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E l e c t r o n D y n a m i c s in H i g h - I n t e n s i t y L a s e r F i e l d s 
C h r i s t o p l i e r H a r v e y 

A b s t r a c t 

Wt- consider electron (.lyiiruniLS in strong electroniaj^nutic fields, sncli as 
those expecled from the next generation of high-intensity laser facihties. 
Beginning with a review of constant classical fields, we demonstrate that 
the electron motion (as given by tJie Lorcntz force equation) can be 
divided into one of four Lorentz invariant Crises. Parameterising the 
fielfl tensor in terms of a null t.otrad, wo calcnlate the radiative energy 
spectrnm for an electron in crossed fields. Progressing to an infinite 
plane wave, we demonstrate liow t,he electron orbit in the average rest 
iVame clianges from figure-of-eight, to circular as the jjolarisation changes 
from linear to circular. To move beyond a plane wave one must resort to 
numerics. We therefore present a novel numerical formulation for solving 
the Lorentz equation. Our scheme is manifestly covariant and valid for 
arbitrary electromagnetic field configurations. Finally, we reconsider the 
case of an infinite plane wave from a strong field Q E D jjcrspcctive. At 
high intensities we predict, a suljstantial redshift of the usual kinematic 
Compton edge of the photon emission spectrum, caused by the large, 
intensity de|")enclent effective mass of the electrons inside the laser beam. 
In addition, we find t hat tlie notion of a centre-of-mass frame for a given 
harmonic becomes intensity dependent. 
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Chapter 1 

Introduction 

1.1 Background and Motivation 

This year (2010) marks the 50th anniversary of the invention of the laser [l]. When 

such a dcvicii first aj ipearef j . it was cynically referrerl to as 'a solution looking for 

a problem' [l). Since then laser technology has become e.sseut.ial in a vast, range 

of areas, and there is no longer any <.loiibt regarding its usefulness. In particular, 

the unic|ne properties of a laser l)eam - a coherent source of photons, all in phase 

with each other and all of the same frequency and polarisation - mak<: it a usefiil 

tool in many discij^lines of j:)hysics [2j. It is especially interesting from a t heoretical 

viewpoint, since the high photon densit.y in a laser beam results in an elect romagnetic 

field which in some wa\s behaves classically, even though it is jDrodnced by an 

inherently (|uantum process. 

Since tlie first laser in 1!)60. various technological loreakt hroughs have ensured a 

steady increase in powei'S and intensities. The most important of these is chirped 

pulse amplification ( C P A ) [3. -I], which led to an acceleration of this upward trend. 

C P A overcomes the problem of high energ\- pulses causing damage as they pass 

through the laser optics, and therefore rendering the laser useless. It works by 

passing the pulse through a specially designed disjiersive grating, which temijorally 
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stretches it and thus reduces its peak power. T h e long duration stretched pulse then 

.safely passes through the laser optics where it is amplified by conventional means, 

before being passed through a second set of gratings which temporally compress it 

again. This is shown diagranniiatically in Figure 1.1. The advent of C P A removed a 

significant technological barrier, which has allowed the recent development of lasers 

that, have unprecedented powers and intensities; the current record being about 

1 PetaWatt ( P W ) and 10" VV/cm^ respectively This trend is expected to 

eontinvie throughout the next few years, culminating with the European Extreme 

Light, Infrastructure ( E L I ) , which may deliver jiowers and intensities as high as 1 

ExaVVatt and 10'-'* VV/cnr [6]. Such extremely high intensities will allow the probing 

of fundamental physics in previously inaccessible regimes. 

Figure 1.1: Diagram showing the jjroce.ss of chirped pulse amplification. 

compression 

seed pulse amptiflcalion 

stretching 

T h e ut ilisation of high powered laser technology can be divided into four different 

areas [7); atto.second science, pliotonuclear science, laser acceleration, and vacuum 

physics. Attosecond .science, as its name suggests, concerns the u.se of extremely 

short duration laser pulses. These may be used to track the motion of electrons 

on atomic .scalt-s for example (S): allowing the beluiviour of electrons in complex 
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biomolecules [12). and in senucouductor nanostructures to be studied. Photonuclcar 

science involves the probing of atomic nuclei with laser beams. Applications include 

the probing of radioactive waste to test how well it has decayed [7]. as well as (of 

course) fmidameutal unclear physics. Laser acceleration refers to the possibility of 

using the laser's electromagnetic field to accelerate charged particles. Such technol

ogy would be extremely usefid. since the current generation of conventional particle 

accelerators (of which the Large Madron Collider is a prime example (9)) are large, 

expensive facilities, and so there is a need for a smaller and cheaper alternative. 

Laser accelerators could provide a solution since they will be nmch more compact, 

raising even the possibility of 'table-top' devices (10). There may also be applications 

in medicine (11), one example being the use of the technology to accelerate protons. 

Protons can be used to destroy deep seated cancerous growths, without causing so 

umch damage to the overlying ti.ssues as conventional radiation therapies [13]. Much 

research has concerned the possibility of accelerating electrons from a iihusma, such 

as that created when a laser is fired at a target of thin foil (see e.g. (l-l)). However, 

there is also a great deal of interest laser vacuum acceleration, where individual 

electaons (such as those from a conventional accelerator) are inserted int.o (he laser 

field (e.g. (15)). From an experimental point of view, this would be much cleaner' 

than a laser-plasma interaction, and therefore easier to study. This brings us on to 

the fourt h area: vacumn physics. This is the study of laser fiekls in vacnum', eit her 

on their own. or of their interaction with individual charged j^articlcs (i.e. without a 

plasma background). T h e theory describing t he interaction of photons with charged 

jjarticles - quantum electrod^^namics ( Q E D ) - is widely accepted rus one of the most, 

if not Uic most, successful scientific theories ever developed [IC). T h e high electro

magnetic field intensities found inside a laser beam provide a unique test ing ground 

for this theory, allowing us t,o study electromagnetic interactions under otherwi.se 

(technologically) miobtainable conditions. Strong field Q E D is a theory that .suc-
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cessfuUy combines relativity and quantum mechanics. T h e case of a charged particle 

in a laser field allows us to test both at the same time, since (in a strong field) the 

particle will be accelerated to relativistic velocities, while interacting on a quantum 

level with the laser photons. 

In terms of vacuum physics, one of the most readily accessible processes is the 

electron-photon scattering that occurs when an electron is inserted into t.he laser 

beam. One way to flo this is to bring t,he laser iiit.o collision with a beam of elec

trons from a conventional linear accelerator, although in many cases it may be more 

convenient to source the electrons from a laser wake-field induced plasma. At low in

tensities we have the well known Thonison/Compton scattering processes occurring, 

as described in any electrodynamics t,extbook (see e.g. Jackson [19] and Landau and 

Lifshitz [57]). It should be noted that Thomson scattering is t.he classical limit of 

Compton scattering, occurring in the limit where t.he laser photon energy huj, as 

seen l.>y the electron in its rest frame, is nmch less than the electron rest, energy ///c'-. 

Formally, this amounts to taking li—¥ 0 

0 

C O M P T O N —> T H O M S O N 

and will be considered in more detail in Chajjter 5. As we move to higher intensities 

the scattering process can involve more than one laser photon 7/,. 

c" + n-fi^ (- -\- 7. n e (N. (1.1) 

Such a i)rocess is known as iioidrncnr Compton scattering, nonlinear because the 

prol>ability for such a process (with > 1) scales nonlinearly wit h the i:)lioton density 



(201- (We note that a considerable portion of this thesis will be devoted to the study 

of nonlinear Compton scattering.) At higher intensities still (~ 10'"'' \V"/cm-), it may 

be possible to study vacuum birefringence effects caused by the vacumn laser field 

being modified by virtual electron-positron pairs. It is predicted (21) that this will 

result in the laser field having a non trivial refractive inrlex. which will be difl'erent for 

diflerent. polarisations of in.srrtod probe photons, rheroforc. by examining changes 

in the polari.sation of probe jihotons |22|, .such cfi'ccts could in i>rinciplc be studied. 

However, even at B L I intensities such changes are predicted to be exceedingly small, 

although there is some speculation that a measurement may nevert heless be possible 

(23). Looking further to the future, if a laser field could reach a crit.ical field strength 

of Er = nrc^/eh, corresponding to a critical intensity of ^ '1 x lO"'̂  \\'/cur (beyond 

even the reach of E L I ) , then it. would contain enough energy to degenerate into 

electron-positron pairs (Schwingei- pair production) (2'L 25]. An clcct.ron inserted 

into such a field would acquire an elect romagnetic energy equal to its rest energy nnr 

upon traversing a difjtance of a Conipton wavelength A,. = h/mc. While Schwinger 

pair production may not currently be accessible, a variant of the process (Brei l -

Wheeler pair production [26. 27]) is. Here the energy threshold is overcome by 

colliding extremely high energy photons wit.h an (optical) laser beam. One so\n-ce 

of such photons is of course t.he nonlinear Compton scattering process we have 

just <liscus.sed. Indeed, this method was successfully tested in t,lie S L A C E-144 

experiment. [2S). where pairs were j^ioduced iipon colliding 30 C e V photons with an 

optical laser beam. 

In this st\idy we will confine our.selves to an analysis of electron-phot on interac

tions, since it is these i)rocesses that will be most readily accessible with the facilities 

t hat are due lo come online in the near fut ure. We will analyse t he electron dynam

ics in vacuum, rat her t han in a pla.sma. since t his is a nmch cleaner environment, in 

which to work. In such a .system there are no a{ldiiional background efi'ects (caused 
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by a plasma) to take into account, and therefore the physics is more amenable to 

analytics. We re^uson that, this will give us a deeper insight into the physics in

volved. We will be considering the situation from both a classical and a quantuni 

perspective, with an ongoing discussion of when each of the view-points arc valid. 

1.2 Description of the Laser Field 

Before wt; proceed further, let us briefly eonsi(.ler what, a suitable description is for a 

laser field. We begin by enforcing t he condition that any four-potential A,, describing 

an electromagnetic wave 'in vacuo' satisfies the vacmun wave etiuation [17 

d,d"A„ = 0 . (1.2) 

We write the potential in the form 

A,{:r) = Rc{a,(x)c-'^'}. {l.S) 

Substituting (1.3) into (1.2) gives us the Hehnhoh.z equation 

{V-+ui')a{x) = 0 . (1.̂ 1) 

If we now assume tliat the variation of the wave amplitude a{x) is slow within the 

dist ance of a wavelength A = 'Inc/u, then the wave approximately maintains a plane 

wave character. This means that t he wave front, normals are paraxial rays, and so 

for a beam propagating in the :/;:rdirection 

do ic O'-o OJ do w-

— « - , , = ; . — < § ; - — « —a. 1.5 
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We can then approximate (1.4) with the paraxial approximation of the Hehnholtz 

equation 

„o ^.ui da 

where V^^ = (c?f + 0^). A solution to (1.6) is t.he Gaussian beam .solution 

" •'̂  = - r ^ * ^ - ^ l ^ r r ^ exp /arctan — - v ' ' , 1.0 

w{x,i) V i^'iJ'-A)/ \ ^^'^ 2C;(./;;,)/ 

where is the focal spot radius (beam 'waist*' size), w{xii) = vJo{l-\-xl/Rr)^^'~ is the 

beam radius, and the curvature of the wave fronts is given by C{x-s) = x;i(l + /?'~/.v;^), 

where we have introduced a quantity called the Rayleigh lengrh R = W'^UJ/2C. If a 

Gaussian beam, such as we have just described, is focussed down l,o a waist and t.hen 

expands again, then r.he rate of increase of the beam width can be considered small 

ovei* a distance R. from the waist [IS). This is summarised in Fig\n-e 1.2. where we 

also show liow t.ho electrical field intensity varies through the beam. T h n paraxial 

approximation (1.6) is only valid U WQ/R. < 0 { [ ) (29. 30]. This is sat;isHed i)rovidcd 

the beam is not. t.oo strongly focussed - for most of the paraniet.er ranges we will 

consider, this is not exj^ected to lie a problem (44), although it. may become an issue 

when considering very high-intensity facilities such as Ef^l. 

In this study we will be devot-ing our attention to the case of a head-on collision 

between a beam of electrons and the laser. If we assume that the diameter of 

the electron beam is narrow compared to the laser waist, size, then the electrons 

will only probe the central region of the laser focus. Under such conditions the 

Gaussian beam (1.7) can be well approxiuiated by a (temporally) pulsed plane wave 

31]. which for a long duration pulse tends towards an infinite plane wa\e. Recent 

numerical modelling [44] suggests that such assumptions are justified for parameter 

values similar to the ones we will be considering here. .An electromagnetic plane 

17 



Figure 1.2: (To])] Diagram showing the dimensions of a typical paraxial Canssian 
laser beam. (Bottom] Magnitude of electrical field intensity of the beam. (Arbitrary 
units.) 

1 1 1 I 1 — — 1 ' 1 — 

t -

12 1 
Wo 

1 
Wo 

r» r-w 
l( 

t 
^ ^ 

1 

l< 
I 

1 ^ ' ' ^ ^ 

wave is described by a field tensor satisfying the homogeneous Maxwell equation 

c)„y^"" = 0 and that is a function of A: • x, F"" = F""{k: • x), where A: is the huser wave 

vector. As a result of the vacuum Maxwell equation we have 

^"9{A: . . r )" • 
(1.S) 

which implies (after integrating) 

(1.9) 

expressing the fact that the wave is transverse {up to a constant homogeneous term). 

We note that as we move from an infinite plane wave to a pulsed plane wave, and 
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from a pulsed plane wave to a Gaussian beam, tlie uiatlieuiat.ical inoclelling increases 

ill complexity. 

1.3 A Dimensionless Measure of Laser Intensity 

In order l.o (.lelinc precisely what W(r nieaii by a Miigli-iiileiisity' la.scr iield and to set 

the groimd for later work, we need lo doline a measure of laser intensity. A suitalile 

(Lorciitz and g^uge invariant) definition is [32 

{(/VT'">.,)) 

where from now on we will take c and tii to refer to the electron charge and mass. W'e 

define A" = Lo{],'n.)/(: where OJ is tlic laser fref|iiency and the pro|.>agat.ion four-

vector, and we have introduced the energy momentuiii tensor P ' " (see Appendix 

A ) , and the election foiir-niomeurum p = {E,,/(:, p), where E,, is the electron energy. 

The brackets { ( . . . ) ) denot,e the proper time average. In the electron rest frame we 

have {) = (iiic.O) and t hus 

nrc 
„„'f"i,„ = v,rc^7-™ = ^ { E ' + B''). (1.11) 

For a plane wave type Hold. /.• - {) ^ inu^, and so f/o will recover t he non-Lorentz 

covariant form 

cE,„,s f'£nns^/, / . ir»x 
"0 = = —. (1.12) 

U.'HK: titc-

typically u.sed in the literature. Here E,,„.s = ( E - ) ' ^ - the root, mean sc|uared (rms) 

electric lield and we have introduced the laser wavelength A = c/uj. From this 

definition it can be seen that a^) can be considered a.s the ratio of two energies - the 
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ratio of t he energy gain of l.Iie electron a.s it moves over a la.ser wavelength with the 

electron's rest energy. We point out that tlie absence of any factors of k in (1.10) 

and (1.12) indicate tliat a{) is a purely classical C|iiantity. At tlie same time, tlie 

jDresencc of the velocity of light c indicates the relativistic nature of r/o- It is clear 

that (If) > 1 describes the regime where the electrons become relativistic. Finally, 

we note a convenient rule-of-thuml> to express /̂o in terms of tlie laser intensity / 

27 

al^3.7 X l O - ' ^ / A v (1.13) 

for / in VVatts/cm""' and A in //m. We are now in a position to introduce some 

examples of laser facilities. 

1.4 A Brief Overview of Experimental Facilities 

There is currently a.growing interest in using high-powered lasers to test fundanientiil 

physics (se(; e.g. [S]). This is lca<ling lo a j^roliferation of new facilities where such 

experiments can l>e conducted. Some of the most relevant to us are the following: 

D a r e s b u r y At tiie Daresbmy laboratory- in northern England there are currently 

experiments taking place with an order 10 T W huser. f/n ~ 1; l̂ucl a linear accelerator 

delivering electrons of energy 35 McV (giving t hem a relativistic 7-factor of 7 % 70) 

33 . 

F Z D T h e facility that, will feature most, extensively in our subsequent discussions 

is the Forschungszentrnm Dresden Hosseudorf ( F Z D ) in Germany (34). This facility 

has a 150 T W las(,'r giving an ^ 20. There is al.so a linear accelerator ( E L B E ' ) 

that, can deliver 10 MeV electrons (7 ^ 10"). Compton scattering experiments are 

20 



due to begin here later this year (2010). We sliall often use these parameters iu 

subsequent discussions, referring to them simply as T Z D vahics'. 

V u l c a n T h e U K ' s Rutherford Applcton Laboratory's Vulcan laser [35] is currently 

1 PVV (f/o ^ 70). However, it ha.s recently been aunoiuiced [36] that it is to be 

upgraded to 10 P\V\ increasing its ao to 200. 

E L I Looking to the future, the European Extreme Light Infrastructure ( E L I ) 

project has been initiated [6]. When this is completed it potentially could deliver 

an <iQ ^ 6000, giving us an increase of two orders of magnitude compared to current 

facilities. 

Figure 1.3: Chart showing tlie development of the la.ser as a function of time, to
gether with examples of the pliysics tliat are accessible at given intensities. 
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In the table below we give a sununary of some of these facilities. 
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1 [W/cni-] do 

F Z D {150TVV): Gennany lO^' 20 

Vulcan ( I P W ) , U K 10'̂ -' 70 

Vulcan Upgrade (lOPVV) 200 

E L I - 5000 

In Figure 1.4 we chart the development, of the laser, showing how intensities 

have increased over time. It shows clearly the impact of C P A , and also how huser 

intensities iire predicted to increase over tlie next few years. 

In this thesis we will study the phenomenology of electron-laser interactions, 

including the properties of the scattered radiation. In particular, we will be consid

ering the angular and frequency dei)eudence of the scattered radiation, looking for 

jjossible experimental signatures of intensity depeiidence. Note that from here on, 

except where stated otherwi.se, we will adopt 'natural' units where //-= c = 1. 
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Chapter 2 

Electron Dynamics in Constant 
Fields 

We begin witii the sim]>lest possible case - that of an elect ron in a consiant. clas

sical background field. The behaviour of particles in such fields can be obtained 

analytically, atid so will serve as a good starting point, h'om which t.o consider more 

comi)lcx field configurations. 

2.1 Classical Particle Motion 

The classical equation of ntot.ion for an electron in an arbitrary backgroimd field is 

given b\- the differential equation (the Loreniz force oquaiion) (37l 

= = i l p - ( : , ; ) / ; , . (2.1) 
/ / / 

where the doi denotes differentiation with rcsjject to proper lirne r. and we have 

introduced the electromaf^neric field tensor 
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0 E , E. 

0 

(2.2) 

Eciuatiou (2.1) is a covariant generalisation of Newton's second law. We wish to solve 

it to hud the parricle trajectory :/;''(r). Note t,iiat. equation (2.1) is only valid under 

tile assmnptiou that any radiative back reaction effects have negligible impact on 

the particle's motion. We adopt r.his a,ssumption for the moment, but it is something 

that we will re-visit later. 

In the case of const.aut liclds the held tensor F''^ will be constant, and so (2.1) 

will be linear and therefore solvable directly l.)y exponentiation. Writing F''^ in 

matrix form as F . the solution is 

= exp ( —iJ^') = M l : (2.3) 

where i>u is the initial four-momentum of the electron and t;he matrix F has one 

index up and one down. Due to the ant isynuuetry o f f , we note that A is a Lorentz 

transformation mat.rix. 

Now that we have the four-velocity // = p/'H-. the particle trajectory can Ije found 

simply by integrating (2.3). Mowever. we can gain more insight into t.lie properties 

of I he particle orbits l.)y first considering the eigenvalues of F . In [38] Taub shows 

how these can Ije expressed in terms of the scalar and pseudo.scalar invariants of 
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the field strength tensor, 

S = ~F„..P"' = E- - B'. (2.4) 

V = -^^F,,F"' = EB._ (2.5) 

where F " " is the dual tensor. 

We find that there arc four cases and they can be classified in a Lovcniz invariant 

way, according to the values of 5 and V, 

S = V = Q.. E~ = B', E 13 = 0 (2.6) 

5 < 0 / P = 0, / ? - > E J3 = Q (2.7) 

5 >0,7=^ = 0, E->B-, E B = 0 (2.S) 

Sj^O.V^O, B- y^O, E B^O (2.9) 

We will find that ease (2.G) results in particle orbits that, are •parahoiic. case (2.7) 

idl'ffjiic. case (2.S) liyperbolic and case (2.9) bxodrotnic. 

It is i>ossible to parameterise the field tensor F'"' in terms of constant 4-vectors 

chosen from a null tetrad [39]. (We will see in the next chapter that such a formalism 

will also allow ns to paramctcrisc plane wave type fields in terms of a 'lighl-mne 

time' // •;/;.) Here we will adopt the null tetrad (a'', /"/''. f,. ro) where the propagation 

vectors //.. u and polarisation vectors c\, C2 are dcfmcd aa 

n'' = (1:0,0,1) (2.10) 

a" = ( L 0 , 0 , - 1 ) (2.11) 

c'; = (0 ,1 ,0 ,0) (2.12) 

4 = (0 ,0 .1 .0) . (2.13) 
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Clearly //. and 7/. are light-like and ri and C2 are space-like. The only non-vanishing 

scalar products are 

n. - It. = 2 

C, = Co = - 1 

(2.M) 

(•2.15) 

We take this opportunity to int.rodnce t.he notation 

(2.16) 

(2.17) 

for an arbitrary four-vector a: this will be u.seful to us in later work. 

Using the vectors from the tetrad, for each case we construct, the 'standard foruT 

of the field tensor 

Fir = 

/ r ;" '= Fs^n'Ti" - uTi") = F, 

F,(n''c^-„-4)= F , 

Fiici;^ - c';4) = F, 

0 0 1 

0 0 0 

1 0 0 

0 0 1 

0 0 0 

0 0 1 

0 - J 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

2 0 0 

0 

0 

- 1 

0 

0 

0 

0 

0 

- 2 

0 

0 

0 

(2.1S) 

(2.10) 

.20) 
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FT = FT + FT. (2.21) 

T h e tensors F['^ defined above are representative of each of the four cases. Any 

oliier tensor of the same case can l)e generated by n Lorentz t.ransform. 

By comparing directly with (2.2) we see that: the tensor F^" describes the case 

of crossed fields (i.e. perpendicular E and B fields of equal strength), the tensor Fl"' 

describes a constant magnetic B field, the lenst)r F^'" describes a constant electric 

E field, and the final case FT' is a linear sum of cases 1 and 2. 

Exponentiating to find the corresponding Lorentz transformation mat rices A. 

find 

( A 2 ) ^ = 

0 1 0 0 

- i r f ^ r 0 1 - ; ^ / - - , r 

(A,.)". = 

^ cosli(2^/--3r) 

0 

0 

V •siMl,(2^F,-) 

0 0 0 

0 cos {^y^r ) -s\u{f,F-2r) 0 

0 .sin(-^r,r) c o . s ( ^ / » 0 

0 0 0 

^ c.o^K2j-M 0 0 s i . , ] , ( 2 ^ F , r ) ^ 

1 0 

0 1 

\̂  .sinl>(2^/^,r) 0 0 co.sl.(2^/-l,r) J 

U 0 .siMli(2^/-3r) ^ 

co.s(;^ro-) -s\n(f^F,-) 0 

.si>,(^F,r) co.s(^A:,r) 0 

0 0 co.sli(2^r,-) J 

(2.22) 

(2.23) 

(2.2^1) 

(2.25) 
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Examining t hese matrices in sequence, we firstly see that the crossed field tenor 

Ff"' results in motion that is yarabolic. (We note that in the cro.ssed field case, the E 

and B fields will remain j^erpendicular and equal in magnitude in any given frame.) 

Next we see that the constant magnetic field tensor F.^^ results in circular {elliptical) 

motion. The case of the pmely magnetic Held is the only one with periodic orbits 

(i.e. the motion is bound, meaning that there is no net acceleration)- As an aside, 

we note that for other tensors in this class, the resulting electron motion will l.)e 

in an ellipse with eccentricit,y c = E/B [41], moving perpendicularly to both the 

electric and magnetic fields. Moving to tiie third case we find that tiie constant 

electric field tensor F^" results in motion that is hyperbolic. The final case. A'"', is a 

linear sum of A j " and A|^". T h e panicle motion is a superposition of cases (2) and 

(3) and is loxodroniic. 

Note that our F['^ field tensor is an exainj^le of a null field [39], since both its 

scaler antl pseudo-scalar invariants S and V are zero. Calculating the first few 

powers of Ff'" we find (using (2.1-1) .and (2.15) and omitting the index 1 for ease of 

notation) 

F~ = F ' : . F V = /;"vr,, (2.2G) 

F^ = P'.F'\,F'i^nhieF^^^ = ̂ ._ 

where the second result, is due to the trausversalit.y of the field. Mence F\'^ is 

nilporcnt. of degree 3. which is why the exponential series in iX^^ is truncated to just 

three terms. Thus the parabolic nature of the particle orbits. 

Figure (2.1) shows the motion of a charged particle in each of the four cases. 

T h e trajectories are as we would exj^ecr for the respective fields. 
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Figure 2.1: Plots showing the motion of a charged particle in each of the four cases. 
Plot a) shows parabolic motion in crossed fields. Plot b) shows elliptical motion in a 
magnetic field. Plot c) shows hyperbolic motion in an electrical field. Plot d) shows 
loxodromic motion in combined electric and magnetic fields. (Arbitrary units.) 

a) (Crossed fields - magnetic In x .̂ electric in X2-direction) b) (Magnetic field in x -direction) 

1 -1 

c) F^ (Electric field in x^-direction) d) F^ (Electric and magnetic fields both in x^-direction) 

xlO^ 

1 0 0 -2 

2.2 Particle Radiation 

A particle undergoing acceleration will radiate and the properties of this radiation 

are of interest to us in this study. The calculation of the classical radiation spectrtnn 

of an accelerating particle is covered in most electrodynamics textbooks (e.g. [19). 

[37]). although in most cases the problem is not treated covariantly. A fully covariant 

discussion is however given by Miner in [13]. and further explored in [ l l ] . T h e 
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radiation four-momentum may be expressed 

P" = I d'x d,.V"\ (2.2S) 

Employing the cnergy-niomeutuni balance equation d„T"" = jt,F'"', we have 

P" = J fl'-xj„F'"\ (2.29) 

Now 

= j,d''A''-:i,d''A'\ (2.30) 

= d''{j,.r) - - j.d'-A". (2.31) 

T h e second term is zero due to t.he contimiity e(|uation d''j,, = 0, and when inte

grated the first rerm also disa|-)prars. leaving iis wirh 

P" = - I d':r. j^.d^/V. (2.32) 

From the Ma.\well equations (in the f^oreutz gauge) we have, in integral form, 

A"(x) = -It: j d\, /?™(:,; - (2.33) 

where D,c i ( .x - ( / ) is the retarded Green's function which, \ipon inserting into (2.32), 

gives 

P" = -4n I | r / 'y/( .y)d)"D,, , ( :r - / y ) . (2.34) 
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We can replace the integrand 

d"D,,,(x - - / ) -> J (c>"(x)D,e,(:/; - y) + cr'(y)D,,,{y - • , :)) , (2.35) 

which amouiits to nothing more tlian reuamiug the variables of integration. Then 

introducing the advanced potential via 

d'-dmAv - ••^') = -a"(:/:)D.,v(:r - /;)- (2.36) 

and defining 

D = D,e, - Dav: (2.37) 

we have 

P" = - 2 ^ j ,l\r,l\, Ux)f{u)d"i:)(x - y). (2.3S) 

In a. Fourier representation t.liis l)ecoines 

^ " = " ( o i p / •^S"(A : ' " ) .5 ( / . ' ' )^"'j"(^-' ) .y;(^')- (2.39) 

where j,, is the four-dimensional Fourier integral of the current. 

Ul-') = I '/':.: i „ ( . r )n.X | . ( /r ..7;). (2.^10) 

and from here on we will drop the tikle in ortler to simplify the notation. We can 

interpret k' = uj'{l,n') as the scatierod radiation wave vector, with frequency u;' 

in direction n'. It, is the O-componeut of P'' that gives us the radiated energy. 
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Performing the integration in (2.39) and converting to polar coordinates, we find 

= I ilu'rin P{LJ'.TI), 

(S.' l l) 

(2.42) 

where fj{cu',ri') is the spectral densit.y describing the amount of radiation i)er unit 

frequency duj', per unit solid angle d f t . 

In the case of the constant fields we are considering, the Fourier integrals (2.40) 

(and thus the radiated energy F^) can be calculated exactly, although the calcu

lations themselves are somewhat tedious. We choose here to focus our attention 

on just, one of the cases - that of crossed fi(!lds. There are two reasons for this. 

Firstly, the other cases are more commonly explored in electrodynamics textbooks, 

whereas the i:rossed field ca.se is not (see e.g. Jackson (19], Landau and Lifshitz 

[37]). Secondly and most importantly, the cro.ssed field case is, out of the four cases, 

the one t hat describes a laser beam most closely. Crossed fields descrii:)e cit-her the 

high-int ensity or the long wavelengt h limit of a linearly polarised plane wave, which 

we will consider in the next chapter. 

Fiiiure 2.2: Ceouietrv of the scattered radiation. 

Laser 
Direction | 
k=©n 

k*=co'n' 

Scattering 
Direction 
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To begin the calculation we must first define the geometry, which is that given in 

Figure 2.2. To simplify matters somewhat we will limit omselves to a considerat ion 

of the 'head-oiv case only. Thus for a crossed field with electric component in the 

direction and magiietic in :ro, the electron will have an initial four-velocity of 

//o = 7 ( 1 : 0 , 0 , - i ) . (2A3) 

To evaluate the integral (2.41) we first need to find the electron s velocity ti''(r) and 

trajectory :I:''(T), Tiiese we find by solving tlie Lorcutz ecjuatiou (2.1). From (2.22) 

it is clear that »' '(r) will be quadratic in r and X^'(T) cubic. Before we calculate t he 

spectral density p, we can make use of some features of the light-cone formalism we 

have adoptetl. One proi)erty of this formalism is that we can write the norm of t,he 

four-current as [45] 

Now, the current conservation equation A:' • j = 0 allows us to eliminate j'^ from 

(2A4) giving 

j - r = 2 ^ R e ( j ^ r ' ) - - bx i - - (2.15) 

We begin our calculation of P{IJJ',ri') by finding j " (A:'). From t.he discu.ssion above, 

we know that the argument of the exponential in (2.40) is going to be a cubic 

polynomial, and thus we expect to obtain an Airy function in our .solution. The 

profactor is proportional to »~ — iP — =const and so we find 

r ( k ' ) = e 7 ( l + / i ) e x p ( / B 2 ) /" f / : / ; - exp( / ( / . 3r '*+ (2.46) 

= 2e7(l +/?)cxp(/ i5 , ) / d:r- cosl-h-sr' - B,T), (2.47) 
Jo 
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where 

and 

'̂ 1 = - ^ 7 ( ( l + /̂ )A:+ + (l -/3)A:-). (2.̂ 19) 

Employing standard identities (see e.g. [*16]). we find we may indeed express j in 

terms of the Airy function Ai . 

j-{k') = 2e~f{l-\^J)GMiB2) ( ( 3 6 3 ) - ' r r A i ( Z ) ) . (2.52) 

where Z = (Sba)'^^'^B\. So now we are just left with finding = (ji:j-2)- From 

our expression for U2 we find immediately that jo = 0. Thus all that remains is to 

find j\. hi the case of crossed fields we find that we can express .y'l in terms of the 

A;"*" derivative of j~ 

= 2 7 r — 7 ( 1 -1- /i)(3/.3)-'/'exp(/^2)6(3/>i)-'/'Ai(Z)' - 5^Ai(Z)y2.5^1) 

We now have everything we refjuire to calculate (2.44) and hence the radiated 

energy P". Doing so, we find that the radiation is almost exclusively confined to 

the Q = n (back .scattering) direction. In Figure 2.2 we show the radiation spect rum 

for various initial electron 7-factors. We see that the signal strength of the radiated 

euerg.v decreases as the electron 7-factor increases, while at the same time the peak 
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Figure 2.3: llacliciltjtl oiicni,v ypuctrn Tor an election in constant, crossed fields. In
teraction is considered Miead-on\ w i t h in i t i a l 7-factors i\s indicated. Evaluated at 
0=n. 
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emit ted freciuency also decreases (is red-sli iried). 

Now iJiai. we lia\'e given detailed consideration lo the l)ehavioin' of an electron in 

the four cases ol' constani electroniagnetic fields and. in par l icnlar . having calculated 

the radiat ion spectra Tor an electron in crossed fields, we are read}' ro move on ro 

consider |,>lane wave backgrounds. Plane wa\c fields ari^ the next, step up in realism 

and complexi ty in om- model l ing of a laser beam. 
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Chapter 3 

Electron Dynamics in Classical 
Plane Waves 

3.1 Introduction 

Maving .studied the dynamics of olectrons in con.stMnt fiolds. \vc are now ready lo 

considor the case of a t ime dependent, in f in i te plane wave. SpeciHcally. we consider 

I , I K ; case wliere wc lia.ve ( t ime dependent) electric and magnetic componenls in t,lie 

transverse (.7:1, n:-,) directions, wl i i le the wave proi>aga.tes in the longi tndinal (x-^) 

di rec t ion . Sncli a field may be d(.'scribed by the field ytrength tensor 

F'"'{.,:) = F,{h-x)fr+ro{L-:r)fr. (3.1) 

wiiere t he constant tensors f j are defined 

/ ; " ' = / ^ ^ • ; - / / ^ ; . (3.2) 

Wo note that the tensors f j " are examples of cro.ssed field tensors, like Fl'" in 

I he previous tJiaj j ter . Since the scalar and pseudo-scalar invariants vanisli for s\ich 

fields, our plane wave tensor { - i . l ) is a nul l Held. The field ampli tudes Fj depend 
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on the Loreii tz invariant, phase A: •:/; where, a.s previonsly, A: is the hiser wave vector 

A;'' =ojii". A p p l y i n g the Lorentx force eqnation 

= -F^'^kx)it,. (3.3) 

we f ind t l i a t A: • a is conserved in proper t ime r 

' M l L ^ = ^k„F>-'„„ (3.1) 
(IT III 

= 0, (3.5) 

where we liave niade use of (2.27) and the fact that phme waves are transverse, 

h i tegra t ing (3.4) wc l ind 

k-x = Tku (3.6) 

A: - X 
A: // 

(3.7) 

where wc have assnnicd the electron is i n i t i a l l y at the origin {xo = 0) . Hence we see 

tha t the l igl i l -conc t ime ' • is d i rec t ly proport ional to the proper t ime r . Th i s 

means t i i a t wc can trade the dependence in (3.1) for proper t ime r . and so the 

eqnation of mot ion (3.3) becomes linear and thns solval,)le by e.xi)onentiation. 

So. f r o m eqnation (2.1) we have 

^ ^ - - ( / ^ i ( r ) / , + F 2 ( r ) / o ) ^ . (3.S) 
(IT- III (IT 

which has solntion 

= exp ( - ( G ' , ( T ) / , + C2{r)f2)) v/n- (3-9) 
(Jx 
(IT ' ' V/// 
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where 

GJ{T)= f dr' FJ{T'). (3.10) 

a iul if,, is the i n i t i a l 4-velocity at t ime r = ro. Using the fact that the Fj are hneariy 

independent together w i t h result (2.27), we have 

dx 
7h "n- (3.11) 1 + _ (c ; , (r ) / , + C,(r)f,) + — (G'?(r)/? + a^(r ) / | ) 

In tegra t ing to f ind the part icle t ra jectory, we liave (exp l i c i t ly ) 

x' = + „ i ( r - T o ) , , ) / - / , ( r ) ^ 

./••^ = -4 + „1(T - To) - £•(/;. • U)H2(T)., 

= 4 + -ir^ir - To) - - ( « A W , { r ) - vUh{T)) + . v) f ,IT' C ] -t- C^i 
i l l - I I I 

when: we have dcHned Hj{r) sncli that 

HJ{T) = r ,IT' Gj(r') = r ,IT' f <h" FJ(T"). (3.12) 
J To ./rn 7r„ 

These erpiations describe the mot ion of a pa r t i r lo in a transver.se field given l)y any 

field tensor .sat i s ly ing (3.1) and, lor an inf in i te plane wave, agree wit h t he expressions 

found by Taub [3S]. 

We w i l l now use these results to study the behaviour of electrons in in f in i t e plane 

waves, considering various i^olarisations. For in f in i te plane waves, the integrals (3.12) 

are solvable analyt ical ly , and so we can find the electron t ra jec tory w i t h o u t having 

to resort to mniierics. 
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3.2 Particle Motion 

o be specific, we w i l l focus our a t ten t ion on the plane wave held defined as follows 

6A sin:^-r. 

Fo = \ / l — 6-A cos (jjT. 

(3.13) 

( 3 . M ) 

Hcic A is the wave ampl i tude and the wave polarisat ion is encoded in t he parameter 

6. Linear polai isation corresponds to () = 0, ± 1 ; circular polarisat ion to 6 = ±2*" ' ^ "* . 

Other vahies of J correspond to varying degrees of e l l ipt ical polarisation. Regardless 

of the choice of rhe rms elect.rir field avera*;efl over one laser cycU^. is £,.„,^ = A/\/2. 

This means that, we can wr i te the laser intensity (J.12) as 

cA 

v/2c • • / / / 

(3.15) 

Figure 3.1: Electron t r a jec to ry in a jjlane wave of linear polarisation [left, plot.) and 
circular polarisation [r ight plot.]. Laser intensity is do = J and the particle is in i t i a l ly 
at rest. 

•3 -I 

E 10 

Wc once again consider the case of a head-on collision b(Mween t he elect-ron and 

30 



the laser field 

k = u ; ( L O , 0 , l ) = a ; ( l , i ) . (3.16) 

= ^(].0.0.-,i) = 't{\..-,ik). (3.17) 

Plots of tiypical t rajectories for the linear and circular cases are shown in Figure 3.1. 

I t can l)e seen f r o m these plots tha t the particle oscillates in the transverse (xi.ir^) 

p\r\i\G and proi>agates forwards in t.he longi tudinal {x:^) d i rect ion. Th is forward drif t , 

mo t ion of the part icle is wor th considering in more detai l . I f we consider the 0 -

and 3 -componeu t s of the part icle t ra jectory, we find tha t they can be decomposed 

int.o a. sum of their constant and oscil latory conii)ouents 

X"(T) = {:,:")+ X >•{-). (3.1S) 

wiiere X''(T) is I he osci l latory component and the constant component (;/;") is the 

Fourier zero mode 

dT'x"(T'). (3.19) 

Using (3.19) we can calculate the longi tudina l d r i f t velocity 

It is interest ing to consider the effects of boosting to a f rame where t he d r i f t velocity 

is zero, i.e. to tJic f rame where the elect.rou is at. rest on average. The results of such 

a boost for the cases of linear and circular polarisation arc shown in Figures 3.2 and 

3.3. respectively. In the case of linear j jolar isat ion t l ie electron exhibits a figure-of-

eight mot ion , which increa,ses in size propor i iona l ly iou ( | . (W'e note that these plots 
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Fignre 3.2: Electron mot ion in the average rest frame (linear polarisation) for varions 

x2 [ c M 

are consistent w i t h tliose by Sarachik and Schappert in ['17].) The electron mot ion 

follows a LisSfijons cnrvc of propor t ion 2 :1 . For circnlar polarisation we f ind tha t 

the electron follows an e l l ip t ica l t ra jectory . Figure 3.'1 shows the electron t r a jec to ry 

in the average rest f rame for various degrees of el l ipt ical polarisat ion. We can see 

clcarl>' l iow the t ra jec tory makes the t rans i t ion f rom figure-of-cigli t to circnlar as we 

change the polarisat ion. 

The transverse oscillations of the electron in the laser field \cnc\ to an interesting 

and somewhat surpris ing effect. Since in the average rest frame the electrons com

plete a whole o rb i t du r ing a single laser cycle, i t makes sense to consider only the 

average momentum of the electron over the cycle, since the laser photons cannot 

resolve the details of the oscil latory mot ion [27]. Work ing in the average I'est. h'ame 

we define a f /waA / ' -momonlum (j such tha t f/^ is equal to the square of the proper 
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Figure 3.3: Electron mot ion in the average rest f rame (circular polarisat ion) for 
various H Q -

-3.5 •2.5 -2 -1.5 
x2 [c/to] 

0.5 

t ime average of the momentum p 

= / / r ( l + ^/^). (3.21) 

Hence, analogously to the on-shell condi t ion / r = nr. we are able ro define an 

effective mass for the electron in the laser field 

ml = (i^ = 7;r(l + al) (3.22) 

In effect, to the hiser photons the electron doesn't appear to oscillate; instead it 

appears to have an intensi ty dependent shif ted mass / / / , . 

1̂2 



Figure 3.4: Electron mot ion in the avercxge rest f rame for varying degrees of polari
sation, do = 1- Hor izonta l tixis x^, vertical axis 

5=0.1 5=0.2 5=0.3 

6=0.4 6=0.5 5=0.6 

6=0.7 5=0.8 6=0.9 

3.3 Particle Radiation 

As we d id in Chapter 2 for crossed fields, we now br ing ovn- a t tent ion to t he radiat ion 

emit ted by an electron in a jjlane wa.ve. The radiated energy can be found once again 

by evaluating the integral (2.^11). Th i s calculat ion involves the evaluation of several 

nested integrals, and wouh.l therefore normal ly necessitate a recourse to mnnerics. 

However, for the case of circular polarisation, the circular symmetry of the electroiTs 
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o rb i t makes an analyt ical evaluation of the expression possible. Per forming the 

calculat ion, one finds that the energ\- radiated per un i t solid angle dP^/dQ can be 

expressed as an in f in i t e series of Bessel functions. These Bessel smns may be wr i t t en 

in closed f o r m , g iv ing an analyt ical expression for c/P^/c/Q. For an electron at rest 

in the lab frame, this may be wi i t t en as 

2, .2„2 d'bJ'd 

r/O 64^ \^i.0)l{\-v\(iU\n-[\0)y 

/ ( c o s O - i . ^ s h i ^ ( l ^ ; ) ) " 
(4 + e-) -f (1 - 0-)(4 + 30-) , (3.23) 

where 

O f^nsinf? ^ 

For details of the calculat ion wo refer t l ie reader to Sarachik and Schappert [47 

aiH.l Esarey at al [AS]. We note that the S()li<l angle measure r /Q is a funct ion of 

t l ie .scattering angle 0 only, since t i ie circnlar .synnnct.ry of t l ie electron mot ion in 

a c i rcular ly polarised plane wave means tha t t i ie radiated energy has no azimuthal 

((/)) dependence. 

Wc consider the angular distri l .)ution of the radiated energ\- for various laser 

intensities in F igmc 3.5. Th i s is of par t icular interest to us. since in Chapter 5 we 

w i l l he. considering the properties of t,he emi t ted radiat ion using a s t rong field Q E D 

approach. We can see f rom Figure 3.5 that, t i ie peak radiated energy moves towards 

the 0 = 0 ( fo rward scattering) direct ion as the laser intensi ty increases. I t is also 

clear tha i the signal s trength increases w i t h the laser intensity. 

Before we go on to consider the the electron dynamics in an in f in i t e plane wave 

f rom a Q E D perspective, in t l ie next cha])ter we w i l l introduce a numerical scheme 

to c-alculate the el(;ctron t r a jec to ry in an a rb i i r a ry classical background field. 
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Figure 3.5; Plot showing the angular d i s t r ibu t ion of the radiated energy for an 
electron in a circular ly polarised plane wave. Calculations are for the lab frame, 
where the electron is jussnmed t,o be in i t i a l ly at rest (7 = 1). 
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Chapter 4 

Electron Dynamics in Arb i t r a ry 
Classical Fields 

So far we have solved the Lorentz force etiuation (2.1) for the cases of constant 

fields and plane waves. In these cases the electron velocities and trajectories are 

obtainable analyt ical ly. Mowever. i f we are to piogress to more complex/realist.ic 

field configurations, then we w i l l be forced to resort to numerics. 

4.1 Covariant Matrix Numerics 

A standard approach to numerical ly solving the Lorentz force ecjuation (2.1) would 

involve t ak ing a discretisation of proper t ime into steps of length //,. Under such a 

cli.scretisation we would have 

~ v ' = 2u . •// = 0( / /") ^ 0; n > 0, {4A) 

for a ntnnerical scheme of order The result of this would be tha t the on-shell 

condi t ion = itur (i.e. tr = (r) would be violated. T h e in t roduc t ion of such 

an unphysicalit-y could lead to numerous undesirable efiects including, for example, 

t ha t the acceleration // w i l l no longer l.)e s]:)acelike. In fact, when the discretisation 
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error is considered in relat ion to / r , we find tha t 

//- = nrir —> ///-((/- -f Kh"). (A.2) 

for some constant A'. Hence the introduct ion of a discretisation error can effect ively 

be viewed i\s a mass /momentum sh i f t of the electron. I n the previous chapter wc 

saw that , in a plane wave, an electron experiences a /a.sf,'7-induced ma.ss sh i f t . I t 

follows thai if we are to st udy such effects using a numerical scheme, it is undesirable 

for such a scheme to introduce its own discr<dimLiofi-\n(\\iQcx\ mass shift,. W i t h this 

in m i n d , wc present a new type of numerical scheme which is manifestly covariaut 

and precisely preserves the on-shell condi t ion u'^ = cr. 

Cm- numerical scheme is based U|Don a SL(2. C) representation of the four-

velocity. Th i s method was \tscd I jy I tzykson and Zubor (75) to find the analyt ical 

solut ion to (2.1) for constant electric and magnetic fields, and is considered f r o m 

a. mathematical j^erspect.ive in [76]. However, what, wc |:)roposc here is to use the 

method as a basis for a numerical scheme that, can be u.setl to solve t,hc Lorentz force 

equation (2.1) for completely a rb i t r a ry field configurations. We begin by in t roduc ing 

the ma t r ix b^isis n ' ' = (U.cr) where a denotes the three Pauli matrices 

1 0 
a — 

1 0 

0 - 1 
(4.3) 

which satisfv 

[A A) 

where f„(„. is the Levi-Civi ta . tensor in three-dimensions. Now we inlroducc the 



m a t r i x U which represents the i^article four-velocity in this basis 

U = u''a,, 6 S L ( 2 , C ) . (4.5) 

Using (-1.4) we find the fo l lowing commuta tor and anti-eornrnutator relations 

Using these we f ind we can re-wri te the ec|uation of mot ion (2.1) as 

6' = £ ( E ^ i ; - t - ( ; E ) , (4.7) 

where 

^{E-\' iB) <T. (4.S) 

In t ror luc ing the t ime-order ing operator 

(4.9) 

we may wr i t e t he i m p l i c i t general .solution to (4.7) as 

U{T) = C(T)U{0)CHr). (.1.10) 

I n order to t u r n this in to a numerical method, we must discretise (4.10). To do 

lis wc introduce a discrete set of // + 1 et|ually spaced proper times r^. (A- = 0 n) 

r„ = 0. r , = A-. T„ = r. E , = E ( : / ; ( r , ) ) . ( ' M l ) 
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M a k i n g use of the Baker-Carnpbell-Hausdorfl ' formula [65]. we then f ind approxi

mately (up to order 0(dT'-)) 

£ = e x p { E ; , f / r } X ... x e x p j E l f / r } = : L„. (^1.12) 

where x' denotes m a t r i x m t i l t i i j l i c a t i o n . Thus our numerical solut ion becomes 

Un=LnU{0)Ll (^1.13) 

such tha t 

U(T) = U „ { r ) ^ 0 ( ( l T ) . (A.U) 

In order to utilise this methotl we must solve (^1.13) i teratively. VVc begin w i t h an 

in i t i a l gue.ss for v/(r,-) basetl upon our value for (/(r;_|). Then we use the t rapezium 

rule to calculate an in i t i a l guess for the part icle position .'/.(T,). Once we have the 

posit ion we can insert i t in to the expression for the electric fields to find the value <,)f 

E*(r,). which we sub.seC|uently use to find an imj^roved four-velocity (/(r,) via ( ' ;I .]3). 

T h i s procedure is itcrat.cd u n t i l the part icle positions x ( r ; ) and velocities //(T;) do 

not change w i t h i n given error margins. 

Now a crucial point is that , in our SL(2. C) representation, the on-shell condit ion 

ir — c'- reads 

d e t y ( r ) = c - = 1. (4.15) 

Due to the fact, that tra^- = 0, we have 

det exp j l t r / r j = exp | t r E V / r | = 1. (4.16) 
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and so 

( letL; = det,E; = 1. (4.17) 

Hence 

d e t C / „ ( r ) = d e t i ; ( 0 ) = r , (4 . IS) 

meaning tha t the on-shell condi t ion is exactly preserved by the discretisation. 

4.2 Numerical Examples 

We test our code using a light-cone t ime (n • x) dependent l inearly polarised plane 

wave field, encapsulated in a Gaussian pulse. In the nota t ion of Chapter 3 we have 

= P(7 /-: / ;)sin(A: • : / ; ) , (4.19) 

F2 = 0, (4.20) 

where P(n • x) = P ( r ) is the pulse funct ion which we define to be 

P{r) = Ae^p ( - ^ - ^ - ^ ^ ) (4.21) 

where we have once again traded light-cone t ime •;/; for proper t ime ' r using (3.7). 

T h e constant ro specifies the centre of the pulse and 7; is a measure for the number 

of laser wavelengths w i t h i n the w i d t h of the pulse. .Neglecting the radiat ive back-

rear t ion effects and proceeding along the same lines as in Chapter we can solve 

the equation of mot ion (2.1) analyt ical ly down to the final integrals, which must 

'Note that we expie.s.sp<l F in toiiiis of - l ieic in the text to improve tiie cliuity of noun ion. In 
our actual nnmoiical cx|)criMi(?nts our codes will calrnlato in terms of lite lij^lit-cone t ime // • .c. 
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be evaluated numerically. T l i i s w i l l give us a I jenchinark against which to test onr 

code. 

Figure 4 .1 ; The results of calculat ing «(> numerically using our method and using 
t l ic Euler method, = 1. // = 10, r/r = 0.125. 
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In order to cinantify the accuracy of the new method, we introduce two measures 

of numerical error. The fir.st is the Euclidean norm r,.,„. defined 

\ 
- / t l W ^ - ( r ) ) _ ^ K { r ) - v/;;., ,(r)]-. (0.22) 

w i t h Wani(7") being the analyt ical solut ion. Since we arc now dealing w i t h a pul.sed 

field, i t is impor tan t to choose the region A r , over which we consider the errors, w i t h 

care. Th i s is becau.se the numerical (Miors are very small when the field strengths 

are verv low. antl so the error can be made a rb i t r a r i lv small b\- increasiu" the w i d t h 

51 



A r of interest . Therefore we define our parameters as follows: 

Ar = 0^/r,-rl. = 1 c l r ' ( r T / ^ ' ( r ' ) . (4.24) 

Thus ir. can be seen tha t we are coiisideriug t he Euclidean norm over a region tha t 

covers cue s tandard deviat ion each side of the centre of the pulse ro. Our other 

moM.surc of numerical error w i l l be the m a x i m m n norm f,„nx 

= max ( | / / ' ^ ( r ) - < , „ { r ) | l , (4.25) 

We also consider i t useful to compare our metJiod directh- w i t h a conventional 

numerical scheme; in this case wo w i l l choose to compare w i t h tJie Euler method 

[77]. W h i l e a higher order mctho(.l would l)e more accurate, we have chosen the 

Euler method because, like our method, i t is first orrler and so we w i l l be compar ing 

like w i t h like. 

Eor a ])uls(;d piano wave lield our do l in i l i on of (1-12) needs ( |na l i fy ing , since 

/i'niis averaged over all proper t ime w i l l be zero. The most convenient solut ion is for 

VIS to adopt the de f in i t ion 

tio = ('1.26) 

Fig ine A.\ shows v/o for an electron subjected to the field (-1-19) for /̂o = 1, // = 10, 

calculated using our new method and using the Euler method. The discretisation 

size is (IT = 0.125 ^ 0.02^^; periods, which we can see is too coarse for the Euler 

method to pe r fo rm effectively, while the difference between our method and the 

analyt ica l solut ion is less than the thickness of the p l o t t i n g lines. In Figure 4.2 we 

consi<ler the errors as a func t ion of the discrel isai ion size. As we would expect for 



Figure '1.2: Numerical errors for bo t l i niet.liocls as a funct ion of the proper t ime 
discretisation size dr. 
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first, order methods, bo th scliemcs produce errors that increase hnearly w i t h dr. We 

hnd for our met i iod 

f e e ^ 0.39f/r. c,„..v ^ 0.'19r/r. (4.27) 

and for t l ie Euler met hod 

r.,,„. = 2.Sdr. c . „ .v ~ SAdr 

Finally, in Figure 1̂.3 we demonstrate the fact tha t our new method preserves the 

on-sheil condi t ion (/'- = c', whereas t l ie Euler method (a conventional scheme) does 

not. 

In summary, we have developed a novel numerical scheme for solving the Loreniz 
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Figure 4.3: P l o i deiiioii.strai.ing tha t our i iunierical sclieme preserves the oii-shell 
condi t ion (/- = c^, whereas t l ie Euler method does not. 
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force equation (2.1) for an electron in an nrb i t ra ry l)ackground f ield. Unhke con

ventional discretisation .schemes, our method is f u l l y covariant, precisely preserving 

the on-shell condi t ion . T h e method we have presented is a f irst order scheme, and 

so wc have compared i t d i rec t ly w i t h a conventional f i r s t order method - the Euler 

method. We found our method the be well-behaved, more accurate than the Euler 

method, and we conf i rmed numerical ly tha t the on-shell condi t ion is indeed pre-

sor\-cd. A l t h o u g h we have not considered the cfi'ect of t l ie radia t ion back-reaction 

on the electron mot ion , the sclieme we have presented here could be adapted to 

incorporate this. More i n fo rma t ion on this is given in Appendix B. I t is hoped 

t h a i the covariant method presented here wi l l be of use to researchers s tudy ing the 

effects of the beam profi le on the electron dynamics. 



Chapter 5 

Nonlinear Compton Scattering of 
an Electron in a Plane Wave 

5.1 I nt r o d uc t io n 

l i a v i u g out l ined the behaviour of an electron in a classical plane wave, we now 

move on lo s tudy such beliaviour f i o m a quantum perspective. VVe thus consider 

the nonlinear Comj) ton scat ter ing that occms when an electron collides w i t h a high 

intensity plane wa\'e laser f ield. Since this s tudy Is motivated i ) r imar i ly by the 

advent of high intensity laser facilities, wc wi l l i>ay par t icular a t tent ion to intensity 

dependent, effects in the scattering iMocesses. Sucli scattering i:>rocesses have been 

cousidere<l previously, uiost notably by Brown and l\il)l>le [-10]. CoUhnau ( 5 l | and 

Nikishov and R.itus [52. 53; 20. 26). In t his chapter we w i l l re-visit this work in l ight 

of the recent increases in laser intensities, outl ined in Chapter 1. W'e wi l l consider 

nonlinear Compton scattering involv ing a very high intensity laser (//o > 1) and 

electrons of moderate to high energy (i.e. 7 ~ 1 . . . 100). The phenomenology of 

the scattering proces.ses w i t h such parameter \alues has now become experiuieulal ly 

relevant. 



5.2 Volkov Electrons and the S-Matrix 

Si)ccifically. we consider the nonlinear Compton scattering tha t is the sum of the 

sub-processes 

e" 4- trfi^ ^ (r -}- 7. 7/ e N (5.1) 

where an electron absorbs n huser photons 7/, and then emits a single photon 7. For 

a plane wave, the energy density 7^'" = (E~ + B ^ ) / 2 = E'^. T h e la.ser photons have 

energy hu, .so in a volume V conta ining 11.^ ])hotons we have 

= ^ . N.I,.. (5.2) 

Since the la.ser intensity do is pro]>ortional to B'~ (see (1.12)) . it- must t.herefore be 

I^roportional t o tJie photon densit.y A'- . The |)recise re la t ioushi j i can l>e wr i t t en 

= Anni/'X^ (5.3) 

where o is the fine s t ructure constant and we have introduced the rescaled (dimen-

sionless) measure of f rcf iucncy 

As the authors state in (20). the i:)rol)ability for a given n th order scattering piocess 

(5.1) is p ro i jo r t iona l to a'^" ^ A'"". Ilence for n > 1 the probabi l i ty becomes iion-

Ihicar in the j ihoton density and thus the jirocess is known as nonlhimr Con ip ton 

ering. 

From (5.3) wc see that for //o ~ I there are of order A'\'V- ^ 10'" photons in 

a laser wavelength cubed. W i t h such a high photon density it seems reasonable to 
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neglect the effects of beam depletion in the scattering process. Therefore we shall 

adopt the formal i sm used by Nikis l iov and Ri tus [52] and Brown and Kibb le [49). 

where the electrons interact w i t h a quan tum photon field .4^, pins a classical back

ground field A,,{J:). In effect, the electron lines in the Feyninau diagrams become 

'dressed" by the background field A,,. Diagramniat ical ly . they are represented by 

heavy lines as shown in t l ie lef t -hand side of Figure 5.1. Such f l iagrams can be 

expanflofl into an inf in i te sum of conventional Q E D diagrams (i.e. t.hose involv ing 

free electron propagators), each one representing the scattering process invo lv ing 

laser photons. We note that the analogous S-matrix element, corresponding to the 

Feynnian diagram on the l e f t hand side of Figure 5.1 b u t w i t l i 'naked electrons', 

would vanish due to niomentuni conservation. 

Fig\ne 5.1: Feynman diagram for the nonlinear Compton scattering of an electron 
in a background field. The thick lines represent electrons dressed by the backgromid 
field. The diagram can be expanded into an inf in i te series of conventional Q E D 
Coni|:)ton .scattering diagrams, each involv ing the ab.sorption of laser photons. 

Once again we take our background field to be a plane wave dependent on the 

light-cone t ime A: • A , , = >t^(A- • : / ; ) . We are for tunate that the Dirac ec|uaLion can 

be solved exactly for sucli a field (the 'Volkov solut ion ' [54]). g iv ing us the electron 

0( 



wave func t ion 

vP,(.r) = e'^l 4- j ^ U y u , = e ' ^ l > v , (5.5) 
A; • p 

where we have adopted the Fcynnian slash nota t ion , j i = y ^ ' f i f i z '^iid -5' is the 

Hamil ton- . lacobi classical action 

S ^ - V X - / <\<j>[2i,A • p ~ e M - ] = - p • X - I,. (5.6) 

A t t his point we w i l l define our background field to be 

A'' = a'; cos(A: •:/;) + sin(A: • ; / ; ) , (5.7) 

where the four-ampl i tudes aj are equal in magni tude and orthogonal (ij df, = -<^'^^jk 

and satisfy the f^andau gauge condi t ion aj • k = 0. Thus we are specifically consid

er ing t he case of circular polarisat ion, since this is the only case where the i^hoton 

emission rate calculations are expressible in terms of standard funct ions. In terms of 

our plane wave def in i t ion given in Section 3.2, this corresponds to set t ing 6 = 2~'^'-

and m u l t i p l y i n g the ampli tudes A by a factor LJ. 

A p p l y i n g the kinetic momentum operator p — cA = id~cA to the Volkov .solution 

(5.5); and (suggestively) denot ing the time-average of the result by r/. we find 

2 , 2 
7 = / > + ^ J ^ A : = p + r / i . (.5.8) 

Thus the electron acquires an addi t ional rnteitsily-depefuleiU longi tudina l niomen-

r u m ( f i , caused by the jiresence of the laser field. T h e zero component of the quasi 

momentum (f was first found by Volkov [54], while the generalisation to the four-

vector q'' is due to Sengupta (56). Squaring q. we find that the intensity dependent 
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momen tum sh i f t leads to an intensi ty dependent mass sh i f t 

fr = m'(l-\-al) = ml (5.9) 

Th i s is precisely the same momentum/ma,ss shift, that wc found in our classical 

aualy.sis in Section 3.2. 

As wc are going to be s tudy ing the photon emission rates, we need to know the 

S-matr ix elements for the scat ter ing process. Tliese were or ig ina l ly calculated l_>y 

Nikishov and Ri tus (52) and are presented by [..andau and Li fs l i i t z in [57]. Here we 

wi l l br ief ly n m through I he calcii lal ion. but adopt ing the more physically I ransjiar-

eut. fonnaUsni used l.)y Heiu/1 at <il (59) i n their s tudy of pai r -product ion. 

The S-matrix relat ing the f inal electron s late / to the in i t ia l s tale / is 

SV; = -it' I (r':; >l'„,e-'*'-7>r'„. (5.10) 

where (• is the polarisation four-vec tor. VVe f ind 

S;, = h' I d-'.rc'*"-"'-'-'*-OM(A- • : / ; ) . (5.11) 

where M = c '* ' ' '" ' ' ' '*r/^/r , , ' / r^, / / j , . Sinc(? ^P,, is an eigenhuiction o f ' p . we obta in af ter 

in tegra t ing out. the spatial coordinates 

•SV,- = /c (27:f6^''\p - p' - k') I d./:-e'<"--"' > ^ M ( : / ; - ) . (5.12) 

Now. for a plane wave. J,, can be decomposed into a constant average (Fourier zero 

mode) plus an oscil latory comix)nent. The a.verage over a wavelength is i)recisely 

the longi tudina l component of the r(uasi-niomcnt um {5.tS). .so we f ind wc can wr i t e 
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the act ion (5.6) as 

Sp = -V • - {Q~ - V-):ir - f J/p, (5.13) 

where ( f / . - P-):i:~ comes f r o m t.lic Fourier zero mode and 61^, the o.scillatory com

ponent. In t roduc ing the boost invariant , liglii.-cone quasi-niomentuni fract ions 

and changing variables f r o m to k •./: = ux , wc can wr i te 

Sj; = - / e ( 2 7 r ) ^ ^ j ( ^ * ) ( p - p ' - k') Jd{h- - :/:)e'*^-^'-'^"'J^-''.A/(A- • x). (5.15) 

where .'V7 = M bu t wit.h / —> 61. Now M is a purely oscillatory, periodic func t ion 

and so we can exi:>aiid i t into the Fourier series 

A / ( A : . . 0 = ^ M , f > ^ - ' - . (5.16) 

Thus we find 

Sj, = -/e(27r)^'^<5(- ')(p - p ' - k') ^ M„d{Q - Q ' - A " + n). (5.17) 

and so the S-inatr ix can be expressed as a •f)-coinb". Hence we see tha t the c|nantity 

Q — Q' — K' + is con.served, which is ec|nivalent to w r i t i n g 7 , H- //A'_ = (}'_ + A:'_. 

Now, we can see f r o m (5.S) and Section 3.2 t hat the qua.si-momentum q differs f r o m 

the n ion ien ium p only in the light-cone component,, therefore it follows that, the f u l l 

qua.si-momentum is conserved in the scat ter ing ])roce.ss, 

fy -t- //A- = v ' - f A'. (5 . IS) 
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5.3 Kinematics 

We now study the kinematics result ing f r o m the quasi momcntmn conservation 

(5 . IS) . We begin by in t roduc ing the Mandelstani invariants s. t , a, [57, 5S| 

.S. = (<i + nk:f = ml + 2/;A- - {j, (5.19) 

= (n.k - h'f = -2id- • k', (5.20) 

u., = (nk - q'f = ///,: - 2nk • { / , (5.21) 

where we have used the fact that,, since k is l ight l ike. 

q k = p-k, q' •k = i> k. (5.22) 

Note tha i the three Nhmdelsiam variables are not indei jendenl of each other since 

•''"m + - I - — '2tn1. Also since they are //.-dependent, t.hey wi l l be (.liilerent. for each 

.scattering process. From (5.19) and (5.20) i t is inunediately clear tha t the invariants 

are subject. t,o the condit.ions 

Sn > -^n- l : {n > 1) (5.23) 

/ . < 0. (5.2^1) 

We also hud 

= in'l - 4//-(A- • p)~ < lul, (5.25) 

whicl i means t.hat one of the boundaries of the physical region in the Mandelst.am 

plane is a hyperbola. I f we fix a line s ~ then, for the nt h order scattering process. 
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the physically allowed ranges for /. and u are 

^iniii = 2///; - .s„ - ni'l/sn 'i/,nax = "t'l/sj, back scattering 
(5.26) 

'max = 0 //,„j„ = 2//;; - .s„ forward scattering 

To .see how the Mandels tam parameters relate to the scattered photon frequen

cies, we re turn to the quasi-momentum equation (5.S). Squaring both sides and 

subsl , i tut ing in (5.22). we can el iminate (/ 

since h- = k''~ = 0. In order to s impl i fy our discussion, we w i l l f rom here on assume 

tha t the photons and electrons collide head-on. Th i s means that there is now only 

one angle to consirler - the scattering angle of the photon B. Therefore. 

A- = a ; ( L n ) . = ( E ^ , - | p | n ) ^ (.5.28) 

and 

n - p = -IpI , n ' • p ' = -\p\COHO. (5.29) 

Considering ju s t the n iomentuni (zero) components, we can rearrange (5.27) to 

give an expression for the frequency of the scatt,ered j iho ton . 

' = l + . y „ ( l - C o s . ) - (•^•30) 

here 

J" ' ^(1^7^ • ( - ^1 ) 
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Figure 5.2: T h e dependence of / on 9 ( F Z D values). We see tha t / a t tains its 
in in innnn for forward scat ter ing [0 = T T ) . 
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I t can be seen tha t when 7,, < 0 the maxinnnn emission frequency- occurs when 

t.hc photons are backscat.tered (& = K). Conversely, when j„ > 0 the uiiLximnm 

freciuency occurs for forward scattering {0 = 0). We note that the frotiuoucy ranges 

of the scattered j ihotons are dependent on the number of laser i^hotons ab.sorbed, 

//.. T h e spectrum result ing f rom the scat te r ing process where // = 1 w i l l be referred 

to as the ' fundamenta l harmonic ' . Where // > 1 laser photons are involved, the.se 

spectra w i l l be referred to as •higher harmonics*. 

I t should be noted tha t the linear C o m p i o n case, well known f r o m i^hysics text 

books, occurs in the l i m i t (lu —J- 0. // = 1 (i.e. in the low intensity l i m i t ) . Thus the 

Ijossibil i ty of the electron absorbing a > I laser photons and subsequently generating 

a higher harmonic, is exclusive to the nonlinear legime. ' 

' T l i c cnii.ssioii of Iiigiior {n = 2. :\) l iani ionics luis hi-en objii^rvcd cxpuriiiKMitJilIy by (.'ollidini; fiii 
ekH:tion with a linmrlij polari.srd laser Ix-aiii. hi suHi a Ix'ani i l ie t'h'i l i o i i (cia.-^.^irally speaking) 
oxl i ibi ls a liguiP-of-oighi inol ion. wl i irh cnnscs 1 lie s( a l I r i p d pl ininn ricf |iiriirv s p r r i r i m i lo i iavc an 
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Figure 5.3: T h e dependence o f f on i/' ( F Z D values), 
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- 2 0 0 h 
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•300 

X 10 

From (5.30) we can see t h a i / / ( O ) = Thus, in the ca,se j„ < 0 the emi t ted 

j j l i o ton frequency is blue shif ted relative to la.ser j ihotons. and in the case jn > 0 i t 

is rcf.l sh i f ted . 

j„ <0=^ ay < y\XQ) < / / ; , ( - ) blue shift 

j „ > 0 / / ( T T ) < ; / ( / ; ) < / ; / / red sh i f t . 

(5.32) 

(5.33) 

Sometimes, in the l i terature , the case of a red shift is referred to as 'Compton 

scat ter ing ' and that, of a blue sh i f t as "inverse Com|Jton scattering' . Since t.hese are 

f rame dependent statements, we choose not to make the d is t inc t ion in this discussion. 

T h e frequency range given by (5.32). (5.33) corresponds to the / interval in the 

ndtlitioiiJiI (IfpoiRk'ncc on tlic azi i inn luil Jiiij^le. o. T h e second and i l i ird l iarnionics won? then able to 
lie idenii l iei! Ijy uijaui\ini> the ie.snUirrg qniulrupule and riuxuipule ri idii i l ion patterns, respectively 
[Gl . no] (see also [19]). Snc l i an ohservai ioi i is not. possible nsinj; a c ircnhir ly polarised laser, due to 
the az iniut l ia l .synnnetry of the scattered phoion d i s l r ihnt ion (resnhitii^ from the c i rcu lar motion 
ot I ho elect m n s in such a field). 
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Figure 6.4; Plot showing the relationship between 0 and 7 = 100, OJ = 1 
ni = 0.511 M e V , = 20. 

1.5 
e (radians) 

Mandels iani representation (D .26). Evahiat ing the Maudcls tani invariants expl ic i t l ; 

in terms of / / and 0. we have 

t.„ = —2iinrui/'{\—cos6) 

u„ = ni:-2nin'^u(~f(\-\-,5)-u'{l-coiiO)) 

{bM) 

(5.35) 

(5.36) 

Figures 5.2 and 5.3 show the relationship between /.„ and 0 and //' respectively. As 

tliscusscd, wc sec that t.„ achieves its m i n i m u m when i/' = t/,',.,^ or 0 = -n. Figure 5.3 

shows that there is a linear I'elatiouship between t„ and / / , unlike between /,„ and 0, 

where t here is a rapid decrease in the value of t„ as 6 ^ n. 

Wc return now to consider the relationship between the scattered photon fre-

queiK .y / / and the scat ter ing angle 0. Figure 5.4 shows a plot of a.s a func t ion o( 0 
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for typical parameter values. I t is evident tha t emi t ted frequency is maximal when 

0 = n (backscattering). Provided j„ ^ 0, i t is possible to use (5.30) to trade u' for 0 

in our expressions (and vice versa). (When j„ = 0 the scattered frequency i/, ' , looses 

its 6'-dependence. col laj js ing to the line iw.) 

For parameter values s imilar to those at the F Z D (i.e. no ^ 20, 7 lUU) wc f ind 

jn > 0, and so the m a x i m u m frequency of the emi t ted photons is given by 

_ ( l + / j ) - 7 - » . ^ 

For large 7 this gives us 

(5.3S) 

A t this po in t i t is useful to deHuc an effective 7. much in the same spi r i t as our 

effective mass. 

^ 2 , 2 

'r, = ^ = y ^ : (5.39) 

thus (5.3S) becomes-

For a given // we can plot the f ixed line s = .s„ on the Mandcls tam diagram. For 

// = 1. 2. 3. 4, these lines are shown in Figure 5.5. From our above consideration 

- I t i.s iiiteio.^tiiig to compare this to the ca.se of linear Conipto i i scntteiit ig. where we li:iv( 

w l i id i for large becomes 
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of \vc can see tha t , as we move downwards along t l ie sections of these hnes tha t 

are in the physical region, we are moving along the ranges u' = i^'„^\n • • • i^ln^x 

0 = 0 . . . 2 7 r . The point where the lines A = b„ meet the hyperbola sv = in'l is the 

point where ly' = L/' and ^ = T T . 

Figure 5.5: Mandels tam plot for nonlinear Comp lon scat ter ing (5.1) using F Z D 
values. The shaded area shows the j ihysica! region of the Mandels tam plane. 

t=o 

0 = 0 
v ' = v." 

e = 271 
v ' = V v ' = 

5.4 Photon Emission Rates 

We now re turn to our S-matr ix calculat ion (5.17). The S-niatr ix may be translated 

into an emission rate, whic l i wc would expect to be comiJiised of Bessel funct ions, 

since it consists of an exponent ial of Volkov phases. Indeed, we find that, the dif ier-

eutial rate for the emission of a single photon of fre(|nency / / l)y the n th harmonic 

G7 



process (5.1) is 

wl i ic l i was previously obtai i iet l by Nik is l iov aiicl R i t i i s [20]. T h e fuiict.ioii J„ is 

defined 

f/Q \ 1 + .7. / 

where J „ are the Bessel funct ions of the first k ind . VVe have introduced the t.hree 

new kineiuat ic (and Lorentz) invariants :/;, y and z 

A- • / / ///.; /y, U 1 + 

Physical ly. y„ represents the ina.xinnnn recoil of the electron du r ing the scatter ing 

process. The relat ionship of;/: and y to the Mandels tan i invariants is 

:r = (5.4C) 
a - mi 

From our analysis of the physical ly allowed ranges of the Mandels tan i invariants in 

Section 5.3. we fiufi that the k ineniat ica l ly allowed range of ;r for the n th harmonic 

is 

0 < : / . < / y „ . (5.4S) 

Outs ide of this range the rate for t l ie n th harmonic vanishes. (We see that, for 

outside of this range the Bessel parameter z becomes complex.) To obta in the to ta l 



emission rate we s imply sum over al l the harmonics. 

(l\V _ y > <I\V„ 
(5.49) 

In Figure 5.6 we show the first few par t ia l emission rates as a funct ion of;/;. I t 

Figure 5.6: Part ia l emission rates for nonlinear Compton scat ter ing as a funct ion 
of ;/; ( F Z D values). The emission rate for linear Comj^ton scat ter ing is shown for 
comparison. 
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can be seen that the higher harmonics have a reduced signal st rength compared to 

the fundamental harmonic, autl tha t each subsequent higher harmonic is reduced 

comparctl to the previous one. Also included in the plot is the emission rate cor-

i-esponding to l inear Compto i i scatter ing. A s t r i k ing observation is that the edge 

= y, of the (nonl inear) fundamental harmonic, which we w i l l f rom here ou refer to 

a,s the 'Compton edge", ha.s I)een shif ted to the left by several orders of magni tude 

comj^ared Ui the l inear case. The size of this shi f t may be calculated analy t ica l ly as 
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fol lows. Eva l i ia l i i ig .(/„ cxpl ic i t lx ' wo find 

1 

T i m s we uiMv express y „ î.s a. funct ion of '̂O: a l lowing us to wr i te 

Vn = yn((i(i) = nyi(ao) = oVdO)- (5.51) 
I ~r (In 

VVc can t.lierefore see tha t the fundamenta l harniouic wi l l be shi f ted by a factor of 

1/(1 + ^/Q) to the left compared to the linear case. Th is is a h ig l i ly signif icant result 

since it offers an exper imenta l ly detectable signal of the mass sh i f t (5.9). 

Figure 5.7 shows the to ta l emission rate sunnned to 30, 60 and 100 harmonics. 

We can see tha t convergence only becomes an issue at the far ex t remi ty of the plot 

(:/; > 10"^ ) . A n interest ing observation is that the peak at the Compton edge ( f rom 

heie on known as the 'Compton peak') gets bolstered by the higher harmonics, 

increasing the signal s t rength compared to the l inear j)eak. 

I '^ec|uency P a r a n i e t e r i s a t i o n 

Using (5.-30) to e l iminate 0 f rom our expressions, it, is possible to express the emission 

rate (5.^13) in terms of the scattered photon frequency ly' 

The frequency range of each ind iv idua l hcirmonic is determined l)y (5.32) and (5.33). 

In Figure 5.S we have p lot ted the first few ind iv idua l harmonics for FZD parame

ter values. As wit h the x parameter isat ion. we see tha t each harmonic ha.s a reduced 

signal s t rength compared to the previous one. the difterence being most noticeable 

I.)etwe(;n the fundamenta l anrl second harmonic. 
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Figure 5.7: Sum of par t ia l emission rates as a funct ion of;/: ( F Z D values). Dashed, 
lower curve: n = 1 . . . 20. do t ted , nnddle curve: //. = 1 . . . GO, sol id, top curve: n = 
1 . . . 100. The cmi-ssion rate for l inear Compton .scattering is shown for comparison 
( in grey). 

9^=20 

Figure 5.9 shows the total spectrum for the same paranietci ' values. It, is clearly 

evident tha t , analogously to the phcnomenolog.y of the paranieler isat ion, the 

Compton edge experiences a frequency red shift, compared to the l inear Cou ip lon 

case. We emphasise tha t the total frecineucy range is IJIUC shi f ted, relat ive to the 

incoming photon frec|uency due to the ]jrcscnce of t.he higher harmonics. Th is can 

be seen f rom (5.32) and (5.33). Once again it can be seen that the higher harmonics 

bolster the ( fundamental harmonic 's) Con ip ton peak, increasing its signal s t rength 

as compared to linear C o m p i o n sca i ic r ing . 

In an exper imental context the red shi f t of the spectra is important for two 

reasons. First ly, the observation of the frequency sliift wi l l provide exper imental 

evidence of the electron mass shi f t . Secondly, the nieasuiemeni of the red shift 
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Figure 5.S: Ind iv idua l harmonic spectra for nonl inear Compton scat ter i i ig ( F Z D 
values). The spect rum for l inear Co inp tou scat ter ing is included for compar ison. 

a =20 

^ 0.015 

0.005 

could be used t.o determine the laser intensity r/o by (5.30) and (5.31). Look ing 

once again at the emission s j jectra in Figure 5.9, we see tha t i t s l io\ i ld, in pr inc ip le, 

1,)C j:)0.ssible to ol)serve the peaks corresponding to = 1, 2, 3 and even A. Th is 

assum(\s ctf course tha t \hc presr.n('e of various background effects, not inclndcf l in 

our theoret ical analysis, wi l l not be too det r imenta l to t.he signal C|ualii,y. 

Previously we have discussed the dependency of the scattered photon frequency 

/ / on the sign of j „ . \Vc now consider this in more detai l in the context, of the 

emi.ssion spectra. Recall f rom (5.32) and (5.33) tha t , for j„ < 0 ( > 0) . the emi t ted 

photon frecjuency (for a given scat ter ing process) is blue (red) shi f ted relat ive to 

the laser j^hotons. Th is implies tha t , by t im ing the Tree' parameters 7 and (lo, i t 

should, at least, in pr inciple, be po.ssible to change from a blue shi f t to a red shi f t . 

In par t icu lar , at the point where j„ changes sign t.he i i i h harmonic wi l l collapse to 

the single l ine i/^ = ni/. Set t ing (5.31) ec|nal to zt.'ro we find tha t , in order for the 
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Figure 5.9: Emission spect rum for nonlinear Couipton scat ter ing ( F Z D values). 
Spect rum for l inear Compton scat ter ing is inchided for compar ison. 
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a =20 0.025 

TO 0.015 

0.005 

nth harmonic to collapse, the cr i t ica l value of r/o must be 

" n . c i i i — 
2{y/3 - n.u) 

7 ( 1 - ; ^ ) 
(5.53) 

For large 7 we find 

3 + 4. 
(5.5'1) 

Tims we may aj jproxin iate 

Uo.cm - 27, (5-55) 

for large 7 and all small // (i.e. ir Ay). In the case of linear Compton scat ter ing, 

the point where there is no hecjuency shi f t in the scat ter ing process [u' = u) is the 
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poin t where the to ta l momentum P = fc + p equals zero. Th is is, of course, the 

centre-of-ni?iss frame for t i ie col l is ion. M a k i n g the analogy- to nonlinear Compton 

scat ter ing, we .see that the po in t where the n th harmonic collap.ses is the point 

where the to ta l momentum P = iik q = nk + p + equals zero. Therefore we 

can consider the point where j„ — 0 to define a 'centre-of-ni j i^s' frame for the n th 

.scattering process. 

Eva luat ing (5.53) for the F Z D values we find t l i a t the fundamental harmonic 

wi l l collapse for ^ 200. In Figure 5.10 we show a sequence of plots of the 

to ta l spectra w i th do going f rom 20 to 300. Look ing at the plots wc ob.serve the 

fo l lowing. In the subcr i t ica l regime (r/o < f^n.crii: fi'^t three j j lots) the harmonic 

ranges arc blue shif ted relat ive to the frequencies ni^ (shown as dot ted vort ical 

l ines). Th i s is more c leai iy seen in Figure 5.11 where we have plotto<l the ind iv idua l 

harmonics. As (in is increased the harmonic ranges shr ink (i.e. t he r ight-hand edges 

are increasingly less Ijlue shi f ted) and gaps begin to appear between the ind iv idua l 

harmonics. A t the cr i t ica l (IQ t l ie f imdamenta l harmonic does indeed collapse to 

the l ine i/ = u, d isappear ing f rom the plot . The // = 2, 3, '1, . . . harmonics are 

very narrow for this value of f/n since, assunting tha t 7 is large enough for (5.5^1) 

to ho ld, the expansion of f/o.ciii O '^ly dependent in the second term and above. 

As f/o increases fur ther ( in to the supercr i t ical regime), the fundamental and first 

few higher harmonics are red shi f ted relative to the linos iw (again best seen f rom 

F igme 5.11). The harmonic ranges begin to increase again and the gaps begin to 

close. Hence, as we have discussed, there is an analogy- between tun ing the laser 

parameter f/o f^'id changing t i ie Lorentz frame in which the processes arc considered, 

as t he quasi - inomentum (and hence P ) change cont inuously JLS a funct ion of r/n 

Th is is shown d iagranmiat ica l ly in Figure 5.12. 
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Figure 5.10: Sequence of emission spectra for nonl inear Compton scat ter ing showing 
the t rans i t ion from the snbcr i t ica l (f/o < ^ ' o . a i t ) to the supercr i t ical (r/o > " o . c r i t ) 
regime. 7 = 100, f/o.crii ~ 200. The vert ical (dot ted) lines correspond to the 
frequencies iii/. 
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A n g u l a r P a r a m e t e i i s a t i o n 

A l ternat ive ly wc can consider t he emission rates as a fnnct ion of the scat ter ing angle 

0. Using (5.30) to now el iminate u' f rom onr expres.sions, we calculate the angular 
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Figure 5.11: Sequence of ind iv idua l emission harmonics for nonl inear Con ip ton scat
ter ing showing the t rans i t ion f rom the subcr i t ica l (cin < ^/o.^lit) to the supercr i t ica l 
(^'0 > ^'o.ciit) regime. - = 100. ^/n.cii ~ 200. The vert ical (dot ted) lines correspond to 
the frequencies /v//. The grey lines show the tota l (summed) spectra. The harmonics 
are cotled: dashdot:/* — L da.shed:// = 2, dot ted: / / — 3, solid:// = 1. 
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Figure 5.12: Diagrams showing how the centre-of-mass frame becomes intensi ty 
dependent. 
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Mere we have used the angular measure flQ = s\nO(IO, which is the solid angle 

measure up to a fact or of 27r since the c i rcular ly j jolarised laser field is not dependent 

on the aziu inthal angle (p. 

In Figures 5.13 and 5.14 we show the first lew ind iv idua l angular harmonics for 

the F Z D vahies. We .see t ha t for these parameter values, the main emission intensi ty 

for each harmonic is concentrated in the region close lo 0 = TT (back scat ter ing 

d i rect ion) . However, it is only the fundamental harmonic tha t is non zero actual ly 

at the point 0 = TT. The higher harmonics fall to zero at this po int , exh ib i t ing what 

are known as 'dead cones'. Thus t rue back scat ter ing occurs only for the scat ter ing 

process where // = 1. 

Figure 5.15 contains a .sequence of plots of the ind iv idual harmonics for various 

do (again. F Z D vahies). W'e see that, as «o is increased, the bulk of the signal for 
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Figure 5.13: F i rs t 5 angular harmonics for nonlinear Compton scat ter ing ( F Z D 
values). On ly the fundamenta l harmonic contr ibutes at 0 = 7:. 

X 10"" 

2.9 2.95 
e (radians) 

3 3.05 3.1 

each harmonic begins to sh i f t away f rom 0 = n. As (lo reaches 200 the harmonics 

l.)ecome synmiet r ica l about 6 = 7 r /2 , w i th the fmidamenta l harmonic con t r ibu t ing in 

bot h the forward (0 = 0) and back .scattering {0 = TT ) d irect ions. As f/n is increased 

fur ther , t,he harmonics sh i f t fu r ther to the forward d i rect ion, .lust as i t d id in the 

back scat,t,ering d i rect ion for low c/n, the fundamental harmonic now contr ibutes in 

t he forwi i rd d i rect ion whi le the higher harmonics, though mov ing increasingly clo.se 

10 0 = 0, s t i l l exh ib i t dead cones at this actual point . 

Before we can sum the harmonics to calculate the to ta l emission rate, we are 

forced to confront the issue of convergence. (We note tha t this was not an issue w i th 

the / / parameteri.satiou since, due to (5.32) and (5.33). a given frequency interval 

only contains a finite number of harmonics. W i t h the 0 paraineter isat ion all the 

harmonics are constrained to the finite range ^ = 0 . . . ; r . ) To begin, we note tha t 

the k inemat ic invariants ;/: and z bo th have an n dependence, which we wi l l now 
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Figure 5 .hi: Log plot of the first 5 angular harmonics for nonlinear Compton scat
ter ing ( F Z D values). 

e (radians) 

wri te exp l ic i t ly as :/:„ = ;/; and z„ = z. Eva luat ing these invariants we find that they 

scale w i th n l ike 

Zn(0) = 

2/ / / / ( l - c o s f ) 
• (1 4- ,i)(\A-co9,0) + { 1 H- ul)(\ - -c.o<^0) 

nr. :/;, 

+ ''5 V /yi 
1 -

(5.57) 

(5.5S) 

and wealreat ly have//„ = nyi f rom (5.50). We find it. ust^hil at. this j^oiut lo introf luc 

the rescaled variable 

.'Vi 
0 < /• < 1 
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Figure 5.15: Sequence of plots showing t l ie first 5 angular harniouics for \ar ious (to 
(7 = ICQ). Solid l ine (b lack) : u. = L dashed: a = 2, do t ted : // = 3, dcishdot: //. = ^1, 
solid grey: // = 5. 
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Thus we may rewr i te (5.58) as 

V 1 + "n 
(5.60) 

A simple d i f ferent ia i ion shows that Z] achieves i is max immn when /• = 1/2, and 
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thus zi lies in the interval 

0 < ^| < < 1 (5-61) 

Figure 5.16; Log i)lot of the angular emission rat.c smnmcd to the first 5UU0 har 
monies ( F Z D values). 
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Wo are now readv to consider the to ta l emi.ssion rate 

r/O " 7 
HI/ 

( l + ; ^ ) l + J n ( l - C O S ^ ? ) P 7»^ii(^/i)' (5.62) 

where we now have 

V 1 + lu; J 
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Figure 5. J 7: Angu lar emission rate summed to 5000 (solid line) and 10000 (dot ted 
l ine) harmonics ( F Z D values). They only differ at the point 0 = Oo ^ 2.94, which is 
the locat ion of the peak. 
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Eni ] ) loy ing the Bessel funct ion ident i ty [46 

•^±,(^) = - • ^ W T . / ; , ( ^ ) : (5.63) 

where the pr ime denotes the der ivat ive of the Bes.sel funct ion w i t h respect, to t,he 

argmnent. z, we may wr i te the emission rate as 

^ (in 
n = \ 

Pi 1 \ .1 

11=1 
CO 

2(1 - 2 ^ ? ^ : , ; ? (1 - 3^^)»:,;. 

11 J 
T7 + T7 -f :nxi 

(l + nx^y' ( l + 7 u ; , ) ^ (1 + //.:/;,) 

S2 



where .4 and B are the /i-indepenclent prefactors 

2/v + : r , 7 ( ( l + ; ^ ) - ( l - r ^ 5 ) ( l - . ^ ) ) .4 = 

^ ^ d( l - z^,)l2u -H .7;,7((1 4- fi) - (1 + al)(} - ,J))] 
21^^2(1 - cos/?) 

We see Lliat. the terms of interest are the series of tlie for 

where A' e { 1 . 2 , 3 } . Since rci > 0 we can bound the series from above, e.g. 

£ d + ' l p - ^ ^ ^ " " ^ ^ f;/- '^/,?(/-^,) = S;,.. (5.65) 
11 = 1 ^ 11 = 1 

T h e series S'Â  and S'Jy 'ire examples of Ka.jjteyn series of i lie second kind and are 

known to converge wlien 0 < < 1, wliich is true in our case <JUG to (5.CI) . For 

an excellent discussion of these scries and tlieir convergence, we refer the reader 

to the papers [02] and [03] by Lerche and Taniz . in [62) the authors state that 

sunuiiing the .series to 1000 terms yiekls erroi'S below 10"*' foi- Z\ < 0.05. However, 

the convergence i)ecomes very slow for Z\ close to 1. Thus the convergence will he 

slowest when Zi is maximal, which we fouu<l earlier to be when /' = 1/2. Calculating 

/• explicitly, we find the angle where Zi is maximisetl to be 

Figure 5.16 shows a plot of t he emi.ssion rate snnnned to 5000 terms. We expect 

the convergence to be good everywhere apart from tiie small region aroimd 0 — 

Ou ^ 2.9'!, which is the location of the peak. In onler to test how well the series 
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Figure 5.IS: Sequence of plots showing the angular emission rate sununed to 5000 
harmonics for various tio (7 = 100). 
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has convergetl, in Figure 5.17 we have i>lottecl the emission rale (for F Z D values) 

summed to 5000 and 10000 terms. V\'e can see t hat. a.s predicted, t hey only differ at 

the actual jicak and .so Figure 5.16 provides a relatively accurate representation of 

the angular emission rate, Considering this plot now witli more confidence, we note 

the following observat ions. Firstly, for lhe.se i)Mraineter values the peak emi.ssion 
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Figure 5.19: Black dotted (outer liucs): t.lie angular positions of the two emission 
rate peaks as a function of r/o (summed to 5000 harmonics. 7 = 100). Grey sohd 
(inner hue): the angle 0^ which defines the uifLximuni of Zi. We see that the point 
where Zi is maximal and the convergence is slowest, corresponds to the local minima 
bet.weeu the two peaks. 

S3 1.5 

2000 

is close to the l,)ack .scattering (0 = TT) direction, although the rate falls off tit 

0 — n (the remaining shoulder at this point being solely due to the fundamental 

harmonic). Secondly, the angnlnr rate is practically zero in the forward scattering 

[0 = 0) direction. 

In Figure 5. IS wc invest igate the dependence of the angular spectra on <io. W'G 

see that, as (lo is increased, the peak emission rate moves from the back scattering 

direction to the forward direction. In other words the laser gets 'stiffer' compared 

to the electron beam - the i>hotons don't 'bounce back' (backscatter) .so easily, but 

continue forwards (i.e. forwarcl scatter) instead. It can be seen that the peak takes 

the form of h double peak which becomes synuuetrical for an ^ 200. In Figure 5.19 

we determine numericidly the posit ions of the two peaks and compare them to our 
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expression for 6^ (5.66). It can be seen from this plot that ^O: tlie point where Zi is 

maximal and convergence is slowest, corresponds to the local minima between the 

two jjeaks. 

5.5 The Classical L imi t 

Having calciilated the photon emission rates qnantmn mechanically, we now assess 

how these calculations compare to cheir chussical counieiiiart.s. Keeping with the 

formalism wc have nsed throughout tliis chapter, the classical limit may be expressed 

as (see Nikishov and Ritus [52]) 

2n.k - {> 
Vn = - r ^ « 1, (5.67) 

which is equivalent to stating that is the dominant, energy scale. Since ij„ repre-

.senis the recoil of i.he electron during the .scattering process, the classical (Hionison) 

limit amounts lo neglecting the transfer of momentum from the laser photons to t he 

electron. From (5.67) we can sec that we are in tlie classical limit if we have a large 

<i(). aiK.l are not, considering harmonics with a very large harmonic number. Since 

< !Jn: (5.G7) may be expressed as 

« 1- (5.6S) 

Thus wc reach the classical limit if we take x„ = nx^ to zero in our sums (5.6d). 

(5.65). T h i s argument is valid for large r/o since for low harmonic numbers (5.6S) 

clearly holds, and for high harmonic numbers the contributions to the sums are 

heavily sn])pressed by Jf,. In other words, this means that the bouiKling cx|)ression 

(5.6-1), (5.65) for the suuuucd angular emission rate (5.62) is also the classical limit. 

If we now conipaie the c|nantum and classical (i.e. •Comjjton' and Thomson ) 
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emission rales we find, for cto = 20. that the graphs are nearly indistinguishable. 

Plotting the relative difference we find that it is effectively zero everywhere apart 

from a small region around 0 = Oo, where it rises to about, 0.7% (Figure 5.20). This 

Figure 5.20: Relative difference of the photon emission rates |Compt,on — 
Thomson|/Couipton ixs a function of the scattering angle 0. F Z D values, with har
monics sunnned to // = 10000. 
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is as we would expect since, for the F Z D . y,, ^ O(i0~^') <^ 1 putting »is sf|narely 

in the classical regime. However, if we consider the S L A C E-l-'hl experiment (2S 

where 7 ^ 10^ and c/o ~ O.'l. then y„ ~ 0(\) imj^lying that quantum efi'ects should 

be important. This is indeed the ca.se - the dilfcrcnce between the quantum and 

classical calculatioiiS is as high as 60% (Figure 5.21). 

As a final remark, we note that throughout this chapter we have considered the 

emission spectra in terms of the jjhotou emission rates <I\V„. We can relate these 10 
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Figure 5.21: As Figure 5.20 but for parameter values corresponding to the S L A G 
E-1'14 experiment. 
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the emitted photon intensity dl,, by the relation (52 

<IJ„ = mi/ilW (5.69) 

5.6 Summary 

To summarise, we have considered the phenomenology of laser-electron collisions us

ing a strong held Q E D approach. Modelling the laser beam as an infinite plane wave, 

we analysed the signatures of intensity cH'ects in Gornptou scatt.ering. The main in

tensity effects are due to the intensity deixMident mass shift ///- —> ///.'; = ///.-(I -I-r/^) 

of the electron in the laser Held. We predict that this will result in a redshift of the 

kinematic Gomjiton edge for the fundanienial harmonic, with the harmonic collap.s-

ing to a line spectrum for a critical (to. If observed, this will provide experimental 
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evidence of the electron mass shift. Our analysis also predicts the presence of higher 

harmonic peaks (// > 1) in the phot:on spectra. We emphasise that, for a circularly 

polarised laser field, the higher harmonics have not been detected in any j^revious 

experiment. We then considered the angular distribution of the emitted photons. 

This involverl evalnaring the smns of infinite series, the terms of which being func

tions of Bessel functions. This we achieved by emi)loying Kapteyn series results. 

We subsequently found that, for low intensities, the peak emission is in the back 

scattering (0 = n) direction. As the huser intensity is increiLScd, the peak moves 

towartls the forward scattering {6 = 0) direction. Loosely speaking, at higher inten

sities the laser beam becomes 'stiffer' and so the laser photons stop 'bouncing back" 

from the election (l>ack scattering), instead continuing to move forwards (forward 

scaiiering). Finally, for the F Z D parameters we found that, the classical limit was in 

gootl agreement. (< 0.7%) with the strong field Q E D calculation. Thus, when carry

ing out more fletailcd modelling of the F Z D expcrinicnts (considering the effects of 

the beam profile, for cxanii:)le), one can utili.se the nmnerical .scheme we presented 

in Chapter 1̂. For different parameter values, where y„ 1 no longer holds, t.he 

classical limit no longer oders a suitable approximation and so one must proceed 

using strong field Q F D . 
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Chapter 6 

Conclusion and Outlook 

6.1 Summary 

It is now 50 years since the invention of the laser anrl we find ourselves pushing 

rhe limits of what can be achievetl. T h e next few years will see a succession of new 

ex|;)erimental facilities coming online, each one with a power unmatched by anything 

that has gone before it. T h e resulting, unprecedeniedly high, electromagnetic field 

strengths will allow rhe probing of fundamental physics in previously inaccessible 

regimes. The kinds of physics available (st.rong field Q E D - namely Comj^ton scat

tering, vacuum 1)irefringence aufl pair production) were outlined in Chapter 1. In 

this thesis we chose to devote our attention to the dynamics of electrons in s\ich 

fields, witli particular attention paid to intensity effects in the nonlinear Compton 

scattering emission spectra. The reason for this is that, out of all the different 

physical processes that it is possible to study using a laser field, nonlinear Compton 

.scattering is the only one that does not have a uiinimum threshold of laser intensity, 

and is the most readily accessible with the facilities we expect to become available 

in the next few years. 

We began our study in Chapter 2 by considering the classical behaviour of an 

electron in a constant electromagnetic field. Xeglccting the effects of the radiative 
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back-reaction on the electron motion, tiie governing equation of motion is the Lorentz 

force equation (2.1). For the case of constant fields, t.his is solvable directly by 

exponentiation. T h e resulting electron orbits can be divided into four (Lorentz 

invariant) cases, classified by the values of tiie .scalar and pseudo-scalar invariants 

of the field strength tensor. Parameterising the field tensor using a null tetrad, we 

demonstrated that the four cases resiilt in electron motion tha.t is either parabolic, 

elliptic, hyperbolic or loxodromic. In the parabolic case the field tcn.^or describes 

cio.ssed fields. Crossetl fields are the most relevant case for ns, since they represent 

either the high intensity or the long wavelength linnt of an infinite plane wave. 

We thus proceeded to calculate the radiated energy spectra for an electron in a. 

crossed field background. Doing so. we found that the radiation is almost exclusively 

backscattered; and the radiation signal strength decreases as the initial electron 7-

factor is increased. 

Having considered crossed fields, we then moved on to study infinite plane waves. 

The plane wave field tensors we considered were linear conil.iinations of the (constant) 

crossed field tensors, niultiijlied by a light-cone time (// • dependent prefactor. 

The.se fielrls are null and. dn(̂  to their transvcr.salit.y. wr. found that th('. ligiii. cone 

time is directly proportional to the particle's proper time r. Hence the Lorentz force 

equation becomes linear, and once again solva.ble by exponeutJation. Calculating 

the electron trajectories we confirmed thai, in the average rest, frame, the electron 

exhibits figure-of-eight mot ion for a linearly polarised wave, and circular mot ion for a 

circularly polarised wave. The size of the oibits is proj^ortional to the laser intensity 

f/o- Considering the |)roper time average of the elect.ron"s niomentum over a huser 

cycle, it was shown that the electron accpiires a quasi-moment.um, which in ttu-n 

gives rise to an intensity dependent mass shift. In the case of circular polarisat,iou, 

the radiat.ed energy can be expressed in clo.sed form. Evaluating the expression 

given by Sarachik and Schajjijert [-17] for an electron initially at rest, we found that 
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the signal strength of the emitted radiation increases with the laser int;eu.sity. We 

also found that the emission peak moves closer to the forward scattering (0 = 0) 

direction as the intensity is increased. 

If one is to move on to consider more realistic/complex field configurations (mod

elling the laser field as a Gaussian beam, for example), then the Lorentz force equa

tion will have to be solved numerically. Gonventional numerical schemes are not, 

covariant and will introduce a di.scretisation error into the on-slicll condition. There

fore, in Chapter 4 we introduced a novel, first order munerical scheme based upon a 

S L ( 2 , C ) representation of the electron four-velocity. Our method is fully covariant 

and so precisely preserves the on-shell condition. Using the example of a pulsed 

plane wave, we successfully demonstrated our Jiew met.hod and also comiiared it. 

directly with a ronvrntional first order .scheme (the Fuler met.hod). Wc founfl om' 

method to bo more accurate, and we coidirmcd uuinerically that the un-shell con

dition is indeed preserved. We also remark that, our method could be adapted to 

incorporate the radiative back-ieactiou, by solving the Lanthm-Lifshitz equation. 

More details are given in Appendix B. 

Once we had studied the electron dynamics classicall\-. we returned to consider 

the ca.sc t»f an inliuite plane wave from a strong field Q F D perspectivt;. Mot.ivated by 

recent advances in laser technology, we paid i)ariicular attention to iult'usit.y effects 

in the emitted photon spectra. We found that the intensit.v dependent electron mass 

shift nr ui~ = nr( \ + r/^) gives rise to an intensity dei^endent frequency shift of 

the kinematic Comi^ton edge for tlie fundamental liarmonic [oj' = ^-/'u; —> A^roj/d^). 

In fact, for a given harmonic, we found that the notion of a x-eutre-of-mass' frame 

becomes intensity dependent, with the first few harmonics collapsing to line spectra 

for On.cr i i ~ -7- ^ov parameter value.s away from (lo = ^ / n . m i ^^'C found that the 

presence of the higher harmonics in the emission spectra serve to bolster the signal 

strength of the Comptou peak. If detected in an experiment, this would be the 
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first time that the higher harmonics are detected for a circularly polarised laser 

field. After considering the emission spectra, we then turned our attention to the 

angular emission rates. We found that for low <IQ most of the emitted radiation is 

in the backscatteriug (0 = TT) direction. However, tiS an is increased the emission 

peak moves away from 0 = K and towards the forward scattering direction. This 

can be understood figuratively by .saying that at. low intensities t.he laser photons 

'l)ouuce back' ott' the eleriron (i.e. barkseatter), whereas at. higher intensities the 

laser becomes stiffcr' and so the photons coutiuuc in a forwards direction (forward 

scatter). In order to calculate the angular rates we had to sum over an infinite 

number of harmonics. We solved this problem by realising that the smus could be 

bounded by Kapteyn series that can be written in closed form. We also found that 

the bounding expressions represent, the classical limit to the problem, enabling us 

to compare the classical and quantum calculations with each other. For the F Z D 

parameters we foun{| that, the classical limit was in very good agreement ( < 0.7%) 

with t;he full strong field Q E D calcniat.ion. This means that if one were to carry out 

more detailed modelling of the F Z D experiments (e.g. considering tlie effects of the 

beam profile), one could utilise the runnerical .scheme we developed in Chapter 4. 

However, for different parameter values, where the condition 

. , . = ^ « J (6.1) 

no longer hokls. the classical limit, no longer otters a suitable approximation and 

so one must proreed using strong fielrl Q F D . This was aptly demonstrated for the 

S L A C F-1'l'l experiment, where we founrl that the relative; difference between the 

classical and Q E D calculation is as high as 60%. 
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6.2 Further Developments and Outlook 

Over the next few years we can expect a wealth of new experimental data against 

which to compare our theoretical predictions. T h e results from the F Z D will be 

especially interesting for us, since they will allow us to gauge the validity of our 

reasoning in Cliapter 5. It would be particularly exciting to confirm our predictions 

regarding the tunability of the Compton peak in the emission spectrum. If demon

strated, this process couki potentially provide a source of monochromatic X-rays 

of tunable frequency, which could be of n.se in cancer therapies and other scientific 

fields. In l.cnns of fuudamcntal physics benefits, if the experiments are able to detect 

the pre.sence of the higlier harmonics in the emission spectrum, this would be the 

first, time thai they were detected for a circularly polarised laser field. 

Wliile our analysis of an infinite plane wave laser model was an important first 

step, the t:hallenge now is to considei' a more realistic model of the laser beam. In

deed, since our work on the emission specLrnin for an electron in an infinite plane 

wave was carried out., otiicr authors have begun to give <;onsideration t;o the effects 

i.hat. chan^^ing from an infinite piano wave r,o a i^ulsed plane wave has on r.he spec-

rrnm. In j^articular, t he work by Heinzl, Seipt and Kamj^fer ['I'l] contains a classical 

calculation of the emission spectrum for an electron in a circularly polarised, pulsed 

plane wave (not including the radiative back-reaction). Their key finding was that, 

since the field strength varies as the electron passes through the pu\sc, radiation 

generated at difl'crent times will be of dificrent frequencies. T h e result of this is that 

the emi.ssion harmonics develop additional o.scillatory substructures, which are not 

present in the plane wave analysis. As well as considering finite temporal eft'ects, 

at much higher intensities it will also be necessary to consider finite spatial eft'ects. 

This is Ijecause one of the ways in which the laser intensity can be increased is by 

focussing the beam more strongly. This will mean that the electron l>eam will no 
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longer be narrow conipared to the laser beam waist size, and so we can no longer 

assume that the electrons probe just the central focus region - see Figure 6.2. Thus 

one nuist move beyond plane wave models and treat the laser as a Gaussian beam. 

For parameter values that place us well within the classical domain, the numerical 

sclieme we introduced in Chai>ter 4 can be utilised. However, outsifle of the classical 

regime we will bo forced to find a way l̂ o perform such calcularion.'^ using strong field 

Q E D . 

Figure 6.1: T h e implications of beam focussing on om- modelling. For a strongly 
focus.sed beam, the electrons can no longer be assumed to probe just the central 
focus, and so spatial effects must be taken into consideration. 

weakly 
focussed 
laser 

electron 
beam 

strongly 
focussed 
laser 

electron 
beam 

Aside from nonlinear Compton scattering, the inteusit.ies available at fut iu'e fa

cilities - E L I in particular - will allow other jjrocesscs to be studied. T h e intensities 

exjiected at E L I may be high enough to detect t he effects of vacuum l)irefringence on 

the polarisation of probe photons, although it will still l)e well below rlie Scliwiuger 

limit at which vacuum pair protluct iou may take place. However, pair production 

experiments are possible, utilising |)henomena such as the Breit-Wheeler process. 

Finally, we unist make .some remarks concerning the radiative back reaction. In this 
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thesis our classical analysis neglected these eft'ects. and so took the Loreutz equation 

to govern the electron motion. However, the numerical scheme introduced in Chap

ter 4 could be adai)ted to solve the Landau-Lifshitz equation, which incorporates the 

back reaction via reduction of order. Nevertheless, one often finds that for parame

ter ranges where the back reaction becomes important, (luantum effects also become 

significant. Thus we must ask whether one can disentangle the ratlialion reaction 

from quantum corrections. There are many contributions to the literature on this 

subject, but we consider the notes by McDonaki 79 to be |jarticnlarly useful. 
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Appendix A 

Notation 

Throughout we will be working in four-dimeusional Minkowski space, defined with 

a met ric such that a covariant vector x,, (// =0, 1 ,2, 3) is related to its contravariaut 

counterpart :rJ' by 

;/.-, = .y,,,x•^ (J = diag(L - L - 1 , - 1 ) , ( A . l ) 

where repeated indices are sununed over. A particle's position :/;''(T) is j^arameterised 

by it,s proper time r , such that 

r/r = ,/<h:„th:". (A.2) 

Thus we may define a part icle s four-velocity as 

r/., = ^ ^ = 7 ( c . ^ ) : (A.3) 
IT 

where't; is the standard three-velocity v = dx/dx and 

1 
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Similarly, a particle^s fom-nionientmu is simply p^, = niUf, = (Ep/(:,p), where ///. 

is the i)article mass and Ep = my is its energy. An electromagnetic field is char

acterised by its four-potential A,. = (0. A), which in turn allows us to define the 

electric field intensilv E 

E = 
I OA 

(A.5) 

and the magnetic field intensity 

B = cur lA . (A.6) 

We define the autisynnnetric tensor F^,, (the electromagnetic field tensor) 

E , , t , — 4,. - d,,A„ 

0 £:, E-i E:, 

- E , 0 -B:, Bo 

- E . 0 -B 

-E:^ -Bo B, 0 

(A.7) 

(A.S) 

wlicic wc have introduced the notation 

•-. ^ f 9 ^ (A.O) 

We also introduce the electromagnetic energy-momentum tensor 

(A.IO) 
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Appendix B 

The Radiation Back-Reaction 

111 this Appendix wc consider the full cc|natioii of motion for an election in an 

electromagnetic field - including the radiative Ijack-roaction. The classical action 

for such a system can be writr.eii as (37) 

(B .J ) 

where t.iie gauge pot,ciilial A'' refers to the t.otal field and j^' is the foiir-curreiil as 

defined in (2.40). We can express the field strength tensor as a snni of the tensor 

describing the external laser field Fj^'n P̂ *̂ ''̂  l''*^ tensor descril>ing the back-reaction 

on the field F / ; " 

P - = r.!;,'; + F,';". (B.2) 

Assuming the laser field is a solntion of the vacuum Maxwell ec|uations 

d,F!:^ = 0. (13.3) 
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and varying the action witli respect to the gauge field A'' and to the trajectory x-''. 

one finds the following governing equations 

in 
{FZ + FirW (B.5) 

T h e solution to these equations is d\ie to Lorentz [69j. Abraham [70] and Dirac (71) 

aiKl is jiresented clearly by Coleman [72]. Tl ie resulting ecjiiatiou of motion is known 

as the Lorentz-Abrahani-Dirac equation and can be expressed in the form 

We diaw the reader's attention to the presence of the infamous second derivative 

term W (third derivative of :r"), which leads to the existence of runaway solutions. 

A well known solution to this problem is to replace the ii'' and //*- terms using the 

Lorentz force equation (2.1) [37]. thus reducing the order' of (B.6) . The resulting 

ecpiatiou is known as the Laudau-Lifshitv. equat ion 

"" = - IT- {—^'•"""•' + - ^,«J'""F„\rA ., (B.7) 

where we have changed notation to F = /v^i ^̂ nd we will from now on drop the 

subscript for clarit.y. T h i s derivation is valid under the conditions that, in the in

stantaneous electron rest IVaiue. both the laser heqnency hu and tlie electric field 

energy ('E are nmch smaller than the electron rest, energy IIKP [37). The derivation 

of the LauiJau-Lifshitz ec|ual.ion has recently been underpinned with more mat,he-

mat.ical rigoiu' in [73] and [7-1 . 
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Denoting the square of P ' " by 0'"' 

e'-=F"^FJ\ (B.S) 

wo can write (B.7) as 

where 

G " " = - ~ l-F'"' - ( " " G " „ - v"e'-„) v" 
J ' I T T [ill III.' ^ 

(B.IO) 

is manifestly aiiti-synunetric. We note once again that in tlie special case of a plane 

wave field 0'"' = T'"'. T i ic fact, that the Laiidau-Lifsliitz equation can be expressed 

as a combination of anti-synnnetric censors (13.9) means tliat tlie new numerical 

scheme we presented in Chapter -1 could be adapted to solve it. 

To solve the Landau-Lifshitz equation using our nvnnerical scheme, we would 

adopt a S L ( 2 . C ) basis and discrclise. just a.s in Cha|)tcr 4. However, when defining 

ovn- electric field mat rix (4.S) 

£^ = (E-hiB)-fT._ ( B . n ) 

we now take our E and B fields (o include iho full electromagnetic field, i.e. 

/•/o,(:/;) =: /•/,-,-(:/;) = : (B.12) 

It. has recently been sliowii by Di Piazza [68] that, for the case of a plane wave 

field, the Landau-Lifshitz equation can be solved analytically. Using this solution, 

in Figure B.J we show a plot of the electron --factor for the F Z D ijaranieters. show-
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iiig Ijotli the Loiciitz (no ijack-ieactioii) and Landan-Lilsli itz (witli hack-reaction) 

sohitions. T h e difierencc Ijotweon them is 0(\Vt) over the first laser cycle. 

Fignrc B . l ; Plot showing the electron -/-factor for a circularly polarised plane wave, 
with and without radiation damping effects ( F Z D values). 

1 0 6 

w i t h b / r 

w i t h o u t b / r 
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Wc review known and discuss new signatures ol high-inlensii) Coinpu>n scallering assuming a scenario 
where a high-ptmer laser is brnughi into collision vsiih an electron heain. A l high intensities one evpHxls to see 
a substantial rcdshilt o\ the usual kinematic Compt»Mi edge t>t the pht>lon spectmm caused h> the large. 
IntensiiN-dependent etiectoe mass t i l the electrons within the laser beam, tmission rales aci|uire their gU>bal 
maximum at this edge while neighboring smaller pe.iks signal hiL-hci harmonics In addilii>n. we hnd that the 
notion ol the center-ol-mass Irame for a given harmonic becomes intensits dependent. Tuning the mtensitv 
then elteclivciv ann)unts to changing the (rame •»! reference, going coniinm>usly from in\erse l(» ordinarv 
Compton scattering with the tenter-of-mass kinematics dehning the transilK'n point between the two 

l ) O I : I I ) I ll)3/Ph>sRev A 7̂ ) 1)6.̂ 41)7 PACS numberls): 12 2().D> 

I . I N I K ( H ) I I I 

The lechnological breakthrough of laser chiqxrd-pulse 
aiiiplit icalii>n (11 has led l o unprecedented laser powers and 
inlensiiies. the current records being about I Pelawali (P\V i 
and l()^- W / c m - . respectively. W i t h i n the nexl f ew years 
these are expected to be superseded by an increase i»t about I 
Older o f magnitude each, for instance at the upgraded Vulcan 
laser f ac i l i t y [2J. U p to orders o f magnitude may txr gained 
al the planned "Kxtreme Light infrastructure" I E L I ) f ac i l i t y 
[ 3 ] . This progress calls for a reassessment of intensity effects 
m Q I T ) and the new prosjx^cts o f measuring i h c m I see, e.g.. 
[ 4 - 6 ] l o r discussions of s i rong-l ie ld physics al Vulcan and 
E L I ) . There is a plethora of strong-field Q E D processes, 
w h i c h may be roughly categori /ed into two classes: l(H)p and 
lree4evel prtKresses. The former include s i rong-l ie ld vacuum 
polarizat ion, the real part o f w h i c h describes vacuum bire
fr ingence [7] ( fo r u recent discussion, sec [ 8 ] ) . wh i l e its 
imaginary part signals Biei t -Wheeler pair productum [ 9 ] . 
Summing all orders o f these one-l(H>p diagrams ( in the low-
eneigN l i m i t ) tme obtains the Heisenberg-Ruler e f fec t ive La-
grangian (10] w h i c h in l u i n yields Schwinger 's nonpei luiba 
l ive mechanism o f spKMilaneous pair production f r o m the 
vacuum [ I I ] . The optical lhet»rem and crossing symmetrv 
lelate these one-KK>p diagrams to tree-level processes such as 
| v i l u r b a t i v e pair production, pair annihi lat ion, and Complon 
scattering. 

It is w e l l k n o w n that one-hH)p processes are o f order A 
and thus o f a genuine quantum nature, whi le tree level pro
cesses generically do have a classical l imi t . As a result, one 
can inlroduce t w o distinct parameters which characterize the 
di f ferent physics involved . The first parameter is the Q E D 
electrical f i e ld . 

A ^ — = 1.3 X | 0 ' « V / m . ( h 

*chnslopher.harvey ^pl>mouth iic uk 
thcinzl^ Plymouth ac.uk 
antoni(fi'maths.led.le 

l i rs i ininKluccd by Sauler [ 12] in his analysis o f K l e i n s para
dox 113|. The presence o f Planck's constant. A. and the speed 
o f l ight . ( . show that originates f r o m a relativistic 
quantum-f ie ld theory. In an eleclric f i e ld of strength E, an 
e lec l ion acquires an eleclr (»magnel ic energy equal l o its rest 
mass mc- upt>n traversing a distance o f a Compton wave
length. A,=fi im . Hence. E, may be v iewed as the c r i t i ca l -
f ie ld sirenglh above which vacuum pair priH.liiciion becomes 
abundant. This is also borne out b> Schvvinger s pair-creation 
p iobabi l i ty given b ) the tunneling factor p - cxp{~nE, /E) 
[ I I ] , where E denotes the "ambient " electric f ie ld one suc
ceeds in achieving. Currently, this is £ lO '^ V m i m p l s m g 
a huge ex jxmenl ia l suppression. The perturbative vanant o f 
the Schwinger process, i.e., the (strong-field) Brei t-Wheeler 
prJKess [9 .14] . was i>bserved about I decade ago in the Stan
fo rd Linear Accelerator ( S L A C ) E - 144 experiment [ I .S . Ib j . 
There a Ci>mpton back scattered photon pulse *)f a tx jul 30 
CieV was brought into col l i s ion wi th the 50 CicV S L A C elec
tron I v a m . The huge gamma factor I y K) I led to an effec
tive electric f ie ld close \o the cr i t ica l one. E' = yE^E,. as 
seen bv the electron in its rest f rame. 

I l l this context a second parameter comes into plas. the 
"ilimensionless laser ampli tude." g iven as the iati(> of the 

electromagnetic energy gained by an electron across a laser 
wavelength A to its rest mass. 

lEA 
(2) 

This is a purely classical ratio w h i c h exceeds unity once the 
electn)n*s quiver mot ion in the laser beam has become rela-
l iv i s t i c . It may be generalized to an exp l i c i t ly Loreniz and 
gauge-invariant expression [ 1 7 ] . For our present purposes it 
is sui t ic ieni to adopt a useful rule-t>l-thumb fv)rmula express
ing <i„ in terms o\ laser pi)wer ( I 8 | . 
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« r , - ^ 5 X 10^ P [ P W ] . (3) 

so thai is o f order 10" f o r a laser in ihe P e i a w j i i class. 
S L A C K - M 4 . on ihe other hand, had o f order I , hence by 
modem siandards was in the low-intensi iy . high-energy re-
jzime. A s h i g h encrcy impliL'^s huge gamma laclors and fields 
close lo this is also the genuine quantum regime. 

In this paper we w i l l concentrate on the .segment o f the 
Q E D parameter space thai has become accessible on ly re
cently, characterized by large intensilies. a^^J>\. and com
parat ively l o w energies. (u<S/«c^. typical fo r experiments 
w i t h an a l l -opt ica l .setup. We w i l l thus stay far be low the 
Brei t -Wheeler pair-creation threshold and w i l l have to con
sider a process that is not suppressed by either unfavorable 
powers or exponentials. A natural process that comes to mind 
is a crossing image o f ihe Brei t -Wheeler one. namely, strong-
f i e ld Conipio i^ scatieri i ig where a l i igh- in lens i ly beam o f la-
.ser photons y, col l ides w i t h an electron beam emi t t ing a 
pholon y. In this case one has to sum over all / j -photon 
pi wesses o f the type 

e + y. (4) 

The study o f this proce.ss(es) has a h i s lo iy almost as long as 
that o f (he la.ser. Intensity effects were addressed as early aN 
1963/64 in at least three independent cont i ibut ions by N i -
kishov. Ritus. and Narozhnyi [19-22]. B r o w n and Kibb le 
[23], and Goldman [24]. These works are w i i t i e n f r o m a 
panicle physics pers|?eciive. i.e.. essentially by w o r k i n g out 
the relevant Feynman diagrams. For modern reviews o f these 
developments, the reader is referred to [15.18]. N ik i shov and 
Rilus in 122] pointed out that ir^ is proport ional to and 
hence ihe photon density Uy. The preci.se relationship is 

he' 
(5) 

where v=Utx)hnc- is the dimen.sionless laser f requency and 
A \ / ^ is the number o f photons in a laser wavelength cubed. 
As the probabi l i ty f o r ihe process (4) is proponional to ( / J ' 
— n'J,. i t becomes i i f i n / i n f i i r i n phou»n density fo r n > I and 
hence is called nonliiwar Compton scaaerin^ [ 2 2 ] . Some
what in paral lel , the same process has been considered by the 
laser and plasma physics communi t ies w i t h an emphasis, 
however, on the very low-energy and hence classical asi>ects. 
The appropriate not ion is therefore nonlinear Thain.son scat
ter ing. These discussions were based on an analysis o f the 
classical Lorentz-Ma.xwcl l cquai ion o f mot ion , typ ica l ly us
ing a noncovariani fo rmu la t i on and neglecting radiation 
damping . Some eaHy references are papers by Sengupia [ 2 5 ] . 
Vachaspati [ 2 6 ] . and Sarachik and Schapperi [ 2 7 ] . Since then 
there has been an enormously large number o f papers f r o m 
this perspective, many o f w h i c h are quoted in the concise 
review [ 2 i i ] . 

The main intensity effect can indeed be understood clas
sically, the reason being the huge photon numbers i nvo lved . 
a S j j . ^ 1()'^. in a laser wavelengih cubed. Due to the quiver 
mot ion in a (c i rcular ly pt)lan/.ed) plane-wa\e la.ser f ie ld the 
electron acquires a quasi four momentum given by 

(6) 

Hence, the electron acquires an addi t ional . iHteiisiiy-
ilependciu longi tudinal momentum f/, caused by the pres
ence o f Ihe laser fields. It may be obtained as the proper t ime 
average o f the solution />^(T) o f the classical equation o f 
mot ion w i t h l>fi=PfS^) being the in i t i a l electron four-
momentum and k^ = ujn^ the l igh i l ike four-vector o f the wave 
[ 2 9 ] . Historical ly. Eq. (6) was first found in the context o f 
Volkov 's solution I30l o f the Dirac equation in a plane elec
tromagnetic wave. Volkov exp l i c i t l y wrote d o w n the zero 
component r / ' whi le the generalization (6) .seems to be due lo 
Sengupia (noie added at ihe end o f his paper [ 3 1 ] : cf. also the 
lexibook discussion in [ 3 2 ] ) . Upon .squaring q one infers as 
an imniediaie consequence the intensity dependeni mass 
sh i f t . 

— mi = nr{ 1 +a^). (7) 

A l though first predicted by Sengupta in 1952 [31] (see al.so 
[23.29]), i i has .so far never been obsetved di rec t ly [33]. A 
central topic o f this paper w i l l be i t t (re)assess the prospects 
for measuring eftecis due to the mass shi f t (7). 

The paper is organized as f o l l o w s . We begin in Sec. M by 
reviewing the coherenl-sialc model o f laser fields, w h i c h pro
vides (he l ink between classical laser l ight and l igh i (fuattta 
(photons) in quantum theory. We then describe scattering 
ampli tudes between these coherent stales i n Q E D and how 
(hey are generated by an effect ive action describing inierac-
li(>ns w i th a classical background field. Wc illustrate this 
theory wi th nonlinear Compion .scattering, in Sec. H I . and 
give a thorough di.scussion o f the kinematics o f the c o l l i d i n g 
particles. In Sec. I V we give a variety o f predictions fo r both 
Loren iz invariant and labora ior j ' - f rame pholon emission 
si>ecira. Our conclusions are presented in Sec. V. 

H . Qi: i> W I T H C L A S S I C A L l i A C K G R O U M J M l i L O S 

We first address the question w h i c h asymptotic in .state we 
should lake to describe ihe laser field. In pr inc ip le , w e w o u l d 
s imply lake the mul l ipar l ic le state containing the appropriate 
number o f photons o f laser frequency and momentum, en
coded in Ihe four-vector A = (a).A:). We are immedia te ly faced 
w i t h the problem o f not k n o w i n g exactly h o w many photons 
are in the beam. S imi la r iy . as we do not k n o w how many 
photons w i l l interact w i t h . say. an electron d u r i n g an exper i 
ment, we do not know what to lake f o r Ihe outstate. To over
come these problems we invoke the correspondence pr in
ciple; due to the huge pholon number in a high-intensi ty 
beam it should be feasible to treat the laser classically as 
some fixed background field. Formally, this is achieved by 
describing ibe laser beam, asymptotically, i n terms o f coher
ent states o f radiation [34-37]. The coherent states have the 
usual exponential f o r m 

| 0 = exp \ j V OU)oJk)\0), (8) 

where a'^ is the pholon creation operator. C^{k) gives the 
{normal ized) polarization and momentum dis t r ibu t ion o f the 

(^."^^07-2 
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photons in the beam, and A' is the expeciai ion value o f ihe 
phoion number operator (the average number o f photons in 
(he beam). As usual, the .state is an eigenvector o f the posi
tive frequency part o( since 

a^{k)\C)=M\'C^(k)\0. (9) 

E.xpanding the e.vponeniial in Eq. (S). we sec that calculating 
i*-matri.\ elements between stales inc luding coherent pieces 
is equivalent lo a particular weighted sum over 5-malri.x el-
cmenis o f photon Fock states. W o r k i n g w i t h coherent slates 
may also be thought o f . physically, as neglecting depletion o f 
Ihe laser beam. i.e.. taking the number o f photons i n the 
beam l o remain constant [ 38 .39 ] . There is n nuiural connec
t ion between classical fields and coherent stales as ihese 
slates are the "most classical" available, having m i n i m a l un
certainly. The associated classical f ie ld is essentially, as we 
shall see. ihe Fourier t ransform o f the di.stribuiion func t ion 
C. To see this we turn to the calculation o f 5-matrix elements 
between coherent slates. 

Consider some scaltering prtK'esses w i t h an asymptotic in 
state containing ibe coherent slate C and some collections o f 
other panicles. For reasons wh'icU w i l l s hon ly beconie clear, 
we w i l l summarize all iho.sc panicles noi in the coherent 
slaie by " i n . " so that our state is | i n : C ) . S imi lar ly , we take an 
oul slate o f the f o r m { o u t ; C | where we have, in accord wi th 
the assumption o f no beam deplet ion, the xanw coherent 
Slate. In operator language, wc are interested in calculating 
matrix elements { o u i ; C | . s | i n ; C ) o f the .S-mairix operator 

- Tex 
i - T , ) . 

(hHAi] (10) 

Here H,{i) is the inleracl ion Hamil tonian ( in Ihe interaction 
picture) and Tdeno ie s t ime order ing. We now wri te the co
herent stale (8) as a translation o f the vacuum .state (.see. e.g.. 
[ 4 0 ] ) . 

| O = ' /V|0>. 

where the commutator o f the translation operator and the 
photon annihi lat ion operator is 

[aJk)Jr] = CJk)rc (12) 

Extracting the translation operator f r o m the states, we are 
Icl i w i t h ordinary asymptotic Fock states but w i t h a modif ied 
5-matrix operator 

(out ;Cl^ | in ;C> = (out|77^'.S'/V!in). (13) 

From the de t in i l ion (10) o f ^ , the effect o f ihe translation 
operators is to shif t any photon operator appearing in the 
interaction Hamil tonian by (the Fourier i ranslbrm oQ Cf,ik) 
which we denote by A^i.v). Hence, the fermion.s interact w i th 

'Cntlcr the usu.il assumplion of no forward '^callcring. For the 
pholon-.. ihi*. requires C',,(A-'l = 0 for any ^callered photons of mo
mentum k'. 

ihe f u l l quantum phoion field A^ and a classical background 
field. >^^(.v). 

To be preci.se. and switching to a more c o m m o n quantum 
(ield theory language. 5-mafr ix elements are g iven by the 
on-.shell Fourier t ransform o f Feynmun diagrams w i t h ampu
tated external legs, as usual, but where ihe Feynman dia
grams are generated by the action 

S[A.A. t 'A0] = (r^.\-^h\,y''"+ t!j{i[/f + ieA + / c ^ ] - m ) ^ ' / . 

(14) 

Th i s is almost the ordinary Q E D action, but the photon field 
in ihe inleracl ion term is shif ted by A,,, exp l i c i t l y g iven by 

A^ix) (15) 

Th i s polenl ia l gives the classical eleclroniagnelic fields asso
ciated w i i h Ihe momenlum distr ibutions C^{k). N'ote thai 
o n l y the interaction terms o f the action are affected by the 
presence o f the background field, f o l l o w i n g Eq. (13). We 
therefore have a natural and quite elegant way to 
calculate—we do not need to direct ly add up the ind iv idua l 
coni r ihui ions o f the inf ini te series o f lurins generated by ex
panding the asymptotic coherent slate. Instead, we s imp ly 
include a classical background in the action wh ich contains 
all the in fo rmat ion about the chosen a.symptotic photon dis
tr ibutions. Fo l lowing [29.41] these results can be summa
rized by 

<om ;C i^ | i n ;C) = <out|77.'S7Vlin> <out | .S(>l] | in). (16) 

where, on the r ighi-hand side, the asymptotic stales are o rd i -
naiy particle number states, w i th no coherent pieces, and the 
phoion fields in ihe S-malrix operator are translated by A^. 

Briedy . the same result can be recovered ent irely in the 
path integral , or funct ional , language, f o l l o w i n g , e.g., [ 4 2 ] . 
The construction o f 5-matrix elements between coherent 
states proceeds just as f o r elements between Fock slates, but 
the asymptotic vacuum wave funct ional must be replaced by 
coherent-stale wave funcl ionals . Ord ina r i ly it is the vacuum 
wh ich is responsible f o r introducing the ie prescription into 
the action and f r o m there into Ihe field propagators. A coher
ent slate docs this and more—it translates the phoion field in 
the interaction terms by the classical field (15) . recovering 
Eq. (16) . 

Note that (he modi f i ed action (14) remains quadratic in 
the le rn i ion field. A l l eliecis o f the background are iherelore 
coniained in a modif ica t ion o f the electron propagator. The 
result is that, in Feynman diagrams, ihe propagator becomes 
"dressed" by the background field A^ wh ich surrounds the 
electrons. The propagator w i l l be represented by a heavy line 
as in Fig . I and has a perturbative expansion in terms o f a 
free-electron propagator inieracting an inf in i te number o f 
l imes w i t h A^. as represented by the dashed l ine. 

The Feynman rules o f the theory are otherwise unchanged 
f r o m QED—there is a single ihree-f ie ld vertex w h i c h j o i n s 
the photon propagator and two o f ihe dressed f e n n i o n propa
gators. Th i s background-field approach is equivalent to 
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FIG. I . Pcnurbalivc expansion of ihe electron propagator in a 
h;n;kyruunU I'IL-UI. 

adopting a Furry picture [ 4 3 ] , in wh ich ihe " in ie rac i ion" 
Har i i ihonian describes ihe quantum inieraciions whi le the i n 
teraction w i i h the background A,, is treated as part o f the 
" f r ee" HamiUoniun . 

In general, the f e rmion propagator w i l l have no closed 
f o r m e.xpre.ssion. Since an inten.se background w i l l be chai-
acierized by numbers larger than I (such as the intensity 
parameter a penurbai ive expansion in the background Is 
not suitable. We can o f course use a coupl i t ig expansion, but 
this leaves us w i t h an in l in i i e number o f Feynman diagrams 
lo calculate fo r any process, even ai tree level. Fortunately, 
fo r the backgrounds considered in this paper and discussed 
below, the electron propagator is k n o w n exactly, a l l o w i n g us 
to treat ihc background f ie ld exactly. We w i l l now illustrate 
these ideas b y app ly ing i h e m l o the process o f interest i n this 
paper: nonlinear Con ip ion scattering. 

111. N O N L I N E A R C O M M O N S C A T r i C R I N f ; 

In this process an electron, incident upon a laser, scatters 
a photon out o f the beam. Using the background-l ie ld ap
proach de.scribed above, wc use the action (14), which con
tains the effects o f the laser, and take the asymptotic in—and 
out—Slates lo be. respectively. 

\p',\), (p'X:k'.€\ (17) 

The pair l p . \ ) give.s ihe momentum and spin state o f ihe 
i n c o m i n g electron, s imi l a r ly i p W ) describe ihe outgoing 
electron, and ( f r ' . e ) are the momentum and polarization ten
sor o f the .scattered photon. O n l y one Feynnian diagram con
tributes to this process al tree level , shown in Fig. 2. Note 
that ihe analogous .scattering ampli tude w i t h "naked" elec
trons, coi responding lo sponianeou.s photon emission in 
vacuum, vanishes due lo m o m e n l u m conservation. 

Calcula t ing the conesponding i '-mairi.x element amounts 
to amputat ing the external legs and integrating over the 
single vei lex posi t ion. A m p u l a l i n g and Fourier t ransforming 
the electron propagator in a background field give us the 
solutions o f the Dirac equation in lhal background 
[19,23.24.29] , We w i l l wr i te ihe.se electron wave funct ions as 
M'px(-*^- The .V-niatrix element o f the process in F ig . 2 there
fore reduces lo 

FIG. 2. Nonlinear Conipton scalicring Fc>nman diagram using 
drcssL'ii electrons (subscript L). 

J \2\k'\ 

(18) 

' l b proceed we need lo pick a background l ie ld so lhal we 
can exp l i c i t l y calculate the wave funct ions M'^^^tv) and there
fore the 5-matrix element ( I S ) . Th i s is the focus o f (he next 
.section. 

A. Plane waves and N'olkov eleclrons 

We w i l l model the laser by a plane wave. = >l^(A'.v). 
w i t h k a l igh t l ike four-vector characterizing the laser beam 
direct ion. The electron wave funct ions in such a background, 
or " V o l k o v electrons [ 3 0 ] . " are k n o w n exactly. The propaga
tor is also k n o w n and may be der ived either i n field theory or 
using a first qi ianlized (proper t ime) method [ I I ] . For a text
book discussion, see [ 3 2 ] . The Vo lkov electron is 

^V,,{.y) = e-'P^ e x p j —d^.e^AU) 

I -f —lA 
2kp 

e'AHe) 

(19) 

where p~ = nr and iip is the usual electron spinor. 
To better understand this wave func t ion we specialize 

f r o m here on to the case o f being a c i rcu lar ly polarized 
plane wave o f amplitude a. 

>l '^ = < cosik.x) + a^ sin(AM). (20) 

where a / = 0 and (ijai^ = -irf)j^. The electron wave func t ion 
becomes 

^ I V ( - 0 = exp - iqx - if sm(A.v) + ic cos(A-.v) 
kp kp 

(21) 

We have not given the explici t f o r m o f the spinor pan : it is 
easily wr i t t en down and not needed f o r ihe discussion in this 
section. The impoHanl effect is that the electron acquires the 
quasi-four momentum q defined in l£q. (6) f r o m the laser 
field w i i h the intensity parameter tii, g iven by 

(22) 

Technically, the or ig in o f ihe quas imomentum lies in a sepa
rat ion o f the exponent i n Eq. (19) in to a Fourier zero mode 
and osc i l la to iy pieces, w i th the zero mode causing ihe mo
mentum shi f t . — f l . Inserting the wave funct ions (21) into 
Eq. (18) and omi t t ing ihe details o f ihe calculat ion [ 2 1 ] . we 
find lhat the scattering amplitude is a periodic func t ion w i t h 
Fourier .series 
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s. t, V Vi 
u=0 5=0 

('/) 

FIG. 3. The L'lTcciivc I-cynman diacrani clL'scribing the fjth har
monic process; an electron of ntass m,e absorbs n laser photons of 
momcnlum k^, and emits a photon of niomenluni k'^. 

(p'X;k\A^\A]\p,\) 

(23) 

A discussion of the amplitudes M{n) niuy be found in [32], 
We will give below the explicit form of Ihe squared umpli-
ludes summed over spins X. \ ' , and fX)lari7utions c. We do 
not consider polarized scailering and angular disiiibulions in 
this paper, though the.se topics are interesting in themselves 
and are discussed in. for instance, [44 -46 ] . 

The sum in l£q. (23) is not a coupling expansion, nor does 
it appear directly from an e.\pansion of the coherent state 
into Fock states. Instead, the momentum-conserving delta 
function in the /Mh term impUes that M{n) can be idcniincd 
with the amplitude for an electron of momentum q and mass 
m,, absorbing n photons of momentum k. and emitting one 
scattered photon of momentum A'. 

vAq) + ny{k)-eAq')-i-yik'). (24) 

as illustrated in Fig. 3. As pointed out in Sec. I. these multi-
photon processes are the origin of the name "nonlinear" 
Compion scattering. It is simplest to use the language of 
quasimomenta to fomiulate the kinematics of E q . (23) as E q . 
(24) is a process involving effective particles. The 
asymptotic parlicle kinematics may be reconstructed from 
the relation (6) between p and f/. The processes with n> 1 
correspond to higher harmonics. Note that the / /= I process is 
analogous to ordinary, '"linear" Compton scattering. It is pos
sible to normalize such that one does indeed recover Ihe 
Complon cross section at aQ=0. \\'e wi l l use this below as a 
reference cross .section for experimental signals. 

IJ. Kinematics—foniard and hackscaltcrinj; 

We will now study the kinematics implied by the momen
tum conservation in E q . (23). finding an expression for the 
emitted photon frequency in terms of incoming particle data 
which generalizes the standard Compton formula for the 
photon frequency shift. This will later be used when we pre
dict the emitted photon spectrum. 

A -

1=0 

\ 

FIG. 4. (Color online) Mandclsiam plot for nonlinear Compton 
scattering. Solid segments of dashed lines correspond to allowed 
and ;„ regions for each depicted value of s„. 

The delta function in Hq. (23) implies the momentum con
servation equation 

t/ + nk = q' +k', (25) 

where (/ is given by E q . (6) atid q' being defined analogously 
with /J replaced by p'. As k is lighilike we have 

qk = pk, q'k = p'k. (26) 

It is useful to firsi di.scu.ss the kincmaiics in icrms of ihe 
Mandelstam invariants 

.v„ = (q + nk)' = in; + Inkp S ni 

i„ = (nk~k')- = -2nkk' ^ 0, 

/(„ = {nk - ( / ' ) = itr - 2nkp'. 

(271 

(28) 

(29) 

Recall that these are not independent as s„ + i„ + u„ = 2niz. A s 
each of them depends on the photon number n they will be 
different for each of the subprocesses (24). The physically 
allowed parameter ranges are displayed in the Mandelstam 
plot of Fig. 4. For the /j-photon subprocess. if .?=i„ is held 
fixed, the allowed / and tt ranges (highlighted in red/full 
segments of dashed lines) are 

'rrm = " -̂ 'h " " ' ^ ' s , 1*,̂ . ,̂  = "r^-v,, backscatteriug 

/n,j^ = 0 "iKm = 2/«"- .v„ forward scattering. 

(30) 

Obviously. Ihe allowed / range increases with photon number 
n. 

In order to find the generalization of Compion's formula 
for the scattered photon fiequency (thus abandoning manifest 
covariance) we square E q . (25) so that we may remove (/' 
from the came via 

nkq - k'q' = qk' + nkk' (31) 

where the second equality follows directly from E q . (25). 
Using definiiiiin.s (6) and (26|. we trade q for p. arriving at 
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HARVEY, HEiNZL. AND ILDERTON 

an equation in terms of the asympioiic. on-sliell niomenla 

(32) 
2kiK 

where k'~ = 0 and /r = irr. We will assume, in what follows, 
thai the eleciron and laser meet in a head-on collision. Thai 
is. incidenl monienia are 

k'' = (oi\.n). {E,.-\p\n). \n\=\. (33) 

Primed (ouigoing) quaniiiies arc defined analojinusly. l-or a 
head-on collision the only angle in play is the standard scat
tering angle 0 of the photon, determined via /i » ' = cos / / 
The remaining .scalar products become 

// p = -\p\, n' •;» = - | / ? | c o s 0. (34) 

From now on we measure all energies in units of the (bare) 
eleciron mass. m. This introduces the dimensionless param
eters 

cosh 
\p\ 
III 

where ( is the rapidity such that 

I - | / ) r = lanh C-

s i n h ^ . (35) 

(36) 

o r course. y3 and y are the usual Lorentz factois characiei-
izing the frame of reference from the electron s point of 
view. /i=0. for instance, corresponds to the (asymptotic) 
electron rest frame. Using these definitions. E q . (32) may be 
rcananged to express the intensity-dependent .scattered pho
ton frequency as 

1 + Kjn^f)t-'{ \ - cos 0) 
(37) 

Here, e'^ is the (inverse) Doppler shift factor for a head-on 
collision. 

e-' = y { \ - f i ) (3S) 

Going back to i;q. (37) we see that all the intensity depen
dence resides in the coefficient 

K M = >^*'-Py^o;,y{\-fi)l2 sinh r + a,",<'"-/2. 

(39) 

Standard ("linear") Compton scattering is reobiained by .set
ting /;=l and f/y=0 (no intensity effecis). In this case Eqs. 
(37) and (.39) give back the ordinary Compton formula. 

I + ( " - j e y ) y ( l -fi)i \ - e o s 0) 

i> 

I - { - ( r - s i n h /;)t'"^(' - cos / ; ) ' 
(40) 

So. technically speaking, the two intensity effects on the 
scattered fre(|uency are the replacements (i) i — n v in the 
numeraior and (ii) h-,((J)—K-„(rti,) in the denominator. Ex 
plicitly, the latter is 

P H Y S I C A L R E V I E W A 79. 063407 (2009) 

j 0 y - / / . ' - / 3 y - t - « J y ( l - / ? ) / 2 , or 

sinh C — H I / - (41) 

The possibility of the incoming electron absorbing n> I la
ser photons may be interpreted, in a classical picture, as the 
generation of the /jth harmonic, modulated by both relativis-
tic and intensity effects. Using a linearly polarized beam the 
first few harmonics have indeed been observed experimen
tally by analyzing the photon di.siribution as a function of 
azimuihal angle, The .second and third harmonics have 
clearly been identified from their quadrupole and .se.viupole 
radiation patterns [47]. 

For each harmonic number the allowed range of scat
tered photon frequencies is finite. The boundary values of 
this interval (which is the / interval in the Mandelsiain plot 
Fig. 4) correspond to forward and backscattering at 0=0 and 
TT. respectively. 

- : ( o ) (42) 

The assignment of minimum and maximum depends on the 
sign of K„. 

> c „ > 0 = > i/(7r) < t'lXOXnr 

redshift " C o m p t o n . " 

K„<i)^nr< i'„{ff)< r;,i7T) 

blue.shifi " inverse Compton. (43) 

So. if A ' „ > 0 . the allowed scattered photon energies tf'^ are 
redshifled relative to ni'. the energy of the n absorbed la.ser 
photons. This clearly includes the cases </(,=0. y = I , and n 
= 1 which describe Compion's original .scattering experiment 
in the eleciron rest frame. In accelerator language, this case 
.sees the laser fired onto a fixed eleciron target; the laser 
photon transfers energy to the target, so that the scattered 
photon is redshifted ( r ' < / j r ) . 

On the other hand, if K„<0. the .scattered photon's energy 
is blueshifted from / J K The situation when the photon gains 
energy from the electrons is often refened to as inverse 
Conipton scattering. T h i s is of relevance in astrophysics, for 
instance, in the Sunyaev-Zeldovich effect [48 -50] . A particu
larly simple and imponant scenario is provided by the back-
.scatiering of the laser pulses. 0=77. in the high-energy limit 
(inver.se Compton regime). We lake • / > I so that e^^ly^nd 
we assume K„<0. whereupon ihe .scattered frequency be
comes, from E q . (37). 

4 yn V 

1 + + 2fi 1 + + 4 >7i I'' 
(44) 

where the approximation is valid for high energy. In this 
regime one may distinguish between two different limits. 

i / (7T) = 4 y n if 4 >7J f <S 1 « rt^. (45) 
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( 4 6 ) 

It is ihe f o n n e r s u b c a s e w h i c h is t y p i c a l l y r e a l i z e d " for op t i 
c a l photons ( y ^ 10"^) and modera te v a l u e s o f h a r m o n i c 
n u m b e r n. T h u s , as long as the b a c k scat tered fre
q u e n c y ( 4 5 ) is ( i ) b l u e s h i f i e d w i t h respect to the i n c o m i n g 
/ith h a r m o n i c f r e q u e n c y / i i ' a n d ( i i ) for / / = I. redsh i f ted c o m 
p a r e d 10 the l inear " k i n e m a i i c e d g e " ( i h e m a x i m a l , b a c k s c a t -
tered f r e q u e n c y , v ^ ^ J as e m p h a s i z e d a h e a d y by M c D o n a l d 
[ 1 8 ] . E x p l i c i t l y , this redshi f t is 

4 - j P ( / - . 4-)rr/rtJ, yt> \, 4 yii < \ <^ al- ( 4 7 ) 

E r o n i the d e l i n i i i o n o f K„ g i v e n in E q . ( 3 9 ) it is c l e a r that, 
g i v e n a n y fixed c x p e r i m c n i a l se tup ( i .e . . i n c o m i n g e l e c t r o n 
e n e r g y and intensi ty paramete rs f and OQ). K„ w i l l e v e m u a l l y 
b e c o m e pos i t i ve and r e m a i n s o for a l l h i g h e r h a r m o n i c s wi th 

s i n h f - « r . i r ' V 2 | 
( 4 8 ) 

w h e r e [b\ denotes the nearest in teger less than or equa l to h. 
T h u s , for a g i v e n e x p e r i m e n t a l se tup , scat te red photons cor 
r e s p o n d i n g to h a r m o n i c genera t ion w i t h / / > ' f „ c a n o n l y h a v e 
e n e r g i e s redsh i f i ed re la t ive lo the e n e r g y ni' a b s o r b e d b y the 
e l e c t r o n . A l l e r n a l i v c l y . w c c a n lix n and s o d c l i n e a c r i t i ca l 
intensi ty , f rom the v a n i s h i n g o f K„. w h i c h a l l o w s us to ta i lor 
the e m i s s i o n s p e c t r u m . T h e c r i t i c a l in tens i ty parameter is 

I 

= 2t '^(sinh ^ - « i / ) = f - ^ - 2 / / ( / ( ' ^ ' - l > 0 . ( 4 9 ) 

E o r i'u=^'o.cfii("o) h a r m o n i c s w i t h / ) > ' ( ( , ( " < " o ) ^^'i'l 
r e d s h i f i e d (b luesh i f ted ) . F o r the e x t r e m e c h o i c e o f / j y = I, all 
scat tered f r e q u e n c i e s w i l l be redsh i f ted for in tensi t ies a b o v e 
"o.cri iO- as in . for e x a m p l e , l i x e d - i a r g e l m o d e ( y = l ) . W e 
a r e . h o w e v e r , more interested in the c o l l i d i n g m o d e ( h i g h 
e n e r g y ) . T h e n , for y> 1. w e c a n a p p r o x i m a t e fy^,-„ f i o m E q . 
( 4 9 ) as 

4 y ^ - 4 yjft^. ( 5 0 ) 

W h e n Ayni'<\ as a b o v e . (Jo.crii b e c o m e s e f f e c t i v e l y ii i nde 

pendent 

'D.crii ( 5 1 ) 

A s a n u m e r i c a l e x a m p l e , c o n s i d e r the fac i l i ty at the F o r s -
c h u n g s z e n t r u m D r e . s d e n - R o s s e n d o r f ( F Z D ) w i t h a 100 T W 
laser and a 4 0 M e V l inac [ 5 1 ] . T h i s i m p l i e s y = S O , i '=2 
X 10"*'. and ( / „ = 2 0 . s o that al l h a r m o n i c s are r e l a t i v e l y b lue -
s h i f t e d up to » = 3 . 9 X l O ' — a s w e w i l l .see. e m i s s i o n rates at 
th is n are b a s i c a l l y z e r o , in th is c a s e , the c r i t i ca l va lue of a^y. 
a b o v e w h i c h al l h a r m o n i c s ( / i > I ) are relatively redshi f ted 
c o m p a r e d to / i r . is aQ^2y=\60, I o r d e r o f m a g n i t u d e a b o v e 
the e x p e c t e d a v a i l a b l e intensi ty . O n e m a y ver i fy , for ex 
a m p l e , that for O|,=:200. K„>0 for a l l n. 

T h e d iscu-ss ion a b o v e w i l l be i l lust ra ted in the next s e c 
t ion w h e n w e d i s c u s s the photon spect ru as a func t ion o f 

scat te red f r e q u e n c y . i>'. In par t icular , w e w i l l s e e that, e v e n i f 
b a c k s c a t t e r i n g d o e s not n e c e s s a r i l y m a x i m i z e the scat te red 
photon f r e q u e n c y , it never the less g i v e s u s the s t rongest s i g 
nal for w h i c h to .search e x p e r i m e n t a l l y , n a m e l y , the redshi f t 
o f the C o m p l o n edge (parameters permi t t ing ) . 

T o better unders tand the dif ferent b e h a v i o r s o f Ihe har 
m o n i c s , it is u s e f u l to wr i te K„ in te rms o f l a b o r a t o r y - f r a m e 
v a r i a b l e s . F o r a h e a d - o n c o l l i s i o n ( w h i c h w e a s s u m e ) , s a y 
a l o n g the c a x i s , a l l m o m e n t a i n v o l v e d a r e l o n g i t u d i n a l . T h e 
total t h r e e - m o m e n t u m , c a l l it P. is then g i v e n b y 

/* = Ilk + q = nk+p-i-

= » j ( / n ' - s i n h C +IIIL'~'/2)Z = niK„z. ( 5 2 ) 

T h e l a b - f r a m e p h y s i c s i n v o l v e d in a h e a d - o n c o l l i s i o n 
ip--(f$ylv)k) d e p e n d s c r u c i a l l y on the re la t ive m a g n i t u d e 
o f the three t e rms c o n t a i n e d in K^„. 

/i|A'|/m = nv, 

[/?|//» = s i n h ^. 

( 5 3 ) 

( 5 4 ) 

( 5 5 ) 

" S L A C E - 144 had yi'-0{ I ) so all terms in the denominator of 
E q . (44) were of comparable magnitude. 

C o n s i d e r a g a i n C o m p l o n * s o r ig ina l e x p e r i m e n t w i t h an e l e c 
tron at rest a n d i^=-{}. T h i s c o r r e s p o n d s l o qt=p = 0. s o the 
o n l y t h r e e - m o m e n t u m is that o f the s i n g l e i n c o m i n g photon 
w h i c h d e l i v e r s p a i l o f its energy to the e l e c t r o n and h e n c e is 
redsh i f ted . I f w e n o w inc rease the e l e c t r o n e n e r g y in the 
laboratory' ( u s i n g a s tandard or w a k e field a c c e l e r a t i o n 
s c h e m e ) th is redsh i f i turns into a b lueshi f t ( r ' > F ) a s s o o n as 
| / j | > |A |= / / i i ' . T h i s h a p p e n s e x a c t l y w h e r e the total m o m e n 
tum, l'=k+p, c h a n g e s d i rec t ion f rom po in t ing in d i r e c t i o n k 
lo -k. H e n c e , at th is par t icu la r point / * pa.s.ses through z e r o , 
w h i c h , o f c o u r s e , def ines the c e n t e r - o f - n i a s s ( c m . ) f rame 
w h e r e there is no f r e q u e n c y shif t at a l l . 1'' = ^. 

I f w e n o w turn o n intensi ty ( « o > 0 ) the total m o m e n t u m 
a c q u i r e s an a d d i t i o n a l , l a s e r - i n d u c e d c o n t r i b u t i o n 9 / a l o n g k. 
S o . in fixed-target m o d e large intensi ty w i l l result in a s i g 
ni f icant e n h a n c e m e n t o f the C o m p t o n r c d s h i f t . If. on the 
other h a n d , w e a s s u m e c o l l i d i n g m o d e w i t h a blue.shift at 
rto=0. then the qi_ cont r ibu t ion in / * w o r k s again.st the " i n l l u -
e n c e " o f / j . A s a resu l t , the b lueshi f t v' > vwi z e r o in tens i ty is 
l e d u c e d . r e s u l t i n g in a redshi f i o f the k i n e m a t i c a l C o m p l o n 
e d g e (»^^^) . I f «o 'urge et iough th is latter redshi f t m a y 
co t i ip le ie ly c a n c e l the inverse C o m p t o n b l u e s h i f i . A g a i n , th is 
h a p p e n s w h e n the total m o m e n t u m f'=k+p + qi^ v a n i s h e s 
(/fi = 0 ) . i .e.. in the " c m . f r a m e " w h i c h is n o w an in tens i ty -
dependent not ion as <//_ d e p e n d s on OQ. 

I f w e finally a l l o w for h igher h a r m o n i c s / f > I. w i t h the 
total m o m e n t u m b e c o m i n g P=nk+p+q,^. w e c a n b a l a n c e p 
b y i n c r e a s i n g OQ. II. o r bo th . T h e t ransi t ion po in t . A „ = 0 , d e 
fines a c m . f rame for the / / ih p r o c e s s . A t th is point , the range 
o f the /f lh a l l o w e d h a r m o n i c c o l l a p s e s to a point . u'J^O) = nu. 
as the d e p e n d e n c e in E q . ( 3 7 ) d r o p s out . S t r i c t l y s p e a k i n g , 
this c a n o n l y o c c u r for at most o n e v a l u e o f n. but n e i g h b o r -
i n s (I S w i l l s t i l l h a v e rather s m a l l s p e c t i a l r a n e e s ( s e e F i g . 
9 ) . 
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IV. PHOTON KMISSION RATI*^ 

A. I.orciitv. inviirianl eharaclcri/atinn 

The S-niairix elcmem represenied by (he Feynman dia
gram of F ig . 2 and given implicitly in E q . (23) may readily 
be iraiislaied into an emission raie [19.32]. The nontrivial 
coniribution lo the differential rate for emitting a photon of 
frequency M'=nn'' per unit volume per unit time, in the nih 
harmonic process, i.e.. the proce.ss (24). comes from the dif
ferential probabiliiy"* [32] 

dx (I + .v)-

where .V is die dimensionless Lorentz invariant 

kk' 

kp' it„-ml 
0. 

(56) 

(57) 

The kinemaiicatly allowed range for n\h harmonic generation 
is given by the interval 

0 ^ .V < >• (58) 

2 

1.8 

1.6 

_ 1.4 in 

1 1.2 

a.=20 

10' 10 10" 10" 

FIG. 5. (Color online) Partial eniLssion rales («= \ ..A^ for non
linear Coniplon scauering as a function of the Lorenl/. invariant .i at 
inlensily «o=20 compared to linear Complon scattering («o=0 
cur\'c). Horizontal log .scale. 

2/1^.7; s., 
.v„ = - T - = ^ - I ^ O , 

ml ml 
(59) 

which conesponds to the / range given in Eq. (30) high
lighted in Fig. 4. The end points .v=v„ are located on the 
hyperbola su = n(i. For .v outside of this range the /fth partial 
rate vanishes. 

The function 0„ is 

J „ U ) - - -.Jliz) + (2 + ~ ] [ J l . A z ) + y ^ i U ) - 27 : ; ( . ) ] . 
(-»,-, \ I + A 7 

(60) 

where J„ being Bcssel functions of the first kind. Their argu
ment is another Loreniz invariant 

(61) 

Both upper and lower limits of .v conespond to £ = 0 and 
hence zeros of 3„(.":) for all / i > I. The first few partial emis
sion rates for MeV. io=\ eV (hence 7=10- . r = 2 
X 10"**)- and flo=-^l '""^ plotted in Fig. 5. Linear Compion 
( r /„=0 and « = I) data are pre.'iented for comparison. 

The figure clearly .shows the appearance of higher har
monics ( « > I) with, however, a reduced signal strength as 
compared to the fundamenial frequency. Writing the Comp-
ton edge (59) as 

.v,r = .\«(«o) = .V|(0) 
I + « ; 

(62) 

where y , (0 ) corresponds to linear Conipton scattering, we 
.see thai the edge .v=\ ,(fj„) of the first harmonic will always 

We nomialize such that we recover the Klcin-Nlshina cross sec
tion lor linear Conipion .scattering for »= I as «o —0 (see. e.g.. 
[32]). 

be .shifted to the left by a factor I / { I +(/^). The same is true 
for the higher harmonics until ; / > I + « 5 . For a^^> I these 
large harmonics wil l , however, be invisible due lo their veiy 
small signal strength. 

To obtain the total rate, one just sums over photon num
bers II. i.e.. over all harmonics. 

dx " ilx 
(63) 

where it is understood that the //ih term is .supported on 0 
£ . v £ v „ . whh .V given in E q . (57). The pailial sums up to /( 
= 30. 60. and 100 are shown in Fig. 6. along with the linear 
Compton S | iecirum. Again we note the significant shift of the 
fundamental Compton edge at -V = V | ( « Q ) together with side 
maxima due lo ihe higher harmonics. Interestingly, ihe fun
damental (//= I) signal gets amplified due lo superposition of 
Ihe higher harmonic rates from Fig. 5. This suggests that, for 
rt(j> I. the signal-to-noise ratio may become larger than for 
the linear case, while the full width at half maximum may 
become smaller. By tuning to an optimal value one may 
thus design x rays of a given frequency and width, 

B. Lahoraiory kinematics: lilncrt;,v dependeiici* 

Any actual Compton scattering experiment will be per
formed in a laboratoiT (frame) with the electrons either at 
resi (fixed largei mode\ or in motion. In what follows, wc 
will assume the latter together with a head-on collision be
tween laser pulse and electron beam (collider mode) as dis-
cu.ssed in the previous section. In this case the kinematic 
invariams .v and \'„ from Eqs. (57) and (59) become funclit>ns 
of the .scattered frequency v and the scattering angle 0. 

(I - cos 0) f' 

c^-{ \ - cos 0)u' 
(64 J 
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a=20 

•5? 0015 

0005 
fi 2 

, r 3 

1 

FIG. 6. (Color online) Sum of partial emission rates from n 
= 1 ...30 (dashed. lower cur\e). 60 (doited, middle cur\e). and 100 
(solid (black), top cur\-e) for nonlinear Compton scattering (head-on 
collision) at intensity ao=20. The curves are indistinguishable for 
.i^SIO***. Linear Complon data (blue. n = l . «n=0) added for 
comparison. 

2/1 i/f * 
(65) 

Either the scattering angle (f or the frequency r,', may be 
eliminated via E q . (37). allowing us to plot the emission rate 
as a function of u' or 0. respectively."* In this .section we 
focus on Ihe f' dependence of the partial and total emission 
rates which are depicted in Figs. 7 and 8, res[>cclivcly. Simi
lar plots (for f/y of order I) have been obtained before in 
[16.18.44.46]. 

Analytically the partial rales arc 

llu' 

d\\'„ tlx 
(66) 

The allowed range for u' is given in Eqs . (42) and (43). The 
argument c defined in Eq. (61) becomes a function of r' via 
its dependence on 

-U^' ) = (67) 

upon eliminating 0 from Eq. (64) via Eq , (37), 
For the parameters chosen (y=10". i /=2X I C ^ . and 

= 20) Figs. 7 and 8 are fairly similar to their invariant pen
dants. Figs. 5 and 6. In particular, the pievious shift in x now 
corresponds lo a redshift of Ihe linear Complon edge by a 
factor of I +flQ=«400 from about 40 to 0.1 keV. i.e.. from the 
hard to ihe soft x-ray regime. Note that ihe frequency range 
is .still blueshified relative lo the incoming frequency v (cor
responding lo the left-hand edge in Figs. 7 and 8 given by 

"The relationship between angle and frequency spectrum (37) is 
invcrtibic provided K„^0. For ^'„=l) the nth harmonic spectral 
range shrinks to a point fscc below). 

FIG. 7, (Color online) Individual hamwnic spectra ( / i=l . . .4) 
for nonlinear Complon scaiicring al intensity «„=20 compared to 
linear Complon scattering (/i= 1. ffo=0) as a function of J' ' . 

r = 2 X 10"^). Again, there is a noticeable enhancement of the 
total emi.ssion rate at i'̂ ( TT) =^4")^i'/(/,", [cf. E q . (45)] due to 
the generation of peaks coirespoiiding to higher hamionics. 
i f > I. with the |>eak values decreasing rapidly with n. We 
note that Ihe edge values of the higher harmonics which are 
clearly visible in Fig. 7 get washed out by the superposition 
of more and more partial rales dW^^ in Fig. 8. This will re
duce the visibility of the associated maxima, as wi l l , of 
course, all sorts of background effects which have not been 
included in the theoretical analysis above. 

The properties of the photon .spectrum depend crucially 
on eleciron parameters {(i, y. or C) characterizing the labo
ratory frame and. in particular. Ihe intensity parameter To 
illustiate this dependence along with the discussion of Sec. 
I l l B. we have calculated the photon spectra as a function of 
( / Q . ranging from ( /„=20 up lo 3(J0. The outcome is depicted 
in the movielike sequence of plots of Fig. 9. As y= 100 the 

0 025 

002 

^ 001 

FIG. 8. (Color online) Theoretical photon spectrum f.sum of first 
50 harmonics) for nonlinear Conipinn scattering al iniensiiy (/„ 
= 21) cfimparcd to linear Compton scaliering ( i i=I . </t)=0) as a 
function of r'. 
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a . L.2n 

S 0.02 

a . =150 a . =201 

tJ 0.02 

a . c:250 a^..300 

0.015 

0.005 

FIG. 9. (Color online) Theo-
rciical phoion sjiecira for nonlin
ear Compion scattering for diffcr-
eni values of «Q fy=IO0) and 
incoming frequency i'=2><IO"'' 
(arb. uniis). Vertical (red) lines 
correspond to frequencies ni>. 

critical (/„ from E q . (49) dclining the c m . frame of the first 
harmonic is (/(v„i( I) — 200 corresponding to the fourth plot in 
Fig. 9. There, the lower harmonic spectrum collapses to lines 
located at the individual harmonics with frequencies 1',', = ' " ' 
(marked by red venical lines throughout). 

If we go through the whole .sequence ihe following pic
ture emerges. For .small tiii<tio^„,{n). all harmonic ranges 
with counting label less than n are blueshified. Plots I and 2 
show the harmonic r.inge for / /= I (and pan o f / / = 2). both to 
the right of their red end edges ( r a n d 2u. respectively). The 
right-hand, blue end. ma.ximum of Ihe fundamental range is 
enhanced due lo coniribuiions of higher harmonics. For if„ 
approaching its critical value the harmonic ranges shrink and 
a gap between the lirst and .second appears (plot 3) so that the 
fundamenial maxima become of equal height. At 
="i )cr . i ( ' )" 200 the first harmonic range shrinks (almost) to a 
point, with the neighboring ranges al.so becoming very nar
row (plot 41. Once (/o( I) becomes supercritical, all harmonic 
ranges are redshifted [i.e., ItKatcd to the left of the vertical 
(red) lines. i /</ ; i^] . wiih Ihe ranges increasing again and 
gaps closing (plots 5 and 6). In plot (i. the first and second 
harmonics overlap again, leading to maxima of different 
height w iih the one at r j = r being the larger. Thus, by tuning 

we etTectively change frames of references with "( j tn iO 
representing the border lieiween inverse Compton scattering 
(blue.shift) and Compton scattering (rcdshift). 

C . Laboratory kineniutics: AnRular dependence 

As mentioned earlier, the emission rates may be consid
ered as functions of either scattered frequency J',' or scatter
ing angle 0—the two being related via E q . (37). In terms of 
the scattering angle 0 the rates become 

da 

d\\\, d\ 

dx dn / JP ( I - C O S OV{\+.K„) 

0<0<7r. (68) 

where -v„-^.v (for the /Mh harmonic) and are to be viewed 
as functions of 0 (see below). Our angular measure is dll 
— dOs'in 0, which is the .solid angle measure up to a factor of 
277, as the azimuthal angle (Adoes not contribute due lo axial 
symmetry. Note that this is dilferent for linear polarization 
or. more gencrjlly. if iheie is anoiher prefeiTed direction 
which, for instance, could be induced by nonconmiutaiive 
geometiy [52]. 
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1 5 2 
0 (radians) 

. V , / V 
e'H^ -t-«r,)(l - cos 0} 

eH 1 + cos 0) + e'H I + fl|i)( I - cos 0) 

0 < f < I (72) 

As a result. Z| becomes maximal for r= 1/2 and so i , is less 
than unity. 

< I (73) 

which will be important later when we discuss the conver
gence of the emission rate sum. Solving /•(^y(,)=l/2 we find 
that is maximized at the angle 

On arccos- (74) 

X 10" 

- - nx4 
n^5 

2 7 275 28 2.85 2-9 2-95 3 305 3 I 
U (radians) 

FIG. 10. Thcorclical photon spcL-iruni tor the first five iniJi\ idujl 
harmonics as :i function of scattering angle 0. Parameters: >= 100. 
«i,= 20. Lcli: \cnical scale logarithmic. Right: vcnical scale linear. 
AWiiKd into range 2.7 < 0< TT. 

In terms of their angular dependence the various invari
ants may all be expressed, using Eqs. (37) and (57). in terms 
of the variable .v, defined by 

/ / . v , ( f l | = — 
2n li 1 - cos 0\ 

eH 1 -f- cos 0) + e'H I + «,",)(I - cos Oi 

(69) 

with A ] between .v,(0) = 0 and . V | ( 7 r ) = y , as in E q . (59). where 

2w^ 

I + 

The argument of 3« in Fq . (68) becomes 

170) 

:J 0) = /;:,( 0) = 2n ^ \ / {I - / ) . (71) 
\ I + 

where we have introduced the rescaled variable 

We will now relate these results to the emission spectra as 
functions of 0. In Fig. 10 we .show the angular distribution of 
the photon yield, as determined by E q . (68), for the lowest 
individual hamionics. / i= I 5. For the parameters chosen 
( y = 10^. u=2x 10"*'. and 0^=20) the largest signal is due to 
the fundamental harmonic. / f = l . This is also the only one 
contributing on axis, i.e., in the forward and backward direc
tions. 0=0 and v. respectively. For the classical intensity 
distribution this was also found by Sarachik and Schap|)ert 
|27J. Thus, in panicular. real backscattering at 0=v only 
occurs for / i = I . while for the higher harmonics one has 
"dead cones" with an opening angle of about 0.1 rad. slightly 
increasing with harmonic number it, as .seen from the mag-
nilied plot in Fig. 10 (right panel). 

The dead cones are controlled by the angle fly f̂ rom E q . 
(74): their opening angles are bounded by (?u=(?„-7r. For 
1 <^al<^ y the fonner are quite naiTow such that most of the 
radiation (in particular the location of the maxima at 0^y) is 
near backward.^ Quantitatively one finds thai the dead cone 
opening angles are less than 

(75) 

which, for the parameters of Fig. 10. coiresponds to fly 
^ 0 . 2 rad. (For the intensity distribution of classical radia
tion Ihe relation (75) was found in [45].) 

To determine the total emission rate we have to .sum E q . 
(68) over all harmonic numbers, n. It is not entirely obvious 
that the ensuing series converges. To prove this we employ 
the Bessel function identity [53]. 

(76) 

where the prime denoting the derivative with respect to the 
argument c in order to rewrite j in terms of 7,"; and J'„', 

^W'c mention in passing that the situation for linear polarisation IN 
different. As pointed out by Esarey ei al. [AS] for Thomson scatter
ing with linearly polari/ed photons, tuhl hamwnics do get backseal-
icred (no dead cones). 
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0,009 

0,007 

0.006 

a 0,005 

O.OOJ 

0.003 

OOOt 

0 (mdians) 
0 (ratfians) 

FIG. 11. Theoretical photon spectrum. Parameters: y= 100. «o=20. Left: vertical scale linear, harmonics summed up to H = 5000 (full line) 
and n= 10 OOO (dashed line). Right: vertical scale logarithmic, harmonics summed up to H = 5000. 

3(c,.) = 27;( / . : , ) - - + 2 + - - - I 

(77) 

Accoiding to E q . (68). in the rales this is multiplied with an 
//-de|x:ndeni factor / / / ( I - } -».v, ) - . Thus, upon summation, we 
encounter series of the form 

2̂  r; TT7-^Ht""i) and 2 T T " ^ — T T X , (/ /: ,) . 

(78) 

where / V e { I , 3 } and /We { 2 . 3 } . We can easily bind these 
scries from above, for example. 

V 
( I + / M | ) 

(79) 

occurs near the angle /?o defined in Eq. (74). Incieasing the 
maximum harmonic number from 5000 to 10 000 yields ba
sically identical plots except that the height of the narrow-
peak at increases as shown in Fig. 11 (left panel). The 
maximum is indeed located at 0=/y„=2.94 (or O^^^ajy 
= 0.2) as given in Eqs. (74) and (75). The shoulder near 0 
-TT {0'=0) is entirely due lo the fundamental hatmonic (/i 
= 1). 

Finally, we again vary f/y and plot a movie of the angular 
distribution for fixed y=\i}i) in Fig. 12. The main features 
are (i) a propagation of the main peak from near-backward 
direction (when (ify<2y) to near-forward direction (when 
(•/o^2y) consistent with the formula (74) for Of^ and (ii) the 
appearance of a double peak which (iii) becomes symmetric 
for r/o — 2 y at an angle />O = 7T /2 . The latter situation corre
sponds to cos fo=0. hence. 

al=e-^-I = e - ^ = 4 r . f l r ) . (81) 

» > » ( ' + " v , ) 
(80) 

(and likewise for 7,',-). The series .9, and Sy on the right-hand 
side aie examples of Kapteyn series [54] which are known to 
converge. Remarkably, some also have analytic expressions 
for the sum. These results do not .seem panicuiariy common, 
.so we collect them in the Appendix. Although we have not 
yet been able to explicitly perform our sums (which have a 
more complicated n dependence than the Kapteyn series) we 
can now he confident thai they converge This is an ex
tremely satisfying result confirming the validity of the back
ground Held picture we have employed and our analysis 
based around the summation of individual harmonics. 

Lerche and Tauiz [55] slated that a sutnmalion of the first 
1000 terms in Kapteyn series such as E q . (79) or (80) yields 
eiTors below 10** for :., ^ 0 . 9 5 . We need to include c, values 
closer to one where the convergence rate is at its lowest. This 

This latter value (approximately) coincides with the critical 
(IQ of E q . (51). The locations of the two peaks in the spec
trum are plotted in Fig. 13. along with the angle Ofy given in 
Eq. (74) as a function of It is clear from this plot that the 
maximum value o f ; , corresponds to the ItKal minimum be
tween the two peaks. 

D. Thunison llniil: Emission rate i\m\ intensity 

At this point one .should mention thai thorough discus
sions of Ihe intensity distributions employing classical radia
tion theory have appeared before [27.45]. It is useful to 
check that our quantum calculations based on the Feynman 
diagrams of Fig. 3 describing nonlinear Complon .scattering 
reproduce the results for nonlinear Thomson scattering in the 
cla.ssical limit. According lo Nikishov and Ritus [19] the 
cla.ssical limit is uivcn bv 
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a =10 

a =50 a .= 100 

X 10 
aQ=300 

X 10 
a^=500 

-3 a =20 

_6 a -=200 
X 10 0 

X 10 
3(^=1000 

FIG. 12. Theoretical photon spectrum as a function of 0. harmonics summed up to /i = 5000 for different values of no (y= 100); vertical 
scale linear (arb. units). 

Inpk 
< 1 (8: 

which is just the statement thai m. is the dominant energy 
scale. Note thai this can be achieved by having large «o and 
may be counterbalanced by large //. Hence, harmonics with 
sufficiently large harmonic number n will behave nonclassi-
cally (if they are obser\'able at all despite their .suppression). 
As v„ is the upper bound for.v,,. E q . (82) may equivalently be 
formulated as 

-v,. <̂  1 (83) 

such that we may neglect .v„ = / n , on ihe left-hand sides of 
Eqs . (79) and (80) which hence coincide with 5 , and Sj, in 
the classical limit. Even if Eqs. (83) no longer holds (i.e.. for 
large / / ) . contributions to the sum are still suppiessed by 7;,. 
Comparing the quantum and classical (Complon vs Thom
son) rates by evaluating all sums numerically, the graphs are 
indistinguishable. Plotting the relative difference for our pa
rameter values one fmds a small discrepancy near 0=i\^ of 
the order of (see Fig. 14). Note that the classical series 5'| 
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2000 

FIG. 13. The angular position of the ma\imuni emission niies as a funclion of intensity. «o"^ I (dashed/upper and lower curves), and ihc 
angle fl,, which defines the maximum viiluc uf (solid gray/middle cur\e). Hanmmics summed up lo /i = .'i(KX). y=: 100. 

and 5", have a slightly slower rale of convergence (in panicu-
lar near :., = l . i.e.. 0=.(\^), where the suppression is mainly 
provided by J,"(":.|). hence leasi elTicieni ai : | = I . Wc have 
found, for instance, that the [>cak in Fig. 14 increases from 
0.4<;r to 0.7Cr when we increase the maximum n from 5000 
to 10 000. Nevertheless. Fig. 14 provides a nice confirmation 
that for liigh-intensity optical lasers the backgmund can in
deed be treated as classical to a very g(H>d approximation. 

We are left with relating phoion production probabilities 
d\\'„ to iniensiiies (//„. This problem has also been addressed 
by Nikishov and Ritus | I 9 | who staled that the intensity is 
given by the zero componenl of the radiation four-vector. 

2 / 
,1 0 J 

dW'X 

We thus have dl„ = mw'dW., or 

dl^ 

do siir Oa:A \ + / M , ) 

(84) 

(85) 

Compared lo E q . (68) we thus ha\e an additional factor 
/;/(I + / M | ) . In the classical limit, /a", I. this is just n so thai 
liq. (85) is bounded not by the Kapteyn series 5 , and Sy. but 
by the analytically known series 5> and .Vj as given in the 
/Xppendix. 

V. C O N C M S I O N S 

In this paper we have (re)assessed the prosi)ects lor ob-
seiving iniensity effects in Compli)n scattering. The physical 

scenario assumed is Ihe collision of a high-iniensily laser 
heani with an electron beam of sufficiently high energy ( y 
~̂  10") produced in a conventional accelerator or by a suit
able laser plasma acceleration mechanism. In technical terms 
we were interesied in the features present in cross sections or 
photon emi.ssion rales which are enhanced with increasing 
dimensionless laser amplitude. ai)=va/m. where a is the 
magnitude of the laser vector potential. The [Mssible effects 
are of a mostly classical nature, being fundamentally due to 
the mass shift, nr — / ; r = m-( I +«,"j). caused by the relativistic 
quiver motion of an electron in a laser Held. Ranked in order 
of their relevance the main intensity effects are (i) a redshift 
of the kinematic Compton edge for the fundamental har
monic u)' =4y^tD~^4y-M/al for the parameters we have 
u.sed. (ii) ihe appearance of higher harmonic peaks ( / i> I) in 
the photon .spectra, and (iii) a possible transition from in
verse Compion .scattering (tu'>(i>) to Compton scattering 
{lo' < lit) upon tuning a^f. The redshifi (i) may be explained in 
terms of the larger effective electron mass, iii > / H . ihe gen
eration of which costs energy thai is missing when it comes 
to "boosting" the pholons lo higher frequencies. Th is has. for 
instance, an impact on x-ray generation via Compton back-
.scatiering. To avoid signilicanl energy lo.sses (reducing the 
x-ray frequency) the amplitude should probably not ex
ceed unity significantly. However, one is certainly dealing 
with a fine-tuning problem here, as item (ii). the generation 
of higher harmonics, improves the x-ray beam energy distri
bution. For (/()> I there is a larger photon yield due to super
position of ihe harmonics and the full width at half maxi
mum goes down. As a result, the x rays tend to become more 

06.3407-1-1 
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1.5 
8 (radians) 

FIG, 14. (Color online) Relative difference of photon emission rates lConiplon-Tlu>mson|/Complon as a funciion of scattering angle if. 
Harmonics summed up lo »f= 10 000. y= 100. «o=20. 

monochtomatic once higher hamionics become involved. 
Item (iii). the transition from inverse to ordinary Compton 
scattering, once «o increases beyond 2y illu.straies the energy 
"lo.s.s" ju.si mentioned. When r/o=2>' the laboraioiy frame 
can be interpreted as an intensity-dependent center-of-mass 
frame for which io]=mo. at least for low harmonics. Thus 
there is no longer an energy gain of the emitted photons: the 
la.ser beam has become so "s t i f f that, in this frame, electrons 
begin to bounce back from it (gaining energy) rather than 
vice versa. 

The next step is lo actually perfonn Ihe experiments re
quired for measuring the effects listed above. We emphasize 
that nonlinear Compton .scattering provides a unique testing 
ground for strong-field Q F D as the process is not suppressed 
in terms of a or El E,. by powers or exponentially. Hence, the 
experiments at Daiesbur>' {y=*50. 0^ — 2) [56] and the I ^ D 
( y = S 0 . ^7o==20) planned for the near future should indeed 
be able to see the effects analyzed in this paper. Th is will 
piovide crucial evidence for the validity of Ihe approach to 
strong-field Q E D adopted here, based on the electron ma.ss 
shift, the Volkov solution, and the Furry picture. 
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A P P E N D I X : K A P T E Y N SERI I ' :S 

The Kapteyn series [54] (see also [57]) of the .second kind 
involve .squares of Uessel functions or their derivatives. We 
u.se the notation 

n>0 

n>0 

( A l ) 

(A2 ) 

where 0 < C | < I in keeping with our earlier discussion. The 
sums with a closed-form expression are 

1̂ (A3) 
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•5(64+ 592:? +472 ••; + 27:t) 

256(1 

(A6 ) 

The first is a result of Nielsen [58] according lo Schoti who 
derived the second and third resulis [59], while the fourth 
can be found in [60] [note that our notation differs from that 
paper, which also contains a typographical error in their E q . 
(24) for i S ] . The sums involving 7/, are 

4 + 3z? 

16(1 
(A7 ) 

2 "•'•/:-(";,) 64 + 624- ; + 632.--; + 45c^ 

2 5 6 ( 1 - : ; ) " ' ^ 
- (A8 ) 

given in [27.60]. respectively. The latter paper also gave a 
double integral representation for the series i_ , (there de
noted FJ. Referring to a theorem by Wat.son [61] the authors 
of [55] derive an iterative scheme for higher-order Kapteyn 
series, giving, for example. 

I / ryV 

1 - C | \ 

I 

I -

( A 9 ) 

(A 10) 
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A bstract: 

This paper discusses the predicted signatures of nonlinear Compton scattering, that 
will occur when a high-intensity laser beam is brought info collision with a beam of 
electrons from a linac. We consider various intensify effects on the emission spectrum 
of (he scattered photons, both in terms of their frequencies, and in terms of their 
scattering angles. At high intensities we predict a substantial redshifi of the usual 
kinematic Compton edge of the photon spectrum caused by the large, intensity-
dependent effective mass of the electrons inside the laser beam. In addition, we fuid 
that the notion of the centre-of-moss frame for a given harmonic becomes intensity' 
dependent. 

Keywords: Compton scattering, intensity effects. 
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Abstract: This paper (iiscusses the predicted 
st^itatures of nonlinear Coinpton scaiiering. that will 
occur when a hi^h-iniensity laser heaiu is brought into 
collision with a beam of electrons from a linac. We 
coiLsicier various intensify effects tm the emission 
spectrum of the scattered photons, both in terms of their 
frequencies and in terms of their .scattering ani>les. At 

intensities we predict a sub.stantial redshift of the 
u.sual kinematic Compton edt^e of the photon spectrum 
caused by the lart^e. intensity-dependent effective mass 
of the electrons inside the laser beam. In addition, we 
find that the notion of the centre-of-mass frame for a 
^iven harmonic becomes intensity dependent. 

Keywords: Conipion scaiteiing. intensity effects. 

1 Introduction 

Receni technological breakthroughs have led to 
lasers of unprecedented powers and intensities, the 
current records being about I PctaWatt (PW) and 
10" W/cnr. respectively. During the next few 
years further increases are expected, most notably 
at the planned European "Exireine Light 
Infrastructure" (ELI), where the power and 
intensity may be as much as 3 orders of magnitude 
higher than any current facility [2]. This wil l allow 
for an experimental piobing of a previously 
inaccessible region of the QED parameter space, 
and so motivates this theoretical reassessment of 
intensity effects in QED. 

To be specific, we will be considering the 
nonlinear Complon scattering that occurs when a 
beam of electrons from a linac is brought into 
collision with a high-intensity laser. In this case an 

electron of momentum p absorbs n laser photons Yi, 
each of nioinenium k. then emits a single photon of 
momentum k \ giving us the process 

i ' { p ) + ny,^k)^e-{p)+nk'). (1) 

If we assume that the electron and laser photons 
collide head-on, then there is only one angle to 
consider - the scattering angle of the emitted 
photon 9. The incident four-momenta are then 
k^=oj{ln). P^={E^,.P). (2) 

with the outgoing (primed) quaniities defined 
analogously. 

We will model the laser field by a circularly 
polarised plane wave of amplitude a 

=a^/cos{kx)+a^s\n{k-x), (3) 

where k is the (light-like) propagation four-vector 
and the Lorentz gauge condition is satisfied. The 
Dirac equation can be solved exactly for electrons 
in such a background (Volkov solution [4]). and 
for a thorough discussion we refer the reader to [5]. 

The laser beam is characterised 
dimensionless laser amplitude* (to 

_ eEA,^ 

by the 

(^) 

This is a purely classical quantity, a ratio of two 
energies - the ratio of the energy gain of the 
electron moving over a laser wavelength A/^ with 
the electron's rest mass. It may be generalised to 
an explicitly Lorentz and gauge-invariant 
expression [3]. but for our purposes it is sufficient 
to adopt a rule-of-thumb formula expressing cio in 
terms of laser power [6] 



al =:5xlO^PiPW] (5) 

In this paper we will be considering ihe 
phenomenolo^jy of the high iniensily ao>\ bui 
relatively low energy aK<jnc~ regime. As 
mentioned earlier, this region of the QED 
parameter space has only recently become 
experimentally accessible. 

2 Kinem;ilics 

2.1 iMomentiimM'Uiss Shift 

3 .1 Frequency Dependence 

We begin by considering the emission rates in 
terms of the scattered photon frequency r ' . For an 
individual harmonic we find 

where y. fiare the electron Lorentz parameters and 
the function J„ is composed of Bessel functions. 
To obtain the total rate one simply sums over all 
the harmonics. 

Due to the presence of the laser field, the Volkov 
electrons acquire a quasi four-momentum q 

2kp 
(6) 

Hence the electrons acquire an additional. 
mtensiiy-cfependcm longitudinal momentum cii_ 
caused by the presence of the laser Held. This may 
be found by applying the kinetic momentum 
operator to the Volkov solution and taking the 
lime-average of the result. However, it may also 
be understood classically as the time-average of 
the electron 'quiver' motion in the plane wave. 
Squaring q allows us to define an effective electron 
mass »j« 

nu = q (7) 

Calculating the scattering amplitude, we find that 
the quasi momentum is conserved in the .scattering 
process [ 1 . 5 ] 

q + nk = q'+k'. (8) 

2.2 $ctitterin|> Frequency 
Inserting the momentum expressions (2) into (8). 
the intensity-dependent .scattered photon frequency 
is found to be 

where y is the initial electron energy and v=oym. 
Notice that the sign of j„ determines whether the 
scattered photon is red or blue shifted relative to 
the la.ser photons. 

3 Photun Emission Riites 

We now consider the emission rales for the 
scattered photons. For a circularly polarised plane 
wave the cross section can be expressed 
analytically [5] 

D.015 

Figure 1: Theoretical photon spectrum (sum of first 50 
harmonics) for intensity «„=20 compared to linear 
Complon scattering (/(=1. uo-O) as a function of v*. 
Initial electron >tlOO. 

A plot of the emission spectrum is shown in Figure 
I for f/f>=20, where we have also included the text 
book linear Complon (Klein-Nishina) case ( ; ;=l . 
aiy=Q) for comparison. From the plot several 
features are apparent. Firstly, and most 
significantly, is the red shift of the Compton peak 
by a factor of \ + =400compared to the linear 
case. Secondly, we observe a series of secondary 
peaks to the right of the main Complon 'edge', due 
to the presence of the higher harmonics (/i=2.3....). 
Assuming that these are not washed out by 
background effects not included in our analysis, 
this would be the first time that any higher 
harmonics were experimeniaily detectable for a 
circularly polarised laser field. 

We showed eariier how the sign of j„{aQ. y) 
determines whether the scattered photon is red or 
blue shifted relative to the laser photons. This 
suggests that by tuning /and (to it should be 
possible to change the scattered photon spectrum 
from a blue shift to a red shift. In particular, at the 



point where j„ changes sign, ihe n' harmonic 
spectrum wil l collapse to the line K'=nv. 
Analytically we find that this will occur when an 
attains its critical value of 

nv) 
'n.ciit ( I I ) 

collapses is the point where P=nk+g=nk+p+qL 
equals zero. In a certain sense therefore, the point 
where _/„ changes sign can be used to define a 
'centre-of-mass* frame for the n''' scattering 
process. Thus by tuning c/o. as we have done in 
Figure 2. we are effectively changing the frame of 
reference in which the scattering process is viewed. 

•> 0.03 

b 0.02 

=300 

0.015 

S 0.02 

0.005 

X 10 X 10 X 10 

Figure 2: Sequence of plots showing the photon spectra for diffcreiii values oi'a„ (arb. units). Parameters 
are such that ««.crii=200. Vertical (grey) lines concspond lo frequencies n r. 

In Figure 2 we show a sequence of emission 
spectra for the case aoxni=200 (//=!). If we go 
through the whole sequence, the following picture 
emerges. For the subcritical case. ao<aoxn\^ the 
harmonic ranges are blue shifted (i.e. located to the 
right of the respective vertical lines u'^nv). As oo 
approaches its critical value the harmonic ranges 
shrink and a gap between the first and the second 
appears (third plot). At cio= «o.crii l^rst harmonic 
range shrinks to a point, with the neighbouring 
ranges also becoming very narrow. Once cio 
becomes supercritical the harmonic ranges are red 
shifted, with the ranges increasing again and the 
gaps closing. 

To understand what is happening we consider the 
collision momenta. Recall that, in the case of 
linear Compion scattering, there is no frequency 
shift when P=k+p equals zero (i.e. in the centre-of-
mass frame of the collision). Now. making the 
analogy to nonlinear Compton scattering, we see 
that the point where the n''' harmonic spectrum 

3.2 An}j;ular Dependence 

We may also consider the emission rates as a 
function of the scattering angle 0. Performing the 
necessary calculations, we find the angular 
emission rate for a given harmonic to be 

Note that here we have used the angular measure 
f/ /3=sinft /f t since for a circularly polarised laser 
field there is no dependence on the azimuihal angle 
^. In Figure 3 we show the angular emission rates 
for the first five individual harmonics. We see that 
the fundamental {n=\) harmonic contributes most 
strongly in the backscaitering {0=/i) direction, 
while the higher harmonics also peak near this 
point. 

Unlike with the v parameterisaiion where a given 
frequency interval only contains a finite number of 
harmonics, with the 0 parameierisation all the 



hannoriKs arc consirained to the finite range 
9=i)..7t. Thus, before we can sum the harmonics 
( 1 2 ) to calculate the total emission rale, we are 
forced to confront the issue of convergence. 

Figure 3: Indi\idual emission rales for ihe tlrsi five 
hurinonics as a liincCion t)f the scattering angle 6. 

Foriunatcl\ ue luid that VKC can express the series 
( 1 2 ) in such a way that it can be bounded from 
abt)ve by Kapteyn series D I the second kind. Then, 
by using the results of | 7 1 . we find that we are able 
to calculate the angular emission rate accurately 
(by sununmg the series numericall\) e\er\\vhere 
apail from a narrow region around the peak (that 
can be seen forming in Figure 3). In effect this 
means that we are able to determine the nature of 
the angular photon spectrum. Jusi not the absolute 
magnitude o\ the peak. FVrtorming the calculation 
we find that, tor the parameter values we base 
been considering (e.g. ii„=2i). Y=^\<)^)K the photon 
spectrum forms a sharp |X"ak in the backscattering 
(0=m direction and is close to zero e\er\uhcre 
else. As a„ is increased the peak mo\es more 
towards tlie forward scattering direction, giving a 
symmetric plot for </„ = 2 x a i an angle t^nfl. 

4 ( o i u l i i s i o n 

In this contributit)n we predict a number of laser 
intensit) effects on the photon emissn>n rales for 
an electron inside a laser field. These effects are 
mostly t)f a classical nature, being fundamentally 
due to the mass shift caused by the relativistic 
qui\er motion of an electron in the laser field. 

Ranked in order of their relevance, the main 
intensity effects are (i) a redshifl of the Compton 
edge as compared to the linear Compton (Klein-
Nishina) case, (i i) the appearance of higher 
harmonic peaks ( / i>l) in the photon spectra, and 
(i i i ) the notion that the centre-of-mass frame for a 
given harmonic becomes intensity dependent. 

The next step is to actual l \ perform the 
experiments required for measuring the effects 
listed above. We stress once again that nonlinear 
C'ompton scattering wil l allow the probing of a 
previously inaccessible region of the QBD 
p.irameter space, and we hope that the analvsis 
contained in this paper will prove useful to those 
involved with various experiments planned for the 
near future in Europe and elsewhere. 
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