2(2+2)

Z=2(1-9)Y?+..

I1.2.

IT.3.

Table 4.17: Behaviour of Cy,,.

of the same what we have in Cy,, at Fg, hence the branch has index
8. More details about the invariant quartic curve Cy,, can be found
in Table and Figure [£.18] Tt is easy to verify that the sum of the

indices is equal to 16.

At the affine part of P?(C), the invariant quartic curve C},, passes
through the critical points P», P3 and Py, while at infinity, the only
critical point for which Cy,, passes through is P, (see Figure m,(1)>
P, and Py are the singular points of Cy,. By applying Puiseux’s ex-
pansion of Cf,, at both singularities, we get node branches in both,
(see Table . At P, we have a case similar to the quartic curve
Cy,,, hence the index is equal to 8. For Py, since we have two branches
of order one and the ratio of eigenvalues is equal to Ltiv3 then the

1—iv3?

index at Pj is equal to <2 + (%) + (%)) = 1. More details

about the invariant quartic curve C'y,, can be found in Table and

Figure Notice that the sum of the indices is equal to 16.

At the affine part of P?(C), the invariant quartic curve C,, passes

through the critical points P, P and Py, while at infinity, the only crit-
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(A) the graph of Cy,,.

Figure 4.18: Behaviour of Cf,,.
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(ii) The graph of Cy,,.

Figure 4.19: Behaviour of Cf,.
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4.2.  Branch behaviour of invariant algebraic

curves
Critical Points R.E. Branches Indices
z=3(1+4V3)(y— 1% +...
Py (singular) 2 ¢ or 2(2+2)
z=101-iV3)(y—1)2+..
P 3 y:%(x71)3+..., 3
y+8=L(5+iV3)(x+27)+ ...,
Py (singular) = (—27,—8) —% 2o 1
y+8=(G-iV3)(@+27)+ ...,
Py 4 Z=Y*+ .. 4
.18: viou .
Table 4.18: Behaviour of Uy,
Critical Points R.E. Branches Indices
Py 4 x:%(y—l)4+..., 4
P 2 y:1—12($—1)2—i-...7 2
. y+2=152+)(@+9) + ...,
Py (singular) = (=9, —2) }i’z or ' 2
y+2=£Q2-i)(x+9) + ...,
A Z=1(-14iV/3)Y2+ ..
Py(singular) 2 or 2(2+2)
Z=1(-1-iV/3)Y2+4..

I1.4.

Table 4.19: Behaviour of Cy,,.

ical point for which C',, passes through is P, (see Figure m,(l)) Py

and P, are the singular points of C't,,. By applying Puiseux’s expansion

of Cy,, at Py, we get a node branch, (see Table ' . Since the ratio of
1+i

eigenvalues at Py is equal to % and the multiplicity of both branches

at Py is equal to one, then the index is equal to 2+ ((%) + (1—;2)) =2,.

For Py, the behaviour of Cy,, is the same as for C'y,, at P;. More details
about the invariant quartic curve C,, can be found in Table and

Figure [4.20, Consequently, the sum of the indices is equal to 16.

At the affine part of P?(C), the invariant quartic curve C/,, passes
through the critical points P, P; and Py, while at infinity, the only

critical point for which C'y,, passes through is F, (see Figure m,(l))
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(ii) The graph of Cy,,.

Figure 4.20: Behaviour of Cf,,.
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4.2.  Branch behaviour of invariant algebraic

curves
Critical Points R.E. Branches Indices
Py 4 m:—é(y—l)‘l—l-... 4
y = §(—14+VI13=160)(z—1)%+...
Ps(singular) 2 or 2(242)

y = 1(-1—v/T13 = 167) (z—1)+...

y+1+2i=E2 - L@+ +.. -

Pr=(=3,=(+37) -

Lol
Lol

Z==3(Y+i)P3+..
Ps (singular)=(Z=0,Y=-i) 3 or
Z=2(1-20)(Y +i)+ ...

co‘g

Table 4.20: Behaviour of Cy,,.

P; and Py are the singular points of C,,. By applying Puiseux’s ex-
pansion of Uy, at P, we get the same node branch as we have got in
the quartic curve Cy,, at P, (see Table . Hence the index is equal
to 8. At Fs, we have two branches of order three and one, since the
ratios of eigenvalues in one of them is 3 and obviously with multiplicity
one, then the index is equal to 2 + (3 + %) = 1?6. More details about
the invariant quartic curve Cf,, can be found in Table and Figure

4.21. Consequently the sum of the indices is equal to 16.

Remark 12. From the result above, we see that, any invariant quartic

curves, C,,1 € {14,15,16,17,18,19,20} has codimension three.

Corollary 2. Any invariant quartic curve in two dimensional Lotka-Volterra
system has exactly six branches.

4.2.5 Invariant algebraic sextics

There are three separate irreducible invariant sextic curves Ct,, 1 € {21, 22, 23},

with respect to the system (4.4). We will find that to each sextic curve C},,
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Figure 4.21: Behaviour of Cf,,.
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4.2.  Branch behaviour of invariant algebraic
curves

exactly three of the critical points for which Cf, passes through are singu-
larities; Moreover the sextic curve CY,, is of complex coefficients. We will
find that, each sextic curve C, has node branches of higher order at their
singularities. As we will show that each sextic curve CYy,,i € {21,22,23}
is parametrisable, then the geometric genus of each sextic curve is equal to
zero, hence each sextic curve has exactly eight branches. The irreducible
sextic curves, Cy,, 1 € {21,22,23}, defined by their corresponding polyno-
mials

1
L fo(r,y)=(1—2)+(y—1)°+ §x2y2 + 922y + 2zy? — 3ay® — 3xy® + Ty

—1,
I foo(z,y) =(z — 1)* + (y — 1)° = 82y + 2*y® + 4a”y® — 112y — day*
+ 162y® — 24xy® + 162y — 1,

1L fog(ar,y) =(x = 1)° + (y = 1)° + 3(1 — iv/3)2’y+

15
7(—1 —iV3)azhy? + 6(=3 + 2iv3)xty — 202°y° + 3(5 + 9iv/3) Y’
15
+6(7 — 3iV3)xPy + o (=1 + iV3)ayt + 4227y
1
+ (15— 63iv/3)x%y? + 12(—4 + iv/3) 2y + 3(1 + iv/3)xy®

—12iV3xy* + 62y + 6(—5 + 2iV3)xy® + 3(9 — iV3)xy — 1,
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are respectively invariants with respect to the system (4.4) under the fol-

lowing correspondence conditions

5) 1 8
I: A:—— B:— — ——
5 5 and C 2
1I: A:—E, B:l and C:_l’
3 3 10
III: A:M, B 6 o T3FV3
14 —9+1iV3 2

I. At the affine part of P?(C), the invariant sextic curve C},, passes
through the critical points P», P; and Py, while at infinity, the only
critical point for which C/,, passes through is P, (see Figure ,(i)).
P,, Py and P, are the singularities of Cy,,. By applying Puiseux’s
expansion of Uy, at P, and Py, we get two branches of order three
at P» and two branches of order one at Py, (see Table . For P,
since the ratio of eigenvalues is equal to 3 and the multiplicity between
both of them is 3, then the index is equal to 2(3+3). At P, the ratio
of eigenvalues is equal to % and the multiplicity is one, then the
index is equal to 2 + ((% + %)) = 3. At P4, the projective
version of Cf,, has three branches of order two with multiplicity two
between each other, hence the index is equal to 3(2 + 2 + 2). More
details about the invariant sextic curve CYy,, can be found in Table

and Figure It is to verify that the sum of the indices in
Table is equal to 62 = 36.

II. At the affine part of P?(C), the invariant sextic curve CY,, passes

through the critical points P», P; and Py, while at infinity, the only

94



4.2.  Branch behaviour of invariant algebraic
curves

®
=0 ¢
\

3( index =12)

%( 14i4/3)
( index =3)

(ii) The graph of Cf,,.

Figure 4.22: Behaviour of Cf,, .
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Critical Points R.E. Branches Indices

x=1(-1+d)(y—1)3+ ..
Ps(singular) 3 or ) 2(3+43)
x=1(-1—i)(y—1)>%+...

P3 3 y:l—lo(:rfl)3+... 3
y+4=E(T+iV3)(z+25)+ ... 3
Py (singular) = (—25, —4) 3+iv3 or
3-iv3 y+4=E(7—iV3)(z+25) +..
) Z=k1Y?+... or Z=koY2+..
Py(singular) 2 or Z=ksY?+ .. 3(242+2)

Table 4.21: Behaviour of CY,,.

where
jy L0145+ 30v/6)3 + (145 + :1&0\/6)% +25
6 (145 + 30v/6) 3
py L0454 30v/2v/3)3 /3 — (145 + 30v/2V/3)5 — (?51)\/§+ 2(145 + 30v/2v/3)5 — 2
12 (145 + 30v/6) 3
py L 045+ 30v/2v/3)3 /3 + (145 + 30v/2/3) 5 — (?52')\/3 — 2(145 + 30v/2/3) 3 + 25
12 (145 + 30V/6) 3

critical point for which CY,, passes through is P, (see Figure @,(1))

P,, P; and P, are the singular points of C,,. By applying Puiseux’s

expansion of Cy,, at P» and Py, we get three branches of order two

at P and two branches of order one at Py, (see Table . For P,

since the ratio of eigenvalues is equal to 2 and the multiplicity among

pairwise branches is 2, then the index is equal to 3(2 + 2 + 2). At
1+i

Py, the ratio of eigenvalues is equal to 1= and the multiplicity is one,

then the index is equal to 2 + (% + }—fi) = 2. At P, the projective
version of C,, has two branches of order three with multiplicity three
between each other, hence the index is equal to 2(3 +3). More details
about the invariant sextic curve CY,, can be found in Table and

Figure Clearly the sum of the indices is equal to 36.
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th.-';

o
=0} 0 P
)4 6

(i) Multiplicity of Cl,,.

2( index =18)

3( index=12) ...

i{ index=2)

(ii) The graph of Cf,,.

Figure 4.23: Behaviour of Cf,,.
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Critical Points R.E. Branches Indices

T = %(y—l)g—l-...

or
Ps(singular) 2 T = %(1 +iV15)(y — 1)? + ... 3(2+2+2)
or
z=1(1-iVI5)(y —1)% + ...
Ps 4 y=3@—1*+.. 4

y+9=Z(4+1i)(z+50)+ ...
Py (singular) = (=50, —9) 1+e or
y+9=24—i)(z+50)+...

Z=31(-14i/3)Y3+ ...
Py(singular) 3 or
Z=31(-1-i/3)Y3+ ...

2(343)

Table 4.22: Behaviour of Cy,,.

III. At the affine part of P?(C), the invariant sextic curve C},, passes
through the critical points P», P3 and Py, while at infinity, the only
critical point for which CY,, passes through is Fg, (see Figure M><1))
P,, P; and Py are the singularities of Cf,,. By applying Puiseux’s
expansion of Cy,, at P» and Ps, we get two branches, one of order five
and the other of order one at P,, while we get three branches each of
order two at Pj, (See Table . For P,, since the branches intersect
each other transversely and the ratio of eigenvalues with respect to one
of them is equal to 5, then the index is equal to 2+ (5+ %) At Ps, the
ratio of eigenvalues is equal to 2 and they have pairwise multiplicity
equal to 2, then the index is equal to 3(2+2+2). At P, the projective
version of C',, has two branches of order three with multiplicity three
between each other, hence the index is equal to 2(3+ 3). More details
about the invariant sextic curve C/,, can be found in Table and
Figure [£.24] Tt is easy to verify that the sum of the indices is equal to

36.
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curves

Critical Points R.E. Branches Indices
_ Z\f
T = 1)° 4+ .. .
Py (singular) 5 or 5y =17 36
z=32(-44+iV3)(y—1)+
y=ki(x—1)2+
. or
Py(singular) 2 y = kae — 1% + .. 3(24242)
or
y=ks(z—1)%+ ..
Pp= (-3 -111+5v3) | -2 y+ (11 +5iV/3) = -8
1(13-3iV3)(x+ 3) + ...
Ps(singular) = Z = %(2+\/§)(Y+%(1+i\/§)3+
_ _ 3 1o 2(3+3)
(2=0.Y = -1(1+iV3) | o
Z=102-V3)(Y+i(1+iv3)>+

Table 4.23: Behaviour of Cy,,.

27 — 66zf 3+ 8v/54 + 78i/3

(27 66iv/3 + 8v/54 + 78i\/3
27 — 66iv/3 + 8v/54 + 78iv/3

N (xf(z? 66iv/3 4+ 8v/54 + 78iv/3)F — 3iv/3(27 — 662\f+8\/54+781 %—23“/
y =
16

where
N <3zf(27 66iv/3 4+ 8v/54 + 78iv/3)5 — 31iv/3 — (27 66iv/3 4 8v/54 + 78i\/3
1 =
16

(27 — 66i/3 + 8v/54 + T8iv/3

—(27 — 66iv/3 + 81/54 + 78iy/3)3 — 5(27 — 661\f+8\/54+781 3)3 4 39
(27 — 66z\f+8\/54+781

oo iV/3(27 — 66iv/3 + 8v/54 + 78iv/3) 3 + 3iv/3(27 — 66@f+8\/54+782 )F +8iV/3
3:—
(27—66zf+8\/54+782

16
+(27 — 66iv/3 + 8/54 + 78i\/3)3 + 5(27 — 66@f+8\/54+781 3)3 + 54
(27 — 66iv/3 + 8v/54 + 78i\/3
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(ii) The graph of Cy,,.

Figure 4.24: Behaviour of Cf,,.
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4.2.  Branch behaviour of invariant algebraic
curves

Remark 13. From the above results, we see that any invariant sextic curve,

Cy,,1 € {21,22,23} has codimension three.

Corollary 3. Any invariant sextic curve in two dimensional Lotka-Volterra

system has exactly eight branches.

In this chapter, we have investigated that any invariant algebraic curve has

the following properties that are not mentioned in Ollagnier (2001)).

1. Any invariant algebraic curve has zero geometric genus, and then the num-
ber of branches of each invariant algebraic curve is equal to two plus the

order of the curve.

2. Each invariant algebraic curve except the invariant line, Cy, = 1 -2 —y

passes through the face point.

3. Invariant algebraic lines are of codimension one, invariant conics are of

codimension two, while the others are of codimension three.

4. Also geometrically, we have described the behaviour of all invariant alge-

braic curves.

5. The results of this chapter can be found in Christopher and Wurial (2015)),

preprint.

101



Chapter 4. Branch Behaviour of Algebraic Curves in Two Dimensional
Complex Lotka-Volterra Systems

102



Chapter 5

Integrability and Linearizibility
of Two Dimensional
Non-Degenrate Lotka-Volterra

Systems in C?

103



Chapter 5. Integrability and Linearizibility of Two Dimensional
Non-Degenrate Lotka-Volterra Systems in C?

We recall that the results of this chapter are obtained in collaboration with
C.Christopher and Z. Wang. For more extensive presentation, see the preprint

Christopher et al.| (2015), already submitted for publication.

5.1 Introduction

In|Christopher and Rousseau| (2004)) the authors considered various results around

the integrability and linearisability of the origin for the Lotka-Volterra equations

& =z(14 ax + by), U =y(=A+ cx +dy), (5.1)

for rational values of A. In particular, for A = p/q with p + ¢ < 12 they showed
that all the integrability conditions were generated by two mechanisms. First,
when

Aab+ (1 —Nad —cd =0, (5.2)

there is an invariant line L = 0. Using the classical theory of Darboux, a first
integral of the form xPy?L% could be found. Furthermore, the conditions for lin-
earisability can be given explicitly. Second, the integrability of the origin could
be explained by a monodromy argument. That is, the ratios of eigenvalues of the
critical points on the axes and the line at infinity implied that the monodromy
map around the origin was linearisable, and hence the critical point was in fact
integrable. When does not hold, it was shown that the conditions for integra-
bility automatically imply linearisability. Several results for more general values

of A were given. In addition, by comparison with the results of (Ollagnier| (2001))
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5.1. Introduction

on Liouvillian integrability of Lotka-Volterra systems, two exceptional cases were
found when A = 8/7 and 13/7 which turned out to support invariant algebraic
curves and were hence solvable by the Darboux method. Some further results
were announced in Liu et al.| (2004) and Gravel and Thibault (2002). Our aim in
this work is to extend this investigation to the critical points of which do
not lie at the origin. In particular, if the critical point with ratio of eigenvalues
—p/q lies on one of the axes (the “side” case) we show that for p+¢ < 17 that the
critical point is integrable if either there is an invariant line passing though the
point (and the system is reducible to the conditions found above via a projective
transformation), or there is a monodromy argument involving the monodromy
group of the axes and the line at infinity and possibly an invariant algebraic
curve passing through the critical point. If, on the other hand, the critical point
does not lie on the axes (the “face” case) we show that for p + ¢ < 12 that the
critical point is integrable if either there is an invariant line passing though the
point (and again the system is reducible to the conditions found in |Christopher
and Rousseau (2004)), or there is a monodromy argument involving an invariant
algebraic curve passing through the critical point. We also return to the origin
case considered in (Christopher and Rousseau (2004) and extend the classifica-
tion to p + ¢ < 20. We show that no new cases appear, and furthermore, that
the two exceptional cases mentioned above can be considered as arising from
monodromy arguments involving the invariant curves and the axes. The work is
arranged as follows. In the next section we give a brief summary of the mon-
odromy method in the form that we use here. We will also explain how we can
extend the monodromy method to some of the invariant algebraic curves found

in (Ollagnier| (2001)). The geometric classification of these curves and their singu-
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larities is part of a more extensive investigation to be published elsewhere. Here,
however, we want to show that the method can still be applied in some cases
where the invariant curve has singularities. Finally, in Section 5.3, we give our
results. Since the computation of integrability conditions is now a well-trodden
area, we do not give extensive sets of conditions, but merely indicate the classes

of systems involved and some indicative examples.

5.2 The monodromy method

Recall that a polynomial vector field

gives rise to an analytic foliation (with singularities)

P(z,y)dy — Q(z,y) dx = 0.

Such a foliation extends in a natural way to P?(C). If P and @Q have degree n,
then the line at infinity is invariant if xQ, — yP, # 0, where P, and @),, are the
terms of degree n in P and () respectively. For the Lotka-Volterra system
we therefore have three invariant lines: the z and y-axes and the line at infinity.
Since we work over P?(C), these lines are really copies of the Riemann Sphere. In
the neighbourhood of each line we can consider the monodromy group as follows.
We fix a family of transversals to the line which pass through all points on the

line which are non-singular points of the vector field (call this set of points .S).
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5.2.  The monodromy method

We also fix a point p € S on the line and denote its transversal >. For each closed
path, ~, starting at p and each point, ¢, on X sufficiently close to p we can lift
the path to a unique curve on the leaf of the foliation through ¢. On returning to
Y} this curve will intersect Y at a new point ¢'. If we are given a local parameter
z for ¥ with z(p) = 0, then the map from ¢ to ¢ will define the germ of a
local analytic function M, : (C,0) — (C,0). This map is called the monodromy
map associated to the path 7. The map M, only depends on the path up to
homotopy in S. Furthermore, a change in the transversal or its parametrisation
will give a monodromy map conjugate to the original one. Finally, the monodromy
map for a composition of paths is just the compositions of the monodromies
(Maop = M,y 0 Mg). It is well known that there is a close connection between the
conjugacy class of the monodromy map about a path surrounding a single critical
point and the analytic classification of the critical point itself. In particular, a
critical point which is a saddle is integrable (i.e. can be orbitally linearised)
if and only if the monodromy map is linearisable. The monodromy method
consists of the finding simple conditions which guarantee that the monodromy
around a critical point is linearisable by considering the monodromy maps of
the other points on the line. Since we are working on the Riemann Sphere, the
monodromy M; about a critical point, )1, is just the inverse of the composition
of the monodromies, M, about the other critical points, Q);. Thus, if M is
linearisable and M), is the identity map for k > 2, then it is clear that M, is also
linearisable and hence the critical point (); must be integrable. The power of
the method lies in the fact that in many cases it is easy to give conditions for a
critical point to have identity or linearisable monodromy. Consider a critical point

whose ratio of eigenvalues is A\. Here, we take the ratio of eigenvalues so that the
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eigenvalue associated to the tangential direction to the line is on the denominator.
If X is a positive rational number which is not an integer or the reciprocal of an
integer then the critical point is a linearisable node, and hence has linearisable
monodromy. In the case when A or 1/ is a positive integer, then the node may
have at most one resonant term. If this resonant term is zero, the node must be
linearisable as above. This can be established by a simple computation. However,
in most cases the linearisability can be seen geometrically: if the node is resonant
then there is no analytic separatrix passing through the critical point tangent
to the eigenvector with smaller (in absolute terms) eigenvalue. Thus, if A is a
positive integer greater than one, then the fact that line itself is such a separatrix
shows that the node must be resonant, and the monodromy just the identity.
Similarly, if the node occurs at the crossing of two invariant lines, it must also
be non-resonant. What we have said about lines will also work for any smooth
invariant curve of geometric genus 0 (i.e. conics). More generally, since the
monodromy only “sees” the branches of the curve, we can also apply the method
to geometric genus 0 curves whose singularities only have smooth branches (that
is, the curve has at most ordinary multiple points). If the curve has singularities
then a further investigation needs to take place. However, for our investigation
we need only consider one such case: when the curve has a cusp. In this case, the
associated critical point at the cusp is a node with ratio of eigenvalues 2/3. Since
such a node is linearisable, we can locally find an analytic transformation bringing

it to the form & = 2z, § = 3y with invariant curve y? = 3.

The monodromy
can be calculated directly from the parametrization of a loop around the critical
point, (x,y) = (e*?, €3?), which shows that the monodromy is in fact the identity.

Alternatively, and more geometrically, the monodromy will be preserved under
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5.2.  The monodromy method

blowing up. If we blow-up the cusp singularity we get a smooth branch with
ratio of eigenvalues 2. We can therefore conclude that the monodromy is the
identity. In what follows, we shall say that we can apply the monodromy method
if all linearisability and identity monodromies are deduced in exactly the ways

described above.

Case 1

Here, we have an invariant cubic curve, C,, mentioned in Section 4.2.3, Case
(c), Page 61. The eigenvalue ratios of the critical points at the smooth branches
of the curve are 2, 3, 6, and —8. There is also a cusp with eigenvalue ratio 2/3
as showed in Figure (ii) and this has the identity monodromy as explained
above. Thus, the critical point with eigenvalue ratio —8 must be integrable. It
also follows that the critical point P, must also be integrable by considering the

monodromy on the z-axis.

Case 11

Here, we have an invariant quartic curve, CY,,, mentioned in Section 4.2.4, 1.3,
Page 80. The eigenvalue ratios of the critical points at the smooth branches of
the curve are 2, 2, 3, 6, and —7. There is also a cusp with eigenvalue ratio 2/3
as showed in Figure [£.17] (ii) and also this has the identity monodromy. Thus,
the critical point with eigenvalue ratio —7 must be integrable. It follows that the
critical point Py must also be integrable by considering the monodromy on the

line at infinity. Finally, the critical point P; must also be integrable.

109



Chapter 5. Integrability and Linearizibility of Two Dimensional
Non-Degenrate Lotka-Volterra Systems in C?

Case 111

Here, we have an invariant conic, C,, mentioned in Section 4.2.2, (b), Page 55.

The eigenvalue ratios of the critical points at the smooth branches of the curve

are 2, 2, Qég_ﬁ), d —%,Sg—ﬁ). It is easy to verify that exactly one of Qég—j:) or
—Q?Egﬁ) is not the reciprocal of a positive integer, where B # 1. Hence if Q?Egﬁ)

is positive and not the reciprocal of a positive integer, then the critical point Py
has a linearisable monodromy and then the critical point P; is integrable. On the
other hand if —Q?Eg—ﬁ) is positive and not the reciprocal of a positive integer, then

the critical point P3 has a linearisable monodromy and then the critical point P

is integrable.

Case IV

Here, we have an invariant cubic curve, C},,, mentioned in Section 4.2.3, (i),
Page 76. The eigenvalue ratios of the critical points at the smooth branches of
the curve are 1/2, 2, 3, 3 and —3/2 (not a cusp). Thus the critical point with

eigenvalue ratio —3/2 must be integrable.

Case V

Here, we have an invariant quartic curve, CY,,, mentioned in Section 4.2.4, I1.4,
Page 89. The eigenvalue ratios of the critical points at the smooth branches of
the curve are 1/3, 3, 2, 2, 4 and —4/3. Thus the critical point with eigenvalue

ratio —4/3 must be integrable.
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5.3 Results for Lotka-Volterra systems

Now, we return to consider the Lotka-Volterra equation in P?(C). On each invari-
ant line (including the one at infinity) we have three critical points. If one of these
critical points has identity monodromy and the other monodromy is linearisable,
we can conclude that the third critical point also has linearisable monodromy
and is hence integrable. In more elaborate cases we might need to iterate this
construction. That is, we apply the monodromy method on a line to show that
a certain critical point has linearisable monodromy, and then use this knowledge
to apply the monodromy method on a second line on which the critical point lies.
In the “side” case mentioned below, a third iteration is sometimes needed. We
now describe our results. We will split our consideration into three cases. The
first considers the integrability of a saddle critical point at the origin. This is
the case considered in |Christopher and Rousseau (2004)). For each p,q > 0 with
p+ q < 20, we take the general Lotka-Volterra system with a saddle of ratio of
eigenvalues —p/q and calculate the first three resonant terms of the normal form.
From these calculations we obtain necessary conditions for integrability of the
saddle. We then prove the sufficiency of these conditions: either by showing that
holds and hence there is a Darboux first integral, or by establishing that
the critical point is integrable by a monodromy argument.

As an indication of the method, we will give examples of any case in the following

theorems.
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Theorem 13. If a Lotka-Volterra system has an integrable saddle at the origin
with ratio of eigenvalues —p/q with p+q < 20 then it falls into one of the following

categories
1. The condition (j5.2)) holds and the system has a Darboux first integral.

2. The monodromy method can be applied using two of the invariant lines of

the system.

3. The monodromy method can be applied using the invariant cubic given in

Case Cf, of Chapter 4.

4. The monodromy method can be applied using the invariant quartic given

in Case Cy,, of Chapter 4.
We give an example to each case mentioned in Theorem 13.

1. The system

11 3 1 3
= 21— —-), ) — (———— —), 5.3
o x( YT 16Y V=y\"16 8" " 16Y (5:3)

satisfies the condition (5.2), where

Hence (5.3 is integrable at the origin. For more details, see Figure , (1).

2. Consider the system

1 3 3
o) () o
x x( x+2y Y=y 10+$+10y (5.4)
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From Figure , (2), the line at infinity, L., has eigenvalue ratios %, 2 and -
%. So, the critical point with eigenvalue ratio % has linearisable monodromy,
the critical point with eigenvalue ratio 2 clearly has identity monodromy
and hence the critical point with eigenvalue ratio —% must be integrable.
With respect to the y-axis, Ps has eigenvalue ratio —%, and the other critical
points have eigenvalue ratios 5 and —% at P, and P; respectively. Thus
the critical point at the origin must also be integrable. Consequently, the
system ([5.4)) is integrable at the origin. Hence, only two axes are required

to show the integrability.

=
~

1

wlon
w T

N
o
oo~

N

o“*’

g
—e

(1)

Figure 5.1: The Ratios of eigenvalues of the systems 1’ and |D

3. By using the following transformation
xr—x, y— L and Lo — 1, (5.5)

we can verify that Figure (i), Page 64 is projectively equivalent to

Figure 5.2} (1).
The correspondence cubic curve of Figure 5.2} (1) is given in Figure 5.2} (2)
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and is defined by

112 49

This cubic curve is invariant with respect to the following system

x’zx(l—x—%y), y:y<—g+x+gy>. (5.6)

Clearly, Ps, Py, P5s, Ps and Py are the critical points for which the invariant
cubic curve passes through with eigenvalue ratios -8,2,3,6 and % respectively.
The critical point Py has linearisable monodromy, while P4, Ps and Fs have
identity monodromies, then the critical point P; must also be integrable.
Since P, has eigenvalue ratio 2 with respect to the z-axis as well, then the

origin must also be integrable.

Figure 5.2: The Ratios of eigenvalues of the system (|5.6)).
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4. Consider the system

14 7 7
T x( T = 3¥ y=1y 13 +x+ 3V (5.7)

By using the transformation given in (5.5)), we may verify that Figure m,
(i), Page 84 is projectively equivalent to Figure[5.3] (1).

The corresponding quartic curve of Figure [5.3| (1) is given in Figure [5.3]
(2) and is defined by

13 91 637 1183
flzy)=1—y+ —ay— —ay* + —ay° + 222,

6 3 24 36 (5:8)

This quartic curve is invariant with respect to . Clearly, P, Py, P5, Ps
and Py are the critical points for which the invariant quartic curve passes
through with eigenvalue ratios -7,2,2,3,6 and % The critical point Pf has
linearisable monodromy, while Py, P; and Py have identity monodromies,
then the critical point P, must also be integrable. Since P5 has eigenvalue
ratio 3 with respect to the y-axis as well, then the origin must also be

integrable.

Remark 14. The final two cases were found in |Christopher and Rousseau (2004)),
who showed that they give Darboux first integrals. However, in the light of the
other results below, it is probably better to consider them as examples of the

monodromy method.

The second case is where the critical point lies on one of the invariant lines but

not at the origin. We proceed as above and find the following result.
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1
(1) 2)

Figure 5.3: The Ratios of eigenvalues of the system 1)

Theorem 14. If a Lotka-Volterra system has an integrable saddle on one of its
azes but not at the origin with ratio of eigenvalues —p/q with p + q < 17 then it

falls into one of the following categories
1. The condition ([5.2) holds and the system has a Darboux first integral.

2. The monodromy method can be applied using one, two, or three of the

invariant lines of the system.

3. The monodromy method can be applied using the invariant conic given in

Case Cf, of Chapter 4.

4. The monodromy method can be applied using the invariant cubic given in

Case Cf, of Chapter 4.

5. the monodromy method can be applied using the invariant quartic given in

Case Cf,, of Chapter 4.

We give an example to each case mentioned in Theorem 14.
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1. Consider the system

. (1 6> . (2 1 2> (5.9)
r =X —r — - = - — - — = . .
5y, y=y 5§ 59

Clearly, the system satisfies the condition (5.2). Then there exist an in-
variant line such as one given in Section 4.2.1, (a), Page 51 passes through
the critical points P, P3 and Pg with eigenvalue ratios 2,-5 and 4. Conse-

quently P3 must be integrable since P, and Fs have identity monodromies.

For more details, see Figure[5.4] (1).

2. Consider the following system

S SR N
x—fU(l x qdy>, y qy(l Y), (5.10)

where p and ¢ are co-prime numbers.
On the z-axis, the eigenvalue ratios of the critical points P, P; and Py
are §, —§ and 1. Since P; has linearisable monodromy and P, has identity
monodromy, then P3 must also be integrable. Consequently, only the z-axis
is required to show the integrability. For more details, see Figure[5.4] (2.1).
For the case where only two axes are required to show the integrability is
similar to what we have done in Theorem 13.
To see the case when three axes are required to show the integrability, we
may consider the following system
¢=x(1—x+§y>, y=y<—§+x+—y>. (5.11)
117



Chapter 5. Integrability and Linearizibility of Two Dimensional
Non-Degenrate Lotka-Volterra Systems in C?

From L., P, has linearisable monodromy and Fg has identity monodromy.
Hence the critical point P; must be integrable. With respect to the y-axis,

since P, has identity monodromy, then the origin with eigenvalue ratio

-4

5 with respect to the y-axis must be integrable. From the z-axis, the

identity monodromy of P, implies that the point P; must be integrable.
Consequently all the axes are required to show the integrability at Ps. for

more details, see Figure [5.4] (2.2).

3. From Figure , (3), there is a conic curve defined by

1
flz,y) =y*+ %fﬂ(w — 1) + 13wy,

and is invariant with respect to the following system

11 1 5 1
P =1 ——), )= (— 2 ——). 5.12
& x( z =139 g=ylg+ 3~ 5Y (5.12)

This conic curve passes through the critical points P, P, P and Py with

7

eigenvalue ratios 2,-7, 2 and % respectively. Hence the critical point Pj is

integrable.

4. Since the ratio of eigenvalues at the side critical point P; with respect to
the x-axis is equal to —% for the Case (c) mentioned in Section 4.2.3, Page
61, then from the eigenvalue ratios of the critical points belong to the cubic
curve, we see that the critical point P3 must be integrable. So, in this case

we have used only the cubic curve to show the integrability at Ps.

5. To show that the system (5.7)) is integrable at the saddle critical point at Ps.
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First, consider the invariant quartic curve with respect to (5.7)). The
quartic curve passes through the critical poits P, Py, P5, Ps and P; with
eigenvalue ratios -7,2,2,3,6 and % Hence the critical point P; is integrable.
On the other hand, on the y-axis, the integrability of the critical point P,
implies that the origin P; is integrable since Ps has identity monodromy.
Finally, on the x-axis, the identity monodromy of the critical point Py

implies that P; must be integrable. For more details, see Figure (2).

d-1

2 — <—

Nl—

ol

p e}

(2.2) (3)

Figure 5.4: The Ratios of eigenvalues of the systems , (5.10)), (5.11)
and ([5.12)).

Finally, we consider the case where the saddle is not on the axes. In this case we
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find the following result.

Theorem 15. If a Lotka-Volterra system has an integrable saddle which does not
lie on one of its axes with ratio of eigenvalues —p/q with p + q < 12 then it falls

into one of the following categories

1. The monodromy method can be applied using the invariant line given in

Case C/, of Chapter 4.

2. The monodromy method can be applied using the invariant conic given in

Case (Y, of Chapter 4.

3. The monodromy method can be applied using the invariant cubic given in

Case Cf,, of Chapter 4.

4. the monodromy method can be applied using the invariant quartic given in

Case Cf,, of Chapter 4.
We give an example to each case mentioned in Theorem 15.

1. By using Proposition 1, Page 50, there is an invariant algebraic line f(x,y) =

xr — y with respect to the system

.i:a:(l—x—gy), g)zy(l—gaj—y), (5.13)

passes through the critical points Py and Fs as well. For more details, see
Figure[5.5 (1). Since P; and P have identity and linearisable monodromies,

then P; must be integrable.
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Results for Lotka-Volterra systems

2.

WIN

A o
-

Consider the system

| 4
izx(l—x—éy), y:y<2—?x—2y>. (5.14)

The conic curve defined by

49 14
2
+ 1
f(z,y) == 25y(y ) 5 7Y

is invariant with respect to the system (5.14). This conic passes through

the critical points P, P, Py and Py with eigenvalue ratios 2,%, —g and 2.

Hence the face critical point Py must be integrable. For more details, see

Figure 5.5, (2).

Figure 5.5: The Ratios of eigenvalues of the systems 1' and 1D

3.

By using Figure in Section 4.2.3, Page 78, we can verify that the system

3

5 as an eigenvalue ratio

is integrable at the face critical point P; having -
since the other critical points for which the cubic curve passes through are

P, P3 and Py with eigenvalue ratios 3,2,% and 3.
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4. Similarly as the cubic curve explained above in Theorem 15, P; with eigen-

value ratio —% is integrable since the other eigenvalue ratios for which the

quartic curve passes through are 4,2,2,3,%. For more details, see Figure
[4.21], Page 92.
We believe that these results will hold for all p and ¢, but were not able to

establish this yet.
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Introduction

In |(Cair6 and Llibre| (2000)), invariant algebraic surfaces up to degree two for the
following three dimensional complex Lotka-Volterra system have been investi-

gated

= P(x,y,2z) = x2(A+ Cy + 2),
) =Q,y,2) = y(p +x + Az), (6.1)

2= R(x,y,z) = z(v+ Bx + y),

where, A\, p, v, A, B and C are real parameters. In Caird (2000), linear
and quadratic invariant algebraic surfaces in applying the Darboux theory of
integrability in the following three dimensional Lotka-Volterra system have been

studied

4= u(l+ aju + av + azw),
V= U(bo + blu + bQU + bgw), (62)

W = w(cy + cru + cov + csw).

This chapter is devoted to introduce a new technique for finding invariant alge-
braic surfaces in three dimensional complex Lotka-Volterra systems.

This chapter is divided into three sections. In the first section, we describe the
mechanism mentioned above. In the second section, we apply our technique to
investigate the invariant algebraic quadratic surfaces with respect to the system
exclude those surfaces having eigenvalue ratios equal to one at the origin. In

the last section, we use our mechanism to find all the invariant algebraic planes
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with respect to the system (6.2)) found in Chapter 3.

6.1 A geometrical technique for finding invari-

ant algebraic surfaces

In this section, we investigate a geometrical mechanism for finding the invariant
algebraic surfaces with respect to the system . To do that, let we assume
that the system is non degenerate.

By an invariant algebraic surface with respect to the system (6.2]), we mean a

surface Cy defined by a polynomial f(z,y, z) = 0 such that

x(f) = fLy,

where Yy is the corresponding vector field of and Ly is a polynomial of order
at most one called the cofactor of f.

The system has exactly fifteen critical points in P3(C), when all the param-
eters in are non-zero. Eight critical points are located in the affine part of
P3(C) and the others are at infinity. By the affine and infinite parts of P?(C),
we mean the same as we have already explained for P?(C) in Chapter 2 and we
will explain more later.

Notice that, if a; = 0, (respectively by = 0 / ¢o = 0), then the critical point
(—i,0,0), (respectively (O,—g—g,O) / (O,—i—g,O)) of the system moves to the
origin. Henceforward, we assume that a;bycy # 0. On the other hand, if a; = b,

or ag = by, (respectively a; = ¢; or az = ¢3 / by = ¢3 or by = ¢3), then at infinity,
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there is no side critical point on the line z = 0, (respectively y = 0 / = 0).

Hence, we may assume that

ar # by, ay# by, ayrFc, azFcz, byFca, bzF s

We will explain later more about the infinite part of P3(C).
In order to get a system much simpler than the system (6.2]), we may assume the

following change of coordinates

1 bo Co
u=——z, v=——y and w=——2z.
ai by C3

Hence the system (6.2) can be written as
T = P(z,y,z2) = x<1 —rz—A1-Cy—D(1— E)z),

j=Q(z,y,2) :y(A— (1—B)x—Ay—D(1—G)z>, (6.3)

i = R(z,y,2) :z'(D—(l—F)gs—A(l—H)y—Dz),

where

by — as

’ D = Co,
a1 by

c3 — b by — ¢
= and H =
C3 3] C3 by

Clearly, all the parameters appear in (6.3)) are non zero. As a result, the system
(6.3) has the finite critical points P, = (1,0,0), P; = (0,1,0) and P, = (0,0, 1)
on the x, y and z-axes with P; = (0,0,0) as well. We call P,, P; and P, the side

critical points on their corresponding axes.
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By generalising what we have explained in Chapter 2 for P?(C), we have consid-

ered Figure [6.1| to represent P3(C).

1 {y:O} 1,00

Figure 6.1: P3(C).

To explain Figure , we assume an arbitrary algebraic surface Cy. So, in Figure

0.1

e The blue lines are the axes determine the finite part of P3(C), while the

red lines determine the infinite part of P?(C).

e Black dots stand for the critical points located on P3(C)’s axes. Py oo, Py oo
and P, o, are the intersection points of z, y and z-axes at infinity. P,y o,
P,.~ and P,  are the side critical points on the axes x = 0, y = 0 and

z = 0 respectively.
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The variables k;, m;, n;, ki oo, Mioo and n; o for ¢ in {1,2,3} are non negative
integers stand for the intersection multiplicities of the surface C'y with the axes

at their corresponding points such that

ki = multp (Cy, x — axis), ke = multp,(Cy, x — axis),
my = multp, (Cr,y — axis), my = multp,(Cr,y — axis)
ny = multp, (Cy, z — axis) ne = multp, (Cr, z — axis)

ks = multp, . (Cy,x — axis), mg = multp, (Cy,y — axis),
ng = multp,  (Cy, z — axis), k1o = multp,  (Cy,x = 0),

k200 = multp,,  (Cy,x =0), ks o = multp,  (Cy,x = 0),
Mo = multp, (Cy,y =0), Moo = multp, _(Cr,y =0),
M3,00 = multp,  (Cy,y = 0), N = multp, . (Cy, 2z =0),

Nooo = multp,, . (Cr,z=0) and nge = multp, (Cf,z=0).
To study the system ([6.3)), at infinity. We will consider the corresponding vector

field y of the differential system (6.3])

0 0 0
X = P(xaya 2)% + Q(:E’y’Z)a_y + R(l’,y, Z)&

Without loss of generality, let © — oo. Hence, we may consider the following

change of coordinates

1
L v="and z=12 (6.4)

S
8
S
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Then the version of the vector field y at infinity is given by
1Y Z\ 0 1Y Z 1Y Z 0
- _ _usp( Lt L 4\ 9 2 A ZN\) 9
X= WP(W’W’W>8W+W(Q< ) Y W)) *
1Y Z 1Y Z 0
W R(—, =, — ) —ZP(—, —, — | | ==
( <W’W’W> <W’W’W)>GZ’

:W<1—W+A(1—C)Y+D(1—E)Z>%+Y<B+(A—1)W

— ACY + D(G — E)Z)aiy + Z(F +W(D —1) + A(He)Y — DEZ)a%

Clearly W — 0 as x — 00, hence we get the coordinates of the following critical

points
F
Poo=W=0:Y=0:2=0), Ppo= (W:O:Y:O:Z:ﬁ) and
B
Pryoo = <W:O.Y:E.Z:O>.
By the following change of coordinates
T 1
X=— W=- and Z=-, (6.5)
) )
as y — 00, Or
1
x=2 v=Y and w=-, (6.6)
z z z

as z — 00, we can get the coordinates to the other critical points at infinity, for

example the coordinate of the point P, o = (X =0:W=0:7= g—g).
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We will follow the following steps to classify invariant algebraic surfaces with

respect to ([6.3)).

Step 1

Step 2

Step 3

Step 4

All possible choices for the variables mentioned in Figure must be taken
such that the sum of all three numbers located on the same axis must be
equal to the degree of the algebraic surface Cy. For example, the sum of
the numbers m; o, M2 o and ms o, on the line y = 0 must be equal to the

degree of CY.

We take one example as all other cases can be obtained by projective trans-

formations.

Any case in Step 2 corresponds to a potential algebraic surface Cy defined
by a polynomial f(z,y, z) = 0 which will depend on a number of parameters

different from what we have got in the system (6.3)).

The values of the parameters appear in Step 3 can be computed by assuming

C as an invariant algebraic surface with respect to (6.3)).

To draw and describe fully the behaviour of an invariant algebraic surface C

found from the steps above, we may use a regular tetrahedron with its sides

flattened as shown in Figure [6.2]

In Figure 6.2}

We use the equilateral triangles as follows: the blue triangle stands for the
projective plane P?(C) determined by the z and y-axes as its affine part.
Obviously, in this case, the line z = 0 (the line segment joined by the

vertices P, o and P, ) is the line at infinity of this projective plane. The
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P
Ly 2xy X,00 2xz Lxz

Figure 6.2: Ratios of eigenvalues of l}

blue arrow at each point stand for the eigenvalue ratio of the system
at its corresponding point. We use the notation ng(C) to represents this
projective plane.

Similarly, the green triangle stands for P2(C) determined by the x and
z-axes, while the red triangle stands for P?(C) determined by the y and z-
axes. We preserve the same arrow colours for the eigenvalue ratios at their
corresponding points in each part. We use the notations P2,(C) and P2 (C)

for their projective planes for the green and the red triangles respectively.

e For the infinite part of P?(C) which is itself a projective plane, we may

assume the lines x = 0 and y = 0 as the affine part and then the line z =0
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as the line at infinity, we will use the notation ng(C) for this case.
Similarly, we use the notations P2 (C) (respectively lsiz((C)) for represent-
ing the infinite part of P3(C) where z = 0 and z = 0 (respectively y = 0

and z = 0) are the axes in the affine part.

e Each number near the head of any arrow stands for the ratio of eigenvalues

at the corresponding point in the system (/6.3)).

e Despite the coordinates of the critical points P, P3 and P; being un-
changed, the notations Ps ,, and P34, <respectively P4, and Pyg, |/ Ps .
and P47yz> are applied to their correspondence in Piy(C) (respectively

P2(C) / P2(C)).

To find and draw C

e We write only the corner parameters to each projective plane due to |Ol-
lagnier| (2001) and what we have done in Chapter 4, since the sum of the
eigenvalue ratios of the other critical points located on the same axis is equal
to one. We write the parameters A, B and C (D,E and F' respectively
G,H and D/A) for P2 (C) ( P2,(C) respectively P2,(C)).

e Different colours for each part of any invariant algebraic surface, C, will
apply with the same arrow colours stand for the ratios of eigenvalues at the
critical points for which Cy passes through. We use green, red and blue
colours for the parts of Cy in P2,(C), P%(C) and P2 (C) respectively, while

we use the pink colour for the part of C'y at infinity.

e In some cases, we draw and extend some parts of the surface C; or the axes

by dotted curve to guarantee that there are no any intersections neither
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among them nor with the axes of P3(C).

o P

Y

P,. and P,. are the face critical points in P% (C), P%(C) and P2 (C).

e P, is the critical point of the system (6.3) in the space, while the critical
point P is the face point at infinity. The space point is the critical point

with non-zero coordinates.

e In some cases, we use two different colour arrows at the same critical point
with only one specified. In this case the other eigenvalue ratio is the same

and geometrically involved.

Remark 15. 1. By the finite part of an invariant algebraic surface, C, we
mean the behaviour of C; at the finite part of each projective plane in
P3(C), while the infinite part of C'; means the behaviour of C} at infinity

in P3(C).

2. Any axis or a line with a yellow colour in applying Figure[6.2for an invariant
algebraic surface C indicates to a line of singularities of the corresponding

vector field for which the surface C is invariant.

3. In a line of singularities, each point @Q);, for i € {1,2} is not necessary to be

one of the critical points mentioned in Figure [6.2]

Theorem 16. The necessary and sufficient conditions for the system having
an invariant algebraic plane passes through the origin transversely is that A =

D =1 in the system , where BEH + CGF = 0.
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Proof. Suppose A =D =1 in the system ([6.3)), so we have the following system

:i:zx(l—x—(l—C) z

(6.7)

(0

Y

E)2),
y(l—(l—B):z:—y— (1-G z)

<1—(1—F) Hy—z

It is easy to verify that the algebraic plane f = z — (%)y ( )z is invariant
with respect to the system (6.7)) with the cofactor Ly =1 -2 —y — 2.
The converse is straightforward since any invariant algebraic plane intersect the

axes at the origin transversely has a multiplicity one with each axis. ]

Remark 16. To investigate invariant quadratic surfaces, we make some assump-
tions since there are many cases to be considered. One of the assumption is that
we ignore the case where the algebraic surface does not intersect each axis trans-
versely. The other assumption is that we will ignore the case having the ratios of
eigenvalues equal to one at the corner critical point for the corresponding vector

field for which the surface is invariant.

6.2 Invariant quadratic surfaces

In this section, we apply the technique of Section 6.1, to investigate all invariant
algebraic quadratic surfaces with respect to the system (/6.3]).
By applying the first three steps in our method, we get exactly seven possible

cases for invariant quadratic surfaces as can be seen in Figure
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@ ’ z-axis
{x=0}
' 2 O PZDO
ny,w ’
215, Py
[
2
O P] P2 A]Px,w x-axis
=0
Case 7

Figure 6.3: Multiplicity possibilities of invariant quadratic surfaces.
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We split to each case in Figure (6.3]) individually

Case 1

The general form of the quadratic algebraic surface in this case is defined by the

following polynomial

f=a+ A* + Apz(z — 1) + Aszy + Ayxz + Asyz.

By assuming f as an invariant with respect to (6.3)), we get exactly three possible
choices for the parameters A;, i€ {1, 5}.

We will explain each case individually

I. The quadratic surface, CY, |, defined by the polynomial

2
— 2 2
fiir==x —i-( Sy + 2z(z—1)+F+1xy+
4 4
—_— F# -1
F‘I—lmz—i_ (F+1)2yz7 7é 9

F+1) (F+1)

is invariant with respect to (6.3]) under the following conditions

A=1, B=B, C’:—i, D=2,
F+1
P (6.8)
F=——— F=F G=0 and H=0.
F+1

Notice that, F' # —1, otherwise we get B = 0.

CY, , has the following properties

e InP,*C), fi1 = (m + FLHy)Z. So, Uy, , is the double of a line, which

is projectively equivalent to the case, C'y,, mentioned in Chapter 4.
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o In P..°(C), fi.= (F+1)2Z(Z 1)+F+1xz So, Cf, , is the case,

C',, mentioned in Chapter 4.

e In Pyzz((C), fi1= (Fil)zyQ + (Ffl)zz(z -1+ (FH)Qyz This case has
not been mentioned in Chapter 4, since it is not listed in |Ollagnier
(2001). Cy,, intersects, the z-axis, transversely at the critical points
P, . and P, ,,, while it intersects, the y-axis tangentially at the critical

point P, ,.. More about this part will be given later.

e (', , passes through the space critical point

1 F?+F—-3BF - B B?
Ppy. = ) ) ) B F.
v (B—F (B—F)? (B—mQ 7

e At infinity: To consider f’ﬁz(C), we may use the change of coordinates

(6.4). So the version of fi; can be defined by

1

2
r :----(1 F+Y 22).
1.1 (F—i— 1)2 +r+Y +

Clearly, Cp, ,, is the double of a line that is projectively equivalent
to the case, Cy,, in Chapter 4. The correspondence version of the
vector field determined by the conditions given in for which Fj;

is invariant can be defined by

Y:Y<B+ B Y + 28 Z),
F+1 " Fil
! o (6.9)
Z::Z(F Y Z)
TEr TFE

Cr,, passes through the critical points P,y = (W =0:Y=—(F+
1): Z =0) and Py o = <W:0:Y:0:Z:-§(F+1)) of,

137



Chapter 6. Quadratic Invariant Alebraic Surfaces in three dimensional
Lotka-Volterra Systems

and both are singularities of Cr,,. In 1532(((:), which is determined
by the change of coordinates (6.5)), the correspondence vector field is
defined by
) B 2F
X = X(— BX —Z),
F+1 * * F+1
Z=(F-BXZ.

(6.10)

Hence, X = 0, is a line of singularities of the system , and then
CF, , intersects the line, X = 0, at a point (); not necessary to be the
same critical point Py, .. Consequently, in P,.*>(C), C}, , intersects
the line, x = 0, at the points (); and ()3. The whole behaviour of

Ct, ,, can be seen in Figure

Figure 6.4: The whole behaviour of Cf, .
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II. The quadratic surface, CY, ,, defined by the polynomial

fis +02 N 4
‘T —_— S —
B2y (F+1)?

4 4C
— B d F+#-1
Fr1” B(F+1)yz’ 70 an 7 -1

2
z2(z—=1) — gnyr

is invariant with respect to (6.3)) under the following conditions

A=1, B=B, C=C, D=2 E——L,

F+1 (6.11)
r_p q. CF+B+C o CF+B+C '
- - C(F+1) B B

CY, , has the following properties

e mP,*C), fia=(z—-F ) So, U, , is the double of the case, C},,

mentioned in Chapter 4.
e In P,.*(C), fi is the same as fi1, in P,,*(C).

e In P *C), fia= gz v+ (F+1)2z(z 1) — 4B(F+1)yz Notice that

() he= + (e imy) -0 -2 p)

— = ——— ) 2(z2—1) 4 =—— )y=.

c) 2=V C(F+1) cF+1)/)Y
Hence, Cy, , is projectively equivalently to the case, C,, mentioned in
Chapter 4.

e (4, does not pass through the space critical point.

e At infinity: Assume lagz(C) So, the version of f; 5 is defined by

Flo= (3(1 +F) —C(1+F)Y + 232)2.

B2(F + 1)
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Clearly, Cp, , is the double of a line which is projectively equivalent to
the case, Cy,, mentioned in Chapter 4.
The correspondence of the vector field determined by the conditions

given in (6.11) for which F} o, is invariant can be defined by

. B+C
Y-v(B-Cy-—2—2"%_7)

( C(F+1) ) (6.12)
. BC + FC+ B+C o
Z_Z@u- — Y+F:7@.

CF,., passes through the critical points Py o, = (W =0:Y = g 14 =

()) and Py, o = (W =0:Y=0:7Z= —%(F—I—l)) of (6.12), and both

are singularities of C'r, ,. To get the other critical point for which Cp, ,
passes through, we may assume, f’ﬁz((C), which can be determined by
the change of coordinates . Hence, the correspondence vector field
is defined by

2(B+C) )
C(F+1) /)’

_CF+B+C
B

X:X@uBX+
(6.13)

CF+B+C) >

+W—Bmw?<aF+D

Z:Z<

So, the other critical point of (6.13]) belongs to CF, , has the coordi-
nates P, = (X =0,W=0,7Z= %) Also, Py, is a singular-
ity of Cp, ,.

The whole behaviour of C}, , can be seen in Figure [6.5]
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Lyz

172
—2C(F+1)
3CF+2B+3C

P3,yz 2C(F +1)

3CF+2B+3C

CF+B+C
BC+B+C

P
Lxy 2xy Pro 2xz 172

1xz

Figure 6.5: The whole behaviour of Cf, ,.

ITII. The quadratic surface, CY, ,, defined by the polynomial

fra=a%+ . y”+————w@—1%———ii——mﬁ
13 (B +2F 4+ 1)? (F+1)2 B+2F +1
4
F+#—-1 and B+2F +#—1
F+1$Z+(B+2F+1)(F+1)yz’ 7 an AL

is invariant with respect to (6.3)) under the following conditions

B

A=1. B=B _ 2 D=2
) ) C B+2F—|—1, ) (614)
ja F+B F+B '
Fe——"  F-F _ H———""2
F+1  G= g and B+oF+1

(Y, , has the following properties

2
e In P,,%(C), fi3 = (:E — m@ . So, Cfy, , is the double of a line,
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that is projectively equivalent to the case, CY,, in Chapter 4. The

point P,, = <m, %, 0) is a singularity of C's, ,. By assuming

the following change of coordinates

1 oLl
TToF ) 82" T2
B+2F+1 1 1 1 1 1
P (ByoF 41 <—B F —) —(—B F —>,
Y P11 8(+ +)u+2++2v B+ +5|w
1
z:Z(F+1)u,

the correspondence of fi 3, is given by the equation of the cone g =
g(u,v,w) = uv + w?. Hence C}, , has a cone branch at the singular

point Py

e In P,.*(C), f13 is the same as f ;.

e In PyzQ(C)a f1.3 = (B+2}7+1)2y2 + (Fﬁ1)2z(z - 1) + 4(B+2F—:1)(F+1)yz'
Notice that, (B+2F+1)%f,3 = ?J2+4(B?2—f1+1)22<z_1)"‘4(3?251“)?/&

Hence, CY, , is projectively equivalently to the case, C,, mentioned in

Chapter 4.
e (4 , does not pass through the space critical point.

e At infinity: Assume f’gz(C), in other words, we use the change of

coordinates ([6.4]). So the version of f) 3 is defined by,

Fus =( Y 1)2+( = +1)2+4 L
HT\B2F +1 F+1 (B+2F +1)(F +1)

—1.

Clearly, Cp, , is projectively equivalent to the case C,, mentioned in
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Chapter 4. The correspondence of the vector field determined by the
conditions given in ([6.14) is defined by

. 202F + B
y:y<3+— +g2)7
B+2F+1 F+1 (6.15)
. F+2B 2F ’
Z:Z(F——Y —Z).
B+2F+1 +F+1

Cry, passes through the critical points Ppyoo = (W =0:Y = B +
2F +1: 7 =0) and Pyo = (W:O:Y:O:Z:—%(FH)) of
. Similarly, as the other cases, the other critical point belongs to
Cry, has the coordinates, Py = (X =0: W =0: 2 = _2Bi+1~£+2)'

The whole behaviour of Cy, , can be seen in Figure [6.6]

Figure 6.6: The whole behaviour of Cf, ,.
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Case 2

The general form of the quadratic algebraic surface in this case is defined by the
following polynomial

f =2+ A + Ayz + Asxy.

By assuming f as invariant with respect to (6.3), we get exactly one possible
choice for the parameters A;, i € {1,2,3}.
The quadratic surface, Cf,, defined by the polynomial

2

2
f2:x2+%y2+az—§ca:y, 0#aeC,

is invariant with respect to (6.3]) under the following conditions
=1, B=B, (C=C, D=2

1 1

3 F=-1, G:§ and H = —1.

A
(6.16)
E

(Y, has the following properties

2
e In nyQ(C), fo = <a: — %y) . So, Cy,, is the double of the case, Cy,,

mentioned in Chapter 4.

e In P,.*(C), fo = 2> + az. This case has not been mentioned in Chapter
4, since it is not listed in |(Ollagnier| (2001). C},, intersects the z-axis trans-
versely at both critical points P ,, and P, o, while it intersects tangentially,
the z-axis and the line at infinity, y = 0, at the critical points P, ,, and P,

respectively.
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e In PyzQ((C), fo= g—z(yQ + az). So, the properties of Cy,, is the same as we
have in P,,?(C), by replacing the z-axis, by y-axis and the line y = 0, by

x = 0.
e (', does not pass through the space critical point.

e At infinity: Assume f’gy((C), in other words, we use the change of coordi-
nates , so the version of f; can be defined by F, = (X — %Y) 2. Clearly
CR, is a double of a line that is projectively equivalent to the case, C'y,, men-
tioned in Chapter 4. The correspondence of the vector field determined by
the conditions given in can be defined by

X=X(1+X+(1+0)Y),

(6.17)
Y=Y(1+4(1+B)X+Y).

Cp, passes through the critical points P, = (X =0:Y=0:W=0) and
P = (X:—#M:Y:—ﬁ:W:O) of,andbothare
singularities of C'r,. To find the other point for which Cp, passes through,
we may assume f’zz(C) Hence by assuming the change of coordinates 1)
2
the correspondence of f, can be defined by F, = <%Y — 1) , and then the
correspondence vector field for which F, is invariant can be given by
Y =Y (B-CY),

(6.18)
Z=Z(-1-(1+C)Y - 2Z).

Consequently, the critical point P,y o = (W =0:Y = g C /= 0) of the
system ([6.18) is a singularity of Cp,. The whole behaviour of Cy, can be

145



Chapter 6. Quadratic Invariant Alebraic Surfaces in three dimensional
Lotka-Volterra Systems

seen in Figure

Figure 6.7: The whole behaviour of fs.

Case 3

The general form of the quadratic algebraic surface in this case can be defined

by the following polynomial

f=a>+ A1y® + Asz + Asay + Agyz.

By assuming f as invariant with respect to (6.3), we get exactly one possible

choice for the parameters A;, i € {1,2,3,4}.
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The quadratic surface, Cf,, defined by the polynomial

H? 9 2H 2H 2H
Z+ Ty — (

ﬁ:x%+ﬁﬁﬁﬁy+fB—U%H+U B—1

B_12""

B #1 and H # —1,
is invariant with respect to (6.3]) under the following conditions

C=-—""" D=2
) B—l’ )

F=-1, G=1 and H=H.

(6.19)

C', has the following properties

2
e In P,2(C), f3 = (:(: + %y) . So, Cy, is the double of a line, that is

projectively equivalent to the case, C'y,, mentioned in Chapter 4.

The point P, = <— BH+§7H71, Hil , 0> is a singularity of C'y,. By assuming

the following change of coordinates

u T
BH+B-H—-1 1—-B ’
1
AT
B (B —1)?
z = Vi u,

the correspondence of f3 is given by the equation of the cone, g = g(u, v, w) =

uv + w?.

e In P,.2(C), f3 = 2% + %z. This case is similar to the case Cf,,

mentioned above in the projective plane, P,,*(C).

2H 2H
B 0 ey + B-12HD~ ~ B-12Y*

.InPy ( ) fg
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This case has not been mentioned in Chapter 4, since it is not listed in
Ollagnier| (2001). C/,, intersects the y-axis tangentially at the critical point
P, ., while it intersects the z-axis transversely at both critical points P ,,
and P, .

Also CY, intersects transversely, the line at infinity, = 0, at both critical

points P, and P, «.
(', does not pass through the space critical point.

At infinity:

Assume 15§y((:), so the version of f3 can be defined by

H? 2H 2H
— Y2 2 _
B=Xt g o oY

Hence, Cr,, is projectively equivalent to the case Cf,, mentioned in Chapter
4. The correspondence of the vector field determined by the conditions given

in (6.19) for which Fj is invariant can be defined by

. H2B - 1)
;sz(1 X———————Y%
* B—1

Y =Y(2+ (14 B)X — HY).

(6.20)

Cr, passes through the critical points P, ., = (X =0:Y=0:W=0),

Proe = (X =0:Y = 2:W =0) and P= (X = 58y = G5

W = 0) of (6.20). To find the other point for which CF, passes through,

we may use f’iy(C) and similarly as we have done in the previous cases, the
critical point belongs to Cp, has the coordinates P,y = (W =0:Y =

%:Z:O).
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The whole behaviour of C, can be seen in Figure

i 4

P
Lxy

Figure 6.8: The whole behaviour of f3.

Case 4

The general form of the quadratic algebraic surface in this case can be defined

by the following polynomial

f=2+ Ay — 1) + Apz(z — 1) + Aswy + Agzz + Asyz.

By assuming f as an invariant with respect to (6.3]), we get exactly three possible
choices for the parameters A;, i € {1,---,5}.

We will explain each case individually
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I. The quadratic surface, Cf, ,, defined by the polynomial

fa1 = z* +

4 8
F# -1
Foioe T FrzY # -1

)Qy(y 1)+

(F+1 Fre YT F

is invariant with respect to (6.3]) under the following conditions

F+2
A=2 B=—(F+2), C=--12 Dp—o
F+1
I 5 (6.21)
E=—— . F=F = _ d H=—°-_
F+1 G Fr1 ™ F+1
, has the following properties

In szQ(C)a foa =2+ ﬁy(y— 1)— FH:cy So, Cy, , is projectively

equivalent to the case, Cy,, mentioned in Chapter 4.

In P,.*(C), fa1 = (Ffl)QZ(Z - 1)+ Fsz So, Uy, is the case,

C'y,, mentioned in Chapter 4.

InP,.2(C), fa1= F+1 >(y+2)(y+2z—1). So, Cf,, is the product of
two lines. The line, —ﬁ(y + z) = (0, is projectively equivalent to
the cases, Cy,, mentioned in Chapter 4, while the line, 1 —y — 2z =0,

is the case, C,, mentioned in Chapter 4.
(', , does not pass through the space critical point.

At infinity: Assume 1552(@), so the version of f,; can be defined by

Fia = ( 2y 1)2+( = +1>2+8 Lk
TR+ F+1 (F+1)2
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CF, ,, is projectively equivalent to the case, C,, mentioned in Chapter
4. The correspondence of the vector field determined by the conditions

given in (6.21)) can be defined by

y :Y<— (F+2)+ ijf)wr Z(Jf;f)z),

2(F + 4) oF
Y Z)
Fr1 T ELI

(6.22)

Z:Z<F+

CF,, passes through the critical points P, . = ( =
WFP+1): 2 = o), P = (W —0:Y=0:2= —%(F+1)>
and P= (W =0:Y = LF¥(F+1): Z = —LF — 32— F - 1)
of (6.22). The other critical point belongs Cp,, has the coordinates
Prow=(X=0:Y==-1:W=0).

As a result, Cy,, is a smooth invariant quadratic surface passing
through exactly ten critical points of the system (6.3). The whole

behaviour of C,, can be seen in Figure

IT. The quadratic surface, Cy, ,, defined by the polynomial

4 4
— 2 - _ - _ _
8
0#F # -1
FrT R O F AL

is invariant with respect to (6.3)) under the following conditions

F+1

A=2 B=—(F+1), C=-——— D=2,
F
7 ] 1 (6.23)
F+1 ’ F+1 an
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Figure 6.9: The whole behaviour of f.

CY, , has the following properties

e In P2 (C), fip = 2>+ %y(y -1) - %xy. So, Cy,,, is projectively

equivalent to the case, Cy,, mentioned in Chapter 4.

e In P,.*(C), fro =22+ ﬁz(z — 1) + 7522 So, Cy,, is the case,

C',, mentioned in Chapter 4.

o nP,*(C), faz = myly — 1) + migps(z — 1) + sy

This case has not been mentioned in Chapter 4, since it is not listed

in |Ollagnier (2001]).

In this case, Uy, , intersects the x and y-axes transversely at the critical
points P, ., Ps,, and Py ,,, while at infinity it intersects, the line,

x = 0, tangentially at Py, .
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o (4, , passes through the space critical point

P — (_ 1 _ F(3F+2) (F+1)(3F+1)>
wyz = F(F+1)  8(F+D) ° 8F :

o At infinity: Assume ].E’gz(@), so the version of f,, can be defined by

F —(2Y Q2+( = +1>?+8 LE
2R F+1 (F(F+1)

Hence, CF,, is projectively equivalent to the case, C't,, mentioned in
Chapter 4. The correspondence of the vector field determined by the
conditions given in ([6.23)), can be defined by

Y:Y@4F+m+%ijUY+2g;PZ)

2(F+1) 2F Z> (6:24)

y
R

Z:Z@#

CF,, passes through the critical points P, ., = (W =0:Y = %F :
Z:@J@m:<W:0JuﬂyZ=—aF+n)mdpzovz
0:Y = %FS 14 = —%((F—i— 1)3) of . The other critical point for
which CF, , passes through has the coordinates, P, ., = (X =0:Y =
—FLH W = 0). As a result, Cy,, is a smooth invariant quadratic

surface passing through exactly ten critical points of the system (6.3).

The whole behaviour of Cy, , can be seen in Figure [6.10}

ITI. The quadratic surface C, , defined by the polynomial

4
—? - D)+ (21
foz=a" + (B+1)2y(y )+ (F+1)QZ(Z )+ B+1xy+
4 8
B#—-1#F
Friv T BryEL Y B AL
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Figure 6.10: The whole behaviour of f,..

is invariant with respect to (6.3)) under the following conditions

B
A=2 B=B (C=-—" D=2
) ) B+17 )
F _F4+B F—B
Frl I B+1

(Y, , has the following properties

(6.25)

e In szQ((C)’ fag = x%+ ﬁy(y— 1)+ Biﬂxy. So, Cy, , is projectively

equivalent to the Case C'y, mentioned in Chapter 4.

e In P.%(C), fu3= fio.

[ ] In PyZQ(C), f4.3 = ﬁ (y — 1) + ﬁZCZ — 1) + myz It

has not been mentioned in Chapter 4, due to the same reason above.
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o (4, , does not pass through the space critical point.

o At infinity: Assume 1552,(@), in other words we have used the change

of coordinates (6.4)), so the version of f,3 can be defined by

1 2
Fis— (1 B+ F+BF+2Y(1+F)+2Z(1 B),
BT R AB L +B+F+BF+2Y(1+F)+2Z(1+ B)

CF, , is a double of a line that is projectively equivalent to the case,
C',, mentioned in Chapter 4. The correspondence of the vector field

determined by the conditions given in ([6.25]) can be defined by

Y:BY(1+ﬂY+ﬁZ>,
* ;L (6.26)
Z:FZ(l v —Z>
i T Ed
Bil

CF, , passes through the critical points Py = (W =0:Y=-=

Z=0)and Ppo=(W=0:Y =0:2Z=—35(F+1)). Notice that,
from the definition of F} 3, we conclude that CF, , is a line of singularity

with respect to the system (6.26)). The other critical point belongs to

CF, , has the coordinates P, . = (X =0:W=0:2= —E—E). The

whole behaviour of Cy, , can be seen in Figure [6.11}

Case 5

The general form of the quadratic algebraic surface in this case is defined by

f=a"+Ayly — 1) + Aoz + Asay + Agyz.
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Figure 6.11: The whole behaviour of f; 3.

By assuming f as invariant with respect to , we get exactly one possible
choice for the parameters A;, i € {1,2,3,4}.
The quadratic surface Uy, defined by the polynomial

4 4
BV VT It e T o
~1#£B#1,

fs=a+ yz,

is invariant with respect to (6.3]) under the following conditions

AZQ, B:B, :—%, :2,
X + B4 (6.27)
Ezi, F:—l, GzlandH:B—H
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(Y, has the following properties

e In P,*(C), f5 = (Bfl)zy(y -1+ Biﬂxy. So, Cy, is the case, CY,,

mentioned in Chapter 4.

e In P.2(C), f5 = 2% + 324—12' So, C},, has the same properties as the

quadratic surface, C,, has in the projective plane P..*(C).

e nP,*C), f5 = B+1( 1)(B+1y — 5=2). Hence, Cf,, is the product of
two lines. The line, y — 1 = 0, is projectively equivalent to, x = 0, and the

other is projectively equivalent to the case, C'y,, mentioned in Chapter 4.
e (', does not pass through the space critical point.

e At infinity: Assume f’ﬁy(C), so the version of f5 can be defined by

4 4 4
Yy? — Y + XY.

F=X>+ —
° MESE B2—1 ' B+1

Hence, Cp,, is projectively equivalent to the case, C,, mentioned in Chapter

4. The correspondence of the vector field determined by the conditions given

in (6.27) for which Fj is invariant can be defined by

. 2(1 — 2B)
X:X(1+X+— )
B+1
21~ 2B) (6.28)

Y:Y<2+(1+B)X+ YB).

B+1

Cp, passes through the critical points P, o, = (X =0:Y=0:W=0),

P = (X =00V = 852w =) and P= (X =58y ==

B-1 2B2 "4B?

W = O) of (6.28]). The other point for which Cr, passes through has the

coordinates Py oo = <X = B‘—fl W =0:2= 0). The whole behaviour of
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Cy, can be seen in Figure [6.12]

})l,yZ

B-1 2B-D)

B+l 3B+l

P, 1/2
o 2y Prw P Az

Figure 6.12: The whole behaviour of fs5.

Case 6

The general form of the quadratic algebraic surface in this case is defined by the

following polynomial

f=2+Ay(y — 1) + Asz + Asay + Ayaz.

By assuming f as an invariant algebraic surface with respect to (6.3), we get

exactly two possible choices for the parameters A;, i € {1,2,3,4}. We will
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explain each case individually

I. The quadratic surface, CY, ,, defined by the polynomial

2 4

2
P -1
Jor=v+ oy - Ut gt T et
2
0+4B+#—1
Zr1v% # B # —1,

is invariant with respect to (6.3) under the following conditions

A=2 B=B8, C:—;iﬂ D=2,

CY, , has the following properties

(6.29)

e In P,*(C), fo1 =2+ 2y(y — 1) + Biﬂxy. So, Cy, , is the case,

(B+1)

C',, mentioned in Chapter 4.

o In P,%(C), fo. = 2> + ﬁz + Biﬂxz. This case has not been

mentioned in Chapter 4, since it is not listed in Ollagnier (2001)).

In this case, CY,,, intersects the z-axes, transversely at both critical

points P ,, and P, ., while, it intersects the z-axis, tangentially at

the critical point P, ... Also it intersects the line at infinity, y = 0,

transversely at both critical points P, ., and P,, .. Notice that, Cy,,

passes through the face critical point P,, as well.

e In Pyz2(C), fo1 = (Ly(y - 1)+ ﬁz. This case has not been

B+1)2

mentioned in Chapter 4, since it is not listed in |Ollagnier| (2001)). In

this case, C, , intersects the y-axis transversely at both critical points
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P ,. and Ps,., while, it intersects the z-axes transversely at both
critical points P ,, and P,. Also, it intersects tangentially the line
at infinity, x = 0, at the critical point P, .. Notice that, C, , passes

through the face critical point P, as well.
e (4, passes through the space critical point

1 B+1
Pa:z:<__a—7 >
v 2B 4B

e At infinity: Assume f’gy((C), so the version of fs; can be defined by

4 2 4
Y2+ X + XY.

Foi=X"+——
=T By Ter "B

Hence, Cp,, is projectively equivalent to the case, C't,, mentioned in
Chapter 4. The correspondence of the vector field determined by the
conditions given in (6.29)) can be defined by

X:X<2+(B+1)X—2(§—+_11)Y>,

Y:Y(1+(1+23)X+BLHY).

(6.30)

CF, , passes through the critical points P, ., = (X =0:Y=0:W=

T B+1 2B2

O)vpscz,oo:<X: 2 :YZO:W:0>andP:<X:—B+1:

Y = —% W o= 0) of (6.30). The other critical point for

2

which Cp, , passes through has the coordinates P, o, = (X = —3547

W=0:Z=0)in P2(C). As a result, Cy,, is a smooth invariant

quadratic surface passing through exactly ten critical points of the
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system ((6.3]). The whole behaviour of Uy, |, can be seen in Figure m

2(B+1) —2(B+D)
3B+1 3B+1

Figure 6.13: The whole behaviour of fg .

II. The quadratic surface C},, defined by the polynomial

1 4
R — -1 —
(B+1)2y<y )+(2B+1)(B+1)Z+B+1xy

-1
Tz, _17£B7é77

foo = 2% +

2
2B +1

is invariant with respect to (6.3)) under the following conditions

A:2, B:B, C:—%, D:2,
K spe1 (03D
E=1F=2B+1, G=§ and H = Bl
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CY, , has the following properties

e In P,,*(C), foo =2+ ﬁy(y — 1) + z52y. So, Cf,, is the case,
CY,, mentioned in Chapter 4.

2

e In P,.%(C), foo = 2%+ T 2B11

xz. This case has not been

1
CBT)(BID~

mentioned in Chapter 4, since it is not listed in (Ollagnier| (2001)).

e InP,*(C), foo = ﬁy(y -1)+ mz.This case has not been

mentioned in Chapter 4, since it is not listed in Ollagnier| (2001)).
e (', , does not passes through the space critical point

o At infinity: Assume ng(C), in other words we have used the change

of coordinates , so the version of fgo can be defined by

4, 2 4

— Y - X XY.
(B+1)? 2B +1 +(B+1)

Foo =X+

Hence, CF;, is projectively equivalent to the case, C,, mentioned in
Chapter 4. The correspondence of the vector field determined by the
conditions given in (6.31) can be defined by

: 2(4B + 1)
X=X(2-@2B+1)X - =——Y),
. ( 2(35 N 11) ) (6.32)

CFr, , passes through the critical points P, ., = (X =0:Y=0:W-=

O)apcvz,oo:(X:ﬁZYZOCW:(])aHdP:<X:2B+1;

2B2

YV =-25 W= 0). The other critical point for which CF,, passes

through has the coordinates P, o, = (W =0:Y=-1B+1):Z=
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O) in 1552(((3) As aresult, Cf , is a smooth invariant quadratic surface
passing through exactly ten critical points of the system (6.3). The

whole behaviour of C,, can be seen in Figure [6.14]

2(2B+1)
3B+1

—2(B+1)

2(B+) T

3B+1

Figure 6.14: The whole behaviour of fg.s.

Case 7

The general form of the quadratic algebraic surface in this case is defined by the

following polynomial

f=A1z(x—1)+ Ay(y — 1) + Asz(z — 1) + Ayzy + Asxz + Agyz + 1.
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By assuming f as an invariant algebraic surface with respect to (6.3), we get
exactly two possible choices for the parameters A;, i € {1,---,6}.

We will explain each case individually

I. The quadratic surface C},, defined by the polynomial

fra=1+2> -2 +y* -2y +2° — 2z — 2oy + 202 — 2yz,

is invariant with respect to (6.3]) under the following conditions

1 C

A=—-—- B=__“"_ —C, D=-F
C—f—]., C‘f‘l’ C Ca y
CF+F+1
F=1 F=F = —— H=—(CF+F+1).
, G FC T 1) and (CF+F+1)

(6.33)
(Y, , has the following properties

e In P,*(C), fr1 = 2%+ y?>—22x — 2y — 2zy + 1. So, Cy, ,, is the case,

C'y,, mentioned in Chapter 4.

e In P,.*(C), fr1 = (1 —x — 2)% So, Cj.,, is the double of the case,

C'y,, mentioned in Chapter 4.

e InP,*C), fri =y>+22—2y—22—2yz. So, C}, ,, is the case , Cf,,

mentioned in Chapter 4.

e (4, passes through the space critical point

2F(C+1)(F+1)+1 1 20F+20+2F+1>

nyz:( 20C+1)(F+1)° "(2F+1)° 2(C+1)(F+13)
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o At infinity: Assume f’gz((C), so the version of f7; can be defined by
Fry=(Y—-Z-1)>~%
Hence, Cp, ,, is the double of a line, which is projectively equivalent
to the case, Cf,, mentioned in Chapter 4. The correspondence of the
vector field determined by the conditions given in (|6.33]) can be defined
by
Y:Y<_021+Oi1y+2CFO+ff+l ) (6.34)
Z=Z(F+(F+1)Y +FZ).

Cp,, passes through the critical points P,, . = (W =0:Y =0:
Z=—1)and Ppyo = (W =0:Y =1:2Z=0) of (6.34) and both
are singularities of F7 ;. The other critical point for which CFp, | passes
through can be given by the coordinates P, ., = (X =0:W=0:
Z =1) in 153212(@) and it is a singularity of Fr 5 as well. The whole

behaviour of C, | can be seen in Figure [6.13]

IT. The quadratic surface CY,, defined by the polynomial

ro=1+22—204+y* =2y + 22 — 22 — 2oy + 222 + 2z,

is invariant with respect to (6.3)) under the following conditions

1 C
Amtoer Prregy ©79 Pt
CG-C+d CG-C+dGd
- - = - = 6.35
E cr1 0 T cr1 0 ¢=¢ (6.35)

and H=-G(C+1).

165



Chapter 6. Quadratic Invariant Alebraic Surfaces in three dimensional
Lotka-Volterra Systems

Figure 6.15: The whole behaviour of f7 .

CY, , has the following properties

e In P, *(C). So, Cy.,, is the case, C,, mentioned in Chapter 4.

e InP,*(C), fra=(1—2—2)% So, C},,, is the double of the case C},,
mentioned in Chapter 4. The point P, ., = (0,0, 1) is a singularity of

(Y, ,. By assuming the following change of coordinates

1
x:zl(—u+v+2w),
y:i(—u—i—v—Zw),
z=1+4u,

the correspondence of f;,, is given by the equation of the cone g =
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g(u,v,w) = uv +w?. Hence Cf,, has a cone branch at P, ,.

e In P,.*(C), fra = (1 —y— 2)% So, C},,, is the double of the case,

C',, mentioned in Chapter 4.

e (4, passes through the space critical point.

» _< (CG-C+a)°
M\ 2(202G2 - C2G + 4CG2 + C2 4 CG + 2G2 + 2G)
(CG+C+G+2)
2(202G? — C?G 4+ 4CG? 4+ C? + CG + 2G? 4+ 2G)’
C?°G — C*+3CG +2G+2
2(2C?G? — C?G 4+ 4CG? + C? 4+ CG + 2G? + 2G) )

e At infinity:

Assume f’zz((C), so the version of f74 can be defined by
Fro=1+Y*4+ 2% -2Y +2Z+2YZ.

Hence, CF, ,, is projectively equivalent to the case, C'y,, mentioned in
Chapter 4. The correspondence of the vector field determined by the
conditions given in (6.35)) can be defined by
. C C 2CF +2F +1
(- )
cri il T o1
7 =27(F+(F+ 1)Y+FZ).

(6.36)

Cp, , passes through the critical points P, . = (W =0:Y=0:2Z=
1), Payoe = (W =0:Y =1:Z=0)and P = (W=0:Y =

22 _ 2 2 2_ 2 2 .
G -a2C Ggg(%(isg 20G+G 7_G2(g+1)2> of (6.36]). The other critical
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point for which CF, , passes through has the coordinates P, o = (X =
0:W=0:Z=1)in 1522/2(@). The whole behaviour of C,, can be

seen in Figure |6.15]

_Cel
CG+C+G+2

Figure 6.16: The whole behaviour of f75.

6.3 Invariant algebraic planes

In this section, we will apply our mechanism to investigate the invariant algebraic
planes in three dimensional complex Lotka-Volterra systems, and confirm the
calculation in Chapter 3. In applying Figure on the algebraic planes in C3?,
we get exactly four possible invariant planes with respect to the system ((6.3)) as

can be seen in Figure [6.17, We consider each case individually

168



6.3. Invariant algebraic planes

y-axis y-axis
=0 0fp 1 =0 Olp 0
1 > Prreo 0 g P
Zz-axis z-axis
{x=0} 0 0 {x=0} 1 0
0 P L4, 0 Pro LA,
1
lep 0 0epr
l P‘(z.): 1 P\:,x
P, 0 P, 0
1 0 0 1 0 0
P, P, P x-axis 4 P, Pro x-axis
0 0 0 0 ' 0
oty w0 ©
Case 1 Case 2
y-axis y-axis
=0, 0fp 1 =0 0[p )
0 > P 0 P
z-axis z-axis
{x=0} 1 =0} 1
0 P 0 &, 0 Prn 04,
0er 0 197, 0
’ P, P Pes
P, A1 P, V!
1 0 0 0 1 0
P P, Pew - A P P -axi
l ] 1 2 0/1 X-axis 0 1 2 O/I X-axis
v © 0 e 0
Case 3 Case 4

Figure 6.17: Multiplicity possibilities of the invariant algebraic planes.

Case 1

This case is trivial, since it is represented the yz-plane which is already invariant

with respect to the system (6.3), with no required conditions.

Case 2

The general form of the algebraic plane in this case is defined by the following

polynomial

h2 = Z’-f—Aly

169



Chapter 6. Quadratic Invariant Alebraic Surfaces in three dimensional
Lotka-Volterra Systems

By assuming hs as an invariant with respect to (6.3)), we get A; = under the

e
B?

following conditions

A=1 B=B,C=C,D=D, E=E, F=F, G=Fand H=H. (6.37)

Ch, has the following properties
e In szQ((C), hoy =z — %y. So, Ch,, is the case, C'y,, mentioned in Chapter 4.
e In P,*(C), hy = x. So, Cp,, is the trivial case.
e InP,*C), hy = —%y. So, Ch,, is the trivial case as well.

e (), passes through the space critical point

po_ C(D— DE —1)
W= "\ BEH+CEF+ BC — BE— BH —CE —CF’
B(D - DE —1)

BEH + CEF + BC — BE — BH — CE — CF’
BCD —BD —BH —CD—CF+B+C
D(BEH + CEF + BC — BE— BH —CE —CF) )"

o At infinity: Assume f’f/z(C), so the version of hy can be defined by Hy =
— %Y. Hence, Cpy,, is projectively equivalent to the trivial case. The

correspondence of the vector field determined by the conditions given in

(6.37) for which Hs is invariant can be defined by

Y =Y (B-CY),

Z=2Z(F+(H-C)Y - DEZ).

Cr, passes through the critical points Py o = (W =0:Y = g 1 Z =0)
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and P = (W =0:Y = £ 7 = BIECEDC) of (6.35). The other critical

point for which Cy, passes through has the coordinates P, = (X =0:
Y =0:W =0). The whole behaviour of Cj, can be seen in Figure m

Figure 6.18: The whole behaviour of hs.

Case 3

The general form of the algebraic plane in this case is defined by the following
polynomial

h3 = x+A1y—i—A2z.
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By assuming hs as an invariant with respect to 1) we get A} = —% and

Ay = —% where BC'E'F # 0, under the following conditions

A=1, B=B, C=C, D=1,
6.39)
CGF (
E=FE, F=F = d H=———.
, , G=G an BE

Ch, has the following properties

e InP,*(C), hy =2 — %y. So, Ch,, is the case, C,, mentioned in Chapter 4.

In P,.>(C), hg = v — %z So, Ch, is the case, C'y,, mentioned in Chapter 4.

In Pyz2((C), hs = —gy — %Z So, Ch, is projectively equivalent to the case,

C',, mentioned in Chapter 4.

Ch, does not passes through the space critical point.

At infinity: Assume 15§z((C), so the version of hg is defined by Hy = 1 —
%Y— %Z . Hence, Uy, is projectively equivalent to the case, C'y, mentioned
in Chapter 4. The correspondence of the vector field determined by the
conditions given in ((6.39) for which Hj is invariant can be defined by

Y=Y(B-CY+(G-E)Z),
C(BE + FQ)
BE

(6.40)

Z:Z@u Y—E@.

Cr, passes through the critical points Py, o = (W =0:Y = g 1 Z =0)
and P,, o = (W =0:Y=0:2= %) of . The other critical point
for which Cp, passes through has the coordinates P, . = (X =0:Y =
—Z2 . W =0). The whole behaviour of Cj, can be seen in Figure [6.19]
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BE
BE-EF+FG

PXy,OO

GF
BE-EF+FG

Figure 6.19: The whole behaviour of hs.

Case 4

The general form of the algebraic plane in this case is defined by the following

polynomial
h4 :1+A1$+A2y+A32
By assuming hy as an invariant with respect to (6.3)), we get A; = —1 for all

i € {1,2,3}, under the following conditions

A:—E, B:B’ C:C’ D:_E’
¢ E (6.41)

CGF
E=FE, F=F = d H=———.
, ., G=G an BE
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Ch, has the following properties

e In P,*(C), hy=1—x—y. So, Cy, is the case, C},, mentioned in Chapter
4.

e InP,*C), hy =1—x— 2z So, Cy, is the case, CY,, mentioned in Chapter
4.

e InP,*C), hy=1—y— 2z So, Cy, is the case, Cy,, mentioned in Chapter
4.

e (;, passes through the space critical point

b, _(CFG+BE—CF E+F—EF

“w>~\C(BE — EF + FG)" (BE — EF + FG)’
E(BC —B—-C)
C(BE—EF+FG)>'

e At infinity:
Assume lagz((C), so the version of hy can be defined by Hy = -1 -Y — Z.
Hence, Cp, is projectively equivalent to the case, C'y, mentioned in Chapter
4.
The correspondence of the vector field determined by the conditions given

in (6.41)) for which H, is invariant can be defined by

Y:Y<B+BY+MZ),

E
BE + FG

(6.42)
e FZ).

Z:Z<F+

Cr, passes through the critical points Py o = (W =0:Y=-1:Z2=0)
and Ppoo = (W =0:Y =0:Z = —1) of (6.42). The other critical point
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for which Cpy, passes through has the coordinates P, = (X =
—1: W =0).

The whole behaviour of Y, can be seen in Figure [6.20)

Pyyz

BE
CFG+BE-CF

- FE
BE-EF+FG

Figure 6.20: The whole behaviour of hy.
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Chapter 7. Invariant Cubic Surfaces in Three Dimensional Lotka-Volterra
Systems

In this chapter, we make a start at applying the only technique of counting the
multiplicity possibilities given in Chapter 6, Figure for the cubic surfaces. By
applying the technique of Chapter 6 together with Remark 16 for investigating
invariant algebraic cubic surfaces with respect to (6.3), we get exactly 184 non
projectively equivalent cases as shown in Figure We will explain how can we
get those figures.

We assume, Figure and an arbitrary algebraic cubic surface Cy defined by
a polynomial f(z,y,2) = 0. Without loss of generality, we may fix the critical
point P; and start with the z-axis. So, for k; = multp, (Cy,x — azis), we have

four possible choices for the value of kp, hence k; € {3,2,1,0}.

1. Let
ki = 3. (7.1)

Then by applying Theorem 9, Page 24, we get

ks = ky = 0. (7.2)

Consequently from k3 = 0, we get

M1 00 = N100 = 0. (7.3)

On the other hand, for m; = multp, (Cy, y—axis), we have m; € {3,2,1,0}.

1.1. Let



Similarly, we get

mo =mg3 = k3,oo = N300 = 0, (7-5)

and hence by applying Theorem 9, Page 24 on the line at infinity,
z =0, we get

N2 o = 3. (76)

For ny = multp, (Cy, z — axis), we have, ny € {2,1,0}. Notice that
ny # 3, otherwise we get the ratios of eigenvalues 1:1:1 at P; which

contradicts to what we have considered in Remark 16.

1. Let

ny = 2. (7.7)

Hence, for ny = multp,(Cy, z — axis), we have, n, € {1,0}

o Let
Ng = 1, (78)
then we get
ns = 0, (79)
and hence
ms e = k:17c>0 = 0. (710)

Consequently, on the line at infinities, x = 0 and y = 0, we
get
/{?2700 =Moo = 3. (711)
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Hence from the equations (7.5), j € {1, ..., 11}, we get Case 1.

o Let ny = 0, then we get n3 = 1. Consequently ky o, # 1 or
M3 7 1 due to Remark 16. Without loss of generality, let

Mm3eo € {3,2} and ky o € {3,2,1}.

— Let

Moo =3 and k. = 3. (7.12)

Hence, the equation (7.11) can be rewritten as

ka’oo = M2 oo = 0. (713)

Consequently, from the equations (7,5), j € {1,2,...,7,12,13},

we get Case 2.

— Let

Moo =3 and ko = 2. (7.14)

Hence, the equation (7.13) can be rewritten as

kooo =1 and mgo = 0. (7.15)

Consequently, from the equations (7,7), j € {1,2,...,7,14, 15},

we get Case 3.

— Let

M3 =3 and ki = 1. (7.16)
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Hence, the equation (7.15) can be rewritten as

koo =2 and mg o = 0. (7.17)

Consequently, from the equations (7,5), 7 € {1,2,...,7,16, 17},

we get Case 4.

— Let

M3oo =2 and kj oo =3 (7.18)

This case is projectively equivalent to Case 3, by the follow-

ing transformation

r—y, y—x and z=z.

— Let

mseco = 2 and ]{31700 = 2. (719)

Hence, the equation (7.17) can be rewritten as

kooo =1 and mg o = 1. (7.20)

Consequently, from the equations (7,5), 7 € {1,2,...,7,19,20},

we get Case 5.

So, by continuing this process for all other possible choices, we get exactly 184

possible cases as given in Figure [7.1]
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T Y=

9 9
1 Pl Alpx,m x-axis 1 Pl P2 AIP;@O X-axis 1 Pl P2 /)Ipx,m x-axis
3 (=0} 3

=0}

Case 10 Case 11 Case 12
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y-axis

=0}

Case 13

y-axis

Case 14

=0}

Case 15
y-axis
P 1

R

3 =0, 2 =0; 2 =0}
Case 16 Case 17 Case 18
y-axis y-axis y-axis
(=0} P 0 (=0} P 2 (=0} P, 0
Q>. Py _ 6,>' Prek _ 6>. Pren _
{x=0} 3 2 5 {x=0} 3 3 5 {x=0} 3 1 5
P, xyo0 ’ P, Xp0 ’ ny,w ’
3 1 3
Ler, 0 Pend | Tt 0 Pend () K 0 Peon @D
By By By
3 0 3 0 3 0
2 Pl P2 AIP X0 x-axis 2 P] P2 AIP X0 x-axis 2 Pl P2 AIPLDQ x-axis
2 =0; 2 =0, 2 =0}
Case 19 Case 20 Case 21
y-axis y-axis y-axis
{z=0} P 1 {z=0} Py 2 (=0} Pr 1
P 1Z,00 P )Z,00 P‘Z 00
(> g z-axis (> ! z-axis (> z-axis
o 32 P o 3.2 Py o 301 Pl
P, X0 ’ P, Xy ’ P, Xp0 '
2 1 2
Ler, 0 P d Ly 0 P g ] Ler, 0 Pood?
P, P, P,
3 0 3 0 3 0
2 Pl P2 Alpx,w x-axis 2 Pl P2 ’/OIP;@ X-axis 2 Pl P2 AIPX,DC x-axis
2 (=0} 2 (=0} 2 (=0}
Case 22 Case 23 Case 24
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=0}

Case 25

2 =0}
Case 28
y-axis
o, 1]r,, 0
1 g P vz
2 2 3 P
ny,eo =
1
0¢2 0 Przeo 8 ()
By
3 0
2 Pl P2 Alpx,oo x-axis
2 =0}
Case 31
y-axis
=0, 1lp, 1
3 > P
z-axis
{X=0}1 0 2 P
Py '
1
0t 0 P d 1
By
3 0
P Proo x-axis
2 4 £ AI -
2 (=0}
Case 34

2 =0}
Case 29
y-axis
w0, 11p, 0
3>. : Proos
o -axis
Pryeo ’
2
0.'P3 0 P f 1
7
3 9 3 9
2 P] P2 Alpx,ao X-axis 2 Pl P2 /)Ipx,w x-axis
2 =0, 2 =0}
Case 32 Case 33
y-axis y-axis
o 1]p,, 1 =0 1P, 0
2 P vz 3 P yzoo
z-axis v z-axis
=0 1 2 . 0y 0 2 \1 "
Pryeo ' Poyeo ’
1 1
0“P3 0 Pz 1 O"P3 0 Pzen 1
P, P,
3 0 3 0
2 Pl P2 AIPWO x-axis 2 Pl P2 ’/OIPx,oo x-axis
2 (=0} 2 =0}
Case 35 Case 36

184



{z=0}
2 3
{x=0} 2 {x=0} 1
3 3
2 2
2 =0} 2 {y=0}
Case 37 Case 38 Case 39
i y-axis y-axis
{z=0)2 P 1
o z-axis
1
lep
3
2 x-axis
2 =0, 2 =0; 2 =0}
Case 40 Case 41 Case 42
y-axis y-axis y-axis
(=0 P 0 (=0} Py 2 {2=0) P 0
? Pre _ é>. Prea _ (> Preo _
1x=0} 3 5 1 " {x=0} 3 3 5 {x=0} 3 1 7
P 200 P o P 20
3 1 3
en P d | e P e Praw
7, 7, P, 2
3 0 3 0 3 0
1 Pl P2 AIP X0 x-axis 1 P] P2 AIP X0 x-axis 1 Pl P2 AIPLDQ x-axis
2 =0; 2 =0, 2 =0}
Case 43 Case 44 Case 45
y-axis y-axis y-axis
(20} Proy 1 (=0} P, 2 z=0} Py 1
Pzw PZ‘D P‘ZOO
@ g z-axis (> ! z-axis (> z-axis
{x=0} 3 P g {x=0} 3 2 ; {x=0} 3 1 7
Pryeo - Py 1 s Pryoo =
2 2
e P e P e Pacdy
7, 1 7, 1 7,
3 0 3 0 3 0
1 Pl P2 Alpx,w x-axis 1 Pl P2 ’/OIP;@ X-axis 1 Pl P2 AIPXDC x-axis
2 (=0} 2 (=0} 2 (=0}
Case 46 Case 47 Case 48
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=0

Case 49

y-axis

2 =0,
Case 52
y-axis
=0y 1 Prs 0
2 Pyz,va
- 0 z-axis
{x=0} 3 1 7
ny,eo
Oep
2 P d3
By
3 0
P P x-axis
L7 b AI s
2 =0}
Case 55
y-axis
A | Py 1
2 P
z-axis
{x=0} 0
1 Pz,m
Pryoo
Oep
2 P d3
By
3 0
P Proo x-axis
1 4 £ AI -
2 (=0}
Case 58

Case 50

y-axis

(=0,

Case 51

2 =0} 2 (=0}
Case 53 Case 54
y-axis y-axis
e 1 P 2 e 1 P, 0
3 P vz ) 1 P yz o )
ol 0 z-axis ol 0 z-axis
1 0 P z P
P, Xp0 ny.w
Oer, Pow d3 Oer, Peowd3
2 2
3 0 3 0
1 P] P2 Alpx,ao X-axis 1 Pl P2 /)Ipx,w x-axis
2 =0} 2 1y=0}
Case 56 Case 57
y-axis y-axis
o, 1 Py 2 =, e, !
2> P _ 1 Py _
{x= 0 zZ-axis - O Z-axis
1 1 7 " 2 I
Pyo “ Py =
Oer 5 P d 3 Oer. 5 P d 3
£y 2
3 0 3 0
1 Pl P2 Alpx,oo x-axis 1 P] P2 ’/OIPx,oo x-axis
2 =0, 2 =0,
Case 59 Case 60
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=0}

Case 61

=0}

Case 63

2 =0} 2 {y=0}
Case 64 Case 65
y-axis y-axis
ey 17, 0 o 11r,, 0
1 P}’va ) 3> P}zeo )
2 2o e, T 0 2 )%, ™M o2y,
P, XYoo P, Xy,0 2 ny,w 2
1
Oer Pen gy Oer Pand ] Oer Prnd ]
£y 2 A
3 0 3 0 3 0
1 Pl P2 AIP X0 x-axis 1 P] P2 AIP X0 x-axis 1 Pl P2 AIPLDQ x-axis
2 =0} 2 =0} 2 =)
Case 67 Case 68 Case 69
y-axis y-axis y-axis
e, 1p,, 1 e 1]p,, 1 e 1], 0
3 Pyzo 2 Pyzeo 3 Pyzeo
z-axis z-axis z-axis
=0} x=0} x=0)
{ }1 0 P 1 " =0} 1 2 1 n {x=0} 0 2 1 .,
P, Xy f P, Xy f P, Xy f
Ot P d | Oer P d Ot Prce
£y 2 [
3 0 3 0 3 0
1 Pl P2 Alpx,w x-axis 1 Pl P2 ’/OIP;@ X-axis 1 ] P2 AIPX,DC x-axis
2 (=0} 2 (=0} 2 (=0}
Case 70 Case 71
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=0

Case 73

(=0,

Case 75

2 =0} 2 =0} 2 =0,
Case 76 Case 77 Case 78
y-axis y-axis y-axis
L N 0 =0, 1]pP,, 0 w0, 11p,, 0
3> Py _ NI Py _ 1>. Pre _
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1 1 g 1
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y-axis y-axis y-axis
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=0}

Case 87

3
1
2 =0}
Case 88 Case 89 Case 90
y-axis y-axis y-axis
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3 Py _ 2> Py _ 1> P _
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y-axis y-axis y-axis
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0 z-axis z-axis z-axis
{x=0} 3 g {x=0} 3 3 ; {x=0} 3 1 7
P X0 = P, Xy = P X0 =
2 1 3
o2 Pend3 2t A 2t Pend)
By £y 5y
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1 Pl P2 Alpx,w x-axis 1 Pl P2 ’/OIP;@ X-axis 1 Pl P2 AIPX,DC x-axis
1 =0y 1 {y=0} 1 {y=0}
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Figure 7.1: Multiplicity possibilities of cubic surfaces.

For many of the cases above, there are no corresponding invariant cubic surfaces
with these properties with respect to . For example, in the case when we
have multiplicities 3 and 2 at the origin in the xy-plane, there is no invariant cubic
curve in this plane, therefore 3:2:2 and 3:2:1 are cases that can not occur. To
show why, without loss of generality, let the algebraic surface C'y has multiplicity
3 and 2 with respect to the x-axis and the y-axis respectively. So the multiplicity
possibilities of the corresponding curve of C} in the xzy-plane face can be given
in Figure . We will explain, why no invariant algebraic curve exists to each
case in Figure .

Case 1, is not possible, since we have a cusp and therefore at most another
two smooth branches at P5 and P;. In other words, we have at most three

branches which contradicts Theorem 11, Page 48 for invariant singular cubic
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curves. Similarly, it is easy to verify that we get at most four branches in the

other cases which again contradicts Theorem 11, Page 48.

Case 3

Figure 7.2: Multiplicity possibilities of Ct in the xy-plane.
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Chapter 8. Summary of Results

In this chapter, we give a summary of what we have achieved in this thesis.

In Chapter 3:

1. We have classified all non-projective invariant algebraic hyperplanes in three

and four dimensional Lotka-Volterra systems.

2. We have given a formula between the number of non zero terms appearing
in an invariant algebraic hyperplane and the codimension of a variety of the

n-dimensional Lotka-Volterra systems with that type of hyperplane.

In Chapter 4:
We have investigated the behaviour of invariant algebraic curves in two dimen-
sional Lotka-Volterra systems found by Moulin-Ollagnier (2001). In particular,

we formed the following results.

e For an invariant algebraic curve Cy defined by a polynomial f(z,y) = 0
of degree n with respect to the two dimensional Lotka-Volterra systems in
P?(C), we have shown that the number of branches of C is given by the

formula: n 4+ 2 — 2¢(Cy), where g(C}) is the geometric genus of Cy.

e Each invariant algebraic curve C; mentioned above has a zero geometric
genus. Consequently each Cy has exactly n+2 branches, for a polynomial

of degree n.

e The type of singularities of each singular invariant algebraic curve are cusps,

simple nodes and higher order singularities such as tac-nodes.

In Chapter 5:

We have studied the integrability and the linearisability of the critical points of
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the two dimensional Lotka-Volterra systems. We summarise our results below.
Notice that, in each case, the quantity —§ is the ratio of eigenvalues at the critical

point examined for integrability

1. We have extended the investigation for the origin (corner case) for p+q < 20.
No new cases have been used other then the cubic and the quartic invariant
curves which were known in (Christopher and Rousseaul (2004) but we have

shown the integrability by monodromy.

2. We have investigated the integrability and the linearisability for the side
critical point where p + ¢ < 17. The monodromy argument used a conic
invariant curve from Chapter 4 together with the same cubic and quartic

curves mentioned in the corner case.

3. Also, we have studied the integrability conditions for the face point, where
p+q < 12. The same conic invariant curve mentioned above and new cubic
and quartic invariant curves other than the one’s mentioned above have

been applied.

In Chapter 6:
We have investigated invariant algebraic surfaces in three dimensional Lotka-

Volterra systems. A summary of the results of this chapter are shown below

1. We have used a geometric approach technique to classify smooth and sin-

gular invariant algebraic quadratic surfaces under some assumptions.

2. We have shown that each smooth invariant quadratic surface passes through

exactly ten critical points of the three dimensional Lotka-Volterra systems.

3. We have reconfirmed the results of invariant algebraic planes in three di-
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mensional Lotka-Volterra systems mentioned in Chapter 3.

In Chapter 7:
We have applied the same technique mentioned in Chapter 6 for enumerating
invariant cubic surfaces in P3(C).

The basic results of this chapter are shown below

1. Generally, there are exactly 184 non-projectively cases as candidate for
invariant cubic surfaces. In fact, the cases that succeed in being invariants
divide into sub-cases such that their polynomials have the same terms with

different coeflicients.

2. We have shown that, in particular: the case where we have 3:2:2 or 3:2:1 as
the ratios of eigenvalues at one of the corner critical point is not possible to
has invariant algebraic cubic surface with respect to the three dimensional

Lotka-Volterra systems.
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The main contribution of this thesis has been explained below

1. We have found that there are exactly four non projectively equivalent classes
of invariant algebraic plane in three and four dimensional Lotka-Volterra

systems.

2. In n-dimensional Lotka-Volterra systems, for an invariant algebraic hyper-
plane Cy defined by a polynomial f(z1,---,z,) = 0, if f has exactly k
non-zero terms, then the codimension of the variety of the system men-

tioned above is given by the formula

(2n— k) (k—1).

DN | —

3. We have investigated an algorithm to show the behaviour of each invariant

algebraic curve in two dimensional Lotka-Volterra systems.

4. During our study of invariant algebraic curves in two dimensional Lotka-
Volterra systems, we have found the number of branches for each invariant

curve and the index of the cusp branches.

5. We have investigated an algorithm to classify invariant algebraic surfaces
for any degree in three dimensional Lotka-Volterra systems. We have used
a geometric approach in our algorithm. Also we have applied a two dimen-
sional shape to describe the behaviour of each invariant algebraic surface in
each face of P3(C). We have applied this shape for describing the invariant

algebraic planes and quadratic surfaces.

6. We have applied the above algorithm in three dimensional Lotka-Volterra
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systems to classify all non-projectively equivalent cubic surfaces that are

candidate to be invariant.
Finally, we present the following suggestions for future work

e For each invariant algebraic curve in Chapter 4: to consider the phase

portrait of the corresponding vector field.
e To classify all invariant algebraic cubic surfaces.

e To apply the algorithms mentioned in Chapter 4 and Chapter 6 on more

general vector fields.
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