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ABSTRACT

An elastic analysis of restrained slab strips shows that membrane action
enhances serviceablility behaviour. However, the enhancement 1s not as
great as for strength and serviceability is critical when membrane action
is consldered in design.

A relstively simple form of non-linear finite element analysis is developed
which 1s able to model bridge deck behaviour allowing for membrsne action.
This reduces some of the disadvantages of non-linear analysis which have
prevented its use in practice. It uses line elements but, -because_of-novel - _ .
features of the elements and because 1t considers all six degrees of
freedom at each node, it is still able to model in-plane forces reasonably
realistically. It gives acceptable predictions for behaviour.

The tension stiffening functions used 1in non-linear analysis, which are
important to the prediction of restraint, are considered. Explanations are
proposed for several aspects of the behaviour and a new function 1is
developed. This gives better results than previous expressions,
particularly for deflections on unloading and reloading. :

Tests under full HB load have been performed on two half scale bridges.
These, and the analysis, show that conventional design methods for deck
glab reinforcement are very conservative. They also show that the
restraint required to develop membrane action 1s not dependent on
diaphragms; 1t comes from under-stressed material surrounding the critical
areas. Thus, over much of a bridge's span, there 1s transverse tension in
the slab and membrane action does not significantly enhance the resistance
to global moments.

Both bridge models failed by a wheel punching through the slab. It is
shown that these were primarily brittle bending compression fallures which
were strongly influenced by global behaviour. This 1s confirmed both by
the analysis and by the higher wheel load at fallure in single wheel tests.

Recommendations are made for using the results in design and assessment.
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CHAPTER 1

INTRODUCTION

If in-plane restraint prevents material in the tension region of a beam or
slab from expanding as load is applied, a compressive force is developed.
This force can lead to greater strengths and stiffnesses than are
predicted by normal flexural theory. In a simple steel beam, however, the
enhancement is relatively small and arises only when the in-plane
restraint 1§ applied below, that is on the tension side of, mid-depth. In
concrete, and also in masonry, the low tensile strength and consequent
cracking mean that the effect can arise even when the restraint is applied
at mid-depth. The enhancement cen also be very much greater since the

compressive force enables even unreinforced slabs to support large loads.

This effect, which is known as compressive membrane action, arching action
or dome effect, has been known since the earliest days of reinforced
concrete. It was described by Westergaard and Slater(l) In 1921 and as
early as 1909 Turner(2) wrote of his flat slabs “such a slab will act at
first somewhat like a flat dome and slab combined". Turner built many
flat slabs with reinforcement designed by empirical means. At the time
there was good reason to use empirical design methods; the theory of flat
plates was not well developed. However, Turner's contemporaries used more
conservative design methods and Sozen and Siless(3) report that, in 1910,
the weight of steel required in the interior panel of a flat slab varied by
a factor of four according to the design method used. As they put it
"design methods could not be correct if the variation in results was 400%".
When an analysis based on simple statics was published in 1914<4), it
suggested that Turner's slabs were grossly under-designed; yet they had
behaved well both in service and in load tests. Lord(5) had even measured
strains in a load test which appeared to support Turner and defy the laws
of statics. Compressive membrane action was an important reason for these

discrepancies although there were others, including tension stiffening(3).

Despite the satisfactory behaviour of Turner's slabs, design methods which
can be justified by statics are now preferred and purely empirical methods
have tended to fall out of favour whenever more rational methods have
become available. Thus even flat slabs are now designed using flexural
theory, althcugh Sozen and Siess(3) report that the change was gradual
whilst Beeby(6) has shown that it is still not complete.
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Apart from indirect (and very limited)> use in the Soviet defsign code(7),
compressive membrane action seems to have been largely forgotten for many
years. Thus, in Braestrup‘'s words(), "it therefore came as a surprise
when Ockleston(9) tested a real structure in Socuth Africa and recorded
collapse loads that were three or four times the capacities predicted by
yleld-line theory". In fact Guyon(10) had found similar results slightly
earlier, when he tested a multi-bay continuous slab, but this seems to

have been considered a characteristic of prestressed concrete.

Ockleston's results stimulated research into compressive membrane action
which has continued ever since. Despite this research, which will be
reviewed in Chapter 3, the effect 1is still not normally used 1in design.
Recently, however, new design rules for bridge deck slab reinforcement,
which do allow for the effect, have been developed and incorporated into
the Ontario Highway Bridge Design Code(il). These rules lead to major
savings compared with conventional design methods; typically a 70%
reduction in main steel plus a saving in design time. More recently still,
similar rules have been adopted in other parts of the World, including
Northern Ireland. The rules used in Northern Ireland{12) were proposed by
Kirkpatrick et al(13) for use in the whole of Britain but have not yet

been accepted on the mainland.

One objection to these rules is simply that they are empirical. Existing
theory shows, as will be seen iIn Chapter 3, that slabs designed to the
rules will have ample strengths under local wheel loads, provided there is
adequate restraint. It even suggests that there would still be ample
strength with nc reinforcement at all. This, however, is the limit of the
extent to which the rules are proven theoretically. There is also an
apparently serlous omission from the experimental work on which they are
based. An extensive series of tests on laboratory specimens, model bridges
and real bridges was undertaken yet none of the tests produced anything
approaching the full design global load on a bridge. Thus the integrity of
the deck slabs under combined global and local effects is unproven. Also,
they may not give the load distribution which is assumed in the design of

the beams; particularly as global analysis based on uncracked slab
properties 1s recommended(11,14) for use with the rules.

Concrete slab design has come full circle; bridge deck slab design is now
in the position which flat slab design occupled in 1914, On the one hand




there is an empirical design method which seems to work and which is very
economical yet which could be considered unproven: on the other there 1s
the conventional method which is supported by flexural theory but which
seems to be very uneconomical. Just as in 1910 design methods for flat
slabs could not be correct when they differed by 400%, so design rules for
bridge deck slab reinforcement cannot be correct now when they differ by

300%. There is clearly a need for further research.

In recent years the assessment of existing structures has assumed equal
importance to the design of new construction. Current design standards
are used In these assessments, but they often suggest that structures
which have given many years of satisfactory service are unsafe. In many
such cases, compressive membrane action offers the possibility of more
realistic assessment which could avoid expensive strengthening and
reconstruction work. Previous research, having concentrated on new

construction, does not enable this potential to be fully used.

Another problem which has become more important in recent years is
reinforcement corrosion. Resistance to this can be greatly improved by
increasing cover or by using epoxy coated, or other special reinforcement.
Both these approaches would become more economical if membrane action
were considered in design. It has even been suggested that satisfactory
deck slabs could be built without any reinforcement at all, which would

certainly avoid the problem of reinforcement corrosion.

"Localised" reinforcement corrosion 1s belleved to be particularly
dangerous(15) but an interesting implication of membrane actiocn, which has

not previously been considered, is that this may have no significant effect

on the behaviour of slabs.

In the present study the bdehaviour of bridge decks 1s investigated 1in
order to develop and justify a rational design and assessment method which
can be adopted in British practice but which takes as much advantage as
possible of compressive membrane action. The approaches used in the study
include tests on large scale model bridges and a simple elastic analysis.
However, because model tests alone can produce only empirical results,
whiist the behaviour considered is too complex to analyse in full by hand,

non-linear computer analyses are also used.




CHAPTER 2

CURRENT DESIGN PRACTICE

2.1 INTRODUCTICHN

In order to direct this study towards those areas which are important in
design, and to ensure that the knowledge gained will be usable in practice,
it is necessary to begin the study with a good understanding of current
bridge deck design practice. That 1s, of the way bridges are assumed to
behave for design purposes, of the way they are designed, and of the
criteria and codes of practice they are designed to. This chapter aims to
provide such an understanding. There are also more fundamental reasons

for respecting past practice which will be discussed.

Design practice, unlike the real behaviour of bridges, differs significantly
between countries. It 1is not practical, or necessary, to review practice
throughout the world. This study is aimed at improving British practice,
so this chapter will concentrate on British practice. Much of the most
relevant previous research has, however, been undertaken in North America
against a background of North American design practice. There are several
important differences between British and North American design practice
which have greatly influenced the research and render its application in
Britain more difficult than might be expected. In order to appreciate
these problems it 1s necessary to review the relevant aspects of North
American design practice. Only conventional design methods, which ignore
membrane action, will be considered here. The newer empirical design
approach, which allows for membrane action, will be considered in the next

chapter, along with the research from which it was developed.

2,2 CUTLINE DESIGN

2.2.1 Cholice of Form

Before the detailed design of a bridge can be started the form of the
bridge has to be decided; for example solid slab, voided slab, beam and
slab, box girder or arch. In making this decision, engineers are guided by
experience. For particular ranges of epan and sets of circumstances,
certain forms of structure have been found to be most economical. Over
the years these favoured forms change, usually because of changes in
construction technology rather than because of advances in analysis.
Construction considerations are always very important(16), The desired
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erection method nearly always decides the form of the bridge, rather than
the reverse. For example, one does not choose to use precast elements in
8 bridge because it is a beam and slab bridge, one chooses a beam and slab

bridge because it is convenlent to precast.

The few cases when advances in analysis have changed the form of bridges
have arisen when those advances have enabled the analysis of structures
which are physically simpler but analytically more complicated. An example
of this is the virtual extinction of intermediate diaphragms in beam and
slab bridges since load distribution analysis has been in widespread use.
These diaphragms served not so much to distribute load between beams as
to enable this distribution to be analysed. With modern analytical methods
they ére eliminated, sometimes at the price of doubling the transverse
steel in the deck slab. In terms of material cost this change may be
uneconomic, but the difficulty of forming diaphragms in the span is such
that eliminating them leads to significant overall savings. Thus if re-
introducing these diaphragms solved a problem in using membrane action
(and Chapter 3 shows that this is the case) it would still not be

econonmical,

The dominance of construction considerations in the choice of the form of
bridges means that a8 study such as this, which considers only the
behaviour of completed structures, 1s unlikely to alter the form of
bridges. It is thus essentlally concerned with detailed design rather than
with scheme design.

2.2.2 To Stress or not to Stress?
Another decision which has to be taken in the early stages of a concrete
bridge design 1is whether or not to prestress and if so whether to pre- or

post-tension.

Again this decision is often dictated by practical considerations of
construction. It is not possible to build a glued segmental bridge without
post-tensioning and it would be difficult te builld any long-span bridge
(except an arch) of ordinary reinforced concrete. On the other hand, a
small slab 1s obviously more conveniently reinforced and emall precast
beams are more easlily pre-tensioned on a long line bed. Only over narrow

ranges of structures (such as large volded slabs) 1s the decision marginal,




and therefore sensitive to small changes in the relative costs or

quantities of steel required.

In Britain, and most of the rest of the world, it has been found that,
because of the extra operations involved, transverse stressing of bridge
deck slabs is rarely economical. A large number of tendons have to be
fixed, threaded, stressed and grouted, usually with very difficult access.
Much of the cost of these operations is fixed so that, even 1if the
required force were greatly reduced, transverse stressing would still be
unattractive. Because of this, the presént study assumes that deck slabs
will not be transversely stressed. Accordingly, the rest of this chapter
concentrates on the design of ordinary reinforced concrete. In reality,
however, (unlike in most codes of practice) prestressed and reinforced
concrete are not fundamentally different. Also bridge deck slabs are often
effectively prestressed 1in the longitudinal direction by the global
behaviour of the deck. Thus research on stressed slabs can be relevant

and some of it will be considered in Chapter 3.

2.3 DETAILED DESIGN AND CODES OF PRACTICE

2.3.1 The Importance of Codes of Practice

Most major bridge owners, including all of those in Britain, require new
construction to be designed to specified codes of practice. The same
codes are also frequently specified for use in assessment. Because of
this, codes have an importance which they owe as much to their contractual
position as to their engineering merit. This alone justifies the extensive
reference which is made to them throughout this chapter. It also means
that a new design method, such as one which allows for membrane action,
will be much more easily put inte practice if it can be used within
existing codes. Despite this, it is arguable that a research thesis such
as this should be concerned only with fundamental requirements of
structural behaviour, and not with the sometimes arbitrary provision of
codes of practice. Codes do, however, have a considerable engineering, as
distinct from contractual, significence which arises from their two
different, but overlapping, types of source,

2.3.2 Sources of Code Clauses
The first of these sources is the philosophy, theory and test data on

which codes are based. The second is the cumulative experience which they
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represent. The latter means that a code can be considered as a set of
arbitrary rules which have been found to produce satisfactory structures
in the past. Paradoxically, this applies to new codes, as well as to long-
established ones, because they are adjusted to make significant changes to

past designs only where they are known to be at fault,

The two sources of code clauses each have thelr faults. Our understanding
of structural behaviour and our stock of test results are too incomplete
to enable them to be used as the sole basis of a code of practice. On the
other hand experience, as a source of code clauses, allows no innovation
and shows only where provisions are inadequate, not where they are over-
conservative or even unnecessary. It has alsc been pointed out by
Beeby(17) that experience 1s an unreliable guide to design practice when,
as is usual with bridges, the design 1life is long compared with the time-
scale of change in loading, materials and design methods.

Code clauses owe their origins to a complex mixture of theory, test
results, experience and the engineering judgement of the code writers.
Theories are fitted to test results and to experience. New theories and
test results are used to design structures which become part of the stock
of experience. Experience 1s reviewed in the light of new theories, whilst
structures which were desig-ned using discarded theories remain in the
stock of experience. Finally, when experience shows that a subject needs a
code clause but not what the clause should be, and when there is no clear-
cut theory or evidence to go on, the code committee makes an arbitrary
decision. By now it 1is often difficult to tell what specific source, or
even what type of source, any particular code clause is based on. This
may not matter to the ordinary user of the code, but it is important when

the code comes to be reviewed in the light of new discoveries,

Even when the source of a code clause can be identified it may be a
matter of opinion whether the clause is a logical and fundamental
requirement or an arbitrary rule. A classic example of this is the no-
tension rule in prestressed concrete, which can easily be traced back to
Freyssinet(18). This rule illustrates how the source of a code clause
(that is, whether it is a fundamental requirement or an arbitrary rule
which has been found to work) affects, or should affect, the way it is
reviewed in the light of new discoveries. This will be considered in more
detail.




In the 1970's Emerson(19) observed that bridges were subjected to large
temperature differentials with non-linear distributions. This implied that
many bridges designed to the no-tension rule experienced significant
tensile stresses. If the no-tension rule was a logical and fundamental
requirement this was an alarming discovery indicating that the prestress
in those bridges needed to be increased. On the other hand, if the no-
tension rule was simply an arbitrary design criterion which has been found
to produce satisfactory structures in the past, the discovery that some of
those satisfactory structures do experience tension is no cause for alarm.
If anything, it implies that the remalnder of the structures designed to
the rule, which do not experience tension, have more prestress than they
need. It is now widely accepted that the no-tension rule is largely
arbitrary [eg. see Low(20)] but at the time it was treated as though it
was a rational and necessary requirement. The result was that from the
introduction of non-linear temperature distributions into bridge design
practice in 1973(21), up to the implementation(22) of BS 5400(23) and the
use of a degree of so-called "partial prestressing" in 1983, many bridges

were provided with unjustifiably large amounts of prestress.

Research, by providing new theory and test results, can invalidate code
provisions which are based on theory and test results. Where new research
provides sufficient understanding of the relevant aspects of behaviour it
can also supersede code provisions which are based on practical experience.
Often, however, the critical design criteria for bridges are difficult to
define, let alone check by analysis. A bridge has to survive a long life
in an adverse environment and to remain serviceable after experiencing a
complex history of loads: environmental, functional and accidental. When
we cannot fully analyse these things we rely upon experience to fill in

the gaps.

This 1nability to fully analyse all aspects of behaviour, and the
consequent dependence upon experience, tends to make bridge engineers
conservative. If code provisions, and hence design methods, are based
purely on experience how can we know if it is safe to reduce the steel
area in bridge deck slabs? One might think that until we can fully
understand all aspects of the behaviour of structures, we have to keep
using as much steel as we always have. In truth, however, theory can be
used to extrapolate experience and to use experience of one type of
structure in the &eéién_ of another. 7 S S
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If we can prove with new theory that the steel in deck slabs, which is
designed for a stress of 345N/mm=, actually experiences a stress of only,
say, 80N/mm=, it does not prove that it would be safe to design -the slab
with the new theory. Until we can understand all aspects of behaviour we
do not know, from theory alone, that 1t would be safe or that the
behaviour of the slab would be satisfactory. Is it possible that a long-
term or cyclic stress of over 80N/mm* would cause problems? Our
experience of slabs does not answer this question because all the slabs we
can observe were designed by the very conservative method which we are
trying to supersede. Simply supported beams are statically determinate,
however, so we know they experience the stress they are designed for,
Thus we do not need to fully understand all the implications of allowing a
higher stress to know if it is safe; we know it works in beams. Thus,
even if new theory cannot prove that a slab design will be satisfactory, it
can show that the maximum stresses the slab will experilence are less than
those experienced by beams whose behaviour we know to be satisfactory.
Thus 1t ensbles the reinforcement in slabs to be reduced, refining the
safety margins towards, but not below, those already found satisfactory in

beams.

2.3.3 Limit State and Working Stress Codes

The great majority of bridges built in Great Britain are designed te
Department of Transport standards. The loading standard used is BS 5400:
Part 2: 1978{(24) as implemented <(and eignificantly modified) by BD
14/82(25) whilst the design standard for concrete bridges is BS 5400: Part
4: 1984(26) which is implemented by BD 24/84(27). These are limit state
codes but the Department has only recently changed from using 1its own
standards (21,28,29) which were based on the working stress approach. It 1s

helpful to review what this change in concept means.

The basic idea of a limit state code is that the various ways in which a
structure could exhibit unacceptable behaviour are considered in turn. A
structure which 1is on the 1limit of acceptable behaviour is saild to have
reached a certain "limit state". Thus a structure which has the maximum
acceptable deflection could be said to have reached the limit state of
deflection. Checking a design involves checking each limit state in turn.
Partial safety factors and the concept of probabilistic design have been
introduced at the same time as 1imit state philosophy but they are not
central to the concept or definition of a limit state code.
- 9 -




A working stress code specifies allowable stresses. Checking a design
involves using elastic theory to calculate the stresses which exist in the
structure under working loads. These stresses are then compared with the
allowable stress. It is the code writer's responsibility to set the
allowable stress at a level such that compliance with the limit ensures
satisfactory behaviour of the structure.

At first sight the two approaches seem quite fundamentally different, It
might also be thought, as some engineers have argued(30}, that the limit
state approach involves the designer in a great deal more calculation than
the working stress approach. In practice the difference is far less clear-
cut. This 1s largely becasuse- it has never been possible to develop
reasonable stress limits which ensure satisfactory behaviour of a
structure in every respect. The result is that so called "working stress”
codes require separate checks on what are really lim;lt states; such as
deflection and crack widths. Conversely, it has been possible to write
many limit state codes in such a way that compliance with one limit state
(and perhaps some nominal rules as well) ensures compliance with other
limit states. In CP110(31) - now BS 8110(32) - this has been taken to the

point where it is normally only necessary to check one limit state, the
ultimate limit state.

In principle a limit state code needs only to specify the design criteria
for each limit state. It could leave the designer free to choose the
method used to check compliance. In practice limit state codes do give
methods for checking compliance, although these are often optional. The
important point is that, in principle at least, the design criteria are
fundamental characteristics of structural behavicur {(such as strength or
deflection) and are independent of the method used to check compliance.
This differs from the situation in a working stress code where the design
criterion 1is that the stress, as calculated using elastic theory, should
comply with the limits. There the design criterion (stress) and the method
for checking compliance <{(elastic theory) are not independent. The result
‘is that the adoption of 1limit state codes should make the introduction of
new methods of analysis and design into practice much easier than it was
under working stress codes. It should be simply a case of using the new
method to check compliance with the existing fundamental design criteria.
In practice it is not this straightforward, because the design criteria in

limit state codes are not always truly fundamental or independent of the
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methods used to check compliance. Thie will be considered in more detail
for the particular case of BS 5400: Part 4: 1984 (26).

2.3.4 BS 5400: Part 4: 1984

BS 5400 {s a 1limit state code and, as far as reinforced concrete is
concerned, the major limit states which the designer 1s required to
consider are the ultimate limit state and the serviceability limit states
of crack widths and stress limits. There are other considerations, such as
durability, deflection and reinforcement fatigue, but these ‘are not

normally critical in conventional design. The important limit states will
be considered in turn.

a. Ultimate Strength

The need for a check on the ultimate limit state (formerly, and arguably
more correctly, known as the limit state of collapse) is obvious. The
consequences of failure at this limit state are clearly very serious so the
acceptable probability of failure is very low. For this reason the partial
safety factors used in BS 5400 for both loads and materials are larger for
this limit state than for the serviceability limit state.

In principle, the design criterion for the ultimate 1limit state 1s simply
that the structure sho-uld not collapse under the specified loads. This is
a fundamental design criterion so, having specified loads and material
strengths, the code 1s able to give some freedom as to how it is checked.
The usual approach is to analyse the structure using methods which will be
discussed in 2.4 and then to check sections separately for bending and
shear. The bending strength check is done by assuming that plane sections
remaln plane and using the code specified stress-strain relationship for
concrete and reinforcement. There 1is an additional proviso that the
reinforcement should yleld at failure which was introduced to ensure a
ductile fallure mode. As the clause 1is of questicnable value, and has
proved difficult to comply with in some sections, the code allows the
alternative of providing 15% extra ultimate strength.

b. Crack Widths
The nged for the two main serviceability limit states, crack width and
stress, is less obvious and requires some explanation. It 1is desirable to
1imit crack widths for aesthetic reasons but the restriction in BS 5400 is

unnecessarily severe for this purpose. This has arisen because it has
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been assumed that there 1s a relationship between crack widths and
reinforcement corrosion. Beeby(33) and others have sald that neither the
available test evidence nor the accepted theory of reinforcement corrosion
support such a relationship. It seems likely, therefore, that the BS 5400
crack width restriction is unnecessarily severe, although at present it has

to be complied with in design.

In principle a crack width is a fundamental design criterion which 1s
independent of the method used to calculate it. In practice, however, the
avallable crack width prediction formulae give such widely different
results [see Beeby(34)) that the criterion and the method for checking
compliance are interdependent. For this reason BS 5400 explicitly states
that 1its criterion 1is that the crack width as calculated using the code
method should not exceed the specified values. The particular formula
specified in BS 5400 is based on that given in CP 110. The background to
this is given by Beeby (34).

The code only requires crack widths to be checked for functional, not
environmental, loads. It also only requires 25 units of HB load to be
considered, not the full design walue of up toc 45 units. Tension
stiffening is not used if more than half of the bending moment in the
section is due to live load. This 1is to allow for the effect of repeated
loading and for the possibility that a section could have been pre-loaded
to a higher load than that for which cracking is checked. This differs
from CP 110 and makes the crack width prediction formula conservative.
Despite this, and unlike under BE1/73(28), it 1s rarely critical in the
design of the main steel for bridge deck slabs.

c. Stress Limits

The provision of stress limits in a limit state code is something of an
asnomaly. It 1s contrary to the basic concept of a limit state code. If
the deflectlons, strengths and crack widths are satisfactory it is hard to
see how a structure can exhibit unacceptable behaviour due to stress. The
stress limits in BS 5400 have been the subject of a study by the
author (35>. This showed that their purpose Is to ensure reasonably
linear-elastic structural behaviour. This is not a fundamental design
criterion either but it is desirable for two reasons. Firstly, the methods
given in the ccde for checking the other serviceability criteria, such as

crack width and deflection, assume linear elastic behaviour, Thus the
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check 1is needed simply as a check on an assumption made in the other
checks. Secondly, in a structure which went significantly out of the
elastic range, transient loads would <cause permanent deformations.
This would mean that a structure could be influenced by the cumulative
effect of all the loads which it had experienced throughout its life. This
would be extremely difficult, if not impossible, to assess. It is much
simpler to assume that a structure recovers from transient loads and limit
stress so that this is approximately true. It 1s only because of this
restriction that BS 5400 1s able to ignore some load cases when checking
crack widths.

Because of cracking, the real behaviocur of reinforced concrete structures
is not linear-elastic. To ensure even approximately linear behaviour it
would be necessary to limit the tensile stress to the cracking stress of
the concrete, which 1s not considered practical. This means that a precise
analysls of a reinforced concrete structure still requires an assessment
of the cumulative effect of all the loadings which 1t experiences
throughout 1its life. As this is not possible some other approach is
needed. The only rigorously safe approach which is practical is to assume
that the cumulative damage is total, and hence to ignore the tensile
strength of concrete completely. This is done in some calculations,
notably in assessing the ultimate strength of sections in flexure. It is
also done in BS 65400 when assessing the crack widths which occur 1n
sections loaded predominantly by live load. The approach is not, however,
followed rigorously and many of the calculation formulae provided in codes

of practice do depend on the tensile strength of concrete<(6).

The stress limits in BS 5400 sare not fundamental design criteria as they
are not independent of the method used to check compliance. This 1is
particularly true of the concrete compressive stress limitation of 0.5f...
Concrete 1s significantly non—linear at this stress but the code writers
considered it acceptable to allow some redistribution. This means that the
actual maximum stress In a sectlion with a calculated maximum of 0.5f_,
would be less than 0.5f_,,. Despite this it still only Jjust complies with
the code criterion. In axial compression, where there 1is no scope for re-
distribution, the code specifies the much lower 1limit of 0.38f_,  This
inter-relationship between the code's criterion (the stress limit) and the
method of checking compliance (elastic théory) means that, 1if an

alternative analytical method is to be used in design, the design criteria
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have to be reconsidered, a fact which has not always been appreciated by

non-linear analysts. For example, see Edwards(36).

In routine design to BS 5400 it is not usual to check the stresses in
reinforced concrete. The code allows the check to be avolded provided the
analysis at the ultimate 1limit state 1s elastic without redistribution.
The writer(35) has shown that, for normal sections in flexure, this rule
results in designs which are similar to those which would be obtained by
checking the stress. However, sections designed to this rule which are
either heavily reinforced or subjected to axial loads can have calculated
concrete stresses which are significantly above the 0.5f_., limit. Despite
this, such sections behave satisfactorily.

d. Critical Limit State

It can be seen from the preceding sections that ultimate strength 1is
normally critical in the conventional design approach for reinforced
concrete. This has led some researchers(37) to the conclusion that
research on bridges should concentrate on ultimate strength. In reality,
however, ultimate strength 1s critical in design only because of the
conservative approach {(elastic structural analysis) which is used to check
it. This approach is, in effect, deliberately chosen in order to ensure
that ultimate strength is critical and hence to avoild the need to check

other considerations, such as the stress limits.

In the case of deck slabs, which are subjected to concentrated wheel loads,
elastic theory predicts high moment peaks. In reality these peaks re-
distribute. Because of thils, a yield-line analysis of a typical deck slab
designed by conventional methods shows that the ultimate strength 1s twice
what 1is required. If, however, the designer opted to use this analysis for
design he would have to check the service stress. The writer(3%) has
shown that, because of this, the maximum saving in steel area which can be
obtained from the use of yield-line analysis is only about 11%. Thus, if
snalysis taking account of compressive membrane action is to result in
significant economies, 1t must indicate improved serviceability behaviour

as well as strength.
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2.4 ANALYSIS FOR DESIGN - BRITISH PRACTICE

2.4.1 Reasons for Linear Analysis

Linear elastic analysis 1s nearly always used in design. This is partly
because of the code of practice. BS 5400 does allow the use of 1lnelastic
methods at the ultimate limit state but, as we have already seen for
reinforced concrete design, there 1s little to be gained from this. Linear
analysis is also convenient for another reason; the principle of super-
imposition applies and, with the great number of load cases which have to
be considered, this 1s a major advantage. It also makes linear ansalysis

much easier to computerise than other methods.

Linear elastic analysis 1s so0 widely used in bridge design that designers
tend to forget that the real behaviour of reinforced concrete (particularly
lightly reinforced concrete) can be highly non-linear even at service loads.
However, linear elastic analysis does lead to safe lower-bound solutions
which 1s more important 1in design than realism. Also, if <(as was
suggested in 2.3.2) a major justification for the design criteria in codes
is the experience that they have led to satisfactory structures, the mere
fact that linear analysis was used in the design of those structures is
sufficient justification for using it.

2.4.2 Section Properties

Having opted to use linear elastic analysis to analyse a highly non-linear
material, such as reinforced concrete, it 1s necessary to make some gross
assumptions to obtain the section properties. Here BS 5400 gives the
designer considerable freedom. It allows the use of the gross concrete
section, the gross concrete section plus reinforcement transformed on the
basls of the modular ratio, or the reinforcement (again transformed) plus
the concrete but ignoring concrete which is subjected to tension. In a
reinforced concrete frame structure 1t mekes 1little difference which
section properties are used because the relative stiffness of the members
is little changed. Bridge decks, in contrast, are often prestressed (and
hence uncracked) longitudinally but lightly reinforced transversely. Their
transverse stiffness may differ by as much as a factor of 8 between
methods whilet their longitudinal stiffness is unchanged. This
significantly affects the results but, fortunately, any assumption of
section properties will lead to a safe design according to plastic
theory (38),
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Gross concrete sections are almost invariably used because this enables
the final structural analysis to be performed before it has been decided
how much reinforcement to provide. It is not always appreclated that the
alternative cracked transformed section 1is not strictly linear in its
behaviour. Moment 1is proportional to curvature, but only if any axial
force also varies proportionally. Furthermore the cracked transformed
sections 1in sagging and hogging are different in that, even if the
reinforcement 1s éymmetrical, the. moment reversal moves the neutral axis.
It is this tendency of cracked sections to change their section properties
as moment is applied which causes compressive membrane action. This leads
to the possibility that an elastic analysis using cracked transformed
sections would enable compressive membrane action to be used in design
within the existing code. This would avoid the need teo solve the complex
problem of assessing the cumulative effect of load history on non-linear

structures. Such an analysis, which is only linear under proportional
loading, will be considered in later chapters.

2.4.3 Global and Local Functions
It is difficult to analyse a whole bridge in sufficient detail to design

the deck slab reinforcement. It is convenient, therefore, to divide the
behaviour into "global" and "local" functions. The local function of the
deck slab is to support wheel loads spanning between the beams. This can
be analysed by a variety of elastic methods. These are all based on
isotropic plate theory which, as we shall see in later chapters, does not
model slab behaviour well. The most popular methods are those due to
Westergaard (39) and Pucher(40). In this analysis, the slab may be assumed
to be fully fixed-ended or simply supported. Alternatively, an
intermediate case is sometimes used.

The global functions of the slab are to distribute load between the beams
and to act as the top flange of the beams. A variety of elastic methods
have been used for global analysis including methods based on orthotropic
plate theory, such as the Morice Little method(41), and several computer
methods. The modern trend is to use computerised grillage analysls almost
exclusively(42). As a bridge deck is not a true grillage, this requires
some approximations, particularly to represent the torsional behaviour, and
advice on these has been published by West(43). One fault of grillage
analysis for which it is difficult to correct is that it assumes that the
main beams are connected together only by transverse beams which are in
- 16 -




the same plane as the main beams. The beams in real beam and slab decks,
in contrast, are connected together by their top flanges and the in-plane
shear stiffness of these tends to even out the stress between the beams.
Ignoring this is conservative and, although the effect on the slab stress
1s significant [see Hambly(44)], the effect on the beam soffit stresses is
quite small, As the latter are critical in design the effect of the error
on design is not important.

The calculated global and local transverse moments in the slab are
normally simply added together. This is not strictly correct as the end
moments assumed in the local analysis should, theoretically, be applied to

the global analysis.

In the longitudinal direction the global behaviour imposes an axial force
on the slab. It is common practice to ignore this in designing the slab
reinforcement. The code explicitly allows this at the ultimate limit state,
epparently because it assumes sufficient redistribution capacity. Where
the force is always compressive (that i1s in a simply supported deck) it
can be shown that it is conservative to ignore 1t, even at the
serviceability limit state.

2.5 ANALYSIS FOR DESIGN — NORTH AMERICAN PRACTICE

Bridge design throughout North America is strongly influenced, although not
always controlled, by the American Association of State Highway and
Transportation Officials Standard Specification for Highway Bridges(45)
(AASHTO). This differs from the British Standard in philosophy, detailed
design methods, loading specification and analytical method adopted. Of
these differences the last is the most significent to this study.” It is

also the least well known sco it alone wiill be considered in detail.

The AASHTO standard does allow global analysis to be performed in a
similar manner to that normally used in Britain. However, it is usual to
distribute the wheel loads between beams using a table of distribution
coefficlients provided in the Standard and then to use simple beam theory.
This gives a less favourable distribution than the British approach. If
the beams are not closely spaced it gives a static distribution, which is

certainly conservative.
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A table of values is also provided for the local analysis. This is based
on Westergaard(39), which is one of the methods often used in Britain, so
the results are similar. The most significant difference from British
practice is that the main steel in the deck slab is designed only for the
local moment. The global transverse moments are not calculated or
specifically designed for at all.

Global transverse moments obviously do occur in American bridges so 1t is
interesting to assess their significance. Where a static load distribution
1s used in designing the main beams, global transverse moments are not
needed to maintain equilibrium. Thus, according to plastic theory, the
American approach leads to designs with adequate ultimate strength. This
does not necessarily ensure satisfactory service load behaviour, but the
writer 1s not aware of any cases of failures in American decks which can
be attributed to global moments. This can be explained by the
conservatism of the method used for local analysis. The reinforcement
designed only for local effects 1s adequate to resist global moments
because the global moments are smaller than the calculated local moments.
This would not apply to many British "M" beam deck designs (eg. see
Reference 46). The small close-spaced beams lead to higher global, but
lower local, moments than the larger wider-spaced beams which are used in
North America. The British HB 1load also gives much higher global
transverse moments than does the American design loading. Thus it seems
likely that the American design approach would not work for many British
bridges. The author also understands that problems have been experienced
with some bridge deck slabs in the Middle East, apparently due to a
combination of designing British-style decks to AASHTO rules and very poor
control of vehicle and axle weights.

2.6 CONCLUSIONS AND IMPLICATIONS FOR THIS STUDY

The basic form of bridges is 1largely dictated by construction
conslderations, so it is unlikely to be changed by this study. Accordingly,
-the remainder of the study will concentrate on the detailed design of the
forms of bridges in current use.

The conventional methods of analysis and design which have been reviewed

in this chapter assume structural behaviour which 1s often very different

from the real behaviour of reinforced concrete. Neverthelese they have

produced structures which have behaved in a satisfactory fashion. .They
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should be respected for the wealth of experience which they represent.
This does not mean that complicated structures, such as bridge deck slabs,
which appear to have been over-designed in the past, always have to be
over-designed in the future. It 1is possible to refine analytical methods
within existing codes so that effects like compressive membrane action are
allowed for in design. This amounts to reducing the safety margins in
such structures towards, but never below, the standards already accepted

{and found satisfactory) in simple statically determinate structures.

Even if a more radical approach, based on first principles, is to be
adopted, this review has important lessons. It shows clearly that ultimate
strength 1s not a sufficlent conditlon for e satisfactory structure.
Serviceability criteria and the effect of the complex load history of a
bridge have to be considered. It shows too, that a deck slab design needs
to consider global, as well as local, effects. Finally it shows that many
of the design criteria given in codes of practice are only strictly wvalid
in conjunction with the methods specified for checking them. If other
methods are to be used the criteria have to be re—considered. This
applies particularly to the serviceability criteris, such as crack width and
stress limits, which are less fundamental than ultimate strength.
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CHAPTER 3

PREVIOUS RESEARCH

3.1 INTRODUCTICN

The stock of evidence showing that conventional flexural theory under-
estimates the strength of restrained slabs is vast. It includes tests on
real structures (5,9,47,48,49), model structures(10,13,50,51,52> -and
laboratory specimens(53,54,55,56) under both concentrated(10,13,51,52,55)
and uniformly distributed(5,9,50,54,56)> loads. Much of this extra strength
has been attributed to compressive membrane action. As a result,
particularly since 1955 when Ockleston(8) published his test resﬁlts,
membrane action has been the subject of extensive research, both
theoretical and experimental. Research has been undertaken in many
countries over a long period of time. It 1s thus not practical to review
all the 1literature in detail. This chapter aims only to establish the

present state of knowledge of the subject as it affects, or could affect,
the design of bridge deck slabs.

Much of the experimental work which 1s most directly relevant to this
study, including most of the Canadian work mentioned in Chapter 1, has
been conducted 1in the last fifteen to twenty years. Non-linear finite
element analysis, capable of allowing for compressive membrane action, has
been developed over much the same period. Despite this, there is almost
no reference to the non-linear analytical work in the experimental studies

so it is convenient to consider finite element studies entirely separately
in Chapter 5.

3.2 REINFORCED AND PLANE SLABS

3.2.1 Bending Strength

As 1t was the realisation that flexural theory under-estimates the
strength of restrained slabs which promoted the interest in compressive
membrane action, it wase natural that research should concentrate on
bending strength. Many researchers have extended flexural theories to
allow for in-plane forces. Most have used Johansen's Yield-Line Theory(57)
as their starting peint but a variety of approaches have been used. It is
convenient to 1illustrate each in turn by considering the simplest possible
case; a symmetrical restrained slab strip with equal top and bottom

reinforcement.
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le greatly enhanced by the restraint, but 1is only slightly greater than
that of the unreinforced slab.

The load on the slabs reduces as the displacement increases. The
unreinforced slab will not support any load at all at displacements
greater than 0.67h. The reinforced slabs reach a minimum load but then
the load starts to pick up again. This 1is because the slabs start to work
by tensile membrane action; the 1load 1s supported by the vertical
component of the tension in the reinforcement. Eventually the load carried

in this way can exceed the initial "ultimate" load.

Real slabs are not rigid between their yileld-lines so they do not reach
their maximum compressive membrane load at zero displacement. Thus the
real peak load is lower than shown in Figure 3.2, and occurs at significant
displacement. However, apart from this, Figure 3.2 gives a good indication
of the behaviour of slabs, subject to certain conditions which will be
discussed 1n 3.2.2 to 3.2.4. Researchers, such as Brotchie and Holley (56),
have performed tests under displacement control and traced the descending

and ascending part of the curve after the ultimate compressive membrane

load is exceeded.

The ability of reinforced concrete slabs to support significant load by
tensile membrane action may occasionally be useful for resisting
exceptional accident loads. However, because of the very large
displacements required, it is of no practical use in the design of bridge
decks. Slabs with realistic span to depth ratios become unserviceable long
before they enter the tensile membrane range. In most practical bridge
deck slabs a deflection of 0.05h would be excessive.

Although the basic approach of rigid plastic deformation theory 1is simple,
the algebra becomes complicated when the yileld-line patterns of two—way
spanning slabs are considered. Solutions have been published for only a
few cases. One of the first to be solved was the axi-symmetrical case of
a fully restrained circular slab with isotropic reinforcement, This was
published by Wood(58), who went on to use it to give an approximate
solution for square slabs. He then compared the predictions of this
theory with the avallable test data. Because of the elastic deformation,
the theory over-estimated the strengths. Wood suggested that this could
be allowed for by multiplying the predicted loads by a reduction factor.
He found that the measured factors veried from 0.4 to 0.8; the smaller
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factors occurring in the more lightly reinforced specimens. This was
because heavily reinforced slabs are less sensitive to restraint. If the
factor is calculated from the increase in load compared with that given by
yleld-line theory, rather than from the total load, the range of observed
values 1s much smaller and there 1s no consistent trend with steel area.

Brotchle and Holley(56) used an alternative approach for correcting the
unsafe predictions of rigid-plastic theory. Instead of multiplying the
load predicted for zero displacement by a reductlion factor, they used the
load predicted for the displacement at which rigid-plastic theory gave the
same load as an elastic analysis. Since both theories give upper-bound
solutions for the load at a given displacement on a structure composed of
elastic~plastic materials, it appears that this should over-estimate slab
strength. This explains why "theoretical maximum loads are slightly higher
than the test results for the thinnest slabs". However, the theory tended
to be conservative for the thickest slabs, which had a span to depth ratio
of only 5. This was because elastic flexibility has little effect on the
strength of such slabs whilst the effect of trlaxial enhancement Iis

greater than in shallow slabs. They attempted to allow for this but their
correction was conservative,

b. Rigid-Plastic Flow Theory

Plastic deformation theory assumes that concrete develops its plastic
compressive stress whenever it 1s subjlected to compressive strain. In
reality, not only does the strain have to be significant, it has to be
increasing; the stress reduces rapidly if the strain decreases. Equation
3.1 predicts that the neutral axis moves closer to the compression face as
the deflection iIncreases. This implies that some concrete, near to the
neutral axis, experiences a reducing strain and so will not develop its
full compressive stress. The resulting error in the analysis can be
avolded by using "flow theory" which assumes that the full stress is
developed whenever the strain is increasing. The derivation of Equation
3.1 1s then replaced by its first differential with respect to displacement

or, more correctly, time. Breestrup(8) has shown that this leads to:
d. = h/2 - w/2

and the load displacement relationship for the simple strip can then be

calculated in the same way as before.
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will be considered later. For the slabs which Morley considered the
predictions were reasonably good.

c. Elastic-Plastic Theory
Johansen's Yield-Line Theory(57) gives very good predictions for the

strengths of unrestrained slabs despite ignoring elastic deformations.
This 1s possible because it predicts loads which are independent of
displacement. Thus elastic deformations can significantly increase
deflections without affecting strength. When membrane forces are
considered, in contrast, there is a relationship between load and deflection
even In plastic theory. Thus elastic deformations affect strength and it

is useful to consider them in an analysis.

The analysis 1s particularly sensitive to elastic shortening of the slab
because, as will be seen from Figure 3.1, small movements have a large
effect on the behaviour, particularly at small deflections. Ideally,
however, both in-plane and flexural deformations would be considered. The
full equations for this have been formulated by Massonnet(61) and have
been applied to rectangular concrete slabs by Moy and Mayfield(62). The
mathematical complexity of the equations is such that hand solutions are
not practical so Moy solved the equations numerically by computer using a
non-linear finite difference approach. Although this approach works
reasonably well, it has proved difficult to develop general computer
programs. Because of this the approach has been largely superseded by the
finite element method, which will be considered in Chapter S. It would be
particularly difficult to develop a finite difference program which could
be used by a non-specialist in & wide enough range of circumstances to
make it commercially viable. Because of this the finite element method is
far more suitable for direct use in design and the finite difference
method will not be considered further in this study.

When elastic deformation is included in a hand analysis it 1s necessary to
make some gross approximations to simplify the mathematics. The approach
adopted by Park(54), which has been followed by many other studies, was to
ignore the flexural deformation and to assume the axial strain to be
cecnstant along the length of the strip. Since flexibility in the in-plane
restraint has exactly the same effect on the behaviour as the axial

flexibility of the strip, it is both useful and convenient to include it in
the analysis.
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increasing deflection than the theory predicted. This was due to the
difference between the real behaviour of concrete and the ideal plastic

behaviour assumed in the analysis.

Christiansen(63) developed a theory for restrained beams which is similar
except that he added the elastic bending deflection into the analysis. He
calculated this using the uncracked section. In addition to applying the
theory to beams he also applied it to slabs, including two-way spanning
slabs. In these the deflection, and hence the effect of membrane
enhancement, varies across the slab width. Christiansen avoided this
complication by "considering only arching action across the shorter span at

the centre of the longer span." As expected <(and intended) this gave

conservative answers.

Park(54) used his strip theory to estimate the strength of two-way
spanning slabs. He did this by assuming a central deflection and using
the strip theory to obtain the moment to use in the virtual work equations
obtained from normal yield-line theory. He chose to use a central
deflection of h/2, which was based on a study of test results. He
acknowledged that this deflection was conservative for slabs with span to
depth ratios below about 20. He also acknowledged that it i1s a greater
deflection than his graphs, based on his strip theory, suggest. In fact,
because of the error mentioned earlier, his graphs show peak loads which
are slightly lower than they should be and which occur at significantly
higher deflections than they should. Thus the h/2 used by Park does not
agree with the strip theory but Park suggested that this was Jjustified by
the elastic bending which the analysis ignores. He showed that the theory
gave goed predictions for the strengths of slabs subjected to uniform
loads. However, because of the use of a deflection of h/2, 1t is

conservative for slabs with short span to depth ratios.

The algebralc complexity of this elastic-plastic theory of two-way
spanning slabs makes 1t difficult to use and gives it a false impression
of accuracy. In fact, it 1is based on gross assumptions. It is quite
different from the use of elastic-plastic material properties in non-linear
computer analysis. It assumes that the whole depth of the slab is plastic
at the critlcal sections. Elsewhere 1t 1is taken to be elastic for axial
behaviour but rigid in flexure. The assumption that the axlal strain of

the slab strips is constant at mid-depth can easily be shown to be wrong,
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for example the neutral axis depth at the yield-line is always less than
h/2 which implies an axial shortening at this section. Thus the major
Justification for the equations developed by Park is not the theory on
which they are based so much as the fact that they have been shown to
glve reasonable results. This is significant as it implies that the
approach 1s essentially empirical and thus may not be valid outside the

range of cases for which 1t has been tested.

Mc Dowell et al(64) developed a different form of elastic-plastic analysis.
Although intended for use with masonry walls, it is equally applicable to
unreinforced concrete. It used the geometry shown 1in Figure 3.1 and
assumed that the strain varied linearly in the span direction, from zero at
the crack to a maximum in the compressed region. This was acknowledged
to be an arbitrary assumpticon, and it is easy to prove that it 1is not
correct, but it 1s just as reasonable as Park's assumptions. Since the
total reduction in the slab length at any depth can be calculated from the
geometry shown in Figure 3.1, this enables the strain to be calculated at
any position. Mc Dowell used the strains at the yleld-line positions to
calculate the stresses, and hence the bending moments, using an elastic-
plastic stress distribution. He assumed that, once the plastic stress had
been reached, a subsequent reduction in strain would reduce the stress to

zero. This made his approach equivalent to flow theory.

Rankin (65) has successfully applied the approach to unreinforced concrete
slabs. He alsc adapted it to reinforced slabs by adding the effect of the
reinforcement. Skates, Rankin and Long(66) used a simllar approach
although their method for combining the components of the moment capacity
due to arching and reinforcement was slightly different. Rankin
acknowledged that his flexural and arching analyses assumed different
strain fields and the same 1s true of the approach used by Skates et al.
The main consequence of this 1s that the assumption that the reinforcement
yields could be inconsistent with the strains assumed in the arching
analysis. Although not stated in the other literature, this is a fault
which 1is shared with all the analyses considered in this section. Rankin
suggested that the resulting unsafe predictions could be avoided by
limiting the calculated moment capacity to the "balanced" capacity proposed
by. Whitney(67) which is approximately 0.27f__.bd=. This restriction appears
to be conservative. Rankin pointed out that, taking d/h as 0.8, the

maximum possible arching moment capacity of an unreinforced slab
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approximates to this capacity. However, even 1if it does not yield,
reinforcement does increase the moment capacity. Also, in some bridge
decks, d/h 1s significantly less than 0.8. Another conservative aspect of
Rankin's analysis is that although the reduction in the concrete lever arm
due to" deflection is included, the increase in the steel lever arm 1s not.
Thus the analysis would be conservative for shallow heavily reinforced
slabs. Despite these faults, Rankin obtained good results and his approach
will be considered further in 3.2.4.

3.2.2 Flexural Shear Strength

The theories considered in 13.2.1 assume that flexural fallure precedes
shear failure. With few exceptions, this assumption 1s made in the
literature without any pa;rticular Justification. It 1s therefore necessary
to investigate the valldity of the assumption and again it is convenient
to consider the simple slab strip shown in Figure 3.1.

"If the span to depth ratic is less than about 20, rigid plastic flexural
theory 1implies a shear force which exceeds the ultimate shear strength
given by BS 5400, However, this ignores the fact that an axial
compressive force enhances the shear strength of a concrete section. A
simple correcfion for this, such as that given in the column clauses of
BS 5400, suggests that shear fallures are only possible 1f the span to
depth ratio 1s less than about 6. Since the code rules are conservative,
and shear strength 1s further enhanced if the shear span to depth ratio is
less than around 2.5 (which is equivalent to a flexural span to depth
ratio of 5), this means that shear failures in the type of strip shown i1n
Figuré- 3.1 are unlikely.

This argument can be extended to show that shear failures are unlikely in
‘practical restrained slabs subjected to uniform loads. and explains why no

‘such failures have been reported.

323 ‘Punching Shear Strength

Even allowing for the limitation on the load imposed by the bending
strength of a slab, the shear stress in the vicinity of a concentrated load
is much higher than under a uniform load. Because of this, slabs subjected
" to concentrated loads are likely to fail by punching and test results
confirm this(10,13,51,62,55). Despite this, restrained slabs are stronger
than unrestrained -slabs and, typically, five times stronger than suggested
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by conventional design rules which assume flexural failures. Several

attempts have been made to analyse the effect.

Aokl and Seki(68) have modified Moe's(69) equation for punching strength
to allow for membrane forces. However, the correlation with their test
results was not particularly good and they obtained a better relationship
using a purely empirical formula. Although this formula worked reasonably
well for their tests the author has found that it gives unsafe predictions

for many other restrained slabs and it will not be considered further.

The realisation, following research by Young(70), that bridge deck slabs
fail by punching at high lcads prompted the Department of Highways and
Transportation in Ontario to sponsor a major research programme into
punching. After largely experimental studies by Tong and Batchelor(5!t) and
Batchelor and Tissington(71), Hewitt and Batchelor{(72) endeavoured to

develop a theoretical model by modifying an existing theory for punching
in unrestrained slabs.

They found that the best available theory for punching in unrestrained
slabs was that due to Kinnunen and Nylander(?3). Kinnunen observed that
the punching failure modes of slabs were approximately axi-symmetrical,
even for rectangular specimens, so he used an axi-symmetrical analysis. In
this model, which is 1llustrated in Figure 3.6, outer portions of the slab
bounded by & shear crack and two radial cracks are assumed to rotate as
rigid bodies. The load is taken by the compressed'conical shell above the
shear crack which is assumed to be shaped such that the concrete stress
le constant. The system 1s taken to deform linearly with load until a
limiting strain is reached and the system fails. The stress 1in the
compressed shell at failure is calculated allowing for the enhancement due
to the triaxial stress state. Finally an empirical correction factor of 1.1

is spplied to allow for dowel effect in the radial bars which the analysis
ignores.

Hewitt and Batchelor applied the theory to 137 test results and obtained
good results. They said that they were better than Moe(69) obtained using
a purely empirical relationship. However, since Kinnunen and Nylander used
empirical  factors for 1limiting strain, triaxial enhancement and dowel
effect whilst Hewitt and Batchelor increased t-he factor for dowel effect
from 1.1 to 1.2 to improve correlation, the resulting "theoretical punching
load" 1is largely empirical. In effect, the model was used only to give a
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Holley <(56)". This gives a neutral axis depth at the support of h/2 - w/4
as in Equation 3.1, However, this assumes that the neutral axis depths at
the support and mid-span are equal which conflicts with Kinnunen and
Nylander's assumptions. There is also no reason why the actual restraint
force and moment should both be reduced by the same percentage relative
to their respective maximum values. Thus Hewitt's approach is, in effect,
largely empirical and he appeared to acknowledge this, saying "It 1is not

implied that the actual boundary restraint and distribution of stress are
known at the instant of failure".

Hewitt obtained the restraint factor values, R, for real -slabs by back-
calculation from observed failure loads. Although he said "It is a fact
that R varies from =zero for a simply supported slab to unity with
idealised restraint" the highest value he observed was only 0.77. There
appear to be two reasons for this. Firstly Hewitt's analysis with full
restraint invariably gives a depth to root of crack which is greater than
h/72. This 1s only geometrically compatible with his assumption that the
neutral axis depth at the support is h/2 if the supports are jacked closer
together. Secondly, Hewitt assumed that the top steel at the supports
reaches yleld which, except with large deflections, 1s incompatible with
the assumed neutral axis position. Thus "full restraint™ in his theory
appears to represent the ideal restraint forces, that 1s the forces which
lead to the highest failure load, and not <(as some of his statements
imply) the forces which arise with ideal (rigid) restraint; R = 1 could
only be obtailned by prestressing. Another oddity of the model is that it
assumes that a volume of concrete, bounded on one side by a shear crack,
rotates as a rigid body until a shear compression failure occurs; yet all
the descriptions of failures show that the shear crack does not appear

until the faillure load is reached.

Clearly, allhough claimed to be a theoretical model, the approach 1is
essentially empirical. Hewitt claimed that it gave acceptable predictions
for the strengths of realistic bridge deck slabs and it has been used to
develop charts for assessing the strength of existing bridges(ll). In
order to ensure that these are safe, snd to avold the need for separate
charts for use with steel and concrete beams, they are based on a
restraint factor of 0.5 even though tests on concrete bridges suggest that

values as high as 0.7 give more accurate predictions.
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Kirkpatrick, Rankin and Long(l3) have developed an alternative analysis of
punching in restrained slabs. Like Hewitt's approach, this was developed
by modifying a theory for punching in unrestrained slabs. The theory used
was Long's(74) "two-phase approach" which gave the strength of a slab
which fails in shear before the steel yields as;

4(c+ddd x 0.42(f_,,2° 5(100p)°. =&
0.75 + 4c/ D

where ¢ is the side of the square loaded area, f.,, 1is the cylinder

compressive strength and the other notation is as used previocusly.

Kirkpatrick et al took the denominator <{(which is a correction for the
effect of the ratio c/D as constant at 1, arguing that the effect of
variation was small. This is reasonably true for the type of specimens
originally considered by Long, but the value of the denominator for some
of Kirkpatrick's slabs was as high as 1.6 so the stated reason for ignoring

this factor 1is unsatisfactory.

For fully restrained slabs they argued, by reference to test results, that
the effect of reinforcement was small and they took the term (100p)®-25 to
represent the influence of flexural strength on shear strength. The value
of p which they used was the equivalent steel area p_.; the area of steel
which would be required to give an unrestrained slab the same moment
capacity according to normal flexural theory which the fully restrained
slab had according to restrained strip theory. The particular theory which
they used was that due to Mc Dowell et al(64), although it appears that
any of the methods described in 3.2.1 could be used. Because of the

fourth root term, the cholce of appreoach has little effect.

Kirkpatrick appears to have accepted that his approach was largely
empirical. However Rankin{65) has developed a similar approach, to analyse
punching at columns 1in flat slabs, and he attempted to give it a
theoretical basis. He assumed that fallure occurred when the compression
zone falled in shear. Because compressive stress tends to enhance the
shear strength of concrete, he saild that the critical position was at the
flexural neutral axis. He calculated the shear strength of the compression
zone assuming an elastic stress distribution and a critical section at d/2
from the face of the loaded area. Then, arguing that shear was

transmitted across the shear crack by . aggregate interlock and dowel
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forces, he sald that the total shear capacity was 2 to 5 times the

capacity of the compression zone.

There are many faults with this as a theoretical analysis. Firstly, the
shear failure criterion at the flexural neutral axis was based on maximum
principal tensile stress. This 1s not really a fallure criterion for the
slab at all; it merely suggests that the shear force reduces the neutral
axis depth, a fact which 1s well known from research on beams(75).
Secondly, if (as Rankin said and as the observed behaviour suggests) slabs
fail as soon as the shear crack appears, dowel forces cannot contribute
significantly to the ultimate strength; only tc the post-ultimate
behaviour. Thirdly, the geometry of the fallure mode appears to suggest
that there is no shear displacement across the shear crack; it merely
opens up. Thus the aggregate interlock force must be small as Chana(75)
has found for beams. However, in beams the load continues to increase
after a shear crack appears and Chana found that the dowel effect was
very significant. Using his approach, it 1s possible to quantify the force
for a punching faillure. Because (as Rankin noted) the inclination of the
shear crack means that the failure surface is very long at the position of
the reinforcement, the dowel force in slabs with conventlonal quantities of
reinforcement is large. The assumption that this force is realised before
failure occurs is hard to reconcile with Kirkpatrick's observation (and
assumption) that reinforcement has 1little effect on strength. Although
Rankin was a co—author of Kirkpatrick's paper(l3), they appear to have
differed on this point. Rankin(65) took the dowel force to represent 25%
of the shear strength of a reinforced unrestrained slab. He therefore
assumed that the shear strength of a restrained unreinforced slab with the
same depth of concrete in compression at the critical section would be 25%
lower. Kirkpatrick, like Skates(66) in a more recent paper, used the full
shear stress even In unreinforced slabs. Despite this, differences in their
methods for estimating neutral axis depth make Kirkpatrick's formula more

conservative than Rankin's for typical bridge deck slabs.

Kirkpatrick said that his formulae gave good predictions for test results
and it is iInformative to compare his approach with Hewitt's. Both are
essentlally empirical so they can only be compared by comparing their
predictions. However, since they were calibrated using sets of data which
are not only very similar but which overlap, the absolute value of their

predictions give little idea of the relative merits of the approaches. As
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might be expected, both give reasonably good predictions for typical slab
test results. A better indication of their relative merits is given by the
predicted relationship between failure load and the important variables

which affect it. These will now be considered in turn.

a. Loaded Area

Since Hewitt considered a critical section at the face of the loaded patch,
whilst Kirkpatrick considered a critical section at d/2 from the face, it
might be thought that Hewitt's predictions would be more sensitive to
patch size than Kirkpatrick's. However, Kinnunen and Nylander's empirical

corrections for limiting strain and for trilaxial enhancement more than

compensate for this.

Taylor and Hayes'(55) results enable the effect of patch size to be clearly
identified. They suggest that Kirkpatrick's apprecach is remarkably -good in
this respect. However, including Long's original correction for c/1 makes
it significantly worse, suggesting the factor was removed to improve the
results. Hewitt's analysis exaggerates the effect of patch size but it is
only with Taylor's smallest patch size (2h/3) that the error is really
significant and this 1s outside the range of c/h ratios which normally
occur in bridge deck slabs.

b. Concrete Strength

Because Hewitt and Batchelor's theory assumes a shear compression failure,
whilst Kirkpatrick et al's implies a shear tension failure, they differ
significantly in their predictions for the effect of concrete strength.
Long's two phase approach gave a square root relationship <(and he
suggested that a coefficlent of 0.4 was slightly better) but Kirkpatrick's
method of calculating p, Increased this up to f.,°-7% for very short span
to depth ratios. However, 1t 1s not clear if this is justified by the
theory itself. It is generally accepted that such shear failure loads are
proportional to something between f__,°® (as in BS 8110 snd BS 5400) and
the tensile strength of concrete (approximately proportiocnal to f._°-®)
Also, although Long's original paper implied that the term p®-2% was purely
empirical, Rankin{65) suggested that it was used because, for the relevant
reinforcement ratlos, the neutral axis depth 1is approximately proportional
to p@=2% If so, it would be more logical to use the neutral axis depth
given by the archiﬁg theory (as Rankin did), rather than going indirectly
to an approximate value via a hypothetical equivalent reinforcement area.

_37_












reinforcement genuinely had no significant effect on Kirkpatrick's results.
They also show no sign of the difference between the centre bay (bay 2)
and the edge <(bays 1 and 3) whereas this effect 1s very significant in

Beal's results.

These differences between Kirkpatrick's and Beal's results could be because
Kirkpatrick's stiff concrete beams, diaphragms and parapet upstands
provided adequate restraint whilst Beal's deck, with its flexible steelwork
and no upstands, was more dependent on the slab and its reinforcement for
restraint. However, restraint factors back-calculated using Hewitt's
approach are little different for the two decks. Those for Kirkpatrick's
deck are in the range 0.5 to 0.7 whilst those for Beal's reinforced panels
are in the range 0.45 to 0.75. Thus the greater effect of reinforcement
on Beal's results cannot be explained by lack of restraint, although it
seems likely that the steel girders in Beal's deck did provide less good
restraint. The high restraint factors observed near the centre of his deck
appear to be the result of global effects which gave the centre portion of
the slab a significant bia:;cial compression.

Beal noted that Hewitt's theory, with & restraint factor of 0.5 as
recommended by the Ontarlo code, gave conservative results. The
predictions approximated closely to his results for the outer portions of
the deck. He does not appear to have analysed the unreinforced sections
but the auther has found that Hewitt's theory over-estimates their
strengths by a factor of up to Just over 2. This 1s better than
Kirkpatrick's predictions which are unsafe by a factor of up to nearly 3.
Kirkpatrick's predictions for the reinforced areas are slightly higher than

Hewitt's and are thus closer to the average observed values.

Clearly the effect of reinforcement on the strength of Beal's slabs was
greater than Hewitt's theory predicts and much greater than was observed

by Kirkpatrick. The reasons for this will be considered later.

Beal sald that Hewitt's theory ignores "compression steel” so the top steel
has no effect on predicted strength. It is true that Hewitt ignored
compression steel but he did consider top steel at the support. The
reason Beal's had little effect on the predicted strength was that it was
very close to mid-depth. According to Hewitt's model, mid-depth steel
should have no effect on the strength of a fully restrained slab. However,
the fact that his theory still predicts no effect in partially restrained
- 41 - '







restraint but, like Kirkpatrick, he assumed that they would not occur in
realistic bridge deck slabs. '

It is difficult to clearly identify the effect of span from test results.
As with reinforcement sares, tests on model bridges appear contradictory.
Kirkpatrick obtained virtually identical results for his two span lengths
(/h of 9.4 and 125 or 7.2 and 10.2 if only the clear span between the
stiff beams 1is considered) but Batchelor(78) obtained an average 43%
higher load with an 1/h of 13.7 than with 20.7. However, since Kirkpatrick
varied the span within a single model, whilst Batchelor varied it by
testing three and four-beam models of the same width, it seems likely that
Kirkpatrick's longer spans were better restrained than his shorter spans
whilst Batchelor had the reverse situation. Even ignoring the unreinforced
bays, Kirkpatrick's analysis over-estimates the strength of Batchelor's
longer spans by some 30%. It gives better predictions for the shorter

spans although it 1is still slightly (18%) optimistic for the unreinforced
bays.

Despite the differences i1n the restraint, and consequent difficulties of
interpretation, a trend can be detected from the analysis of Kirkpatrick,
Batchelor and Beal's results: increasing the span reduces the strength of
unreinforced slabs by more than either theory suggests but it also
increases the effect of reinforcement. This could easily be explained if
the fallures were flexural rather than shear failures. In 3.2.1 we saw
that the greater deflections assoclated with longer spans reduce the area
of concrete in compression and reduce the lever arm at which it acts,
whilst increasing the lever arm at which the steel acts. This effect is
allowed for by Hewitt's analysis but {t is greatly under-estimated because
the deflection 1s under-—estimated. Hewitt's analysis under-estimated
Kirkpatrick's small deflection at failure by a factor of 2 and Beal's, which
were of the order of h/2, by a factor of up to 10. Kirkpatrick's analysis
does allow for the reduced concrete contribution with longer spans but,
because of the fourth root term, it under-estimates the effect. Neilther
Hewitt's nor Kirkpatrick's analyses are capable of allowing for another

effect of deflection; it increases steel strain and hence, if the steel has

not reached yileld, steel force.

It appesrs that both theories would become unsafe if they were applied to

slabs, particularly unreinforced slabs, with very large span to depth
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ratios. However, neither are recommended by their originators for use
above a span to depth ratio of 18. Within thils restriction they are
reasonably safe. Although Beal's slab was well within this J/h ratio the
results which fell below the predictions were for panels which had neither
the nominal steel nor the edge stiffening recommended by both Kirkpatrick
and Batchelor. It should also be noted thalt both theories correctly
predict that the failure loads of such slabs are so high that their precise

values have no practical significance; the safety factors suggested by the
tests were in the range 5 to 30.

e. Multiple Loads

Another effect of increasing the slab span is to increase the effect of
the other wheels of the HB load. Neither Kirkpatrick's nor Hewitt's
analysils enables this effect to be assessed. Kirkpatrick's choice of a
critical shear perimeter at d/2 from the loaded area implies that wheels
spaced by more than 2c + d centre to centre should have no effect on each
other, However, the empirical nature of the approach makes this dublous
and Kirkpatrick's own tests confirm this: for the longer spans, two wheels
spaced by over twice this distance falled at only 40% more total load than
single wheels. Hewitt's analysis implies that wheels spaced by less than 1
‘could affect each other. This is confirmed by Kirkpatrick's tests. For his
shorter spans the HB wheel spacing corresponded to 1.2 1 and there was no
effect. For the longer spans the same spacing corresponded to 0.91 and
the effect was very significant. However, since the presence of the second
wheel violates the assumption that the system 1s axi-symmetrical, Hewitt's

approach does not enable the effect to be quantified.

3.2.4 Ductility
Most of the membrane flexural theories considered in 3.2.1 are based on
plastic theories, such as Johansen's yield-line theory. An important

sssumption of these theoriles is that the behavicur is ductile.

Reinforcement 1s ductile, whilst concrete 1s relatively brittle. Thus,
although 1in reality there 1is a continuous transition f{rom ductile to
brittle behaviour, the assumption of ductility is normally considered wvalid
provided that the tension reinforcement ylelds before the concrete crushes.
This means that sections are considered ductile provided the ratio d./d
under ultimate moment is less than some critical value. The critical ratio
varies slightly according to the material properties.
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In the absence of axial forces, the neutral axis depth ratio is a function
of the reinforcement percentage. The requirement for ductility thus
reduces to a critical reinforcement ratio which is around 1.2%(79). This

includes most bridge slabs and nearly all building slabs.

In contrast to the situation in unrestrained slabs, the theory considered
in 3.2.1 suggests that the neutral axis depth in a restrained slab is a
function of the iIn-plane restraint. It is also fixed relative to the
overall, rather than the effective, depth. Simple calculations show that
realistic bridge deck slabs almost never comply with the ductility
requirement. In many cases, calculations suggest that the steel stresses
should still be quite low when the concrete crushes. This is confirmed
by researchers who have found that such slabs fail In a brittle fashion
before the reinforcement, often even in the critical areas, has reached
yleld. Thus it appears that few of the theories considered in 3.2.1 are
valid in bridge deck slabs.

Building slabs tend to have larger span to depth ratios, relatively poor
restraint and higher effective depth to overall depth ratios. Thus they
are more ductile than bridge deck slabs and hence their behaviour is
better predicted by plastic theories. Despite this, calculations suggest
that the behaviour of some of the slabs which have been tested should be
brittle. This was often supported by the behaviour at failure, Yield-
line based theories did, however, agree reasonably well with faillure loads.
To some extent this was mere coincidence; the theory under-estimates the
strength of strips so there 1s some margin for Inability to re-distribute
the moments. However, it 1s significant that all the test specimens were
loaded by wuniform loads. Under such loads the yield-line moment
distribution does not differ greatly from the elastic moment distributiocn
50 plastic theories do not make great demands on rotation capacity. Under
concentrated loads, in contrast, elastic theory predicts local moment peaks
so plastic theory depends on very high rotation capacity. Because of this,
the theories considered in 3.2.2 tend to over-estimate strengths under
concentrated loads. This is presumably why uniform loads were chosen to

test most of the theorles, although this was not acknowledged.

Amongst the few studies toc acknowledge that, because of this lack of
ductility, yield-line based analyses may not be wvalid even in uniformly
loaded slabs, are those due to Skates, Rankin and Long(66) and also Niblock
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and Long(80). They developed a semi-empirical approach to overcome the
problem. Jn this, the moment capacity of the critical section is calculated
as in their sanalyses considered in 3.2.1. The relationship between the
failure load and the moment at the critical section 1s then calculated
using both elastic and plastic theory. Only if the moment capacity is
zero, is the plastic relationship considered to be directly applicable. If
the moment capacity is equal to that of a plastically balanced section the
elastic relationship is used. For all realistic cases, which are between
these two extremes, an intermediate solution 15 obtained by linear
interpolation according to the ratio of the moment capacity to the
balanced moment capacity. As might be expected, since this approach
implies that yleld-line theory 1s only valid in unrestrained slabs with
negligible steel areas, the result tends to be slightly conservative.

Skates, Rankin and Long(66) have applied this analysis to slabs subjected
to concentrated loads whilst Rankin{65) used it for flat slabs subjected to
uniform loads. Because of the great difference between the elastic and
yield-line moment distributions for such cases, they are a severe test of
a simple linear interpolation. The use of a strip-based method to obtain
the moment capacity is also questionable as there 1s no reason why the
distribution of membrane forces across a section should be the same
throughout the span. Also, as Rankin acknowledged, the slab analysis
implies a different support moment from the strip analysis. It 1s thus
perhaps surprising that they obtained a mean ratio of test result to
prediction of 1.16 and a standard deviation of only 10%.  However, to
achieve this, they used Kirkpatrick's approach as an upper limit imposed by

"shear mode failures*.

Whilst many brittle bending fallures are reported in the literature for
uniformly loaded slabs, few such failures are reported under concentrated
loads. As there are theoretical reasons for thinking that slabs are more
likely te fall in bending before reaching their yield-line moment
distribution under concentrated than under uniform loads, this may appear
surprising. It 1s Instructive to consider what such a failure would look
like.

Elastic theory predicts high moment peaks under the concentrated load.
Thus the highest concrete stress occurs in this region, but here the

crushing stress is enhanced by the trilaxial stress state so the first
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crushing is likely to occur around the edges of the loaded area. It may
then extend along the potential yield-lines, in which case the failure will
be described as "flexural®. However, the area where the concrete first
reaches its crushing stress is subjected to a high shear stress. Thus, as
it approaches its crushing stress, it is liable to fail suddenly under the
combined effect of shear and compression, in which case the load will
punch through the deck. Thus there is no clear distinction between a
punching shear failure and a brittle bending compression fallure so an
alternative interpretation of the failures considered in 3.2.3 is that they
are essentially flexural failures with shear playing a comparatively minor
role. It has already been noted that some aspects of the test results can
be explained by flexural theory. It 1s also clear from the descriptions of
failure that the characteristic conical shear cracks do not appear until
failure. Thus this interpretation is worth further investigation and it
will be considered in later chapters.

If the failures considered in 3.2.3 were primarily brittle bending fallures,
it provides another explanation for the small effect of varying
reinforcement on Kirkpatrick's failure loads. Unlike the other researchers,
he used the same secondary steel throughout; he varied only the main
steel. Increasing this did significantly reduce the deflection at failure,
apparently due to the reduced ductility of more heavily reinforced
sections. With constant secondary steel this implies that the moments in
the secondary direction at failure must have been greater in the more
lightly reinforced panels. This in turn implies that the distribution of
the primary moments must have been more favourable in the more lightly

reinforced panels and this tended to compensate for the reduced strength.

3.2.5 Serviceability

Because of compressive membrane action, restrained slabs have smaller
crack widths, deflections and steel stresses than similar unrestrained
slabs. Holowka(81), Cairns(82) and others have measured steel strains of
the order of a tenth of those predicted by conventional flexural theory
whilst Kirkpatrick(49) observed a similar effect on crack widths. There is
also wide agreement that compressive membrane action delays the formation
of the first crack, presumably because concrete's stress-strain curve
departs from linearity before cracks become visible. However, the effect
of restraint on acceptable service load is .hot as great as on strength.
Because of this, nearly all the researchers who have considered the
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implications of using membrane actlon 1In design have acknowledged that
serviceability criteria would become critical. Despite this, the
theoretical studies have concentrated almost exclusively on the prediction
of strength. The designh rules which will be considered in 3.2.8 do depend
on the enhancement of serviceability due to membrane action but, in this

respect, they have no quantitative theoretical basis at all.

Hewitt's approach, which was considered in 3.2.4, is one of the few to have
been applied to behaviour at service loads, specifically to the prediction
of deflection. However it is very unsatisfactory for this purpose. It is
an axi-symmetrical model whilst, although the fallure modes of deck slabs
are approximately axi-symmétrical, the behaviour at service loads is not.
Also the model considers a compressed volume of concrete which is almost
entirely arbitrary except in its area at the critical section. In view of
these and other faults, some of which were considered in 3.2.4, it appears
that any resemblance between the deflections predicted by this approach
and those which occur iIn practice 1s little more than coincidental.
However, because the analysis assumes a linear load-displacement
relationship, whilst the observed behaviocur 1is often highly non-linear, it
does not under-estimate deflections under service loads as much, or as

consistently, as at failure.

Although compressive membrane action tends to improve the ultimate
strength of restrained slabs more than their service load behaviour, there
are situations in which it may be useful at service loads but not at
failure. Yield-line theory assumes that the full plastic bending moment is
developed across a wide width of slab, This means that a helpful
compressive force across this critical section can only be developed by
restraint which 1s external to the slab, or at least which comes from
material well away from the loaded area. However, elastic theory is more
appropriate to service load behaviour and this predicts high peaks of
bending moment under concentrated loads. Thus a beneficial compressive
force across these critical areas could be developed by adjacent areas of
less heavily stressed slab. This means that maximum crack widths and

stresses could be reduced by compressive membrane action even in

unrestrained slabs, such as slab bridges. This possibility does not appear
to have been considered before, presumably because of the concentration on
strength and the historical development of compressive.membrane theory

from yleld-line theory.
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3.2.6 Restraint

Compressive membrane enhancement depends on the availability of adequate
restraint strength and stiffness. Thus the prediction of this restraint is
important. One reason why membrane action has been so little used in
design 1is the feeling that the restraint available to slabs is
unpredictable and perhaps unreliable.

Park i one of the few researchers to give restraint the attention it
deserves. His work ccnsidered building-type slab and beam systems and he
tested many nine-panel specimens(83). When only the centre panel was
loaded, peask load was achieved Just before the outer panels (which
provided the restraint) cracked. This shows that the tensile strength of
the concrete in the surrounding structure contributed greatly to the
restraint. Park assumed that this tensile strength should be considered
unreliable for design purposes, as 1s ususl. Thus, when Hopkins and
Park (50) designed a nine-panel floor system allowing for membrane action,
they provided extra reinforcement in the beams to resist the restraint
forces. They showed that this steel was heavier than that which they had
saved by considering membrane action in the design of the slab so they
suggested that design using membrane action was uneconomic. This arises
because bullding slebs are designed for all bays fully loaded so the same
load case is critical for all bays. Bridge decks, in contrast, are designed
for moving loads and hence a different load case is critical for each part
of the slab. This means that the critical area is always surrounded by
areas for which a different load case is critical. Thus there is always
under-stressed steel available to provide the restraint and no extra steel
is needed. This means that the scope for economy from using membrane
action in design is much greater in bridges, and other structures which
are designed for moving loads, than it is in buildings. This is why recent

research into membrane action, including this study, has concentrated on
bridges.

Park analysed his specimens using his strip approach, which was described
in 3.2.1c. He consistently recommended that steel should be provided to

resist the full restraint force— but—he —was less consistent 1n his

assessment of the contribution of concrete to restraint stiffness. In
reference 83 he used only the steel in assessing axial stiffness, but
ignored lateral bowing of the outer slab panels. Theoretically this

approach should be conservative where there are wide lightly reinforced
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outer panels but unsafe where there are narrower heavily reinforced
panels. This is confirmed by the test results. In reference 50 Hopkins
and Park used gross concrete properties for assessing restraint stiffness
but compensated for this by arbitrarily increasing the axial flexibility of
the loaded panel by a factor of 4. This shows that the prediction of
restraint flexibility is highly approximate so it is fortunate that, as was
seen in 3.2.1c, the strength of slabs 1s not sensitive to the exact
stiffness of the restraints.

Apart from Park's study, very little work has been done on the prediction
of restraint. The approach adopted in the Canadian study was to measure
the restraint available; not by direct measurement of restraint stiffness
or strength, but by observing the behaviour of the slab under s load and

back-calculating the “restraint factor" needed in their theory to predict
the observed behaviour,

A disadvantage of this approach is that it is only possible to measure the
restraint available at the time of the test. The lack of an analytical
prediction means that it 1s not possible to predict any reduction in
restraint which might occur in the future. In view of the importance,
according to Park's work, of the tensile strength of concrete in providing
the restraint this is significant; cracking due to loads previously applied
in other positions, or tc shrinkage, could reduce the restraint. The
Canadiens were aware of this so they conducted tests where cyclic
loads (84> or pre-loading to fallure(78) had occurred in adjacent bays.
This seems to have had little effect.

Hewitt obtalned restraint factors for laboratory specimens and models by
back-calculating from the observed failure loads. However, in the field
tests on full size bridges{(81), 1t was not practical to test to fallure so
the restraint factors were estimated from the deflections at lower loads.
In view of the doubts expressed in 3.,2.5 about the wvalidity of Hewitt's
method for predicting deflections, this approach 1s less satisfactory.

However, the results were similar to those obtained from models although

the variation was much greater.

Kirkpatrick assumed rigid restraint which is obviously an unconservative

assumption. However, since his approach 1s essentially empirical and was

calibrated with tests on real structures which had less than perfect

restraint, this is unimportant from a practical viewpoint except that, as
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with the Canadian work, there is no way of allowing for possible future
reductions in restraint.

3.2.7 Global Behaviour

Compressive membrane action in bridge decks is normally considered as a
mechanism for resisting local wheel loads spanning between webs. However,
as was noted in 2.4.3, bridge decks are also subjected to global flange
forces and moments. Since slab behaviour 1s not linear-elastic <{(and
compressive membrane action depends on this non-linearity) the principle of
superimposition does not apply. Similarly, because the behaviour of
restrained slabs under concentrated loads is not ductile, it is not safe to
assume that global forces will re-distribute away from Ilocally over-
stressed areas. Thus separate studies of global and local effects cannot
prove that behaviour will be satisfactory under combined effects so the

interaction of the effects has to be considered.

A global flange force which is compressive has the effect of prestressing
the slab. Thus, unless the stress 1is so high that concrete crushing
becomes a problem (which is unusual), it improves the behaviour and can

safely be ignored; as it has been by all the previous research.

Tensile flange forces might be expected to have a detrimental effect on
slab behaviour. Because of this the Ontario study included tests(78) which
simulated the support region of a continucus bridge. The resultant
tensile flange force had remarkably little effect on the behaviour which
was still entirely satisfactory. It can also be shown that tenéile flange
forces are unlikely to be sericus for another reason: the critical design
load case for global flange tension does not impose any local wheel loads
in the critical area. Thus, when local wheel loads are imposed, any loss
of longitudinal compressive membrane action due to flange forces is more
than compensated for by reinforcement provided to resist the non-

coexistent worst global moment.

Global transverse moments present a more difficult problem. It was noted
in 2.4 that, in some types of deck, these moments can be even greater than
the local moments predicted by elastic theory. It 1s conceivable that
these large moments in combination with 1local effects could cause
premature failures in the very lightly reinforced slabs proposed. Previous

experimental studies, although comprehensive in other respects, have not
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departure from conventional North American practice) at the same time as
introducing the empirical slab design method.

Theorétically, the problem of worst beam moment increasing above the
design value when the slab cracks also arises in decks designed by
conventional methods. However, the cracked sand uncracked elastic
stiffnesses differ by a factor of around three compared with around ten in
very lightly reinforced slabs designed allowing for membrane action. Thus
the effect is much smaller. Also, conventional design methods provide a
safe solution according to plastic theory. Thus, if a beam did start to
fail, redistribution would bring the transverse moments back into play.
There 1is no guarantee that slabs designed to the Ontario rules, or even

the Northern Irish rules, will be able to act in this way.

3.2.8 Empirical Design Rules

Both the Ontario and the Northern Irish study noted that the available
“"theory" for restrained slabs predicted only their strength, which is not a
critical design criterion. Thus there was no theoretical basis for a
design method. However, they considered that there was no need for one
either: the observed load-carrying capacity of deck slabs was so high that

simple, and probably very conservative, empirical design rules would
suffice.

Batchelor et al(78) noted that tests suggested that unreinforced slabs
would have adequate strength so they initially recommended 0.2% isotropic
reinforcement In each face; the minimum reinforcement recommended by
AASHTO(45). This was later amended to 0.3% for reasons which are unclear.
Curlously, the percentage 1s based on the effective depth: there 1is no
logical reason why less steel should be required if it is further from the
face. However, this is a fault which 1s shared with the minimum steel
rules In many other codes, including BS 5400 and CP 110 but not BS 8110.

The Ontario Code requires extra steel to be provided 1in some
circumstances. The reinforcement is doubled in the end regions of highly
skewed decks. Also, but only in decks with box girders, reinforcement
designed by normal means to resist global transverse moments is added to
the nominal steel. This rule 1is rather odd since these moments can be

Just as great, and just as important, in other types of deck. Also, for
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reasons noted in 3.2.7, it still does not prove that behaviour will be

satisfactory under combined effects.

Kirkpatrick gave specific recommendations for only one slab thickness;
160mm. This was to provide T12s at 150mm which is approximately 0.6%.
The reason for specifying more steel than the Ontario Code was that
Kirkpatrick realised that the reinforcement required to resist calculated
global transverse moments alone could exceed 0.5% in some slabs which were
covered by his rules. It is not clear why he specified the same steel in
the longitudinal direction and his rules appear to be unduly conservative
in this respect: the author has designed a deck slab to conventional rules
which had less longitudinal steel.

Both sets of rules require reinforcement for any deck cantilevers to be
designed by conventional methods, which- means they are likely to require
substantially more steel than the rest of the deck. In his own design
Kirkpatrick(13,49) avoided the resulting awkward detailing by not having
any cantilevers at all. This was en economic solution for his particular
case because the cantilever formwork and reinforcement would have been
expensive compared with the cost of an extra beam: This would not apply
to longer span bridges and the need to provide extra reinforcement for the
cantilevers is a significant limitation on the advantage of using the

rules.

The major disadvantage of empirical design rules is that there must be

restricticns on their range of applicability. These will now be considered.

a. Span and Depth

Both Kirkpatrick and the Ontario Code specify a 1limiting spen to depth
ratic of 15 for the use of their empirical rules. Although there is some
evidence that the theories on which they are based (particularly
Kirkpatrick's) become unsafe by this span to depth ratio, the observed and
predicted strengths of slabs are so high that the limit is conservative.
However, 1t seems to have been considered that this was unimportant
because the limit covered normal practice, at least for beam and slab
decks. This 1s not entirely logical; the reason shallower slabs are not
used 1s that they are uneconomical, or even impossible, -to design to
conventional rules because the reinforcement required increases rapidly
with span to depth ratio. This does not apply in slabs designed to the
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empirical rules, indeed the required reinforcement reduces with slab
thickness. Thus, if one was designing a bridge to these rules from
scratch (that 1s, without the restrictions imposed by using an existing
range of standard beams), it appears that the optimum solution would

always have wide beam spacings and the maximum allowable slab span to
depth ratio.

The Ontario Code specifies a minimum slab thickness of 225mm but the
Commentary makes it clear that this is not for structural reasons but
because shallower slabs are not advised for durability reasons; in Ontario,
as in many states in the USA, bare concrete decks are the norm. The
restriction on minimum depth, which 1s not applied in the assessment of
existing decks, has the unintended advantage of limiting the problem of
global transverse moments since the author's analysis shows that these are

most significant in shallow slabs on close-spaced beams.

The Ontarlo Code also specifies a maximum slab span of 3.7m. This
requires a slab depth of only 247mm, compared with the absolute minimum
of 225mm, so the range of slab depths which are likely to be designed to
the rules 1s very narrow. There is no advantage in using more than the
minimum slab thickness.

A restriction on span is probably justified because longer spans introduce
effects which have not yet been researched; significant deadweight
stresses and a much greater interaction between the effect of several
wheels. However, even with the Ontario Code's .allowance for haunches, 3.7m
is a modest slsb span by the standards of modern long-span concrete box
girder bridges. Thus the Ontario rules will not be used for these, indeed
the 1limiting span to depth ratio makes designing them to the rules
uneconomic anyway as the extra welght would more than cancel out the
saving in reinforcement. There is scope for economy in the design of this
type of deck from using membrane action, particularly if this could justify
even longer slab spans or shallower slabs than at present, but this

requires further research.

b. Restraint
The two sets of rules are very similar in their requirements to ensure
adequate restraint. Both require intermediate cross-frames if steel beams

are used. Both require diaphragms at the supports if concrete beams are

\
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used. Kirkpatrick also suggests the use of concrete support diaphragms
even with steel beams. Both require parapet upstands or edge cantilevers

to ensure adequate lateral restraint.

The test results suggest that these requirements are sufficient but give
little indication as to whether they are necessary. The outer bays of
Beal's deck, which did not comply with the requirements for edge
stiffening, did show lesser (but still adequate) strength. All the other
decks tested complied with the requirements, as do most of the decks
currently designed. Some concrete decks have, however, been built without
diaphragms and this has been advocated by Cranston(85) because of the
costs of forming diaphragms.

3.3 PRESTRESSED SLABS

One of the earliest, and in some respects still one of the most
comprehensive and influential, studies of the effect of compressive
membrane action on the behaviour of bridge deck type structures was
conducted by Guyon(10). His study is worth reviewing even though he
considered only prestressed slabs whilst, for reasons given in 2.2.2, the
remainder of this thesis assumes that bridge deck slabs will be

constructed of ordinary reinforced concrete.

Guyon's slab was cast integral with longitudinal and transverse beams. It
was siressed transversely by concentric wires giving a stress of 1.5N/mm=,
whilst tendons 1located in the beams gave a longitudinal stress of
2.4N/mm=. These stresses are very low, much lower than the longitudinal
stress applied by global effects to many slabs which are not normally

considered as being "prestressed".

A jack was used to apply a single central concentrated load to each bay in
turn. It reacted, via steel girders, against the beams adjacent to the

loaded bay of the slab. Thus only local moments were applied.

Several conventional elastic methods, including Westergaard's(39) and
Pucher's{(40), were used to analyse the slab. The results were reasonably
consistent both with each other and with the initial behaviour of the slab.
The strain geuge readings started to show -some signs.of non-linearity at
approximately the. load for which- the calculated stress equalled the

--measured flexural tensile strength of the concrete. However, despite the
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use of "a powerful microscope®, no cracks were visible until the load was
increased by a further 30 to 40%.

Once formed, the cracks extended very slowly in both width and length;
much more slowly than conventional elastic flexural theory would suggest.
Guyon attributed this to a combination of moment re-distribution away from
the cracked reglion and redistribution of the prestress force towards the
cracked strips, that 1is compressive membrane action. Strain gauge readings
confirmed this explanation. Initially only the central part of the slab
was subjected to s compressive force and tension in the remainder helped
to restrain it. As the lead increased, the area in compression extended

until the whole of the lcaded bay was in compression.

Guyon consldered that the behaviour was acceptable from a serviceability
viewpoint up to a load of over 2% times that at which the calculated
stress equalled the measured tensile stress, or 10 times the load given by
Freyssinet's no~tension rule. Removal of the load at this stage caused the
cracks to close up, but this is the one aspect of the behaviour of such a
lightly stressed slab which could be significantly different from that of a
reinforced slab.

With further iIncreases in load the existing cracks grew wider and new
radial cracks developed. The load was then carried by "“a system of
concrete struts", that Is pure compressive membdrane action. A brittle
punching failure occurred at a load of some 25 times the "no tension" load

or twice the load given by Johansen's yield-line theory.

In addition to this qualitative description, Guyon developed some simple
analyses. He acknowledged that these were based on “debatable
assumptions” &and in many respects they have been superseded by more
rigorous analyses such as those given in 3.2 and Chapter 5. However, they
are still useful as descriptions of behaviour. His analysis of the
behaviour of strips of slab at relatively low loads is largely confirmed by
the form of analysis considered in Chapter 7. Although it is difficult to
use In any quantitative way, it is significant because none of the more

recent theoretical studies explore the behaviour at low loads.

Guyon extended Johansen's theory to allow for compressive membrane force.
Instead of calculating the membrane force required to maintain lateral

displacement compatibility, like most of the analyses considered in 3.2.1,
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he estimated the maximum available restraint force. His analysis over-
estimated the fallure load but he attributed this to the fact that he
ignored the effect of the vertical displacements on the lever arm at which
the restraint force acts. Back-calculation confirms this explanation. He
acknowledged that his analysis would not be valid for a slab with a very
large area of surrounding restraining concrete and he attempted, largely

unsuccessfully, to analyse such a case.

Guyon also gave an axi-symmetrical analysis of the punching fallure based
on the assumption of rigid lateral restraint. This assumed that the radial
struts were elastic and uncracked, except at the ocuter edge and at the
edge of the loaded area, which is analogous to the elastic-plastic analyses
considered in 3.2.1c. It also assumed that the force in the struts was
constant over their length. This implies that there are no circumferential
forces but this was neither mentioned nor Jjustified. Guyon assumed that,
at fallure, the whole depth of the slab adjacent to the load was iIn
compression. This seems unlikely as there is no mention of cracks closing
up in the description of behaviour. Another fault in the analysis is that
the calculated concrete stress on the critical section at fallure is some
130N/mm* and a very large portion of the slab is stressed up to more than
the elastic limit. This shows that there were circumferential forces and
this axi-symmetrical analysis appears to be the least satisfactory aspect
of the study.

As a result of the study Guyon developed a simple design method which he
acknowledged to be "much too conservative®. This was to analyse the slab
using elastic theory but taking Poisson's ratioc as zero and taking the slab
to be simply supported. The resultant mid-span moment is then shared
between the support and mid-span sections and resisted by bending of the
prestressed sections. These are snalysed ignoring the tensile strength of
concrete and the lateral redistribution of prestress, but allowing cracking
to extend to the level of the centre-line of the cable. If the cable ie at
mid-depth of the slab, this gives twice the allowable moment given by the
no-tension rule. In the case of a simply supported slab it also gives
twice the design load. In fixed-ended slabs the difference i1s much
greater because Guyon's method allows designers to take as much moment as
they like at the support, whereas conventional elastic theory only allows a
reduction in the mid-span moment of some 15% The result 1s that, for a

uniform fixed-ended slab, Guyon's method requires oﬁly 36% of the
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prestress that the no-tension rule requires. In haunched slabs the

difference can be greater.

Although less radical than the Ontario approach, this design method 1is
more useful in longer span slabs as it requires no limit on span to depth
ratlo. The reduction in stressing force is so great that, despite the
reservations In 2.2.2, it has had a significant effect on the relative
economy of transverse stressing and ordinary reinforced concrete. This
has meant that many deck slabs mainly (but not exclusively) in France have
been designed using Guyon's rules. These now represent a very significant

number of bridge-years of satisfactory experience.

Slabs designed to Guyon's rules are very lightly stressed. They would
crack long before the concrete's compressive stress became excessive.
Thus their behaviour 1s not fundamentally different from that of
reinforced slabs so the experience of their satisfactory behaviour is
significant to this study. However, there is one respect in which stressed
and reinforced slabs differ in their behaviour. Once cracked, a reinforced
slab's stiffness 1s greatly reduced for all subsequent applications of
tensile stress, however small, but a prestressed slab's stiffness is only
significantly affected when the applied tension exceeds the prestress.
Thus slabs designed to Guyon's rules may have better restraint than those

designed to, for example, the Ontario rules.

3.4 CONCLUSIONS

Previous research shows that bridge deck slabs are far stronger than
conventional design methods imply. Slabs designed to the Ontario rules,
for example, have very much less steel yet they have behaved well both in

service and in load tests.

Two "theories" have been proposed which claim to "predict" the ultimate
punching shear strength of .bridge deck slabs subjected to wheel loads.
These theories are essentially empirical and their predictions are
sometimes significantly in error. There 1is also some indication that the
assumption that the observed failures were “shear" rather than *flexural”
fallures could be incorrect. However, the observed strengths of bridge
deck slabs are so high that these faults have no practical significance;
typically it is a question of whether the factor of safety 148 6§ or 7. In
practical terms, the only questions over the strength of slabs which are
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restrained and which are subjected to single wheel loads relate to span to
depth ratios above those for which these theories claim to be valid.

Although 1t 1is clear that the restraint available in bridge decks 1is
adequate to develop compressive membrane action, there is no quantitative
explanation for this. Sl.milarly. there is no quantitative theory to explain
the observed satisfactory service load behaviour of decks designed to the
empirical rules discussed. Since service load behaviour is critical in

design, this means that there is no theoretical basls for a design method.

Another aspect of the behaviour of bridge decks with very lightly
reinforced slabs which has not been proven theoretically 1s their
performance under combined global and local effects. This appears to be
a far more serious omission since i1t has not been 1investigated

experimentally either.
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CHAPTER 4

ELASTIC ANALYSIS

4.1 INTRODUCTION

Chapters 2 and 3 showed that serviceability criteria, not ultimate
strength, are critical in the design of bridge deck slabs. Elastic theory
is more appropriate to the analysis of serviceability than plastic theory
but the elastic theory of restrained slabs has not been developed.

The complexity of. the behaviour of realistic slabs, particularly under
concentrated loads, is such that it is not practical to obtain rigorous
analytical solutions, either elastic or elastic-plastic. Thus the solutions
considered in 3.2.1 all contained gross approximations, assumptions or
empirical factors. It is, however, possible to determine elastic solutions
for simple cases by making reasonable assumptions. These cases are not
realistic but they do indicate the sensitivity of the behaviour to the
relevant variables. Also, by comparison with conventional analyses of
similar cases, they give some indication of the significance of membrane
action 1in practical cases. In addition they can be used for checking

computer programs which can then analyse more realistic cases.

Since t-hese sihple analyses cannot be used directly in design, there is
little point in ccnsidering 8 wide range of cases. Thus, in this chapter,
only one simple case will be considered; the unreinforced symmetrical slab
strip which was considered iIn 3.2.1, subjected to a single central point
load.

4.2 ASSUNPTIONS

The analysie is based on conventional elastic engineer's beam theory.
Plane sections are assumed to remain plane and compressive stress 1s taken
to be proportional to strain whilst concrete is taken to have no tensile
strength. Unlike the analyses considered in 3.2.1, the deflection 1s taken
to be small relative to the slab thickness but the wvalidity of this

assumption will be checked.

Although these assumptions are just as arbitrary as those used in the
analyses considered in 3.2.1, this analysis 1s more rigorous In the sense

that the assumed moment, stress and strain flelds are made consistent

_62_






Using the BS 5400 design rectangular stress block. this gives;
P = 0.4f__h%/1
Using the. BS 5400 elastic stress limit (0.5f_.) the elastic solution gives;
| P = 0.19f__,h=/1

at the serviceability limit state. The ratio of design ultimate to design
service load 1s a function of the load factors and in BS 5400(23) it is

Yra X ¥y (ultimate limit state)
Yro X ¥ro (serviceability limit state)

Considering the case of HB load and load combination 1 (which is usually
critical in deck slabs) this is;

1.1 x 1.3
1.0 x 1.1
This means that a section on the limit of the allowable eiastic service

stress would have a design ultimate load
= 1.3 x 0.19f.,h=/1
= 0.25f_._h=/1

which is only 62% of its strength, confirming that the serviceability check
is critical even without allowing for redistribution.

Using the simple BS 5400 design method, the reinforcement required in each
face to resist this load would be approximately 0.6% Thie is a very
significant amount of reinforcement, confirming that membrane action is

worth considering.

4.5 CRACK WIDTHS

Unlike most other crack width prediction formulee, the BS 5400 formula can
be applied to unreinforced concrete. With the maximum allowable service

load derived in 4.4 the calculated crack width for our case
= 0.00027h

For a 160mm deep slab this is 0.43mm. If it 1s assumed that the maximum
allowable crack width had to be complied with on the surface (which is not
strictly required as there is no reinforcement) the limiting value would be
0.25mm. However, this does not have to be complied with under the full HB
load; only under 25 units of HB. The result is that crack widths would
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not be a limitation in a deck designed for 45 units of HB but they would
be in a deck designed for a lower load.

4.6 DEFLECTION

In Appendix A2 it is shown that the analysis given in 4.3 and Appendix Al

leads to a central deflection
= 0.173 PP/ER®

for the load corresponding to a stress of 0.5f., this is

R

45 X 10-%F/h

Now the membrane force acts at a total lever arm

(1 - 0.222 x 2/3dh

R

0.852h

For small deflection theory to be valid the displacement has to be small
compared with this. The error is 1% with an I/h of 13.8, 5% with 30.9 and
10% with 43.6; In practical terms, this means that small displacement
theory 1is valid for the serviceability analysis of local effects. However,
if membrane action were used for resisting giobal transverse moments the

effect of displacements could be significant.

4.7 EFFECT OF RESTRAINT FLEXIBILITY

In Appendix A3 the effect of in-plane restraint flexibility is added into
the snalysis. The result is shown in Figure 4.2 by plotting the load for a
stress of 20N/mm= against the restraint stiffness expressed as a multiple
of the axlal stiffness of the uncracked slab. The elastic analysis 1s very
much more sensitive to restraint stiffness than the analysis considered in
3.2.1. Thus restraint is an even more important factor than Chapter 3

suggested.
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CHAPTER 5

NON—LINEAR FINITE ELEMENT ANALYSIS

5.1 INTRODUCTION

The major difficulty with analysis allowing for membrane action, at least
as far as flexure 1s concerned, is not conceptual; it is the complexity of
the mathematics. This fact, which 1s clear from 3.2.1 and Chapter ¢,
suggests that the subject should be amenable to solution by numerical

analysis and the finite element method 1s the most convenient way of doing
this.

The analysis of membrane action has to be non-linear; even the simple
analysis considered in Chapter 4 is only linear under proportional loading.
Non-linear finite element analysis, NLFEA, is only practical with powerful
computers so it 1s a comparatively recent method which was not applied to
concrete until the 1960's(86). Despite this the literature is extensive
and, although only a tiny fraction is aimed at the analysis of membrane
action, much of it is relevant. It is thus not possible to review all the
work in detail. This chapter aims only to introduce the principles and
problems of the method. A particular, relatively simple, form will be
considered in more detall in Chapter 7 whilst readers requiring a more
comprehensive coverage of the state of the art should consult recent

speclalist works such as reference 87,

5.2 GENERAL APPROACH

The analytical method adopted should be capable of resolving all the
problems identified in Chapter 3. Two of the most important of these, the
prediction of restraint and the analysis of global effects, require the
analysis to consider the whole bridge. Even with very powerful computers,
this puts a severe restriction on the form of analysis which can be used.
In this study, therefore, only the "smeared crack, distributed steel,
layered approach" will be considered. In this, Individual cracks are not
modelled; the cracks are smeared out into an infinite number of
infinitesimal cracks. Similarly, individual bars are not represented; the
steel 1is distributed evenly across the element width. The significance of
layering 1s that 1t enables the material state to be vAried over the
element depth whilst still using a two-dimensional element. The stresses
are calculated independently for each layer as a function of the strains
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which are calculated from the displacements at the "reference plene"; the
level at which the elements are implicitly located. The element forces are
then calculated by integrating the stresses over the element volume. Thus
the forces are calculated directly from the displacements but the correct
displacements can only be obtained from the loads by an iterative solution

scheme.

Although linear-elastic analyses of slabs, particularly for bridge design,
are often performed using alternative stiructural idealisations, such as
grillage analogy, non-linear analysts have assumed it necessary to use
plate finite elements. This 1s because of their desire to produce rigorous

and accurate analyses.

5.3 ELEMENT TYPE

5.3.1 Slabs

Early finite element analyses of slab systems used classical thin plate
theory which assumes that lines normal to the reference plane remain
normal. This approach 1s being “gradually superseded®{87) by the
Mindlin{88) form which assumes that lines normal to the-reference plane
remain straight but'. not necessarily normal. This enables shear
deformations to be included in the anélysis so the theory is sometimes
described as "thick plate theory". However, shear causes diagonal cracks
in reinforced concrete and the assumption that vertical lines remain
straight prevents the realistic modelling of shear failures. Indeed,
according to Chana(75), shear fallures are sensitive to dowel behavicur at
the crack which implies that they cannot be realistically modelled by any
form of smeared crack, distributed steel analysis. Despite this, Mindlin's
theory does give more realistic predictions than classical theory for the
shear forces at a free edge, as has been illustrated by Cope(89). However,
it appears that the main reason for adopting 1t is one of analytic
convenience; it requires a lower order of displacement continuity across

the element boundaries<87).

The nodal forces in the elements, due to nodal displacements, are
calculated using the virtuasl work approach. To do this it is necessary to
assume a displacement field for the whole element from the known nodal
displacements. A wide variety of elements ‘can be developed, according to
the number of nodes, the displacement fileld assumed and the method of
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integrating the stresses and strains over the element volume. A

discussion of their relative merits is outside the scope of this study.

5.3.2 Beanms

The beams in beam and slab decks can be modelled using either simple beam
elements or an assemblage of plate elements. The latter 1is far more
expensive but it enables iInclined web cracking and the transverse bending
stiffness of the beam to be modelled. Edwards (36) found the two
approaches gave very similar results in a bridge with rectangular beams.
However, the transverse bending stiffness of the flange of, for example, an
M beam 1s much greater so there may be more advantage in using plate
elements for these. Buckle and Jackson(90) have developed a form cof beam
element which can model transverse bending. However, because it assumes
that plane sections remain plane, it cannot model the warping stresses

which contribute to the resistance to torsion.

The beam elements are rigidly attached to the plate elements at the nodes.
Since the mesh size is decided by the requirement to model the local slab
behaviour, it is smaller than is required to model the beam behaviour.
Thus the analysis 1s not sensitive to the type of beam element used.
Buckle and Jackson(90) used a displacement function which will be shown in
Chapter 7 to have serious faults, whilst Edwards(36) used a displacement
function which was not consistent with that used for the slab.
Calculations suggest that neither of these faults had a significant effect

on the results.

5.4 MATERIAL PROPERTIES

5.4.1 Steel

The reinforcing and prestressing steel is assumed to be fully bonded to
the concrete and to exhibit uniaxial behaviour; that 1is, it is stressed only
by strain in the direction of the bars.

Any stress-stirain relationship can be defined numerically and incorporated
into a program but 1t is more usual to use elastic—plastic properties,
sometimes with linear strain hardening. Modern reinforcement, and all
prestressing, departs significantly from this assumption so there are

advantages in using more realistic propertiles.
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When unloading 1e considered, 1t is usual to use a straight line parallel
to the initial portion of the stress-strain curve which gives a permanent

set equal to the previous departure from linearity.

5.4.2 Concrete

8. Uncracked

The enhancement of concrete's compressive strength due to biaxial
compression, and the reduction due to orthogonal tension, is normally
considered but the effect of vertical stress cannot be modelled in the
form of analysis considered here. Despite this, the enhancement can be

significant; up to approximately 20%.

A variety of stress-strain relationships have been used. Abdel Rahmen{(87)
used a simple elastic-plastic relationship with a straight cut-off at a
limiting strain whilst Edwards(36) used Popovics' formula(91) for the

uniaxial case in beams and Nilson's(92) approach for the biaxial case.

As with steel, unloading 1s usually modelled with a straight line. The
unloading part of the properties are sometimes specified even in analyses
under monotonically increasing loads in order to avoid the fault of
deformation theory which was mentioned in 3.2.1b. If this is done, the

maximum strains have to be stored for all the sampling stations.

The wvariability of concrete 1s a major difficulty in a deterministic
analysis. This variability is particulsrly significant to failures, such as
punching failures, which are affected by local rather than average concrete
strength. The effect 1s large compared with the difference between
stress-strain curves and thils, combined with the fact that - the
relationships are used many thousands of times in the course of an
analysis, encourages the use of simple relationships. It also means that

the predictions are unlikely to be precise.

b. Cracked

Although smeared crack analysis implies infinitesimal cracks at
infinitesimal spacings, real structures have discrete cracks at finite
centres. The concrete between the cracks is sble to resist tension and
this stress contributes to the stiffness of the structure. This effect,
which is known as "tension stiffening®, 1s very significant, particularly in
lightly reinforced elements and at low loads. It is modelled by an

_70_




empirical stress-strain curve which has a descending branch after the

concrete has cracked.

Cracks first form in the direction of the maximum principal tensile strain,
If this direction subsequently changes, a shear stress 1s developed across
the crack. The shear stiffness 1is reduced by the crack and can be
modelled by another empirical factor called a "shear retention factor"
However, even with this reduced shear stiffness, the analysis can imply a
tensile stress in other directions which exceeds the cracking stress.
Cope et al(93) used an alternative approach in which the “crack" direction
rotates to follow the principal strain direction. This appears to give
better results in cases where.the rotation is significant(94). It may
appear 1illogical that cracks can rotate after they have formed but
presumably the explanation is that the crack direction in a smeared crack
analysis represents only the average or active crack direction so it can

rotate as new cracks form.

The few analysts who have considered unloading in cracked concrete have
used widely different assumptions(95,96,97) reflecting the lack of data in

this area.

Whatever tension stiffening function is used, the predicted behaviour is
very sensitive to the assumed cracking stress. In addition to having an
even wider random variation than compressive strength, this varies
according to strain rate, strain gradient, curing régime, load duration,
number of load repetitions and many other factors. This makes accurate

deterministic predictions of behaviour impossible.

Unlike the non-linearity due to reinforcement yielding and concrete
crushing, that due to concrete cracking is significant under service loads.
Thus it 1is the only non-linearity which is important to the design of
structures for which serviceability criteria are critical. Also, even in
strength analysis, it is not realistic to consider only the cracking due to
a single monotonically increasing load case since cracking could have been
caused by many different service load cases. In particular, cracking due
to wheel loads previously applied in other positions could reduce the
restraint avallable to develop membrane action uhder the case belng
considered. Thus the lack of an agreed tension stiffening function,
particularly for unloading, 1is a serious obstacle_ to the use of the
analysis in design so the subject will be considered further in Chapter 6.
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5.5 APPLICATION TO MEMBRANE ACTION

Several analysts have applied NLFEA to slab systems. Most have considered
only monotonically increasing loads, which restricts the application of
their analyses, but they do give a useful insight into behaviour. Several
analysts have claimed good predictions for the behaviour of restrained
slabs but some of these might be considered slightly surprising. For
example, Jackson(98) obtained good predictions for Roberts' tests(53) but
his analysis used small displacement theory and simple calculations
suggest that including the effect of the observed (end predicted) large
displacements would have reduced the predicted strength by some 20%.
Despite these doubts, non-linear analysis has proved better able to predict
the behaviour of complicated slab systems than other methods. At service
load levels, the predictions for complicated structures actually appear to
be better than those for simple “fully restrained" laboratory specimens.
The reason for this appears to be a fault in the tests rather than the
analysis; 1t 1s difficult to develop full restraint and service load

behaviour is very sensitive to restraint as was demonstrated in 4.7.

It is not practical or necessary to consider all these analyses in detail
but it is useful to consider a particularly relevant example; that of Cope
and Edwards(99). They analysed several of the tests which were considered
in Chapter 3, including those of Kirkpatrick. In view of the inherent
variability of results which are sensitive to local concrete behaviour,
they considered their predictions to be good. However, Kirkpatrick
produced enough results t(; enable the variability to be estimated and this h
appears to be remarkably small and certainly smaller than the discrepancy
between the test resulis and the non-linear analysis. Despite this, the
analysis 1s reasonably good with the worst error in the faillure prediction
being some 30% with 15% being more typical. . This may not sound that gocod
compared with Hewitt's or Kirkpatrick's "“analyses" but they are largely
empirical whilst the non-linear analysis obtained the restraint and
strength only from the geometry and material properties of the specimen
with no empirical corrections.

The brittle nature of the "punching shear® failures was also correctly

predicted even though the analysis is incapable of modelling shear. This

appears to confirm the suggestion in 3.2.4 that such failures are primarily

brittle bending compression failures although the analysis did tend to

over—estimate strength slightly, implying that the high shear stress in the
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critical region reduced its compressive strength. In practical terms, the
good predictions for stresses and deflections at lower loads are more
significant as they suggest that the approach 1s valid for the critical

serviceability analysis.

Cope and Edwards' study suggests that NLFEA is able to successfully
predict restraint and analyse the local behaviour of bridge deck slabs
allewing for membrane action. In theory it can also model the interaction
of global and local moments but only Edwards(36) appears te have
considered this. He analysed a hypothetical bridge with rectangular
reinforced concrete beams and with deck slab reinforcement designed to the
empirical rules considered in 3.2.8. His analysis suggested that this
reinforcement would be over-stressed under combined global al:\d local
moments, confirming the doubts expressed in 3.2.7. However, because of the
lack of test data, there 1s no proof that the analysis was realistic in
this respect. The form of deck he considered was also unrepresentative of
modern practice since ordinary reinforced beams are rarely used and the
moment redistribution behaviour would be very different with prestressed

beams.

5.6 USE IN DESIGN

Although NLFE has proved capable of predicting the behaviour of reinforced
concrete slab stiructures, it has rarely (if ever) been used in their
design; either directly or for validating simpler design methods. Bedard
and Kotsovos(100) have said *"The main reason for this appears to be a lack
of agreement concerning the numerical description of material behaviour®.
This reason 1s supported by 5.4.2b but, In the case of the slabs considered
here, it 1s not a sufficlent reason; the analysis would still produce more
economical designs than conventional methods if the most conservative
concelvable material properties were used. Thus there must be more

fundamental reasons and these will now be considered.

a. Cost and Complexity

A non-linear analysis of a given structure with a given element mesh is at
least an order of magnitude more expensive in computer time than the
equivalent linear analysis. Also, because the principle of superimposition
does not apply, every 1load combination has to be -analysed eceparately.
Similarly, glcobal and local effects cannot be superimposed so the whole
structure has to be analysed with a fine enough mesh, at least in the
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critical areas, to model local behaviour. The result is that the cost in
computer time i1s several orders of megnitude higher than for the
analytical methods considered in Chapter 2. More seriously, the analysis
1s also much more expensive in engineer's time. This discourages 1its use,

particularly under design fee competition.

A related disadvantage, which 1s perhaps more serious, is the conceptual
difficulty; NLFEA 1s difficult for the ordinary designer to fully understand
or control. This makes it potentially dangerous as <{(at least at the

present state of the art) NLFEA 1s neither fully automatic nor foolproof.

b. Load History Dependence

For reasons which were discussed in 2.3.4 and 5.4, the behaviour of
concrete structures, and hence the realistic analysis of such structures,
is load history dependent. Since 1t is 1impossible to predict and
impractical to analyse the load history of a bridge over its entire design

life, this could be a serious problem.

c. Incompatibility with Codes

Existing codes of practice were written with conventional analytical
methods in mind. If the critical design criteria were clear-cut
fundamental requirements, such as ultimate strength, this would not be a
major problem. However, Chapter 2 showed that the fundamental critical
design criterion for bridges is the very ill-defined one that they should
remain “serviceable" for their design life. It is very unclear what this
means In non-linear analysis terms, except that it appears to confirm that

a whole life analysis is required.

5.7 CONCLUSIONS

Non-linear finite element analysis 1s a powerful analytical tool which
sheds some light on the fundamental behaviour cof slab systems and which
can give reasonably good predictions for their behaviour. The reported
analyses support the suggestion in 3.2.4 that "punching shear" fallures may
be primarily flexural. One also appears to confirm the doubts about
global behaviour expressed in 3.2.7. There are, however, major difficulties
in using the analysis in design.
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method subsequently adopted in Chapter 7. The tests reported in this
Chapter were also used to calibrate the analysis used in Chapters 7 and 9
as well as to Investigate the effect of scale in the half scale models

considered in Chapter 8.

6.2 THEORY

6.2.1 Mechanisms

The tension stiffening functions used in non-linear analysis represent
stress which 1is transmitted to the concrete between cracks by two, or
perhaps three, mechanisms. The first of these 1s the bond between
reinforcement and concrete. This enables some of the force, which is
carried across the cracks by the reinforcement, to transfer to the concrete
between the cracks. The second mechanism, which conly applies to sections
in flexure, 1s the shear connection between the compression zone and the
teeth of concrete between the cracks. The third mechanism which affects
tension stiffening is the ductility of concrete in tension. Marthe(102)
has shown that even when the strain exceeds that at which- the peak stress
is developed and cracks have started to form, concrete can transmit
significant tension. However the effect 1s often ignored, which may be
Jjustified as the stress is only significant over a narrow range of smeared

strains.

Consideration of these mechanisms might suggest that a particular
empirical expression for tension stiffening stress would only be valid in a
narrow range of circumstances. The bond contribution, for example, might
be expected to be sensitive to the bond characteristics, size, quantity and
orientation (relative to the cracks) of the reinforcement. In practice,
however, many non-linear analysts have cobtalned satisfactory results using
the same function in a wide range of circumstances. An explanation for
this apparent paradox can be obtained by considering the way cracks

develop in a region of constant moment or constant direct stress.

Prior to the formation of the first crack, the bulk of the load is taken by
the concrete (Figure 6.2a). As the stress approaches the effective tensile
strength of the concrete, f.., a8 crack forms at the weakest point. Here
most of the stress is transferred to the steel but beyond a distance, So,
the stress is unaffected Figure 6.2b). A further increase in load will
cause another crack to form. This cannot occur within S, of the first
crack because the stress 1s too low. Finally, when all the cracks have
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independent of strain up to at least the yleld strain of the reinforcement.
It may be argued, therefore, that the smeared stress 1in the concrete
should remain constant after cracking. This assumption 1is used in some
code of practice formulae(104) and is supported by some researchers
including Hart1{105).

6.2.2 Steel Stress

An unfortunate consequence of smearing the concrete strain is that the
steel strain is also smeared. This means that the peak steel strain, which
occurs at the cracks, 1s not modelled so the load at which the
reinforcement ylelds 1s over-estimated. This has not previously been a
serious problem because the tension stiffening functions used have meant
that the effect became insignificant well before the reinforcement became
non-linear. If, however, a constant tension stiffening stress were used,
as suggested In 6.2.1, the problem would become more serious.
Cervenka (106) avolded this by calculating the steel strain independently,
ignoring tension stiffening. This approach introduces the reverse error;
that is, it is assumed that all the steel i1s subjected to the strain which
only really occurs at the crack position and thus the non-linearity is
over-estimated. It appears that it would be more correct to use some form
of averaging process between the strains (or siresses) calculated with, and
without, allowing for tenslon stiffening. However, this would be even more

inconvenient than Cervenka's approach.

Because of these problems, an analysis using one of the tension stiffening
functions shown In Figure 6.1 could give better results than an analysis
using a constant tension stiffening stress, even if the constant stress is
more representative of the real behaviour of the concrete. This, and the
tendency of researchers to concentrate on behaviour at high leads, could
explain the preference for the type of tension stiffening function shown
in Figure 6.1.

6.2.3 Mesh Dependence

The formation of a crack affects the stress over a distance which is
related to the final crack spacing, but in a finite element analysis 1t
affects the stress over a distance which 1s related to the element size.
Because of this it has been suggested that the tension stiffening function
should be varied with the element size so that the energy released by a
crack is independent of the mesh. However, this was not done in the
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analysis considered here and it was found that the results were entirely
independent of mesh size. This was because only regions of :constant
moment or constant direct tension were considered so all the elements
cracked simultaneously, unless a variable tensile strength was used. Thus,
when a fine element mesh was used, the resulting under-estimate of the
energy released at the position of the real cracks was compensated for by
the over-estimate of the energy released elsewhere. Consideration of this
behaviour shows that this would not occur in a region of varying moment.
Ideally, therefore, the tension stiffening stress should be wvaried both
with element size and with the stress state in the adjacent elements.
This would be very difficult to do in a general solution procedure so 1t
s fortunate that experience shows that, unless the mesh size 1is small
compared with the crack spacing, a constant function can be used. In view
of the wvariability of tensile strength and tension stiffening, the
additional accuracy obtained from a finer mesh would have no real
significance. The problem does, however, prevent the use of smeared crack
analysis in the study of behaviour which is very local compared with crack
spacing.

6.2.4 Cyclic Loading

The contribution of tension stiffening tends to reduce under repeated
loading. Indeed the crack width clauses in BS 5400 assume it reduces to
zero. Cope and Rao(107) modelled the reduction by reducing the length of
the tall of their tension stiffening function, leaving the wvalue of the
tensile strength unchanged. This approach cannot be used with the
constant tension stiffening stress suggested in 6.2.1. It implies that
cyclic loads reduce the tension stiffening stress but do not cause any new
cracks. However, 1t is known that concrete 1s susceptible to fatigue
failures in tension, indeed the conventional design methods for concrete
pavement (108) are based on quite well established fatigue relationships.
Thus an alternative way of modelling the effect of cyclic loads on tension
stiffening would be to reduce the tensile strength used in the tension

stiffening expression but to leave the form of the expression unchanged.

6.2.5 Unloading
The bulk of research 1into both tension stiffening and NLFEA has
concentrated on monotonically increasing loading. This means that the

tension stiffening functions assume that the tensile strain currently being
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experlenced 1s the greatest the concrete has ever experienced. In =
complex non-linear structure, this assumption may not be valid even when
the structure 1itself is experiencing a monotonically increasing load. More
importantly, for reasons discussed 1n 5.4.2b, it 1s not reasonable to
consider only monotonically increasing loads in the type of structure
considered in this study.

Once concrete has cracked, it never re-acquires its tensile strength. Thus
the tensile properties of cracked concrete are not reversible; a separate
unloading curve 1is needed. It seems reasonable that once the crack has
fully closed the compressive stiffness of the concrete will be largely
unaffected by the crack. It remains only to decide the stress required to
close a crack and the amount of strain, if any, which becomes permanent.
Although, in reality, the unloading curve may have a complex shape the
other errors in the analysis and veriability in the behaviour mean that
the use of such a function cannot be Jjustified. A simple bi~linear
relationship will be used. Unfortunately, at present the values to be used
in this relationship can only be obtained empirically.

A varlety of expressions have been used. Some researchers, such as
Bazant(97), have used a straight line to the origin implying that the
cracks close completely at zero stress. At the other extreme,
Crisfield(95) used a straight line parallel to the initial, linear, part of
the stress-strain curve, implying that the cracks do not close at all.
This seems extremely unlikely, particularly 1f the cracks are wide.
Cope(96) used the more reasonable assumption that only the strain
corresponding to that at which the concrete first cracks becomes
permanent. The wide range of these expressions indicates the lack of
data. However many structures, because of relatively heavy reinforcement,

or only monotonic loading, are insensitive to the assumptions.

6.3 ANALYSIS OF PREVIOUS TESTS

6.3.1 Direct Tension Tests

Some analysts have derived their tension stiffening functions by obtaining
the best fit to the load-displacement response of quite conmplex
structures. This approach 1s not very satisfactory because tension
stiffening is only one of many factors which affect the response. Thus
tension stiffening functions are liable to become "fiddle factors" which .
éompénsate for a wide variety of errors in the analysis. A better
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approach, which has been used by Cope et al{37), is to test simple
statically determinate beams with long constant-moment regicns. Even with
these specimens, however, it 1s possible to obtain very similar load-
displacement relationships with different tension stiffening functions.
Only tests which subject the whole specimen to the same smeared strain,
that is direct tension tests, give unambiguous results. Unfortunately,
because there are theoretical reasons for believing that tension stiffening
could be different in flexure and direct tension, direct tension tests
cannot be used as the sole basis for deriving tension stiffening functions.

However they do give some useful information.

Willlams(109) has tested a series of fifteen large slabs in direct tension.
The response was approximately linear until the first crack appeared. This
occurred at a stress of 0.5 to 0.7 times the tenslle strength of the
concrete as measured by the split cylinder test. This difference between
the effective tenslile strength and the split cylinder strength is partly
due to the random variation of the tensile strength of concrete; cylinders
are constrained to fail on a pre-defined plane whilst a slab is free to
crack at its weakest section. Statistical analysis suggested, however, that
this alone could not explain the difference. The remainder was presumably
due to restrained differential strains which had a greater effect on the
slabs than on the cylinders. A restrained strain equal to only-some 5% of
the total likely shrinkage is sufficient to explain the difference so it
could be due to differential shrinkage across the section.

After the first crack appeared, the extension iIncreased rapidly with a
relatively slow increase in load. However, tension stiffening remained
significant even at a load such that the steel behaviour was non-linear.
All the tension stiffening functions previously used by non—linear analysts
under-estimate this effect; indeed most (Including both of those shown in
Figure 6.1) have no effect at all on the results of an analysis performed

under load control, as can be seen from Figure 6.3,

The specimens were re-analysed using a constant tension stiffening stress
as suggested in 6.2.1. This analysis under-estimated the load in the slabs
at extensions just above that required to cause the first crack. This
could suggest that the stress between existing cracks was higher at low
strains but‘ it seems more likely that it wes because of the variation of

the tensile strength of the concrete; that is, because not all the cracks
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was 0.7 to 0.9. The effect of small errors in the value used for the
effective tensile strength of concrete 1is large compared with the
difference between the analysis and test results shown in Figure 6.4 so
there 1s no practical advantage in making further refinement to the
tension stiffening function.

Although a coefficient of variation of 10% gave good predictions for the
load displacement response, a higher variation and a skewed distribution of
strengths were needed to make the analysis model the actual development
of the cracks. Analyses which did this exaggerated the rate of decay of
tension stiffening with increasing strain. In the tests, new cracks
developed with no discernible effect on tension stiffening. This seems to
suggest that the stress in the concrete between cracks, even cracks which
are within 25, of each other, increases with strain. This gives further
confirmation of the suggestion in 6.2.1 that the tension stiffening effect
does not reduce with strain. It 1is the development of new cracks which

causes the apparent decay.

Hart1(10%) has also concluded that the tension stiffening stress in direct
tension remains constant once the concrete has cracked. He sald his tests
suggested a tension stiffening stress of 0.4 f_,. However, becasuse he did
not consider concrete variability in his analysis, this conclusion is closer
to the Author's than it may at first appear. In effect, Hartl concluded
that the average tension stiffening stress is 40% of the initial cracking
stress. The Author has concluded that the average tension stiffening
stress is approximately 30% of the average cracking stress. For the
analysis considered here this comes to over 35% of the initial cracking
stress. In view of the other variables in the analysis this is remarkably

close.

6.3.2 Flexural Tests

Clark and Splers(i10) have tested a serles of beams and slabs with long
constant-moment regilons, As 1t was these tests which were used to
develop Cope's tension stiffening function{(37), it is not surprising that
his function gives a good fit to the results. However, it was decided to
re-analyse some of the specimens using the constant tension stiffening
function suggested in 6.3.1. The only concession made to the difference
between direct tension and bending was to increase the effective tensile
strength from 0.8 to 1.0 times the cylinder strength. Predictions using
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and cylinders were cured with the test specimens, under plastic for seven

days and then in the laboratory.

The split cylinder tests suggested that the tensile strength of the full
and half size mixes were similar. The mean tensile strength of the full
gize mixes at test age (approximately 28 days) was 3.30N/mm= compared
with 3.14 for the half sized mixes. Theoretically, it 1s more correct to
compare results for the full size mix tested with 150mm diameter cylinders
with results for the half size mix tested with 75mm cylinders. However,
since no 75mm cylinder moulds were available, this was not done. Instead,
some 100mm cylinders from the full size mix and some 50mm cylinders from
the half size mix were tested, The mean resulits from these tests were
3.94 and 3.49N/mm? respectively. Thus, changing from 150 to 100mm
specimens for the full size mix gave a 19% higher strength whilst changing
from 150 to 50mm with the half size mix gave only an 11% increase.
Interpolating between the results for the 150 and 50mm cylinders
suggested that the strength of the half size mix measured using 75mm
cylinders would be 3.36N/mm=; 2% higher than the measured strength of the
full size mix. The real significance of these results is that they
indicate that both the scale effect and the difference between the two

mixes were small compared with the random variation in the results.

The compressive strength of the full and half size mixes were also similar
to each other but the latter did tend to be slightly lower. Typical
figures (actually theose for the first pair of specimens and for the mix
detailed in Table 6.1 were 54.7N/mm= for the full size mix and 47.0 for
the half size, both measured with 150mm cubes. Using half size cubes
increased the latter to 48.4N/mm=.

6.4.4 Loading

The first pair of specimens, one full size and one half size, were loaded
to a load corresponding to the maximum service moment which BS 5400 would
allow. Next, they were subjected tc many cycles of a lower load (55% of
the first load) corresponding to the maximum HA equivalent load 1in
BS 5400, that 1s 25 units of HB in a bridge designed for 45 units,
However, the number of cycles (over 100,000> and the intensity of the load
were deliberately excessive. It was hoped to use the test to justify
using a.much smaller number of cycles in the model bridge tests. After
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the cyclic loads had been completed the specimens were loaded to full

service load, unloaded, then loaded to failure.

The second pair of specimens were treated in the same way except that

‘they were first loaded to only the reduced, 55%, load.

The third full size specimen was treated in the same way as the second,

except that it was tested upside down to see if this altered the results.

When the third half size specimen was tested, an unloading expression had
been developed which gave reasonable results. It was realised, however,
that these results were not affected by the stress which was assumed to
exist in cracked concrete which was subsequently compressed. It was
desirable, therefore, to test a specimen under reversed moment but the
apparatus did not enable this to be done. The solution adopted was to
load the specimen in the same way as the first but to turn it over after
10,000 cycles and start the test again. It was considered that only the
half size specimens could reliably be tested in this way because the dead
weight stress involved in turning over the full size specimen would be too

great.

The more heavily reinforced specimen was treated in the same way as the
first specimen, the loads -being Increased to allow for the extra

reinforcement.

6.4.5 Processing of Results

Three columns of "demec" points were fixed to one side of the constant
moment regio'ns. The strain was averaged over the three demec readings in
a row and then a linear regression over the rows was performed to give an
average curvature and extension. The curvature was also estimated from
deflection readings taken from rows of dial 'gauges. . These curvatures
differed, typically by 10% but sometimes by as much as 30% The curvature
esi_;iméted from a row of dials along the edge of the slab on the side to
which the demec studs were attached <(that 1s the three dial gauges
nearest the camer-a in Figure 6.7), was only marginally closer than that
. estimated from & row at the longitudinal centre-line or on the far side of
thé' slab. It was fimerefore concluded that the discrepancy was due to
variation in curvature over the length of the consta_nt moment reg'ion.
rather than. over the width of the slab. Since the analysis assumes a
constant curvature and the regression gives a true average i:urvéture,
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whereas the curvature estimated from the deflection readings is weighted
towards the curvature at the mid-span of the slab, it was decided to use
the demec readings in preference to the dials. The discrepancy does,
however, give an indication of the relatively low accuracy which can be

expected in the analysis of tension stiffening.

The regression analysis calculated the deviation of the strain readings
from the straight line. The root mean square deviations varied between
specimens from less than 1% of the maximum strain to over 20%  The
former figure indicated that, on average over the gauge length, plane
sections had remained plane (as the theory assumes) whilst the latter
indicated that they had not. The difference is due to the random nature
of the cracking and the fact that the constant moment region was only
long enough to accommodate some three main cracks. The best fit was
obtained in specimens for which both ends of the gauge length happened to
be mid-way between cracks, giving the theoretically desirable exact integer
number of cracks. The worst fit occurred in a specimen in which s sloping
crack crossed the end of the gauge length. This problem could be reduced
by using a longer constant moment region. However, because of the effect
of variability of concrete tensile strength, this would give a misleading

impression of the shape of the tension stiffening function.

The main reinforcement in most of the specimens was also provided with
electrical resistance strain gauges. This provided some useful information
but the short gauge length meant that the results were not directly
applicable to smeared crack analysis and the gauges were not fitted to the

final specimen.

6.4.6 Results and Analysis

a. First Loading

All the tests were analysed using a non-linear program. Because the
specimens were essentially beams, in that they were subjected to a
constant moment over their width and they were not wide enough to be
forced to bend cylindrically <(rather than anti-clastically) it was
convenlent to use beam elements for the analysis. The program used will
be described in Chapter 7.

The results of three of the tests are shown in Figures 6.8 to 6.10 along
with the results of analyses using the tension stiffening function which
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wae eventually adopted and which 1s 1illustrated in Figure 6.12. To
facilitate direct comparison between the figures, the results of the half

slze tests are expressed as equivalent results at full size,

The experimental results were initially compared with the analytical
predictions obtained using a variety of tension stiffening functions.
Because of the low steel area, and because the predictions for both thé
curvature and for the axiasl extension at mid-depth were considered, this
gave a better indication of the shape of the tension stifféniﬁg function
than previous tests. waever, it was still not possible 'to .obtain totally
unambiguous results. Both Cope's function and that proposed in 6.2.1 gave
reasonably good predictions. A close study of the results suggested,
however, that immediately after cracking the true tension stiffening stress
was higher than suggested by either function. At high strains (apparently"
up to and above yleld) it appeared to be around 0.1 to 0.2f_.. An
explanation for this behaviour, and its apparent difference from the

behaviour in direct tension, is propesed.

When the peak concrete stress is reached in direct tension, a crack forms-
and the load reduces. A significant increase in extension is needed to get
back to the load which caused the crack and no new cracks can form until
this has happened. If the specimen was held at an extension just above
that at which the peak concrete stress was developed, there would be a
significant tensile stress in the concrete even at the sections where the
cracks were forming. However, this stress has no effect on the results of
a test unless 1t 1s performed under true displacement control, which

requires a very stiff testing rig.

In a section in flexure, in contrast, there is always a region near the top
of a crack where there 1s a significant tensile stress due to the ductility
of concrete. This glves the observed higher tension stiffening stress at
lower strains. It also Increases the stress in the concrete on either side
of cracks and, as we saw in 6.2.1, this reduces the crack spacing.
Paradoxically this means that when the strain subsequently increases, and
the stress at the cracks reduces to zero, the tension stiffening stress is
lower than it would have been without the ductility of concrete in tension.
This explains why, at high strains, the tension stiffening stress is lower

in flexure than in direct tension.
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cracks using a magnifying glass and a crack microscope, whilst the full

scale ones were inspected only with the naked eye. This did not alter the

conclusion.

The results suggested that the half scale tests would give a reasonably
good indication of the load-displacement relationship, and hence of the
stresses, in a full scale specimen. They also suggested that the same
tension stiffening function could be used at full and at half size,
However, the most obvious fault of the analysis, its tendency to
exaggerate the abruptness of the loss of stiffness as the concrete cracks,
is greater with the half scale model. The results also suggest that the
use of a half size model to predict the behaviour of a full size bridge is

liable to over-estimate the load at which cracking first appears.

The non-linearity observed before the cracks could be seen suggested that
both moment re-distribution and compressive membrane action could start to
act before cracks become visible. Thus compressive membrane action should
delay the formation of the first visible crack. This has been observed by
both Guyon(10)> and Kirkpatrick(49). However, it now seems likely that
Guyon's specimen, being a small scale model, exaggerated the effect.
Similarly Kirkpatrick’s slab, being only 160mm thick, would have shown a

more pronounced effect than a thicker slab.

Another implication of this non-linearity before cracking 1s that, in an
analysis which ignores the effect, reinforcement could significantly affect
the apparent tensile strength. This is confirmed by the fact that the
best fit to the results for the lightly reinforced specimens was obtained
using an effective tensile strength of approximately 0.8 times the split
cylinder strength whilst, for the more heavily reinforced specimen and for

Clark's tests, the full split cylinder strength gave better results.

These effects could be modelled by including some non-linearity before
cracking in the analysis. It was found, however, that if sufficlent non-
linearity was included to model these effects, the non-linearity in the
moment-curvature response prior to cracking was greatly exaggerated. The
explanation for this is that the non-linearity was due to local micro-

cracking which had little effect on the strain averaged over a long gauge

length.
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sufficient to produce a fully developed crack pattern and new cracks
developed during the cyclic tests. This is as would be expected from
fatigue theory. Analysis using a reduced tensile strength to allow far
fatigue appeared to give good results but tests to a wide range of load
cycle intensities would be needed to check this properly. It is also not
entirely clear that the degradation was due to fatigue; it could have been
largely due to creep since the tests were conducted under sinusoidal locad
varistions which gave a mean moment some 55% of the meximum. However,
since no long term static tests were performed, it was not possiblé to

separate the effects of fatigue and creep.

A single cycle to a high stress had a much greater effect than many cycles
to a lower stress. In terms of bridge deck design and analysis this
suggests that it is reasonable to consider only the worst load cases, the
HB load cases, In the stress history analysis and to ignore cyclic loads
completely. This 1s fortunate as it means the stress history of a given
point in the structure can, for practical purposes, be recorded by a single

number; the maximum historic strain.

c. Unloading and Re-loading

There was a difference between the unloading and the re-loading path, as
can be seen from Figures 6.8 to 6.10. However, it was decided that since
this was small compared with either the effect of small changes in
assumed f_, or the difference between the first loading and unloading
path, it was reasonable to ignore Iit. Thus the ability to store the
relevant stress history as a single number was preserved. It should be
noted, however, that this approach may not be valid in & dynamic analysis
because the difference in the paths, the hysteresis loop, represents energy

absorbed by the structure and contributes to the damping.

None of the unloading expressions previously used gave good results.
Cope's for example (which was the best of them) under-estimated the
curvature which remained when the load was removed; typically by a factor
of three. Since these functions were based on data which was either very
inadequate or derived from structures which, because of relatively heavy
reinforcement, were not sensitive to the expression used, it was decided fo
ignore them completely. Aftler trying various relationships that shown in
Figure 6.12 was adopted, the slope of the unloading path being 3.5 times
the slope of the tenslon stiffening function, that 1is a. equals 3.5'(1,' in
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Figure 6.12. This gave reasonably good resulta such as those shown in
Figures 6.8 and 6.9.

A significant deformation remained after the load was removed. This
implies that, when a load is applied which 1s small relative to the
maximum previously applied load, the strains and deflections relative to
the initial <(unstressed) condition can be greater than predicted by a
conventicnal elastic analysis which ignores the tensile strength of
concrete., It was found that the deformations (both observed in the tests
and predicted by the non-linear analysis) became equal to those predicted
ignoring concrete in tension at a load which would correspond to 25 units
of HB if the section was fully stressed under 45 units of HB. Since crack
widths in BS 5400 are checked under a load of 25 units of HB, this implies
that BS 5400 is justified 1in ignoring tenslon stiffening 1in crack
calculations in bridges designed for 45 units of HB load even though
significant tension stiffening was observed under full load after over a
hundred thousand cycles of normal service load had been applied. However,

in structures designed for lower HB loads, the assumption is conservative.

Unfortunately, the one specimen which was inverted during the tests was
the only cone which was sensitive to the amount of strailn which was
assumed to become permanent after unloading, which was taken to be
0.5f_«/E.. The results for this specimen are shown in Figure 6.10 in which
moments due to loads applied before the specimen was inverted are shown
as positive. The biggest discrepancy in the unloading and re-loading part
of the plot is that the analysis failed to predict the earlier initial
cracking load under negative moments, that 1s In the inverted position.
This earlier cracking appears to have been the result of the cracks formed
by the previously applied positive moments acting as crack inducers since
the new cracks all joined the previcus cracks. There was no evidence of
this earlier cracking In the one specimen which was tested inverted

throughout.

d. Fallure

On completion of the tests, all the specimens were loaded to faillure and
they all failled in flexure.  The only unusual feature of the failure
behaviour was that the low steel area combined with the low d/h ratio
meant they did not reach peak load until the top steel ylelded in tension.
This was predicted by the analysis.
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The tension stiffening function used implied that unloading and re-loading
to the same load would have no effect on the deflections. In practice 1t
did have some effect, as can be seen from Figure 6.8. However, when the
loading was further increased the tension stiffening appeared to recover

and the discrepancy was considered acceptable,

6.5 CONCLUSIONS

Because of 1ts sensitivity to a highly variable quantity, the effective
tensile strength of concrete, tension stiffening cannot be predicted
accurately. However, the functions developed in this chapter appear to be
significant improvements over those used in the past, particularly for
unloading.

The studies of similar full and half size strips indicated that a half
scale model will give a good indication of all aspects of behaviour except
the load to produce the first visible crack. The same tension stiffening

function can be used as at full size.
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CHAPTER 7

A STMPLER NON—LTNEAR ANALYSIS

7.1 INTRODUCTION

Section 5.6 may give the impression that analysis for design is far more
difficult than analysis for predicting the behaviour of laboratory
specimens. However, designers have a major advantage; they have no need
for accurate predictions, they need only safe predictions. Realistic
predictions are desirable because they lead to more economical designs but
errors which would be considered excessive to researchers are acceptable
to designers, provided they act in the safe direction. Research on non-
linear analysis has concentrated on obtaining accurate predictions for the
load-displacement response of structures monotonically loaded to fallure.
From the point of view of the design of the type of structure considered
here, this 1s unfortunate; neither deflection nor ultimate strength are
critical design criteria, loads do not iIncrease monotonically and "accuracy"
is nelther obtainsble nor necessary. Indeed, according +to both
Batchelor(78) and Kirkpatrick(13), slabs with the minimum practical
reinforcement have over three times the required ultimate strength. If
this is true, an snalysis which under-estimates strength by a factor of
three is not merely adequate for predicting strength; it is as good as one
which is accurate to 0.001%.

The analytical methods considered in Chapter 5 contrast sharply with those
currently used in design and considered in Chapter 2. The former are
sophisticated and expensive but potentially able to give realistic
predictions based on realistic behaviour models even if, at the present
state of the art, they are not totally reliable. The latter are cheap and
simple but based on unrealistic models of behaviour. Their predictions are
not as realistic as those of NLFEA but they are more reliable; they are
always safe. In the extreme case of restralned slabs, the two forms of
analysis may differ by factors of 5 or even 10 on strength. Clearly,
therefore, some intermediate form of analysis (safer, cheaper, easler to
understand and more compatible with codes of practice than those
considered 1in Chapter 5 but more realistic than those <considered ‘in
Chapter 2) would be useful. There is vast scope for making conservative
simplifying assumptions compared with the analysis considered in Chapter 5,
whilst still maintaining greater realism than the forms of analysis
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considered in Chapter 2. This Chapter aims to develop such a form of

analysis which could be used in design and assessment.

The Chapter also aims to develop a program which can be used for
assessing simpler design methods, such as those considered in 3.2.8. The
same program will be used as an analytical tool for investigating the
behaviour of bridge decks, including the models which will be considered. in
Chapter 8. However, because of the fundamental difference between the
safe estimate analysis needed for design and the best estimate analysis
needed in research to facilitate direct comparisons with test results some

details, including the material models, will differ.

7.2 GENERAL APPROACH

The analysis is essentially a simplificatlion of the approach considered in
Chapter 5; that 1is, 1t is 8 non-linear analysis using the smeared crack,
distributed steel approach. However, in order to simplify it as much as
possible and to make it more similar to the grillage analyses with which
most bridge engineers are familiar, simple line elements are used to model
both the beams and the slab. This greatly reduces the size of the program
enabling 1t to run on a desk top computer; it is perhaps the first time

this form of analysis has been performed on such a machine.

A disadvantage of this "grillage" type of analysis is that it treats the
stresses in the two directions as independent so it has to use uniaxial
material properties. It thus cannot model the increase in stiffness due to
the Poisson's ratio effect in concrete subjected to biaxial compression, nor
can 1t model the enhancement of concrete's compressive strength, or
reduction in tensile strength, due to bilaxial stress. These faults,
however, generally act in the safe direction and are considered acceptable
in design, indeed they are shared with all the analytical methods normally
used in design.

Another fault is that this form of analysis can only check stresses in the
element direction so the maximum principal stress is not modelled if 1its
direction does not coincide with an element direction. Unlike the other
faults, this one 1s not acceptable because 1t could lead to significant
over-estimates of the load to cause cracking or failure. ' To avoid this.
torsionless elements are used forcing the principal moment directions to

align with the elements. This is also sometimes done in conventional
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linear grillage analyses because it enables the computed moments to be
used directly to design the reinforcement without the need to transform
them to the reinforcement direction. Because the program uses this
principle, the element direction has to be the same as the reinforcement
direction. This, and the desirability of using an approximately orthogonal
mesh so that the concrete stresses in the two directions are independent,
leads to what is probably the major practical limitation on the use of the
program; it 1s difficult to use it to model highly skewed bridges.

The problem of the principal moment direction does not arise in the down-
stand beams so these can be gilven torsional stiffnesses and elastic values
are used for this. However, because the program assumes that plane
sections remain plane and normal to the reference plane, warping stresses
and the effect of transverse bending in the flanges cannot be represented.
In the type of beams considered in this study, the predicted torques were
not excessive and the increase in stiffness due to the transverse bending
stiffness of the bottom flange exceeded any reduction due to cracking.
Thus the errors resulting from using elastic torsional properties were
conservative as well as small. However, this would not apply 1in all
structures and the program has been altered to enable a limiting value for
the torsional strength of beams to be specified(112). This feature was
used in the analysis of the second of the models which will be considered
in Chapters 8 and 9 and the limiting moment was reached in the diaphragms
although not the main beams.

The particular program used was developed from one written by Edwards(36),
although the modifications are so extensive that analyses have little more

than some basic principles in common.

7.3 DISPLACEMENT FUNCTION

In a beam element which 1s loaded only at the ends, the axial force is
constant whilst the bending moment varies linearly over the length. The
displacement function used by Edwards matched thie by using constant axial
strain and a linear variation in curvature over element length. In a
" linear-elastic beam element, force 1s proporticnal to axial strain and
moment is proportional to curvature so this shape function is ideal. In a
non-linear element 1t 1s not quite as good because the stiffness varles
over the length which tends to result, for example, in the analysis lunder'—
.estimating the moment wvariation over element ‘length. For use in non-
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linear analysis, however, there is a more fundamental fault in the shape
function which does not appear to have been considered by other analysts,
such as Buckle and Jackson{(80), who have used this type of element in non-

linear analysis.

The displacements are defined at the reference "plane" or {more correctly
for a line element) the reference "line" which, in this study, 1s at mid-
depth of the slab. This means that the strain at the reference plane is
assumed to be constant whilst at any other level there 1is a linear
variaticn in axial strain along the element. This variation is constrained
to be proportional to the vertical distance from the reference plane.
Since the level of the reference plane 1s largely arbitrary, this is not
satisfactory; even with a perfectly uniform sand linear-elastic element, the
correct displacement field can only be reproduced if the reference plane is

at the neutral axis.

In a typical cracked slab element the actual neutral axls, the level at
which there is no axial strain, is well above <(that is, on the compressive
side of) mid-depth. In the real structure the variation in axlal strain
along the element 1s proportional to the distance from the neutral axis
but, in the computer model, it 1is proportional to the distance from mid-
depth. Thus, if the variation in curvature over length 1s correct, the
variation in strain along the element 1is under-estimated for all the
material below the reference plane. As a result, unless the element mesh
1s so fine -that the wvariation in curvature over length 1s insignificant,
the analysis can faill to predict reinforcement yilelding in the tension
steel and hence can over-estimate strength. There 1s also a region
between the actual neutral axis and the reference plane where the real
strain becomes more tensile in the directlon of increasing curvature but
that in the computer model becomes more compressive. This means that, if
the top of the cracks are in this region (which is often the case) the
computer model will indicate that the extent of cracking will reduce over
element length in the direction of Increasing curvature, which 1s clearly

incorrect.

One solution to this problem would be to keep the same displacement
function but to put the reference plane at the neutral axis. This is not
practical because the neutral axis moves as the concrete cracks. The

effect can, however, be obtained by introducing a linear variation in axial
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Introducing this node intoe the global stiffness matrix would have
complicated the analysis and increased the computer storage space
required. This was avoided by considering the internal equilibrium of the
elements. The fault in the original displacement function meant that the
axial forces calculated for the two sampling sections were not necessarily
equal. This leads to a criterion for the correct value of §&.; the value
which equalises the forces. However, this value can only be obtained by
comparing the forces at the two sections which requires an 1iterative
calculation. Performing this iterative calculation for every element each
time the forces in the structure are calculated would have greatly slowed
down the analysis. To avoid this, the number of iterations for &. is
limited to two, but a vector of 5. for all the elements is stored and used
as the first estimate the next time the element forces are calculated;
that is in the next iteration of the whole structure, The modification has
effectively increased the number of degrees of freedom in the analysis by
some 30% without a proportional increase. in the required computer

capacity.

The modified version of the program was tested 'by analysing the simple
case considered in Chap‘ter 4 and the results are shown in Figure 7.2. 1In
the Figure the percentage error in predicting the restraint force or
displacement, whichever is greatest, is shown for analyses using different
numbers of elements. For comparison, the same case was 8also analysed
using the previous version of the program. Because this beam has no
tensile strength, and hence the formation of a crack does not release any
energy, the problem of mesh dependence which was considered in 6.2.3 does
not arise. Thus, as the mesh is refined, both programs converge on the
"exact" analytical solution which was derived in Chapter 4. However, the
modified form of the program converges very much more quickly and 3
elements with this give better results than 6 with the original program.
In most of the structures considered in this study, the improvement is
more fundamental because, with the old program, the mesh size required to
reduce the discretisation errors to acceptable levels 1s too fine by the
criteria considered in 6.2.3.

Having adopted the principle of defining extra degrees of freedom by
considering internal equilibrium of elements, it would be possible to
extend it to develop higher order elements. For example, one could use a

quadratic variation in both axial displacement and curvature. This would
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If the slab was modelled with normal 1line elements, as used in a
conventional space frame analysis, the transverse shear force would have
caused transverse bending in the iIndividual elements as shown in
Figure 7.3d; it would have introduced Vierendeel frame type displacements.
These displacements do not arise in the real slab because the "elements®
cannot bend independently; they act compositely. Thus the displacements
due to this local transverse bending of the elements had to be suppressed
in the computer model. To achieve this, 1t 1s assumed that 1f the
elements are subjected to a transverse displacement without rotation of
the nodes (that 1s as shown in Figure 7.3a and d) the only deformation is
due to shear f{lexibility and the deformation 1is as shown in Figure 7.3a.
The shear force i{s calculated from this shear deformation, as in Edwards'
program, but the moments required to keep the element in equilibrium about
the vertical axis (an equal and opposite moment at each end) are applied.
In Edwards' program, these moments were not applied to the structure. In
effect they were resisted by a totally artificial restraint to rotation of

the nodes about the vertical axis.

In order to preserve the basic simplicity of the elements, the individual
elements are assumed not to provide any resistance to uniform bending
about the vertical axis; they do not resist the form of deformation shown
in Figure 7.3c. This means that the stress state can be taken to be
constant across the element width and avolds the need to perform a stress
integration over width as well as over depth and length. The relatively
small moments required to maintain equilibrium with the in-plane shear are
the only moments about the vertical axis within the elements. The bending
stiffness of the structure about the vertical axis is, however, modelled by
the differential axial forces in the elements. The approach is to split
the transverse deformation of the elements into two components; a uniform
bending about the vertical axis as shown in Figure 7.3c, which is not
resisted, and a shear deformation as shown in Figure 7.3a which 1is
resisted by the transverse shear stiffness of the concrete in the slab.
The mathematics of the assumed deformation state are given in Appendix B.
In practice, a nominal bending stiffness was added because otherwise

rotation about the vertical axis 1s completely unrestrained in some models.

This treatment of in-plane forces is inherently approximate. It might also
be argued that including In-plane shear is inceonsistent with the reasons

given in 7.2 for using torsionless elements since it implies that the
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7.6 LARGE DISPLACEMENTS

When a slab deflects relative to the restraining beams, the lever arm at
which the restraint force acts is reduced. Once the deflection becomes
significant compared with the thickness of the' slab, this significantly
reduces the slab's load carrying capacity. Curiously, most of the NLFEA
studies mentioned 1in Chapter 5 did not consider this effect whereas all
the {(otherwise far less sophisticated) analyses considered in 3.2 did. 1In
this study, it was originally decided to follow the NLFEA studies and
ignore the effect and, because the analysis 1s conservative in other ways,
the predictions still tended to err on the safe side. However, for three
reasons, it was eventually decided to modify the program to make some
allowance for large displacements. Firstly, ignoring the effect nearly
always leads to errors which act in the unsafe direction so it is
undesirable in a design situation even if the errors are relatively small
Secondly, some of the tests on model bridges which were considered in
3.2.3, notably Beal's(77), reached such large deflections before failing
(around h/2) that an analysis of these which assumes the deflection to be
small relative to slab thickness 1is clearly invalid. Thirdly, for reasons
discussed in 3.2.8a, it would be desirable to be able to use membrane
action in the desigh of slabs with longer span to depth ratlos than the
empirical design rules allow. However, financial and time restrictions on
this project prevented an experimental study of such slabs. Thus, if their
design was to be justified purely by analysis, 1t was particularly
important to ensure that the analysis was safe and, since longer span to
depth ratios increase the significance of deflectlons, this meant allowing

for the effect of deflections in the analysis.

Because of the use of line elements, it was comparatively simple to
include the deflection in the analysis. It was done within the elements by
adding the wvertical component of the axial force to the shear force. As
is 1llustrated for a simple case in Appendix C1, this has the effect of
modelling the moment in the elements <(that 1is, about the deflected
reference level) due to the axlal force acting at the undeflected reference
level: it models what in & column would be called the "buckling"”, "added" or
"PA" moment. The vertical component of the axial force is calculated only
from the difference In the vertical displacements of the two nodes. The
effect of curvature over the length of the element 1is not included but

this is only significant if an excessively coarse element mesh is used. To

- 111 -






program to allow for the permanent set in steel which has been stressed
beyond its elastic limit but this would require the maximum strains to be
stored for all the steel layers in all the elements. Since none of the
structures analysed had steel stressed above its elastic limit, except
under the final failure load case when the strain was increasing

monotonically, the facility to model permanent set was not implemented.

In analyses for serviceability design, in order to avoid the problem of
stress history dependence as much as possible, the steel is taken to be
linear-elastic. To Justify this assumption, service stress has to be
limited to the elastic limit and this becomes a design criterion. Thus no
advantage can be taken of re-distribution due to reinforcement ylelding
under service loads. However, this is not a disadventage as such yielding
is considered undesirable anyway. The approach has the advantage of

meking the analysls more compatible with clurrent codes of practice.

In analysis for design at the ultimate limit state, the tri-linear stress-
strain relationship can be used to represent either the actual steel
properties or the code specified properties. It is normally assumed that
only reinforcement ylelding due to the load case being analysed needs to
be considered. This is justified 1f one assumes that only one load case
above design service level is applied. However, in a bridge deck slab, this
is not very logical since the design vehicle cannot get to the critical
position without first being applied in other positions which are only
marginally less savere. Fortunately, this problem (like all aspects of
strength analysis) has little practical significance since serviceability

criteria are critical.

7.7.2 Concrete in Compression

The stress-strain relationship used for concrete in compression is
illustrated in Figure 7.6. Varilous curves have been proposed which are
more realistic, but when one allows for the varilability of concrete the
improvements are not significant and Abdul-Rahmen(87) used the even

simpler elastic-plastic relationship.

It 1s assumed that when the concrete Is unloaded, it follows a line
parallel to the {nitial part of the loading diagram. Thus it tskes on a
permsnent deformation which 1s equal to the departure from linearity on
loading.
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alternative approach is to make a totally arbitrary increase in allowable

stress and then to justify it by comparison with test results.

For analysis for design ultimate strength the code specified stress block
could be used but a tri-linear approximation was employed. In
conventional design methods, the characteristic material properties are
used in the analysis of the structure and the design strengths, with the
partial safety factors applied, are used only for the analysis of the
critical sections. In non-linear analyses, the analyses of the structure
and of the critical sections are not separated so this approach, although
recommended by BS 6110, 1s not appropriate. In this study, therefore, the
safety factors were applied to all the material. From a statistical
viewpoint, this is not jJjustified. However, it 1s conservative (except for
some cases wherg restraint stresses are dominant) and, since ‘serviceability
criteria are critical, this is acceptable. A disadvantage of this approach
is that in most codes, including BS 5400, the design ultimate stress in
concrete 1s less than the limit of linearity used at serviceability. Thus,
unlike in analyses for research, completely separate analyses have to be

performed for serviceability and for ultimate strength.

7.7.3 Concrete in Tension
The properties used for research analyses are illustrated in Figure 6.12

and were discussed in the last chapter.

In choosing properties for analyses for design the major problem is that
the desirable characteristics of the properties, that they should be
reasonably representative of real behaviour and that they should not be
strain history dependent, are mutually exclusive. The simplest solution to
this problem 1s to abandon realism in favour of avoiding strain history
dependence and ignore the tensile strength of concrete completely. As was
noted in 2.4.2, this approach has the major practical advantage of being
compatible with current codes. It is also normally conservative, indeed a
disadvantage 1s that it 1s 1iable to lead to an unduly pessimistic
prediction of the distribution of moments between the beams. However, it
1s not possible to prove that the approach 1is always conservative. A
peculiarity of membrane action is that the restraint force, the effect
which leads to the enhanced behaviour, is a direct result of cracking.
Thus tensile strength, by reducing the extent of cracking, can reduce the

restraint force and hence the degree of enhancement. To investigate this,
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a simple slab was analysed using concrete tensile strengths of zero and
3N/nm=. The latter analysis used the material properties given in
Figure 6.12 and the results are shown in Figure 7.7. A half model was
used and the load quoted is that on the half model. For comparison, the
results of a conventional analysis ignoring the restraint as well as the

tensile strength are alsoc shown.

The stresses in the slab which was analysed using a tensile strength of
3N/mm= are calculated in two ways. The lower lines give the stresses
directly from the computer program; that is the smeared stresses. These
are always less than those calculated ignoring the tensile strength
although, once the concrete has cracked, the margin is small. The reason
for the discontinuous plot is that in the numerical analysis the cracking
advances, both in depth and along the slab, in discrete steps. In the real
structure, the cracks can grow more smoothly in depth but the cracked zone
can only advance along the slab in discrete steps as individual cracks
form. In order to make the analysils as realistic as possible, the element
length was matched to the estimated crack spacing giving five elements in
a half model. It was found that an analysis using a finer mesh (20
elements in place of 5) predicted very similar behaviour, the deflecticns
being within 2%. However, the smeared steel siress was up to 50% higher.
A study of the results revealed that there were two reasons for this. The
first was that, on first cracking, the fine mesh predicted unrealistically
localised cracking and hence an unrealistically small restraint force.
However, because of the tension stiffening function used, the extension on
initial cracking was very limited even in the ccarse model. The effect of
mesh size was therefore far less pronounced than in an earlier analysis

performed with concrete tensile strength but without tension stiffening.

The second reason for the effect of mesh size is that the analysis gives
the stress only at the last integration station, not at the critical
section. In the coarse mesh, the last integration station is 40mm from
the critical section and thus 1is subjected to a 4% lower moment. This
might normally be expected to make only a 4% difference to the stress.
However, the concrete properties used in the analysis make the moment-
steel stress relastionship non-linear whilst the 4% difference in moment is
not aécompanied by a difference in the enhancing axial force. The peak

stress predicted by the fine mesh 1s very localised and the effect is far
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be used as a design criterion so it appears to be more appropriate to
calculate the peak stress at the crack at the critical position using only
the forces, not the stresses, given by the computer analysis. This also
has the advantage of eliminating one of the effects of mesh size. The
stresses calculated in this way are given by the upper solid lines. In
accordance with normal practice, the critical section was analysed ignoring
both the tensile strength of the concrete and the effect of the top steel.
Separate calculations confirmed that the effect of these would be
relatively small, provided that the post-peak part of the stress-strain

relationship used for the analysis of the structure was not included.

Until the analysis predicts cracking, the stress calculated in this way has
no real physical meaning and is not plotted. When the analysis first
predicts cracking, the extent of the cracking is very limited. Thus the
restraint force 1is small and the calculated stress at the critical section
is similar to that given by the conventional analysis and substantially
greater than 1s predicted ignoring the tensile strength of concrete
completely. As the load increases, the extent of cracking (and hence the
restraint force) increases dispropertionately. Because of this, the steel
stress calculated for the critical section does not increase substantielly
until concrete non-linearity comes into effect and the plot is discontinued

because the elastic section analysis used 1s invalid.

The difference between the various calculation methods 1s much less for
the concrete stress which, using BS 5400 serviceability criteria, 1is
critical for the restrained slabs. The restrained analyses alsc converge
to give similar failure loads of around 70kN compared with 25kN for the
unrestrained analysis, Nevertheless, the difference i1n the allowable
service loads implied using the stress at crack approach, 21kN, and the
smeared crack approach, 30kN, 1s disturbingly large and 1t appears prudent
to use the former approach. It should be noted, however, that a
substantial part of the difference is due to the aforementioned effect of
the difference between the stress at the critical section and at the last
integration station. This has two important implications. Firstly the
effect will be less pronounced under patch loads (as opposed to point or
line loads) so the difference between the two approaches will normally be
less than implied by this study. Secondly, the peak concrete stress is too

localised for normal material models, based on the behaviocur of specimens
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in a uniform state of stress, to be valid. Because of this the use of the

stress at the critical section is conservative.

The analysis of these slabs appears to confirm that ignoring the tensile
strength of concrete may not be conservative. However, the tensile
strength of concrete does have a major beneficial effect on real
structures which does not arise in the rigidly restrained slabs considered
here; 1t improves the restraint. Thus the tensile strength of concrete is
far less likely to have a detrimental effect on the stresses in realistic
bridge deck slabs.

7.8 STRESS INTEGRATION

The element forces are obtained by integrating the stresses over the
element volume. The stress 1s taken to be constant over element width and
the integration over length is performed using two integration stations at
the Gauss points, 21% of element length from each end. The forces at the
nodes are then obtained as a function of the forces at the integration

stations using the shape functions.

In analyses of this type, it 1s usual to perform the stress integration
over depth numerically with a high order integration function and
sometimes as few as five sampling stations. This effectively fits a
smooth curve between the stations. As the stress functions used,
particularly for concrete in tension, are highly discontinuous it appears
that this could lead to significant errors and Ganaba and May(l14) have
confirmed this. In many of the sections considered in this study, with
their very light reinforcement, a five point integration scheme gave only
one station in uncracked concrete. This, combined with the fact that the
tension stiffening function used was more discontinuous than that favoured
by Ganaba and May, suggested that the integration errors would be
particularly significant.

Two solutions to this problem were used. For analyses which did not
consider stress history, an exact analytical integration was developed. In
addition to eliminating integration errors, this waslsignificantly faster
than numerical integration. However, neither this solution nor that
suggested by Ganaba and May (splitting the integratvion at the root of 't..he
crack), could be used for stress histoi‘y analyseé. It was‘thereforeT_

decided to increase the number of integration stations from five to eight,
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to improve accuracy, and to change from high order Newtonilan integration
to trapezoidal integration to reduce the effect of the discontinuities.
The stresses in the down-stand beams were integrated separately using the

same integration scheme.

Comparison with the exact analytical version of the program showed that
these changes made the integration errors in the analyses of structures
insignificant compared with the other errors. However, it appeared that
this was partly because the errors were essentially random and so tended
to cancel out; the error in the forces calculated for a single element
could still be significant. This tendency of the errors to cancel out
explains why, despite the large errors observed by Ganaba and May in the
forces calculated for individual elements, other analysts [such as Abdel
Rahmen(87)] have found their results to be 1insensitive to the number of

integration stations used.

In the analyses of the constant moment regions considered in Chapter 6
there was no scope for the Integration errors to cancel out so they could
be more significant. Because of this, and because "accuracy" was
‘considered more important for a fundamental study of tension stiffening, a
special version of the program was developed which employed 32 point
trapezoidal rule integration. This was used for all the analyses 1in
Chapter 6, except those which did not consider stress history and so could
be performed with analytical integration. For practical purposes, this
eliminated integration errors completely. Indeed, since they were spaced
at only a quarter of the maximum aggregate silze, the iIntegration points
were unrealistically close. However, because the maximum historic strains
are stored for all the integration statlons, this version of the program
required more storage space as well as more computer time and it was not

used for the analysis of more complex structures.

7.9 SOLUTION SCHEME

In non-linear analysis, the forces can be calculated directly from the
displacements but the displacements can only be obtained from ‘an iterative
solution scheme. Incremental iterative schemes are normally used to
enable the behaviour of the structure under increasing loadé to be studied
and also because the behaviour is sometimes "péth dependent” so analyses

using very large increments could give incorrect solutions.
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A detailed study of solution schemes is beyond the scope of this thesis.
However, some problems were experienced which are peculiar either to the
type of structure considered or to the form of analysis used. These will

now be considered along with a brief review of the scheme adopted.

7.9.1 Control

Solution schemes using displacement(87) or arc-length(115) control are now
favoured by analysts but this has arisen primarily because of the
concentration on ultimete and post-ultimate behaviour. It 1s difficult to
achleve convergence with analyses using load contrel as fallure approaches
and impossible to model softening, post-ultimate behaviour or "“snap-
through”. However, with the type of structures considered in this study,
ultimate strength 1s a secondary consideration and neither "post-ultimate
behaviour" nor true "displacement control" have much physical meaning
because the failures are local and brittle whilst most of the strain
energy 1s stored in the beams. Thus, even 1f the bridges had been tested
under perfect displacement control, the slabs would still have failed
suddenly and completely. Also, the temporary reduction in load which can
occur under monotonically increasing displacements as cracking occurs has
no practical significance since real structures are loaded under load
control. There is thus little practical advantage in departing from using
load control, at least in a pragmatic study such as this. As structures
are designed for specified loads, and nelther strength nor displacement are
critical design criteria for the type of structures considered here,

analysis under load control is far more convenient for use in design.

7.9.2 Initial Stiffness Method

As serviceability criteria are critical there is no need to take an
analysis for design up to faillure, only to design ultimate load which is
Just 30% above design service load in BS 5400. Since this 1s normally
well below the actual collapse load, the demands on the solution scheme
are comparatively modest so0 a relatively simple scheme can be used.
Edwards used the simplest possible scheme; the initial stiffness method
with no accelerators. In thils approach, which is illustrated for a single
degree of freedom system 1in Figure 7.8, the initial elastic stiffness
matrix 1s used throughout. The displacements are calculated from the
loads using the inverted initial stiffness matrix. The forces are then

calculated from these displacements, using the non-linear material
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reduced. In this study, the criterion used was that attempts to obtain a
better scaler factor were made only if the sum of the error forces
multiplied by the.r respective iterational displacements, that is the error
energy 1n the search direction, was 1in excess of 60% of a similar

summation performed using the error forces from the previous iteration.

The 1line search procedure greatly reduced the number of iterations
required. However, because of the computer time used in the line searches,
the effect on the time to achieve convergence was less dramatic although
still very significant. Perhaps more importantly, the procedure means that
when the structure has failed the analytical deflections become very large.
With a pure initlal stiffness scheme, failure was sometimes indicated only
by failure of the analysis to converge which made 1t difficult to
distinguish failure of the structure from numerical problems with the

program.

Line searches are used in most recent NLFEA programs, sometimes in
combination with other more sophisticated acceleration schemes. However,
for the analysis of cracking, they do have a theoretical fault which does
not appear to have been fully resolved. When a crack first occurs, the
true displacement is greater than predicted by the stiffness matrix so a
line search factor substantially greater than one is applied to all the
displacements. This can cause cracking in elements which were previously
uncracked and 1in perfect equilibrium. The cracking leads to error forces
which are eventually reduced by the iterative solution scheme. However,
this could be done by increasing the deformations until the force is taken
up by the reinforcement, rather than by returning the element to its
uncracked state, The fundamental problem is that there can be two
different deformation states in a section which give the same forces; one
cracked and one uncracked. The initial stiffness method always under-
estimates displacements and so always arrives at the uncracked equilibrium
state first. However, once a line search 1s included in the analysis, it is
theoretically possible for the analysis to predict cracking in concrete
which has never been stressed up to its tensile stirength. In practice it
was found that this did not occur in the analysis of highly redundant slab
systems; analyses with the line search converged on the same solution as
those without. However, it did erise in the analysis of direct tension
tests using varilable tensile strength. For this reason, the line search

was not used iIn the analyses for 6.3.1.
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Line searches, and other accelerators, can gilve displacements (and hence
strains) within an iteration which exceed the final equilibrium values. If
these strains were used in the stress ‘history analysis, false results could
be obtained. For example, concrete could be taken to have cracked, and
thus: to have lost most of its tensile strength, as a result of strains
which only occurred in iterations which had over-shot the true solution.
To avoid this, the maximum strains are updated only after convergence has

been achleved.

7.9.4 Stiffness Recalculation

With these improvements, the convergence rate was accepteble for small
problems and for analyses for design. However, it was still too slow to
use the program to analyse large computer models up to failure. It was
therefore decided to depart from using the initial stiffness method and a
numerical recalculation of the stiffness matrix was added 1intoc the
program. Ideally, this should calculate the exact tangent stiffness for
the current deformation state so that the stiffness matrix truly
represents the structure's response to small chenges of load. Some
analyses(98) have been performed using a "Newton-Raphson" approach, in
which the stiffness matrix 1s recalculated for every load increment or
even every lteration. This approach gives a much reduced number of
iterations but the computer time required to recalculate and invert the
stiffness matrix more than uses up that saved by reducing the number of
iterations. In the analyses of cracking, the true current stiffness matrix
can also contain negative diagonal terms which would lead to numerical

Instability.

For these reasons, 1in the present study the tangent stiffness was
calculated only infrequently and approximately and the concrete was always
given & significant positive stiffness; usually not less than 3% of the
full elastic value. It appears that most studies have attempted to obtain
a closer estimate and used a lower tangent stiffness for cracked concrete.
This 1is possible in an analysis under monotonically increasing loads.
However, when unloading is considered, 1t leads to complications since the
material models used give different tangent ‘stiffnesses according to
whether the strain is increasing or decreasing. Thus the exact tangent’
stiffness matrix can only be calculated if the direction of chang_e_, as well

as the wvalue, of the strain is known for all the sampling stations.” It
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proved much simpler to use only an approximate calculation giving a

‘stiffness matrix which could be used for both loading and unloading.

Having adopted periodic recalculation of the stiffness matrix, it 1is
necessary to adopt a criterion to decide when to do this. The usual
approach 1s to recalculate at the beginning of an increment 1if some
“"current stiffness parameter" is substantially different from that implied
by the stiffness matrix currently in use. However, In the present study,
it ‘was found that this approach did not work very well. If extensive
cracking occurred in a particular increment the stiffness matrix was
always recalculated for the next increment. However, if little further
cracking occurred in that increment, the use of the displacements due to
the last increment as a first estimate for the displacements due to the
.current increment meant that the analysis would converge quickly whatever
-‘_stiffness matrix was used; provided the previous increment had converged.
"Thus recalculating the stiffness merely wasted time. If, however, the
previous increment had not converged, it would have been better to make it
converge by-‘recalculating the stiffness matrix earlier. Thus it was found
more satisfactory to recalculate during the increment. It was decided to
do this at 1teration eight 1if the convergence rate was slow and the

remaining errors were significant.

The choice of iteration elight was a compromise between early recalculation,
which ' could mean unnecessary recalculation, and delaying recalculation
until much cbmputer time had been used up in {iterations using the old
stiffness matrix. However, late recalculation has the advantage that the
defor'-martion state, and hence the calculated tangent stiffness, is closer to
that in the final equilibrium state so the final convergence tends to be

faster.

The sgtiffness matrix recalculation improved the rate of convergence
although not by as much as the line search. However, the greater effect
’ of.the line search may not indicate that it is a superior method; rather it
appeared to be due to the line search having ‘been incorporated first. The
E recalculations had a much greater effect on the convergence rate of
- snalyses performed without the line search. It was also apparent that the
effect” of recalculating the stiffn_ess matrix va'rie-d' greatly between
‘structures, being generally greatest where the softening was due. to
cracking in the beams. This implies that the details’ of the optimum
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solution scheme, such as when to recalculate the stiffness matrix, are
different for different structures. It was thus clear that the solution
scheme adopted was not the optimum for all the structures considered and
there was certainly scope for improvement. However, the convergence rate

achieved was considered acceptable for the project.

7.9.5 Convergence Criteria

In an iterative solution scheme, it is necessary to adopt a criterion to
decide when the solution 1s sufficiently accurate to stop the iterations,
without knowing the ‘exact solution. Criteria based on out-of-balance
forces, 1terational displacements or the product of the two (that is
energy) can be used. It is also possible to consider either overall or
local convergence. Analysts tend to favour overall energy criteria,
primarily because finite element analysis is an energy based approximation
method and there 1s a useful norm with which to compare the error energy;
the work done by the loads on the structure. However, in the present
study two difficulties were experienced with energy criteria. Firstly, as
Cope and Cope(94) have noted, the in-plane forces tend to be the last to
converge and, since the i-n-plane stiffness 1s large compared with the
flexural stiffness, the energy associated with these 1s small. Thus
significant in-plane error forces can remain in analyses which have
converged according to energy criteria. Although these forces might be
considered unimportant, since eliminating them usually has 1little effect on
the displacements, they can represent a significant force in the critical
elements. Thus, if local stresses are to be used as design criterias, it is

importent to limit the error forces.

The second problem encountered is a peculiarity of the type of structure
considered. The fallures were local and brittle. The energy associated
with a failure, an individual wheel load multiplied by the displacement of
the slab relative to the beams, thus represented only a small fraction,
typically 1%, of the total work done by the loads. The combined effect of
these problems was that there could be significant local force errors in
an anaiysis when the error energy was less than 0.0001% of the work done

by the loads.

Another disadvantage of both energy and displacement criteria is ‘tha't they

depend on the iterational displacements which (unlike the out-of-balance
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forces) are a function of the solution scheme used as well as of the
displacement. Thus, 1f the 1nitial stiffness method is wused, 1t 1is
desirable to use a tighter energy convergence criterion because the
iterational  displacements systematically  under-estimate the true

displacement errors.

The major difficulty with force criteria is defining a norm with which to
compare the out-of-balance forces. The standard of comparison for

moments and axlal force has to be different otherwise the criteria become

dimension dependent. The out-of-balance moments could be compared with- -

the maximum element moment. However, in the type of structure considered
here, this would lead to either unduly slack criteria for the slabs or
unduly severe criteria for the beams. Comparing in-plane forces with
maximum element forces 1s even less satlsfactory because the axial force
in a slab element is obtained from the difference between similar tensile
snd compressive forces. In the early stages of a slab analysis, when the
cracking is not extensive, the iIn-plane forces are very small so a
criterion based on a percentage of these forces would be unduly severe.
Conversely, in an analysis of a beam and slab deck, the axial forces in the

down-stand beams are too large to use as a standard of comparison.

Consideration of these problems led to the decision to use both an overall
energy and a local force convergence criterion. The iterations were
stopped only when both criteria were satisfied. The energy criterion was
based on comparison with the total work done by the loads on the
structure whilst the force tolerances were specified by the user. To
avoid dimensional problems, 'separate force and moment criteria were

specified.

Despite wusing 8 very tight energy criterion, typically 0.01%, end the
slackest force criterion considered reasonable, the in-plane force criterion

was nearly always the last to be satisfied.

7.10 CALIBRATION

Although the program was not intended to be highly accurate, it was
considered desirable to check it by comparison with test results and other
analyses to ensure that the results were reasonable. In ‘addition to the
studies mentioned in 7.3, 7.7, and also Chapter 6, as well as a. check

against a linear grillage to ensure that the program was at least
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Abdel Rahmen noted that both the tests and his analysis gave faillure loads
for all three slabs which were higher than predicted by yleld-line theory.
He attributed this to the contribution of the tensile strength of concrete.
However, even with the tensile strength set to zero, the author's analysis
gave failure loads which were higher than yield-line predictions. The
reason for this is that, as in the slab strips considered in Chapter 6, the
depth of concrete in compression was substantially less than the depth to
the top steel. Thus the strength was enhanced by the tensile force in the

top steel.

Although, with the top steel removed, the non-linear analysis gave almost
identical failure loads to yield-line theory, it did not give the same
moment distribution. At peak load, it predicted a moment in the element
under the load which was substantially above the yileld line value; the
extra strength coming from a net compressive force on the element. This
force was resisted by tension in outer elements which resisted lesser
moments.  Thus the analysis suggested that compressive membrane action
affected the behaviour of even these unrestrained slabs. This appears to
be confirmed by other test results. For example, Regan and Rezai-
Jorabi(118) measured strains in the reinforcement of a one-way spanning
slab subjected to a single concentrated load. The strains in the
transverse reinforcement indicated that there was a very significant
transverse curvature. Thus the longitudinal curvature must have varied
slgnificantly over the slab width; yet the strain in the longitudinal
reinforcement did not vary significantly over slab width. The only
possible explanation for this appears to be that the neutral axis depth
varied across the slab width because of the compressive membrane force in

the centre of the slab and the tension at the edge.

7.10.2 Taylor and Hayes' Slabs
Taylor and Hayes(55) tested a series of square slabs under single central
concentrated loads. These enable the program to be assessed, by

comparison with test results, for both restrained and unrestrained slabs.

8. Unrestrained Slabs

Taylor and Hayes tested a series of slabs with two different reinforcement

percentages (0.9% and 1.8%) under patch loads of three different sizes.

These were all analysed using both a four by four and a five by five node

quarter model. A typical load displacement relationship is shown in
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elements which were over twice as wide as the load patch, the analysis had
failed to model the stress concentration round the load. To test this,
the slab was re-analysed using a nine by nine node quarter model. This
gave a significantly lower fallure load, below the actual value. For other
slabs, with larger loaded areas, it gave only a very slight reduction i1n
fallure load. It thus appesrs that in order to correctly model failure
load without a separate shear check there 1s an additional criterion for
the size of the elements In the critical ares; they should not be much
bigger than the loaded area. This criterion would be difficult to comply
with in the analysis of complicated structures. However, further tests
showed that a rather coarser mesh can safely be used if the concentrated
load 1is applied at a single node, rather than being distributed in an
attempt to model the patch size as .“ was In the analysis of Taylor- and

Hayes' slahs.

In contrast to Duddeck's slabs, the failure loads for Taylor and Hayes'
unrestralned slabs were lower than predicted by yleld-line theory. They
sald that this was because the slabs failed in punching shear, rather than
flexure. However, the analysis suggested that the fallures were
essentially brittle bending compression failures. Because of the lower
grade concrete (typically 30N/mm® compared with 43N/mm=), as well as the
higher steel percentage, the slabs were effectively far more heavily
reinforced than Duddeck’'s. However, they were still only just outside
Petcu and Stanculescu's(79) ductility requirement for using yileld-line
theory. The analysis predicted, apparently correctly, that the behaviour
would be less ductile than Petcu and Stanculescu assumed because the
critical section, under the load patch, would be subjected to & net
compressive force. This effect does not appear to have been considered
previously, apparently because this type of faillure has been attributed to
shear. The analysis slightly over-estimated the detrimental effect of this
loss of ductility on strength. Other reasons why the analysis was
conservative for these slabs, and more so than for Duddeck's, include the
under-estimate of concrete crushing strength due to ignoring the multi-
axial stress state (which has & greater effect in a more heavily
reinforced slab), the torsionless elements’ faillure to model the diagonal
hogging moments in the corners (which do not arise in a corner supported
slab) and the use of a finer element mesh relative to load patch size in

analysing Taylor and Hayes' slabs. Despite all these faults, the analysis
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sensitive to the>as'sumption ‘made for the stress in concr-ete at high
v‘compressive strains.  Other analyses failed soon after the. compressive
stress in the critical region started to reduce.  However, in this bay the
load continued to increase as compressive fc;rce transferred to the
reinforcement. Thus the unsafe prediction could have been avoided by
using a concrete model which gave an abrupt reduction in stresé at a
relatively low strain. This may explain why the tendency to exaggerate-
the effect of reinforcement was less pronounced in Cope and Edwards'
analyses. The greater ductility given by the relationship shown 1in
Figure 7.6 may be more representative of the behaviour of concrete loaded
uniaxially under displacement control. However, the cfitical concrete 1in
these slabs was subjected to bilaxial compression and also to shear which
reduced its ductility. Thus it may be prudent, in the analysis of such a
slab, to impose a limit on the strain at which concrete can carry
compressive stress. A limit of approximately 0.0045, which 1s still higher
than used in most analyses, would eliminate the unsafe prediction for this
bay but have little effect on any of the other analyses. However, given
that this bay had more effective compression reinforcement and as much
tensile reinforcement as any practical bridge deck slab, the analysis can
be considered safe for practical slabs despite over-estimating the effect
of steel. It also appears, once again, that a flexural analysis has proved
capable of predicting a "punching shear" failure. This suggests that the
failures were primarily brittle bending compression failures, although the
shear force did precipitate the final collapse.

Although the reasonably good predictions for the failure load of these
slabs are reassuring, they have little practical significence. Kirkpatrick
acknowledged that design should be controlled by serviceability criteria.
Applying conventional BS 5400 stress criteria to the element forces from
the analysis of bay (2 suggested an allowable service load of
approximately 22kN. This compareé with a design service 45 unit HB wheel
which, at this scalg, is 13.75kN. This is interesting as the r_e'inf(_::rcement
in this bsy was similar to Kirkpatrick's eventual recommendation. Thus the
analysis has given further support to Kirkpatfick‘s proposals. However, it

remains to consider the influence of global transverse moments.

From Kirkpatrick's observations of the behaviour of his model, and of his
full scale bridge, it would appear that, in the absence of any global

effects, the behaviour of this bay would certainly be satisfactory under a

- 138 -



service load significantly above 22kN. Thus it may appear that the
analysis was unduly conservative. However, to put this iInto perspective,
it should be noted that a conventional analysis of this bay, using
Westergaard and BS 5400, gives an allowable service load of only 9kN and
implies a failure load of less than 14kN.

7.11 CONCLUSIONS

The form of analysis considered in this chapter gives satisfactory
predictions for the behaviour of realistic slab structures. Provided an
element mesh 1s used which is fine enough to model local stress
concentrations around the applied loads, it appears to give s;fe
predictions for the fallure loads even of slabs which fall in “punching

shear".

In some cases the analysis under-estimated strengths by up to 30% The
allowable service loads calculated from the analysis also appear to be
conservative. However, despite this, the use of the program in design and
assessment would still lead to significant economies compared with current

practice.
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CHAPTER &8

MODEL BRIDGE TESTS

8.1 INTRODUCTION

The analytical methods considered in Chapters 5 and 7 are potentially very
useful, but they have not yet resched the point where they can Jjustify
radical changes in design practice without some calibration against tests.
It was therefore necessary to perform some tests. These were designed to
investigate the key areas identified in Chapter 3 as requiring further
research; service load behaviour, restraint and the effect of global

moments.

8.2 DESIGN OF MODELS

8.2.1 Scheme

Although small scale models have proved successful for predicting the
strength of slabs(51), the cracking behaviour of concrete does not scale
well. Thus, in order to obtain rellable predictions of service load
behaviour, it 1s desirable to use the biggest practical scale. Ideally,
full size models would be used. However, financial constraints on this
project, combined with the need to model a whole bridge and a whole HB
load, made this impractical. It was therefore decided to use half scale
models of relatively small M beam type bridges. Analysis suggested that
these were the type of structures in which global transverse moments

would be most significant.

The first model, which is detailed in Figure 8.1 and 1llustrated in Figure
B.2, was designed to be a worst case for restrjaint'so it had four beams
(the minimum practical number for a bridge of this type), no parapet up-
stands and no diaphragms. The last point is particularly significant since
3.2.8 noted that previous researchers have sald that diaphragms are needed
to provide the restraint, yet no tests have been performed on decks
without diaphragms to confirm this. Also, analysis using the program
described in Chapter 7 suggested not only'fhat diesphragms Vérere not needed
to provide the restraint but also that, because of the effect illustrated
in Figure 3.12 and discussed in 3.2.7, the slab near fthe‘ ends of the bridge
would be subjected to transverse compression when the: full HB load was

applied near mid-span.
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In Figure 8.5 the section of the inverted T beam 1s compared with a true
half scale M beam. The thicker web of the inverted T beam was considered
an advantage as it was desirable to avoid shear fallures. However, the
lack of rebates for the slab formwork was a disadvantage, not only because
they were needed to support the formwork, but also because their absence
improved the support to the slab. Thus non-standard rebates were provided

as shown in Figure &.5.
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Figure 8.5: Comparison of full size TZ and half size M4 beams

When the design of the beams was fixed, which was very early in the
project, it was considered desirable to aveid global failures so the beams
for the first deck were provided with approximately 25% more prestress
than the conventional BS 5400 based design method required. The beams
for the second deck were provided with the same prestress which, because
of the improvement in distribution properties due to the diaphragm, meant

they had approximately 35% more steel than BS 5400 would have required.

Because of the interest in the interaction of global and local effects.

under service loads, it was desirable to provide a realistic beam size near
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the minimum which could be used, within the code, for this type of deck.
Thus the beam size was not increased to match the over-provision of
prestress so the beams were stressed at transfer to a higher stress than

would nermally be allowed.

The shear reinforcement was designed to the normal BS 5400 rules.
Because Hughes(119}) has found that these are conservative for this type of
beam, the shear reinforcement was not increased to match the over-

provision of prestress.

The beams for the second deck were provided with standard transverse
holes to accommodate reinforcement for the diaphragms. In order to get
the diaphragms down to the correct scale size, the holes had to be nearer
to the end than is recommended by Green(120), so extra links were provided

to control the expected cracking.

8.2.3 Diaphragms

The diaphragms for the second deck were designed to the conventional
BS 5400 rules. However, a considerable variety of approaches are used for
calculating the torsicnal inertia used in the analysis to obtain the design
moments. This significantly affected the design. It was decided to follow
the recommendations of Clark and West(121) and use half the Saint Venant

value for the gross-concrete section.

8.2.4 Slab Reinforcement

Because global behaviour and restraint were majfor areas @ requiring
investigation, it was considered that  wusing bays with different
reinforcement percentages was undesirable. The more heavily reinforced
bays would have provided extra restraint and distribution which would have
given an optimistic impression of the behaviour of the lightly .re-binforced

bays. This meant the choice of steel area was important.

The original idea was to provide the first deck with 6mm high tensile
steel bars at 100mm centres (that is T6-100) main steel and T6-125
secondary steel in Dboth faces. This compares with Kirkpatrick's
recommendations(13) which are equivalent to T6-75 at this scale. How'ev;er.
later analysis suggested that even T6-100 was slightly excessive and 1t
was decided to reduce the main steel to T6-125 as wéll. This mea.r;t: the

deck was 20% less heavily reinforced than the ‘strips considered in
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Chapter 7. However, since doubling the reinforcement appeared to have had
little effect on the tension stiffening, this was unimportant. It appeared
that the secondary steel could also have been reduced. However, smaller
reinforcement was considered undesirable for practical reasons whilst
125mm was the largest spacing which complied with the code maximum
(300mm at full size) and which kept the reinforcement spacing in phase
with the beam spacing.

The reinforcement is detailed in Figure 8.6. The reason for providing an
8mm longitudinal bar over each beam was to provide a proper anchorage for
the 8mm links projecting from the beams. Since these links stopped short
of the edge of the top flange of the beam (as 1s usual because they have
to fit inside the formwork when the beams are cast) it was considered that
they would not greatly affect the slab's flexural behaviour and they were

ignored in its analysis.
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Figure 8.6: Detail of reinforcement in slab of first deck
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it was necessary to provide some designed reinforcement to resist this

moment.

It was also decided to use the second deck to conduct a small test, which
has been described briefly elsewhere(i23), on the effect of local
reinforcement corrosion on deck slabs. To simulate the effect of severe
local corrosion, eight adjacent main slab bars were cut right through at
mid-span of the slab. This was done using using bolt croppers before the
slab was cast. The position of the cuts was chosen so that the "damage"
would have the minimum effect on the behaviour under the load case used
for the initia]l failure test. However, it would be possible to conduct a
service load test with one wheel of the HB vehicle immediately over the
cut bars, It was also hoped to perform a failure test using a single
wheel over the area 1if it was in reasonably good condition after the

fallure test.

8.2.5 Bearings

The beams were supported on normal commercial laminated bearings which
were PSC"370132"(124); the smallest size of this type made. These had a
greater movement capacity than a single span bridge of this type would
require. As a result, they were less stiff than a true half scale model of
bearings for a single span bridge. Thelr behaviour was close to that of

the bearings which would be required for a two—-span bridge.

The stiffnesses of the bearings were checked in the Mayes machine, first
under concentric loading, which gave results very similar to the specified

stiffness, then under eccentric loading to measure the flexural stiffness.

8.3 MATERIALS

8.3.1 Concrete

The mixes used for the deck slabs and for the other in situ concrete were
similar to those used in the half scale beam strips considered in Chapter
6 and the nominal mixes are detalled in Table 8.1. The mix for the first
deck used a realistic cement content but even with a high water content,
glving a very wet-looking mix with a slump of scme 100mm, it gave a 28
day cube strength of 44N/mm® obtained from 150mm cubes stored with the
model. The cement content was reduced for the second mix giving a 28 day
strength of 33N/mm= with a lower water content and a more typical slump
of around 40mm. The change in properties between the two mixes was much
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screeding rail which spanned the full width of the deck. After completion
of the tests, the thickness of the slab was checked by drilling a number
of holes and measuring through. The mean thickness of the 17 depths
measured on the second deck was 79.65mm and although there was a
significant variation, from 76 to 84mm (which was a considerably greater
variation than was observed in the first deck), this appeared to be
entirely random with the mean depths for four bays being 80.0, 80.5, 79.8
and 78.3mm. It was therefore decided to base the analysis on the nominal

dimensions.

The top of the concrete was covered in plastic for seven days then
uncovered whilst the soffit formwork was struck after a minimum of four
days. Real bridge decks of this type are normally constructed using
permanent formwork but access to the soffit was required to enable the
cracking to be observed and the surface strain gauges to be attached. For
the same reason, neither water-proofing nor surfacing were provided. This
made the tests conservative and Cairns(82) has found that surfacing alone

reduces the live-load steel stress by some 30%.

No attempt was made to match the curing conditions which would be
experienced in a real bridge. The lack of permanent formwork or water-
proofing, the small scale, the unusually wet concrete ({(particularly in the
first deck) and the dry laboratory air all had the effect of increasing the
shrinkage of the slab whilst the beams were rather older than usual when
they were placed. Thus the shrinksge of the slab, and the differential
shrinkage between the slab and the beams, was significantly greater than
in a real bridge. Because of this, if (as has been suggested) shrinkage
has an adverse effect on the development of membrane action, the test

results would be conservative.

8.5 LOADING

8.5.1 Loads Applied

Since the slab behaviour was of prime concern, and since analysis indicated
that HA load would have a relieving effect on the slab whilst dead weilght
would have an insignificant effect, only the HB load was applied with no
HA load or dead weight compensation. These loads would have increased the
moments in the beams, thus the degree of over-strength in the beams was

slightly greater than that due to the over-provision of prestress.
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The loeding sequence was designed to first apply the design service HB
load in a critical position, then to simulate the full load history due to
the service life of a real bridge before returning the load to its original
position. The service load would then be re-applied, enabling the effect
of cracking and loss of restraint due to other load cases to be assessed.

The load on the HB rig would then be increased until failure occurred,

Whilst the design static service load which should be applied to the deck
was well established, and defined in BS 5400, the loading required to
simulate the service life of a bridge was less clear. BS 5400
Part 10(126) defines fatigue loads. However, these are intended for use
with defined fatigue relationships for steelwork details whilst the primary
concern in this project was the cracking behaviour of the concrete. This
1s much more sensitive to small numbers of large load cycles, as has been
found in Chapter 6. Thus if the fatigue loads had been used, they would
have been used well outside the range for which they were intended or
calibrated. When relatively small numbers of cycles are considered, the
design fatigue loads can be locally more severe than the design ultimate
load. This does not matter in normal fatigue assessment, since these
small numbers of cycles have little effect on the cumulative damage
calculations. However, it is clearly illogical to require a structure to
resist a thousand cycles of a load in excess of design ultimate. Since
bridge deck slabs are likely to be most sensitive to the few loads of near
design service level which are applied in thelr 1life, it was decided to
base the cyclic loads on BS 5400: Part 2 loads.

Unlike the long span HA loading, the HB loading and the short span HA
loading, which are relevant to these decks, have no statistical base(127),
It was therefore necessary to make some gross assumptions in order to
decide how many cycles, and of what magnitude, to apply.v It was initially
assumed that the design service loads should have the same chance of
occurrence as their long span HA equivalents; that 1s a 5% chance of
occurring once in 120 years(127) This implied that only one cycle of this
loading should be applied. However, it was decided to epply a more severe

sequence to ensure that the tests would be conservative.

Another difficulty with simulating the load history of a bridge was that
real bridges are subjected to rolling loads whilst the ‘loading rig was only

able to apply pulsating loeds at discrete positions. In order to ensure
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that this would be at least as severe as applying the intended load at all
positions along the length of the deck, the test load.was increased. A
load of 1.2 times design service load was therefore applied to all the
positions. The original intention was to apply two cycles of this load
followed by 10000 cycles of a reduced load, simulating 25 units of HB
(again with a 20% excess) then 100 cycles of design service HB. The
significance of the 25 unit HB load is that it was used to represent HA in
the then current lcading standards(23,24). Finally, a cycle of 1.2X design
service load would be applied, enabling the effect of the cyclic loads to
be assessed by comparing the behavicur then with that under first loading.
In the event, the 10000 cycles had very little effect so, after the first
position, the number applied was reduced to 5000. However, because the
critical parts of the slab were subjected to wheel loads under two
different load positions, these were subjected to at least 10000 cycles of

wheel loads.

The maximum load applied in the service load tests was approximately equal
to the design ultimate load. This, combined with the nature of HB load
(which is particularly severe for this type of structure and probably
unrealistic), the lack of surfacing and the large number of load cycles
applied, meant that the load history to which the bridges were subjected
was excessively severe and made the tests conservative, as intended.
However, Perdikaris and Beim's work(128), which was published after these
tests were completed, suggests that rolling loads are more severe than
fixed pulsating loads. They suggested that one passage of a rolling load
could have the same effect on the fatigue life of a slab as 34 to 1800
cycles of a fixed load. As they considered the number of cycles to 60% of
static strength to cause fallure, whilst the tests considered here are
investigating the effect of cycles of service load level, their conclusions
may not be applicable here. Also, the difference they observed appesred to
be related to the crack patterns; pulsating loads gave local radial
patterns whilst rolling loade gave extensive grid-iron patterns. This was
a consequence of the use of large single wheel loads. Under the HB
service loads used in the author's tests, the cracking extended over a
greater length of the bridge but was purely longitudinal. There is thus
no reason to anticipate that rolling 1loads would have led to 8
fundamentally different crack pattern. However, even 1if (as Perdikaris and
Beim suggested for this type of reinforcement) one pass of a rolling load
was equivalent to 34 cycles of a static load, the use of ;'20% over-load
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The Jacks reacted against two large steel unlversal beams which were
supported by double channel stanchlons bolted down to the strong floor of
the laboratory. The loading frames can be seen in Figure 8.2. Because the
anticipated loeds were close to the calculated capacity of the floor, it
was necessary to position the bridge to minimise the moments in the floor
under the load case which would be used for the fallure test. It was also
desirable to spread the load on each leg of the frame evenly between four
floor bolts. Since the standard spacing of the HB bogles did not match up
with the bolt centres, 1t was only possible to achleve this for the legs of
one of the bogles. The load from each of the other two legs was

therefore spread unevenly amongst six bolts.

The HB bogies could easlly be moved sideways to any required position by
moving the spreader beams and jacks. However, to move them longitudinally
it was necessary to move the whole loading frame. It could have been
moved to any position but this would have required a re-arrangement of
the enchorage system. In practice it proved adequate to move the bogies

only by multiples of the bolt spacing.

8.6 INSTRUMENTATION

The loads were measured using four 800kN load cells located below the
jacks. Separate figures were recorded for the four cells but no facilities

to adjust the relative loads were incorporated in the system.

A 50mm travel linear voltage displacement transducer was provided under
the centre of each beam. In addition, 10mm travel transducers were
provided over each bearing and under some wheel positions. The
transducers under the wheels were supported off the top flanges of the

beams and thus measured only the slab displacement relative to the beams.

Vibrating wire strain gauges were used both on the surface and in the
concrete at selected positions. These have the advantage of remaining
stable over long periods, which was important as it was intended to record
the total strains due to the application of several different load
positions. However, their strain capacity was not sufficient to usé them
to measure smeared strains in cracked concrete. “Thus "portal" gauges
developed by Cook(129) were used in positions where cracking was expected.
Because it was considered undesirable to és{imate chrvqtﬁr’e’s or exte‘nsioné

in concrete sections from top and bottom gauges with different gauge
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lengths and other characteristics, portal gauges were also used in some

positions where cracking was not expected.

A disadvantage of surface strain gauges 1s that because their thermal
inertia is much less than that of the specimen, they are very sensitive fo
temperature changes; unlike demecs, the portals have a significant
coefficient of expansion since they are made of aluminium. However,
although the laboratory was not air conditioned, it proved possible to keep
the temperature constant to within some 2°C for the tests for which the
strain data was used. In order to avoild the problem of sunlight warming
the gauges directly, all the blinds on the Scuth side of the laboratory

were closed for the duration of the tests.

Because portal gauges have not previously been used for long-term tests,
it was decided to monitor their long-term performance using readings off
demec points mounted as close as possible to each portal. The original
idea was to use the portals only to record the change of strains during a
test and to add these on to long term changes recorded by the demecs. In
practice, the changes of reading in the portals were close to those in the

demecs so this extra complication proved unnecessary.

The reinforcement under one wheel in the first test and two in the second
was also strain gauged, using electrical resistance gauges. Unfortunately,
some of these gauges were damaged during the construction of the deck and

few of the results were usable.

Two gauge lengths were used for the portal 'gauges: 200mm for the beams,
which 1s the largest size made, and 100mm for the slab. The latter length
was a compromise between the requirement for a short gauge length, to
monitor local peaks in the bending moment distribution, and a long gauge
length to make the results compafable with smeared crack analysis.
However, the latter objective was not éch'ieved, since the. crack sphciﬁgs
were greater than 100mm. Thus it is more realistic to cdﬁsider. the gauges
as indicating only the movement of inﬂiyidual :cra'cl_(s. ~  Similarly, the
gauges on the reinforcement represehted only the strain at their
particular location and were not directly compérable with smeared. crack

analysis.

All the electronic instrumentation, a tdtal- of 74 channeis, waé c‘onnected_'

to a "Compulog" data logging system which converted the results to digital
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strain, displacement and force readings before storing it on disc and tape
for later processing. Some key strain and deflection readings, as well as

the load cell readings, were printed out whilst the tests were in progress.

8.7 TESTS ON FIRST DECK

8.7.1 Global Service Load Tests

a. First Load Position

The loading frame was first positioned to apply the HB load in the
position indicated in Figure 8.11. The design service load was then
applied in ten approximately equal increments. The structure was carefully
examined for cracks after each increment. However, despite studying the
critical areas of the slab with an 1illuminated magnifying glass, no
cracks were seen until the full load had been applied. Under the previous
increment the strain measured by the portal gauge immediately under the
wheel nearest the centre of the deck was 575 microstrain; some three times
the strain at which cracking normally first becomes visible. This was
partly a consequence of the thin slab and high strain gradient. However,
this also applied to the half scale specimens considered in Chapter 6
which cracked at lower strains. Another explanation 1is that under the
concentrated load the scope for stress redistribution, both by moment
redistribution and by membrane action, was so great that the concrete in
the critical area was effectively being stressed under strain control, even
though the structure was loaded under load control. Thus the cracks did
not become visible until the concrete stress had dropped significantly

below the normal cracking stress.

The crack widths were measured using a crack microscope. Under full
service load the maximum width, which occurred under wheel 10 in Figure
8.11, was 0.05mm; equivalent to O.imm at full size. This would certainly
be acceptable in practice and may appear to be very small considering that
conventional design methods implied that the slab should have failed by
this stage. However, other studies, notably Kirkpatrick et al's(49),
suggested that the slab should have been uncracked under this wheel load.
The fact that the outer bay of the slab (where global transverse moments
were less significant) was iIndeed uncracked, suggested that global
transverse moments were the reason for this difference from Kirkpatrick's

result.
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The deck was then loaded to 1.2 times design service load. As the load
increased above design service level, the cracks under wheels 9 and 10
grew longer and at a load of 140kN per jack they joined up. Under the
maximum load {150kN/jack) the crack width under both these wheels was
approximately 0.13mm whilst mid-way between them the crack was 0.08mm
wide. Since the maximum crack width under the design service load had
been less than 0.08mm, this <(and the similar relaticonship between the
strain readings) suggested that applying the increased load in this one
position was at least equivalent, as far as this area of the deck was
concerned, to rolling the service load 0.9m along the deck. If similar
relative widths occurred in subsequent tests (which they did) this meant
that spplying 1.2 times service load in Just the three positions along the
deck 1llustrated in Figure 8.11 would be equivalent to rolling the service
load along its full length.

After the cyclic loads described in 8.5.1 had been applied, a load of 1.2
times design service load was again applied. The change in the strains
and displacements, compared with the load application before the cyclic
tests had been performed, was so small that this application could not be
plotted on Figure 8.13 without making it illegible and, for the same
reason, only the peak part of this load cycle 1s shown in Figure 8.12. The
strain measured at the start of the cycle was marginally smaller than that
measured at the end of the second cycle to 1.2 times service load. Thus
the 10000 cycles to "HA" service load plus 20% and 100 cycles to full HB
service load had had a small effect on the behaviour compared with just
tAwo cycles to 1.2 times HB service load; the structure had actually

recovered some of its strain whilst the cyclic loads were being applied.

Under full load, the cracks were not significantly wider than under the
first load application and no cracks were visible on the top surface of
the slab; the only visible cracks were the four longitudinal soffit cracks,
one under each palr of wheels. On unloading, the cracks were again

invisible even with the microscope.

b. Other Load Positions

On completion of the tests in the first position, the loading rig was
moved sideways by 500mm. The same load sequence was applied in this and
subsequent positions, except for the reduction from 10000 to 5000 cycles

of the HA equivalent load. As can be seen from Figure 8.11 some of the
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wheel positions in this load case were the same as in the first case. Thus
cracks were visible under these wheels at a much earlier stage than in the
previcus test. Cracks were also visible in the newly loaded bay one load
stage earlier than they had been in the first test. However, apart from

this the behaviour was very similar.

On completion of these tests, the whole loading frame was moved along the
deck by 1056mm to apply the HB load in the third position illustrated in
Figure 8.11. The same load sequence was applied and the behaviour was
similar. Because the instrumentation had been positioned to suit the first
load position, the behaviour could not be monitored so closely. Crack
widths were measured, however, and they were marginally greater than under
the first load position; the maximum width being 0.15mm against 0.13.
Since the first load position was a worse case for global effects, and
both were identical for local effects, this suggested that the loss of
restraint and distribution due to the cracking caused by the previous load

cases was affecting the behaviour.

The same load sequence was then applied 1In the remaining positions
1llustrated in Figure 8.11. By the completion of these tests, all three
bays of the deck sleb had cracked along almost the full length of the
bridge. However, these three cracks were the only cracks which had been
seen. They were visible with a magnifying glass when the deck was
unloaded, with a maximum width of 0.05mm and a more typical width of
0.02mm.

c. Return to First Load Position

For the final service load test, the loading frame was returned to its
original position and the load was re-applied. As will be seen from
Figures 8.12 and 8.13, the deformations were greater than under the first
applications but still not excessive. The maximum measured crack width
was 0.2mm which, as 1n all the tests, was slightly (25%) less than would
be assumed from the strain gauge reading, indicating that the concrete on
either side of the cracks was still under significant vtension'. The
maximum crack width was equivalent to 0.4mm at full size, compared with an
allowable width of 0.25mm in BS 5400: Part 4. However, that document only
requires crack widths to be checked under a much lower load; 25 units of
HB compared with the 1.2 times 45 unit load to which ‘the model was

subjected. Under the load used . for crack width calculation, the measured
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crack width was 0.12mm; the scale equivalent of 0.24mm compared with the
allowable width of 0.25mm. Although it 1s unreasonable to expect this
level of precision in crack width predictions, and a model is likely to
under-estimate crack widths, the many conservative features of the tests
which have been mentioned earlier mean that it is reasonable to conclude
from this that the crack widths would be acceptable in a full size bridge.
Thus, by this criterion, the service load behaviour of the deck was
satisfactory although it clearly did not have the enormous margin of over-
capacity which previous research implied it should have. Analysis, which
will be considered in the next chapter, and also observation of the
behaviour suggested that this difference was due to the global transverse
moments resulting from the use of full HB load in this study, compared
with only single wheels in other studies. However, it remained to prove
conclusively that it was not due to the absence of the diaphragms

recommended by others.

It was noted in Chapter 2 that crack widths are an unsatisfactory, and
perhaps unnecessary, design criterien. However, by any other fundamental
design criterion <(such as permanent deformations) the behaviour was
satisfactory. Similarly, the stresses estimated from the strain readings
were well within the BS 5400 criteria. Thus the behaviour of this very
lightly reinforced deck slab was clearly satisfactory. However, because of
the over-provision of prestress and the conservative nature of
conventlonal design rules for prestressed concrete, the lack of cracks in
the beams did not prove that the distribution properties of the deck were
either satisfactory or similar to those which had been assumed in the
design of the beams. This aspect of the behaviour could only be
investigated by detailed comparison with analyses and thus will be
considered in Chapter S.

8.7.2 Global Fallure Test

After the service load tests had been completed, the design ultimate HB
load was re-applied and the HB load was then Increased in steps of
approximately 25kN per jack, that 1is 17% of design ultimate load. The
displacements of the beams are shown in Figure 8.14 whilst that of the
slab under wheel 9 is shown in Figure 8,15, The loading to fallure was
not continuous and the points where the load was removed and re-applied

are indicated by breaks in the plots in the figures.
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the near linear behaviour it had exhibited since the completion of the
service load tests. Even mid-way between the bogies, the strain across
this crack was 1900 microstrain but, in contrast, the highest tensile
strain recorded by the portals on the top of the slab over the edges of
the webs of the beams was 300 microstrain adjacent to wheel 10. The
gauge over the web of Beam B on the outside, that is adjacent to wheel 2,
was reading 136 microstrain compression indicating that in this region the
sagging moment due to transverse global effects was greater than the
local moment. Longitudinal portal gauges positioned under wheels 9 and 10
were showing very small strains but that under wheel 12 showed 600
microstrain tension, the difference presumably being due to the lower

global compression in this area.

A number of transverse straln gauges and demec points had been positioned
in the slab near the expected points of transverse contraflexure in an
attempt to estimate the membrane forces. Due to the small and erratic
readings, the proximity of cracks and the transverse strains resulting from
the Poisson's ratio effect of the global flange forces, these were
extremely difficult to interpret, However, there did appear to be a

transverse compression adjacent to the wheels.

After this load stage, the load was removed and there was over 80%
recovery on all the significant readings. The load was then re-applied and
increased further. At 250kN per jack, a shear crack appeared in the right
hand end of Beam B (as shown in the figures) and a flexural crack was also
just visible in the soffit of the same beam under wheel 6. Further shear
and flexural cracks formed in the same regions at 275kN. At this stage, a
shear crack also appeared in the right hand end of Beam C and in the left
end of Beam B. There was also a very fine horizontal crack running along
the outside of the web to Beam A adjacent to wheels | and 2, due to the
beam's action in restraining the hogging moment in the slab. A second
longitudinal crack had appeare'd in the soffit of the slab but still no

cracks were visible on its top surface.

At 300kN per jack, twice design ultimate load, the first shear crack which
had appeared in Beam B extended right through the bottom flange. What
looked like shear cracks also appeared in the left end of Beam C between
the support and wheel 9. However, cracks on the opposite side of the web

sloped the opposite way, indicating that the cracks were largely due to
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failures) was given when the slab strength was estimated using the
methods considered in 3.2.3. Kirkpatrick et al's approach(!3) over-
éstimated the strength by nearly 80% whilst Hewitt and Batchelor's
approach(72), using a restraint factor of 0.6, was only marginally better.
The restraint factor back-calculated from the fallure load was
approximately 0.2, compared with the “conservative" figure of 0.5 used in
the Ontario Code(11) for assessing existing decks. Thus, although the test
results did not suggest that decks designed to the empirical rules would
be unsafe, they did imply that the Ontario assessment recommendations
could be. However, since all previous research into compressive membrane
action in bridge decks had suggested that support diaphragms are needed
(or at least desirable) to provide the restraint, a plausible alternative
explanation for the reduced strength was that the restraint in this deck

was inadequate. It was decided to perform local tests to investigate this.

8.7.3 Local Fallure Tests _

Two single wheel tests were performed usiné the test rig illustrated in
Figure 8.22. The position of these, which is shown in Figure 8.11, was
chosen for convenience in tésting and also to avoid areas of the slab
which had been significantly damaged in the previous tests. However, the
‘s_lab around the wheel tests had been cracked by the previous tests whilst
the adjacent bay, which could be important to the restraint, had espparently
been loaded very close to fallure. Thus the test situation was extremely
unfavourable compared with the normal situation in a real bridge deck. It
was considered that the behaviour at low loads was so greatly affected by
.this that it had no real significance. Thus serviceabllity was not
considered in such detail as in the global tests and the slab was loaded

monotonically to. failure.

The same instruments were used as -for the global t_ests-but some were
repositioned and all were re-zeroed. Thus strain and displacement
readings were taken relative to the start of the test, rather than relative
to the initial (uncracked) state as in the global tests. Some difficulties
wefe experienced with the Alogger ciuri.ng the first test whilst in the
second test the displacement transducer under the wheel stopped working.
Since ‘the behaviour in the two- tests wés very similar, only the behaviour
) o>f the second test will be described in detail but_ the load-deflection
response for the first test is illustrated in Figure 8.23. '
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Like the first, this deck was initially subjected to design service load
then to two cycles of a 20% higher load. A soffit crack appeared at
approximately the same stage as before and under full design service load
it had a width of O.lmm: approximately twice the width as at the
equivalent stage in the previous test. However, the crack widths 1in
concrete are very variable, particularly at loads jJust above that which
causes cracking, so this may have had little significance or may have been

due to the lower tensile strength of the concrete.

The difference in crack width was less pronounced at the higher load of .
the second loading cycle. A more important difference from the behaviour
of the first deck was that a top crack appeared at the same time as the

soffit crack, whereas in the first it had required a load some 150% higher.

The measured local deflections, crack widths and transverse strains were
greatest adjacent to wheel 14, These strains are shown in Figure 8.27,
whilst the deflection of wheel 14 relative to the beéms is shown in Fligure
8.28. Initially the soffit strain exceeded the top strain by some 50% but
this percentage reduced once the behaviour departed from linearity and the
top strain overtook the soffit strain when the cracks became visible. It
remained greater throughout the subsequent tests, the difference being
greatest <(even 1in absolute terms) when the structure was unloaded.
However, these high strains were confined to the region over the inside of
the web to Beam D which was the location of the only top crack. Figure
8.27 shows that the strain over the edge of the adjacent Beam C was very
much lower. Indeed, nearly all the tensile strain in that region could be
explained by the Polsson's ratio effect of the longitudinal compressive
strain due to the global flange force.

The difference between the strains at either end of the slab span is
particularly significant when it is realised that a conventional local.
analysis would treat the slab as symmetrical and so would predict
identical strains at either end, whilst an apparently more sophisticated
local analysis (treating the slab as continuous over simple supports) would

predict a greater hogging moment over Beam C than over Beam D.
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The explanation for the greater strain over Beam D was that there the
global transverse moment was hogging, adding to the local moment, whereas
over Beam C the global moment was sagging and therefore acting against
the local effect. Further evidence to suggest that the top crack over
Beam D was largely due to global effects was given by the length of the
crack. As soon as it appeared, it extended over most of the length of the
deck. The width even mid-way between the bogies, where Pucher's
charts{40) indicated that the local moment should have been sagging, was
some two thirds of the maximum width adjacent to wheel 14. In contrast,
as In the first deck, separate soffit cracks appeared initlally under each
wheel. The soffit cracks formed by the two wheels of a bogle, such as
wheels 13 and 14, joined together as the load increased but the cracks
formed by the two bogies did not join until the load had been applied in
other positions along the length of the deck. Thus it appeared that the
soffit cracks were primarily due to the local effect whilst the top crack

was largely due to the global effect.

This also explains the difference in strain behaviour of the top and
soffit. Initially, as predicted by elastic theory, the maximum soffit
strain was greater than the maximum top strain. However, once the
behaviour departed from linearity the stress peak iIn the soffit was
smoothed out as force redistributed to the surrounding wunder-stressed
concrete. There was less scope for redistribution of the top stresses
because global moments are relatively uniform over the length of the deck;
hence the rather greater Increase in strain on cracking. Uncracked
concrete surrounding the local cracks and trying to push them closed would
also lead to better recovery of the soffit strain on unlocading. However
the much iInferior recovery of the top strains (the top strain after each
cycle of the first load position was over double the soffit strain) was
undoubtedly exaggerated by the reinforcement detailing since the single

layer of main steel was located some 10mm below mid-depth.

The reason why the top cracks had not appeared in the first deck until a
much higher load was applied was that the lack of diaphragms meant that
the beams were free to rotate. Thus local hogging moments were relieved
by rotation and differential displacements of the beams led to lesser
global transverse moments. The diaphragms in the second deck contributed

to its superior distribution properties and the maximum beam displacement
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was some 25% lower than in the first deck even though a static load
distribution would predict identical deflections.

As wilth the first deck, the application of 5000 cycles of a reduced load
had remarkably little effect on the behaviour.

b. Other Load Positions

After completion of the tests in the first position, the HB loading rig was
moved a8 metre sideways in the direction towards the top of Figure 8.26 to
apply load in the second position. The behaviour was generally similar to
that in the first position. The one new top crack appeared over the edge
of the centre beam when the design service load was applied, whilst the
new soffit crack appeared in the bay at the top of Figure 8.26 under the
full load; that is 1.2 times design service load.

The original intention had been to apply the HB load in a total of three
different positions across the width of the deck. This loading sequence
was designed to induce all the soffit cracking which was likely to occur
in service. However, 1t was now apparent that top cracks due to global
effects could be equally significant. The intended load sequence would
have falled to induce top cracks over the inside of the web of Beam B.
Since such cracks could be significant to the behaviour of the adjacent
bay of slab (that between Beams B and C) and since that bay would be
loaded in the final test, 1t was considered that this was a fault of the
sequence. An iIntermediate load position was therefore used. The loading
rig was moved back 1.5m towards the bottom of Figure 8.26 to apply the
same load positicn as in the first test but opposite hand. Apart from the
effect of the pre-cracking, which led to a softer initial response, the
behaviour was very similar and the maximum crack widths were similar. The
maximum strains and deflections were also similar although few direct
comparisons could be made as few gauges were in equivalent positions. The

global deflections were very similar; within 5%.

After completion of the tests in this position, the loading frame was
moved a further metre sideways to the position nearest the bottom as
shown in Figure 8.26. This position was particularly significant as i1t

included a wheel directly over the region of the cut reinforcement.

Under the maximum load which had previously been applied, there were no
cracks visible in the region of the cut reinforcement. This was slightly
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surprising as the load case was identical to one which had already been
tested, apart from being opposite hand, and cracks had appeared in that
test at the equivalent position and load stage. It was also unfortunate
as 1t had been iIntended to use the test to investigate the behaviour,
under cyclic loads, of a cracked bridge deck slab with damaged
reinforcement. It was therefore decided to increase the load slightly to
crack the slab; the strain of 500 microstrain measured by the portal gauge
under the wheel indicated that cracking was imminent. However a 10%
increase iIn load failled to produce visible cracks despite giving a strain
of 610 microstrain. Curiously, the strain under the adjacent wheel, where
the reinforcement was iIntact, was 986 microstrain which indicated, by
comparison with other cases, that cracks would have been wvisible, These

were not noticed although the area was not inspected as thoroughly.

Clearly, cutting the main steel had not advanced the formation of cracks:
indeed it appeared to have delayed it although, in view of the variability

of concrete behaviour, this was probably not significant.

A further increase in load would have applied a significantly higher global
load than had been intended and may have caused enocugh damage to
significantly alter the behaviour under the Ilater load cases. It was
considered that the intended load sequence was over-severe and a further
increase would have made it too unrealistic. It was therefore decided to
unload the structure and disconnect three of the four jacks. This enabled
a higher load to be applied on four of the wheels without causing
significant damage in regions where 1t was likely to affect the behaviour

under the later load cases.

At a load of 163kN, a marginally lower local load than that which had
previously failed to crack the region, a 0.05mm crack was visible in the
soffit under the cut reinforcement. The load was then increased to 178kN,
equivalent to 1.22 times the design ultimate HB wheel load, which increased
the crack width to 0.1lmm. It also induced a crack, approximately 0.05mm
wide and 1.5m long, in the top of the slab over Beam D. |

The bridge was then unloaded, the other three jacks re~-connected and the
cyclic loads applied as in the previous positions. Despite the i‘nitial‘
over-loading, the behaviour was entirely satisfactory and appeared similar

to that when the load case had been applied opposite-hand over intact
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reinforcement. There was thus no evidence that cutting the steel had

adversely affected the behaviour.

For the next load position the loading frame was moved 1056mm along the
deck and back to its original transverse position. The behaviour in this
and subsequent positions was very similar to that in the previous
positions so it will not be described in detail. Because the load cases
were less severe on the beams, the top cracks were not greatly extended.
It was therefore decided that it was not necessary to apply the lead in as
many transverse positions to simulate all the damage which could occur in
practice and only two were applied. It appeared that applying 1.2 times
service lead in just one longitudinal position was equivalent, as far as
top cracks were concerned, to applying service load in all possible
longitudinal positions. However, 1t was still necessary to apply the load
in all the positions shown in Figure B8.26 in order to ensure that the
soffit cracking would be correctly simulated.

For the final loading position, the bogles were positioned to give wheel
loads 250mm off-centre to the slab span. A new crack formed under some
wheels but not until the load exceeded design service load. It therefore
appeared that loading only at mid-span of the slabs, as in all the
previous tests, had given a reasonable representation of the extent of
cracking which would have occurred if the service load had been applied in

all positions.

c. Return to First Position _

The loading freme was returned to its original position and the full load
re-applied. As will be seen from Figure 8.28, the local deflection under
wheel 14 (the greatest local deflection recorded) was substantially greater
than under the first loading. The maximum local deflection was also 42%
greater than the equivalent deflection at the same stage in the tests on
the first deck, whilst the deflection on unloading was over four times
greater. It will also be seen, by comparing Figures 8.28 and 8.13, that
loading in other positions had had a greater effect on this deck than it
had on the first.

One reason for the greater effect on this deck of loading in other
positions can be inferred from Figure 8.27: it had opened a crack over the

web of Beam C. This crack tended to close as load was applied, indicating
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induce top cracks in the first deck was so much greater (over two and a
half times as great) that none of the other differences between the decks
could have been more than minor contributory factors. However, the reason
for the poorer recovery of the second deck on unloading, and for its
greater maximum crack widths, was less clear. It could have been due to
the nature of global as opposed to local moments, but the difference in
the main reinforcement and in the tensile strength of the concrete may
also have been important. However, since the significant cracks all ran
essentially parallel to the beams, it appeared that the substantial

reduction in the secondary steel could not have been a major factor.

Unfortunately, it was not possible to test a third deck so the relative
significance of the differences between the decks «could only be
investigated analytically. Analytical investigation was also essential to
assess the distribution properties and to see how they compared with those '
which would normally have been assumed in design. Nevertheless, 1t was
clear that the distribution properties were superior to those of the first
deck since, despite the lower grade concrete in the slab, the deflection of

the heaviest loaded beam had been consistently some 25% lower.

8.8.2 Global Fallure Test

On completion of the service load tests, the load on the model was re-
applied and then increased. The strains adjacent to wheel 14 are shown in
Figure 8.30 whilst the beam deflections are shown in Figure 8.31. Both are
plotted relative to the original zeros, which explains why they do not pass
through the origin, and the break in the plot iIndicates a point where the

load was removed before being re—applied.

The initial strain response shown in Figure 8.30 1s approximately linear.
However, once the load exceeded 150kN per jack, the highest load which had
previously been applied, a significant departure from linearity can be
observed as the cracks extended in depth and width. At this 'point, the
tensile strain over Beam C, which had previously been reducing slightly,
began to increase slightly. .This would appear to indicate that the local
moment in this region was increasing as moment redistributed away from

the more heavily crecked regions.

The load-deflection response of Beams B and C is distinctly non-linear

from a load of approximately 150kN per jack. However, this was clearly
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crack over the web to Beam D had reached the limit of the capacity of the
portal gauge. By a load of 400kN per jack, all the cracks shown in
Figure 8.32 had formed except the longitudinal one over Beam E. The
widest of the cracks, as throughout the test, was that over Beam D. By a
load of 425kN this crack was some 3mm wide and the crack over Beam A was

1.5mm wide.

By a load of 460kN per jack, 10% higher than the fallure load of the first
deck, there were flexural cracks over much of the length of the centre
beam joining the shear cracking at the right hand end. The flexural cracks
crossed the soffit of the beam at right angles to 1ts longitudinal axis.
In contrast, those in the adjacent Beam D crossed at an angle of up to 45
degrees and tended to form first on the outside, that is away from the
loaded bay. Since the very wide longitudinal crack over one side only of
the web to Beam D suggested that 1t was subjected to a very substantial
torque, this was not surprising. However, the crack pattern implied that
this torque was almost entirely resisted by transverse bending and shear
in the bottom flange and not by torsion as such; unlike in the first deck,
the shear cracks on opposite sides of the web sloped in the same direction
indicating relatively low torsional stresses in the web. The asymmetrical
loading of the beam had, by this stage, caused a longitudinal crack in the
web on the outside of the beam.

Up to this stage, despite the very extensive cracking, there had been no
difficulty in loading the deck or in holding it up to load. However, as
the load increased further this became increasingly difficult, indicating
that fallure was imminent. At a load of approximately 475kN per jack, a
line of crushing concrete could be clearly seen on the soffit of the slab
extending along the edge of Beam D for some cne and a half metres
adjacent to wheels 13 and 14. This section of the slab was clearly
reaching the 1limit of its moment capacity and 1t 1is presumasbly the
resulting redistribution of local moments which caused the increase in the

strain over Beam C which can be seen in Figure 8.30.

At a load of approximately 490kN per jack, 3.35 times design ultimate load
and some 18% higher than the failure load of the first deck, fallure
occurred in the form of wheel 14 punching througf\ the deck. ,'l"he, resulting
sudden reduction in the global load on the deck _reducéd the "global

deflections and hence increased the load on the other three'Jacks. The
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Kirkpatrick et al's apprcach but the margin was much smaller; approximately
a factor of 1.22 against 1.78. It appeared that this was due to
differences in the global behaviour but again an alternative explanation
was the superior restraint to in-plane forces in the second deck with 1its
diaphragms. It was decided to perform some local tests to Investigate
this.

8.8.3 Local Failure Tests

Despite the extensive damage caused by the global tests, it was considered
that the two outer bays of the slab were in sufficiently good condition
for local failure tests to be useful This gave the opportunity to
perform a total of four local tests. It was decided to perform twe tests
identical to those which had been performed on the first deck. These
would enable the failure loads to be compared with that iIn the global
tests and in the tests on the first deck. In addition, they would act as
controls for the other two tests which would be performed; firstly a
single wheel test over the region with the cut reinforcement, to
investigate its effect, and secondly a two wheel test. The latter Qas
considered important as it was not clear how much of the reduction in
local strength which had occurred in the global tests could be attributed

tc interaction of the local effects of adjacent wheels.

Since the slab was cracked much more extensively in the bay between Beams
A and B than on the other side of the deck, it was decided to perform both
control tests in this bay. This meant that any reduction in the faillure
load per wheel of the other tests could be clearly identified as due to
the effect being investigated, rather than due to the effect of previous
damage. The positions used for the tests are 1llustrated in Figure 8.26.

The first test performed was the control single wheel test at position A
in Figure 8.26. This was followed by the test over the cut reinforcement
at position C in the Figure and the load-deflection response of both these
tests 1is 1illustrated in Figure 8.34. The behaviour in the two tests was
very much alike and also very similar, apart from the lower failure load,
to that in the equivalent tests on the first deck. The fact that most of
the main steel had been cut right through beneath the wheél at B appeared
to have had very little effect, indeed the initial response wasv softer in
the test with intact reinforcement -although this was probably due to the .
greater damage sustained by this region of slab in the global tests. As
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deck. The reduction in strength was approximately 17% <{or 19% using the
average of the two control tests) which is slightly less than experienced
by Kirkpatrick(13) in bays with equivalent span and depth. However, he
suggested that the reduction he observed may have been due to his
particular support conditions. It now appears that this was probably only
a minor contributory factor. I1f, as his approach appears to 1imply,
punching failures are caused directly by excessive shear stresses In the
region immediately round the wheel, it is hard to explain why the presence
of a second wheel should affect strength. However 1if, as suggested here,
the failures are primarily flexural one would expect that any load which

increased the bending moment would reduce the strength.

Although the presence of a second wheel reduced the failure load per
wheel, it remained substantially (23%} higher than in the global tests. It
thus appeared that the lower fallure load per wheel in the global tests
was indeed partly due to global effects although the interaction of the

local effects of the two wheels was also significant.

As in the first deck, the single wheel tests were remarkably consistent
with Kirkpatrick's, the average ratio of failure load to his prediction
being 1.20 compared with 1.19 in his own tests(13). Considering all the
single wheel tests, that is those performed on both decks, the average
ratio was 1.183 with a coefficient of variation of 0.0433. This is a
remarkably good result, even for a largely empirical formula developed
from tests on structures which were similar to those considered here. The
small variation means that the possibility of the reduction in strength
observed when more wheels - were applied being purely due to random
variation can be eliminated. However, paradoxically, even the fact that an
approach based on shear stresses gave such good predictions cculd be used
as an argument for saying that the failures are primarily flexural: shear
failure loads are inherently more variable than flexural failure loads and
it would be extremely unusual to obtain such a small varistion in the

shear strength of even apparently identical specimens.

8.9 TESTS ON SINGLE BEAM

Although this is primarily a study of deck slab behaviour, it is clear from

the previous section that global behaviour 1s important to this. Thus the

behaviour of the beams has a significant effect and it was considered

important, before analysing the complicated decks, to ensure that the
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analysis was capable of modelling the relatively simple beam behaviour

correctly. It was therefore decided to test a beam on its own.

The precast beam which was tested was similar to those used in the first
deck, and had been cast in the same batch. It was provided with a one
metre wide in situ top flange cast in the same way as the models using a
similar mix which gave a cube strength at time of loading of 45.7N/mm=.
The reinforcement provided in this flange was like that used in the second
deck. It was considered that the flexural behaviour, which was of prime
concern, would be very similar for the two types of beams so their

features were chosen for convenience.

Although it may appear obvicus that the single beam should have a flange
width to match the beam spacing in the decks, this is less obvious when
the in-plane shear stiffness of the deck slab is considered: it was noted
in 3.2.7 that the heaviest loaded beam 1in a beam and slab deck can
effectively have a flange which 1is wider than the beam spacing. This
means that concrete crushing failures may be less likely in bridge deck

tests than in single beam tests but no allowance was made for this effect.

The beam was positioned on bearings in the same way as in the deck tests.
The loads were applied with the same loading frame and jacks, although the
loading rig was modified to bring the wheels closer to the longitudinal
centre-line of the beam to avoid over-loading the slab. To make the
results dﬁectly comparable, the longitudinal position of the loads was
kept the same as in the global faillure tests. Since neither the bearings
nor the loading rig provided significant restraint to rotation about the
longitudinal axls, a steel beam was placed across the top of the beam and
held down to the flecor. However, it proved acceptable to allow this system
to go slack in the test.

Two 100mm travel displacement transducers were provided to measure the
deflection. These were mounted over the top of the beam to avoid damage
in the event of the sudden fallure which was anticipated. A number of
demec points were provided but no electronic strain gauges were used. The
beam under test is illustrated in Figure 8.36.

Since the previous tests indicated that the beam behaviour was, for all
practical purposes, perfectly linear elastic until well above design service

load, there was little point in applying complicated load histories. The

- 199 -










of an over-reinforced (or in this case over-prestressed) concrete section.
However, it 1s easy to imagine that a two-dimensicnal version of such a
failure, that is in a slab rather than in a beam, would look like a
punching shear failure., Indeed, in a sense it 1s a shear fallure because
crushing concrete falls on inclined planes. Thus there is no clesr

distinction between the two types of failure.

8.10 DISCUSSION AND CONCLUSIONS

8.10.1 Service Load Tests

The condition of the first deck was satisfactory at the completion of the
tests. Its behaviour during the tests was also apparently satisfactory
although 1t remains to check the distribution properties by comparison
with analysis.

The behaviour of the second deck was less satisfactory because relatively
large cracks opened in the top of the slab on loading and failed to close
on unloading. Although the failure of these cracks te close may have been
due teo the reinforcement detailing, the fact that they occurred only in the
second deck was clearly a result of the higher transverse moments

resulting from the presence of the diaphragms.

It appears, although it remains to check this by comparison with analysis,
that compressive membrane action did not greatly contribute to the
resistance of either deck to global transverse moments. However, as
predicted by previocus researchers, compressive membrane action clearly did
contribute to the resistance to local moments. Contrary to their
suggestions, this contribution did not depend on the presence of
diaphragms. The result was that the cracks in the top of the second deck,
the feature which led to its behaviour being considered less satisfactory,
were the direct result not only of an effect which has been largely
ignored by previous research (global transverse moments), but also of a
feature which had been positively recommended (diaphragms). Although
these diaphragms improved the distribution properties, they appear to have
had a detrimental effect on the serviceability of the slab.

8.10.2 Fallure Tests

The most significant aspect of the failure tests was not so much the

individual failure modes or 1loads &as the relationship between them.

Failure occurred in the first test when a single wheel punched through the
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deck under a wheel load which represented only half the local strength of
the slab: not only as predicted by previous research but also as measured
by the subsequent single wheel tests. Despite its diaphragms the second
deck, with 1its weaker concrete and smaller steel area, was weaker in the
single wheel tests yet 1t was able to resist a higher global 1load.
Clearly, the failures under full HB load were greatly influenced by the
global behaviour but this does not mean that they did not occur until beam
faillure was imminent. The maximum beam deflection in the global tests was
little more than half that at which failure occurred in the beam tested
alone. That beam had reached only 80% of its fallure load when Iits
deflection matched that at which the decks failed.

All this fits the hypothesis that the slab fallures were primarily brittle
bending compression fallures. In the global tests, the global transverse
moments induced by the beam's differential displacements or (in the case
of the first deck) rotations used up some of the bending strength of the
slab. Because, by wvirtue of the membrane forces, the slabs behaved as
though locally heavily reinforced even though actually very lightly
reinforced, their local behaviour was brittle. Thus redistribution was
very limited and the safe theorem of plastic design did not apply. The
slabs falled under combined global and 1local transverse moments even
though, at the failure load, the global transverse moments were not needed

to maintain equilibrium.

The single wheel tests confirmed the work of previous researchers. Indeed
they suggested that the enhancement to local strength caused by
compressive membrane action is remarkably tolerant of features which might
be expected to reduce restraint. All the tests were performed in outer
slab bays which had already been extensively cracked for their full length
by previous tests; half were performed after other failure tests in the
same bay. Two of the tests were in a deck without diaphragms; the
remaining tests <sll those on the second deck) were performed close to
points where wheels had punched through the adjacent bay of the slab.
Despite all this, the behaviour had been entirely satisfactory. The only
thing which significantly reduced the stfength relative to that predicted
by previous research was the presence of an adjacent wheel under load.
Even with this, the failure load for the very lightly reinforced .slab was

equivalent to four times design ultimate load.
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The global tests confirmed that the contribution of coﬁpressive membrane
action to resisting glcbal transverse moments 1s, at best, substantially
less than the cont_ribution to local behaviour. Because the lccal behaviour
was so enhanced by membrane action, the crack pattern prior to fallure
tended to be greatly influenced, and in places dominated, by global
effects. As in the service load tests, global transverse moments (which
have been largely ignored by previous research) had a major influence on
behaviour. However, despite the large reduction in local strength caused
by this, the failure loads were still very high; a minimum of 2.83 times
design ultimate load. It might, therefore, be thought that the reduction

had no practical significance. This may not be the case.

The failures occurred when the combined local and global moments became
too great for the slab. This has important implications because, whilst
local moments aré a direct effect of the load on the slab, global
transverse moments are only indirectly an effect of this. They are a
direct effect of the differentlal deflections of the beams. Thus anything
which increases these differential deflections could reduce the local
strength of the slab. The implicatien is that if the beams had been
weaker, or less stiff, the slab would have falled in the same way but at a

lower load.

Perhaps the most important conclusion from the tests 1s that, as predicted
in 3.2.7, globsl and local behaviour are not Independent. Most previous
research on bridge deck behaviour has implicitly (or sometimes explicitly?
assumed that they are. The result is that most of the previous research
on membrane action in bridge deck slabs is only strictly applicable under
single wheel loads. This does not necessarily mean that the design
recommendations resulting from that research are unsafe. Indeed, even if
only because of the large reserve of strength of prestressed beams
designed to current rules, it seems likely that bridges designed using the
empirical rules discussed in 3.2.8 will have more than adequate strength.
Nevertheless {t does mean that caution 1z required. It appeare that a
bridge assessed to the Ontario assessment rules(ll} as having just
adequate global and local strength could actually have a much lower safety
factor than Intended. As for service load behaviour, analytical

investigation is required.
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CHAPTER 9

ANALYSIS OF MODEL BRIDGE TESTS

9.1 INTRODUCTION

The tests described in the last chapter provide useful empirical evidence
for the contribution of compressive membrane action to the behaviour of
bridge deck slabs. They could help with the development of, and
Justification for, empirical design rules such as those considered in 3.2.8.
However, in order to appreciate the significance of the behaviour, it is
necessary to compare it with analyses. Firstly it will be compared with
conventional analyses, to quantify the potential savings f{from using
membrane action in the design of deck slab reinforcement and to see if
the distribution properties predicted by conventional methods for global
analysis, based on uncracked slab properties, were realised. Secondly it
will be compared with the form of analysis considered in Chapter 7, both
to see if that analysis would have provided a suitable design methed for

the models and to obtaln some understanding of the behaviour.

9.2 CONVENTIONAL ANALYSIS

9.2.1 Analysis for Design of Deck Slabs

The deck slabs of both the bridges were checked using BS 5400 and the
analytical methods which would normally be used with 1t and which were
considered in 2.4. A linear grillage model was used for the global

analysis and Westergaard's formula(39) was used for the local analysis.

a. First Deck

The allowable load on the first deck slab using this approach was
approximately 14 units of HB. For the intended design load of 45 units of
HB the reinforcement required was T10-87.5, the odd spacing -giving the
minimum steel area and being equivalent to 175mm at full size. This is
nearly four times the steel area 'acf-:ually provided. The faillure load
implied for the reinforcement provided (setting all ¥, values to 1.0) was
14.3kN per wheel compered with the actual failure load of approximately
103.5kN per wheel in the global teste. The implied failure lcad under a
single wheel was 21kN compared with the actual failure load of over: 200kN.
It is thus clear that the conventional anaiytiéal ép’proa’éh under-estimates

local strength, apparently by a factor of up to ten. It was noted in
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Chapter 2, however, that the use of linear analysis at the ultimate limit
state Is merely a convenient way of avoiding the requirement to check
stresses under service loads. It may therefore be considered more
realistic to compare the failure loads with the predictions of yield-line
theory. This approach, which is normally considered to give an upper-bound
solution, under-estimated the faillure load in the single wheel tests by a
factor of approximately two. The failure load of the slab in the global
tests was reasonably close to that predicted by yleld-line theory although
the failure mechanism was so different that this can be little more than

coincidence.

Even if yileld-line analysls were used in design to BS 5400, the
reinforcement provided would be little reduced since the stress limits
would become critical(35). It 1s thus ressonable to use the T10-875
reinforcement as the basis of comparison with the conventional design
approach. Since 1t has been noted in previous chapters that the critical
criteria are serviceability criteria under full global load, it is most
realistic to compare the observed behavicur with the conventional design
approach on this basis. As the serviceability of the first deck was
considered just satisfactory, the best comparison with the conventional
design approach is to say that it over-estimated the steel required by a

factor of nearly four.

The steel area provided approximated very closely to that required by the

conventional approach to resist the global transverse moments alone.

b. Second Deck

The allowable load calculated for .the second deck was approximately 16
units of HB, which 1s slightly higher than for the first deck. However,
the calculation was based on the strength of the slab in sagging. It is
common, when designing this type of slab using Westergaard's approach, to
analyse only sagging and then to provide the same steel in the top. Since
the single layer of steel provided was 10mm below mid-depth, this approach
was not valid for this deck and analysis of hogging would have given a

lower allowable load.

It was not possible to design a single layer of steel to resist 45 units
of HB using normal design methods because the calculated bending moments

exceeded the concrete capacity. Using two layers of steel, the requirement
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was fust marginally higher than for the first deck, due to slightly greater
global transverse moments. However, this reinforcement was designed using
a nominal value for concrete cube strength of 40N/mm=, which is the normal
value used in deck slabs end was slightly conservative for the concrete
used in the first deck. The concrete in the second deck was weaker and
using the actual cube strength in the design calculations made it

impossible to design the reinforcement for 45 units of HB.

The steel area provided in this deck also approximated very closely to
that required by the conventional British design approach to resist global
transverse sagging moments. However, due to the reinforcement being
located below mid-depth, the moment capacity in hogging was only scme 50%

of the maximum transverse global moment given by the grillage.

As 1In the first deck, the failure loads in the single wheel tests were
approximately double the values predicted by yield-line theory.

9.2.2 Analysis for Design of Beams

Since the beams were provided with more prestress than normal, their
satisfactory behaviour iIn the service tests proves very little. The
distribution properties of the deck can only be investigated by comparing

predicted and measured displacements or strains.

a. First Deck _

In Figure 9.1, the maximum mid-span beam deflection in the test on' the
first deck is compared with the prediction of the linear grillage analysis
which used 8 nodes per beam. For comparison, the prediction of a static
load distribution 1s also shown. In order to eliminate the effect of error
in predicting the stiffness of the beams, as opposed to error in predicting
the distribution properties, the displacement 1s expressed as a factor of
the average displacement of the four beams. This approach is only valid
whilst the behaviour of the beams 1s linear-elastic but this applied
throughout the range plotted in the Figure. The distribution properties
are shown for the first time that each load level was applied and the
breaks in the plot indicate points t;.rhere, ‘as described in Chapter 8, the

loading was not continﬁous.

Figure 9.1 appears to show that the grillage prediction using the gross-
concrete properties for the slab is very good. Initially, the distribution
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differential dieflections of the beams and hence reduces the contribution
of global transverse moments to distribution, it can cause a deterioratjon
of the distribution properties as expressed by soffit stresses. The result
is that whilst Figure 9.1 suggests that the distribution at this load stage
is only 5% worse than the grillage prediction, Figure 9.2 shows that it is

16% worse.

This may suggest that the distribution properties of this deck, with its
very light reinforcement, were unsatisfactory and that the fears expressed
in 3.2.7 are confirmed. However, the increase in the percentage load
carried by the heaviest loaded beam was only approximately 5% between the
initial linear condition and the load stage considered in Figure 9.2 which
is the design ultimate load. This implies that, even if the deck slab had
been so heavily reinforced that 1t remained effectively linear-elastic
after cracking, the grillage based on gross—concrete slab properties would
have under-estimated the maximum soffit stress by approximately 10%.
Thus most of the discrepancy was due to a normally accepted error in

analysis for design, not the reduced steel area.

b. Second Deck

In Figure 9.3, the greatest mid-span beam deflection in the tests on the
second deck is compasred with the prediction of a linear grillage. The
prediction of the static distribution is not shown but it corresponds to a
value of 2.5 in the Figure. As in Figure 9.1, the maximum beam deflection
is expressed as a factor of the average deflection of all the beams.
However, because of the parapet up-stands in this deck, the four beams
were not identical. The approach is not, therefore, quite such a reliable
guide to distribution because errors in predicting the diffef‘ence between

the stiffness of the edge and inner beams would show up in the Figure.

The longitudinal strains in the slab over the beams are 1llustrated in
Figure 9.4 and the soffit strains in the beams are 1illustrated in
Figure 9.5. The reason for using two figures, rather than one as for the
first deck, 1s that becasuse of the different edge beams the grillage
predictions in the two figures are different. The reason for choosing a
different load stage to 1llustrate is related to difficulties experienced in
both tests with the strain gauges.
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This ability of the analysis to predict faillure load and mode 1is
reassuring; in particular, the fact that it still gives low predictions even
when a coarse mesh is used means that 1t 1is safe for use 1in design.
However, the model tests suggest that the limiting service load for the
bridge was equivalent to around 120 to 150kN per jack. In BS 5400, a
design service HB load of 150kN corresponds to a design ultimate HB load
of 204kN*. Even allowing for the fact that the material safety factors
should be applied in the analysis for the ultimate limit state, and
requiring an extra 15% strength for a brittle fallure mcde <{(which is
debatable), it is clear that serviceability 1is critical. Thus the

predictions for the lower load stages are more important.

In the analysis, there was local soffit cracking under wheel 10 at the
first Increment, 50kN per jack, and there was limited top cracking in the
slab by the second increment, 100kN per jack. In the tests, such cracking
was not observed until loads of 110 and 300kN per jJack respectively. The
main reason for this very large discrepancy appears to be that the
analysis assumed the concrete to be linear-elastic until cracking, whereas
in faét there clearly was a significant departure from linearity before
cracking. The fault was exaggerated by the use of a low tensile strength
for the concrete in the analysis, 0.67 times the split cylinder strength.
This was chosen because it gave the best results in Chapter 6 for lightly
reinforced specimens. However, because of the scope for redistribution to
the steel, the use of the full split cylinder strength gave better results
in heavily reinforced specimens. Although the slab of this bridge was
lightly reinforced there was great scope for redistribution. It thus
appears that in this respect, as in their failure mode and load, lightly
reinforced restrained slabs behave like heavily reinforced unrestrained

slabs.

*Footnote

The ratio of design ultimate to design service load implied by this is
higher than that used in Chapter 8. This arises from the Author's
interpretation of the factor y,- in BS 5400. vy, 1s a partial safety
factor for errors in analysis which, in BS 5400: Part 4, is applied to the
loads. Since the form of analysis considered here is not elastic, a factor
of 1.15 1s used at the ultimate limit state as specified by the code.
However, when considering the load to be applied to models, the author has
assumed that, since no analysis is involved, y,. can be 1.0. This might be
considered debatable since vy,, also covers errors in dimensions. However
applying y:a to the loads used in Chepter 8 would not alter any of the
conclusions.
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The behaviour in the tests was clearly greatly affected by the non-
linearity of concrete 1in tension and by its ability to transmit some
tension after cracking. Although the analytical prediction of cracking
under wheel 10 by a load of 50kN per Jjack was greatly premature, the
measured strain in this region at this stage was 100 microstrain which,
with the measured E. value, implied a stress of approximately 3N/mm=.
Assuming concrete to be linear elastic in tension until it cracks, this
would certainly 1imply that cracking was at least imminent. In fact,
although non-linearity is visible in Figure 8.12 from approximately this
stage and becomes very pronounced by a load of 75kN per jack, cracking was
not visible until a load of 11CkN.

Although the analysis exaggerated the amount of cracking, there was not a
corresponding exaggeration of the stresses in the slab. Using the analysis
in the same way as a conventional linear analysis, that 1s calculating the
stresses from the element forces given by the program using a cracked
elastic section analysis Ignoring the tensile strength of the concrete, the
allowable service load from the BS 5400 criteria was approximately 110kN;
the critical criterion being the steel stress. Although the actual steel
stress in the model was unknown and probably substantially lower than the
345N/mm* implied by this, it was concluded in Chapter 8 that the behaviour
was just acceptable for the load history applied which had been intended
to simulate the life of a bridge with a design service load of 120kN.
Thus the analysis was conservative although it still allowed nearly three

times the load on the deck that a conventional analysis would allow.

For reasons discussed 1in Chapter 6, 1t is not possible to adjust the
material models to make the analysis reproduce the full effect of
concrete's ductility in tension and hence to predict correctly the
development of cracking. Indeed, it is debatable whether this is desirable
since the effect 1s probably size dependent and thus an analysis which did
this for the model would be incorrect for a full size bridge. Thus the
analysis appeared to be as good as pbssible. However, the premature
development of cracking did have an undesirable effect; it made the
analysis exaggerate the rate of decay of the distribution properties, a

trend which can be observed from Figure 9.7.

Before cracking, the predictions for the strain in the beams were

substantially better than those of a conventional linear grillage; not

-217 -




because of non-linearities but because of modelling the effect of the
shear connection of the top flanges of the beams. However, by a load of
L50kN per jack, the error in the predicted soffit strain was as great as
that of the linear grillage although, unlike for the linear analysis, the
error was in the safe direction. The premature decay of distribution
properties was due to the premature development of cracking in the
analysis. This was not entirely due tc the material model used. It was
partly due to the fallure of the analysis to model the effect of the
finite width of the beam webs. The predicted hogging moment in the slab
at the position corresponding to the face of the web in the model was
little more than half that over the centre-line of the beams. Thus a
length of transverse element which was, In fact, uncracked and effectively

very deep was modelled as being shallow and cracked.

b. Global Tests; fine mesh analysis

The model bridge was re-analysed using a finer mesh to give a better
indication of the behaviour. Because the previous analysis had shown that
the most highly stressed regions of the slab were not confined to small
areas and that the most highly stressed region moved as the loading
progressed, it was undesirable to restrict the fine mesh to local critical
areas, as had been done 1in the analysis of Kirkpatrick's tests in
Chapter 7. Because of this the computer model was too large to run on
the desk top computer and it was transferred to a Vax 11/750 machine.
This greatly increased the space available but the machine was
significantly slower than the 386 and this impdsed a practical limit on

the size of model which could be analysed.

Six transverse elements were used between each beam and those adjacent to
the beam were made shorter so that their ends coincided with the face of
the web. They were given a full width 100mm deep web to represent the
presence of the top flange of the beam. 32 nodes were used along the

span of the bridge giving 258mm wide elements and a total of 672 nodes.

The full split cylinder value was used for the effective tensile strength
of the concrete and, unlike in the coarse mesh analysis, the finite size of

the load patches was represented.

The load history of the service tests was simulated by applying and

removing the test load from the six different positions. However, in order
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restraint force also iIncreased disproportionately as the load increased.
However, the general form of Figure 9.10 remained unchanged and the end

regions of the deck were subjected to an increasing compressive force.

As the predicted distribution of restraint forces was so different from
that implied or described by previous researchers, it was considered
highly desirable to check it by attempting to measure the restraint forces
in the model. Because of the many variables in the behaviour of cracked
concrete, it was considered best to do this for a section where the
concrete would be uncracked. Accordingly, a series of transverse demec
points were attached to the top and bottom of the slab at matching
positions close to the assumed point of transverse contraflexure in the
slab. Unfortunately, there were many difficulties in interpreting the
results. Firstly, although the forces indicated in Figure 8.10 are
sufficient to be highly significant to the behaviour of a lightly
reinforced cracked section, they represent a low stress on the gross-
concrete section, typically IN/mm=, which makes them difficult to measure.
This was made worse by the significant longitudinal compression in the
deck due to global moments. It was necessary to correct for the Poisson's
ratio effect of this and, although longitudinal demec points were provided
to enable the longitudinal strains to be measured, the corrections were
inevitably inaccurate 1f only because of the uncertainty in the Poisson's
ratio used. Since the correction was often significantly greater than the
measured transverse strain, errors in the correction had a large effect on

the estimated transverse forces.

A second difficulty was caused by the effect of cracking. Although there
were no visible cracks within the gauge lengths, some of the measured
tensile strains were in excess of 100 microstrain which would normally be
taken to imply that there would be some non-linearity in the behaviour.
More seriously, cracks outside the gauge length but close enough to affect
stresses within it (that is cracks within S, of the gauge length as
considered in 6.2.1) could release some of the tensile stress in the
concrete transferring it to the steel. This would have the effect of
making the restraint force estimated from the strain readings more
compressive than the actual restraint force. It appears that this must
have been a significant effect since integration of the restraint forces
estimated from all the readings appeared to imply that there was a

significant net transverse compression across the bridge. Since the beams
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were restrained only by the flexible elastomeric bearings, this was
impossible. However, it is perhaps significant that if the bridge had been
provided with diaphragms one might reasonably have supposed that the

"compression" in the slab was resisted by tension in the diaphragms.

-Thé one case where the demec readings did give a reasonable indication of
the ‘transverse force was for the ends of the slab when the bridge was
loaded in the first position. Since this was a free edge, the 1ongitl’.1dinal
stress wasl clearly zero so no Poisson's ratio correction was required.
Similarly, 'sincé the nearest visible crack was over a metre away 1t seemed
reasonable to suppose that the strain readings could not have been much
affected by cracks. Another advantage was that it was possible to
position demec points at mid-depth of the slab as well as on the top and
-bottom surface. Unfortunately, where this was done, the mid-depth gauge
gave a strain which was significantly different from the mean of the top
‘and bottom gauges. This was presumably due to non-linearities in the
behaviour which invalidated the'assuml:.)tion that plane sections remain
plane.  The maximum measured tensile strain, over 150 microstrain, also
implied that concrete non-linearity was possible. These difficulties meant
that, even for the, ends- of the slab; ‘the restraint force could only be
estimated to within plﬁs or minus some 50%. Nevertheless the results were
significant; all four demec sets showed a compressive strain which was
apprbximately’ as predicted‘by the analysis. Given that previous research
implied -that this region should be in tension, this aldne appearéd to be
sufficient to show that Figure 9.10 was closer to reality then were the

1mp1icationé of previous research. .

The restraint forces predicted by the analysils. are significant to the
behaviour but ngt, on their own, sufficiept to ex'plain Ithe enarmous
enhancement relative to _f.,ht_e"predictions of conventional design methods.
An equall_yr significant mechanism is moment redistribution. An important
factor here is the orthotropic nature of the cracked slab. It has already
been noted that, with such light reinforcement, the cracked ,s_tiffness is
only some 10% of the uncracked stiffness. It is clear from the figures in
Chapter 6 that the tangent stiffness of the cracked section 1is lower still.
Under global load, the deck slab was subjected to‘ -a very significant
'longifudihal compressive stress which delayed the formation of transverse
‘cracks, hence the i’dngitudinal stiffness femained at 1its full uncracked

value. The result was that the distribution of the transverse‘moment's,
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both in the real slab and in the analysis, was very much more uniform than
implied by a conventional analysis. This redistribution of the moments is
due to cracking hence, unlike redistribution due to reinforcement yielding,
it starts to take effect before there 1s any material damage which is

unacceptable under service loads.

¢. Local Test

The distribution of restraint forces indicated 1in Figure 9.10 |is
significantly different from that implied by previous research. However,
the loed case considered was also significantly different from that
investigated by previous researchers in that 16 wheel loads were applied
instead of only one or two. It is possible that this was the reason for
the difference. To investigate this, 1t was decided to re—analyse the deck
for a single wheel load. The wheel was positioned in approximately the
position of single wheel A in the tests but the analysis was not directly
comparable with the test. In the analysis the load was applied to the
undamaged bridge whereas in the tests it was not applied until after the
bridge had been loaded to failure under full global load.

Because of the uncracked slab the analysis predicted a significantly
stiffer initial response than was observed in the tests. As failure
approached, the crack pattern in the test began to be dominated by the
single wheel and consequently the difference between the test and analysis
reduced. The analysis converged under a load of 220kN but indicated that
fallure due to local concrete crushing round the wheel would occur before
230kN. This is remarkably good agreement with the faillure load in the
test which was approximately 226kN. However, although very fine for the
analysis of a whole bridge deck, the element mesh used was still slightly
toc coarse for a local analysis as is indicated by the large difference
between the restraint forces in adjacent elements in Figure 9.11. It 1is
likely that a finer mesh would have given a slightly lower failure load.
It 1s also possible that the fallure lead in the test would have been
higher if the deck had not been damaged by <the previous loading to
failure. However, other tests and analyses suggest that this effect would

have been very small.

In Figure 9.11 the restraint force predicted across the centre of the bay
of slab between Beams D and E is illustrated for twe different load levels.
The first of these, 60kN, 1s close to the wheel load considered in
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prestress. Thus the analysis confirmed that the behaviour in the service
load tests would have been i1dentical without the over-provision of

prestress.

The analysis predicted the same form of faillure as before but at a lower
load of approximately 320kN per jack. The maximum beam deflection at
failure was greater, indicating that the slab could withstand greater

differential beam deflections when subjacted to smaller local loads.

The load at which the slab was predicted to fail was below that predicted
by yleld-line theory. This is entirely consistent with the explanations of
the behaviocur given earlier In this thesis. It also suggests that the
supposedly conservative approach to design allowing for membrane action of
using yield-line theory, which was proposed by Tong and Batchelor(51), is

potentially unsafe.

Analysis using the coarse element mesh was also used to investigate the
effect of varying the quantity of reinforcement in the slab. Two analyses
were performed, one using the actual quantity of secondary steel with
double the quantity of main steel and another in which both the main and
the secondary steel were reduced to half that which was actually provided.
In both cases, the prestress and also the additional transverse bars in the
end reglons of the slab were as provided in the model. The allowable
service load implied by these two analyses were approximately 190 and
60kN per jack réspectively whilst the fallure loads were approximately 440
and 375kN.

The service loads were obtained from normal BS 5400 criteria using the
worst stress at a crack calculated ignoring the concrete in tension; the
“stress at crack approach" described in 7.7.3. The steel area in the
lightly reinforced slab was so low that this approach predicted high steel
stresses as soon as the concrete cracked, that is before the cracking was
extensive enough to develop much membrane action. Because of this the
service load of G60kN predicted in this way 1s very approximate and
probably too low. However, this behaviour might be taken to imply that
the steel area was below the desirable absolute minimum. At 0.18% it was
above the code nominal stee]l area but the low d/h ratio in a thin deck
slab means that the minimum steel area expressed as a percentage of the

net section should be higher than normal.
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The analysis with increased steel area suggested that doubling the area of
main steel increased the service load by over 50%.  Although well below
the near linear relationship given by normal design methods, this is a
greater effect than implied by previous research. This 1s because the
steel coniributes to the resistance to global moments and also to the
restraint. Under single wheel loads, as tested by previous researchers,
the global moments are insignificant and there is relatively more slab
available to provide the restraint. Thus these effects are less

pronounced.

A final analysis was performed using a single layer of deck slab
reinforcement as provided in the second deck, although still with the extra
bars in the end regions of the slab. This analysis suggested a slightly
higher allowable service load than for the steel actually provided, in
contrast to the analysis of the second deck which will be described in the
next section. The failure load was, however, reduced to approximately
375kN per Jack.

All the analyses predicted the same fallure mode with the same wheel
punching through the deck. However, the failures were clearly greatly
influenced by global transverse moments. A major effect of increasing the
steel area was to improve the distribution properties of the decks,
particularly in the later stages of the analysis as fallure approached.
Thus, although the most heavily reinforced slab had the smallest rotation
capacity, and hence failed when the differential beam deflectlons were
relatively small, it failed at the highest load. At failure, the predicted
deflection of the heaviest loaded beam (Beam B) was similar to that in the
test and analysis of the actual model but the deflections of all the other

beams were significantly greater.

e. Analysis with no Concrete Tensile Strength

The coarse mesh analysis was also used to investigate the effect of
reducing the tensile strength of concrete to zero. This analysis géve a
fgilure losd of approximately 375kN which is a reduction of less than 10%
compared with the original analysis. The implied service load was reduced
by a similar percentage. These relatively small reductions indicate that
the tensile strength of concrete 1s not as important to the restraint as
might have been supposed. This arisés because the global moments méght

that the slab was cracked over much of 1its length, reducing the,
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contribution of concrete in tension. It implies that much of the restraint
actually comes from the under-stressed reinforcement away from the

critical areas and confirms that reinforcement 1s necessary in deck slabs.

It was noted in Chapter 7 that this form of analysis has the majer
practical advantage of not being load history dependent. In this case, it
did provide conservative answers and would have been a reasonable design
approach. However, it was s&lso noted in Chapter 7 that this may not
always be the case. Another disadvantage of this form of analysis is that
it glves over-conservative predictions for the distribution properties. In
this case 1t over-estimated the worst beam moment under service loads by

10%.

9.3.3 Second Deck

Only one computer model was used for the second deck. This used the same
width of transverse elements as the fine mesh analysis of the first deck,
258mm, but 1t used only four elements across a slab span. This gave a
total of 608 nodes. The use of six elements across a slab span, as in the
fine mesh analysis of the first deck, would have required 864 nodes and a
significantly greater band width, which would have needed an excéssive
amount of computer time. The major disadvantage of using only four
elements across a slab span 1s that it prevented the model from

representing the finite width of the beam webs.

As with the fine mesh analysis of the first deck, a complete load history
analysis was performed. The predictions for local deflection were not as
good as for the first deck with the deflection under wheel 14 being
consistently over-estimated, typically by 50%. This was undoubtedly
largely due the faillure to represent the finite width of the beam web.
The analysis implied a transverse moment at the face of the beam web
which was only some 50% of that over the centre-line of the beam. This
was more significant than in the first deck because the critical slab

section was over the beam rather than at mid-span of the slab.

The analysis predicted lower steel stresses than in the first deck.
However, using conventional BS 5400 design"criteria, the allowable service
load would stjll have been lower at 'Just unde;" IOOkN. per jack _cémpared
with 120kN for the first deck. The critical g:riterion- was the coﬁcreté

stress in the soffit of the slab over Beam D adjacent to wheel 14. This
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14. However, the prediction of fallure load was not quite as good, the
analysis under-estimating this by over 10%. Indeed it would be more
realistic to say that the analysis under-estimated failure load by nearly
20% since it did not converge properly under the last load increment
plotted in Figure 9.13 and at this stage it also gave an excessive

deflection under wheel 14 of over 20mm relative to the beams.

This greater conservatism of the analysis compared with the coarse mesh
analysis of the first deck might have been attributed to the finer element
mesh or to the greater significance tec this deck of the faillure to model
the web width. However, the fact that the analysis predicted significant
increases in the deflections of Beams B and D as well as C in the final
load increment plotted in Figure 9.13 suggests that it was the prediction
of the beam behaviour which was at fault. If the low predicted failure
load had been due to the analysis under-estimating slab strength and
consequently under-estimating distribution properties, the analysis should
have under-estimated the deflection of Beam D. In fact it slightly over-
estimated the deflection of that beam. It appears that the reason the
analysis predicted an earlier fallure than actually occurred was that it
predicted that the concrete in the slab would start to crush due to the
global flange forces under a lower load than was the case. In the tests,
there was no obvious sign of this crushing although it seems likely that
it was beginning to occur when the bridge failed. The reason this
happened at a lower deflection than in either the first bridge or the
single beam test was that the slab concrete was significantly weaker and
the analysis appears to have exaggerated the effect of this. However,
although this global crushing was a major reason for the fallure in the
analysis, the analysis still correctly prédicted that the final collapse
would look 1ike a local fallure; once again it showed that global and local

behaviours are not independent.

Since the predicted failure load, although 20% below the actual failure
load, was nearly four times the allowable service locad given .by the
analysis 1ts value had no practical significance. The reasonably good
predictions for the behaviour at lower loads are more important. The
analysis suggested that the slab as tested was mad'équate for the intended
load and this confirms the findings from the tests suggesting that the

analysis would have provided a satisfactory design method.
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deck meant that it was more extensively cracked at this load stage and
consequently there was more membrane action. Secondly, the diaphragms
reduced the difference between the moments 1in adjacent beams and
consequently the global effect which led to tension at mid-span of the

first deck was less pronounced.

As with the first deck, an attempt was made tc see if the membrane forces
predicted by the analysis were realised in practice. However, the more
extensive cracking made this even more difficult. All that could be

determined was that the form of Figure S.14 was reasonable.

Although the compressive membrane forces shown i1n Figure 9.14 are
sufficient to cause a very significant enhancement in the behaviour "they
are not, on their own, sufficient to explain all the difference between the
actual behaviour of the slab and that predicted by normal design methods.
The re-distribution of moments away frem the critical regilon is equally

significant,

9.4 CONCLUSIONS

Conventional analyses of the models, as expected, give extremely
conservative predictions for the slab behaviour. Also as expected, if
gross-concrete slab properties are used the predicted distribution
properties are slightly better than were realised in practice. However,
the discrepancies are relatively small and no greater than other faults of

conventional analysis which are normally considered acceptable.

The non-linear analyses gave reasonably good predictions for behaviour and
appear to give a reasonably good basis for design. They also give a good
insight into the behaviour. They suggest that the restraint required to
develop compressive membrane action comes from material which |is
relatively close to the areas being restrained. This explains why, as was
clear from the results of the tests on the first deck, membrane action is
not dependent on the presence of diaphragms. It also confirms, as
suggested in the last chapter, that membrane action does not contribute to

the resistance to global transverse moments.

The analyses also confirm that the fallures observed were primarily
brittle bending compression fallures and that they were greatly influenced
by global behaviour. They suggest that a large part of the difference

- 233 -




between the real behavicur of bridge deck slabs and that predicted by
conventional elastic analysis is actually due to moment redistribution
rather than to pure membrane action. This redistribution, like membrane
action, 1s not dependent on reinforcement yielding; it starts to occur as
soon as the behaviour of the concrete becomes non-linear in tension which

is well before the slab becomes unserviceable in any way.
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CHAPTER 10
USE OF MEMBRANE ACTION
IN

DESIGN AND ASSESSMENT

10.1 INTRODUCTION

Previous chapters have shown that membrane action, and the closely related
mechanism of moment redistribution, have a significant beneficial effect on
the behaviour of bridge deck slabs. They have also shown that the effect
is sufficlently reliable to justify its use in design and assessment. This
chapter will consider the use of the effect In design and assessment.
Only the application to concrete bridges will be considered as steel-
concrete composite bridges are considered to be outside the scope of this.

thesis.

10.2 USE IN DESIGN

10.2.1 M Bean Type Decks

Under present design rules, the quantity of main reinforcement in the deck
slabs of otherwise identical bridges designed for identical 1loads in
Northern Ireland and in the rest of Britain differ by a factor of over two.

This is clearly unsatisfactory and should be resolved.

It appears that non-linear analysis such as the form of analysis described
in Chapter 7, is needed to give a realistic prediction of the behaviour of
a deck slab under fuli HB load. Although it is feasible to use this form
of analysis in design, it is probably not justified for such a routine,
simple and relatively standardised structure as the deck slab of an M beam
type bridge. That standardisation enables simple prescriptive rules to be
developed.

Although Chapter 8 showed that deck slabs can fail at substantially lower
wheel loads than are predicted by the research on which the Northern Irish
rules are based, the rules are so conservative compared with that research
that they remain adequate. Indeed they appear to be over-cautious. The
first of the two decks tested in this study remained serviceable after the
deliberately excessively severe load history had been applied, despite

having only 60% of the steel area recommended by the Northern Irish rules.
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It also had more than adequate ultimate strength. It might be argued,
considering the observed significance of global and local interaction, that
the tests were unrealistic because of the over-provision of prestress.
However, since the beams' behaviour remained linear elastic up to some 1.3
times design ultimate load, the behaviour under service loads would have
been virtually identical with substantially less prestress. The ultimate
strength undoubtedly would have been lower. However, the analysis in
9.3.2d suggested that even with less than the normal amount of prestress,
the bridge would have been over twice as strong as was required. It thus
appears that T12-250 reinforcement is adequate compared with the T12-150
specified by the Northern Irish rules. Nevertheless, and allowing for the
fact that analysis shows that global transverse moments could be greater
in a wider deck, it 1s prudent to continue to specify Ti12-150 main steel.
If this reinforcement is provided in M beam deck slabs there is no need to
do any analysis for the design of the slab.

Although this steel area can be justified from the test results alone,
there may be a preference for a design method which is based on some form
of analysis. Such a method can be obtalned by consideration of the tests
described in Chapter 8. The first deck, whose behaviour was considered
satisfactory, was provided with Just enough transverse reinforcement to
resist the global transverse moments predicted by a conventicnal grillage
analysis. The second deck, whose behaviour was less satisfactory, was
provided with substantially less steel. A possible design approach is thus
to require that the reinforcement be designed for the global transverse
moments only; the opposite of the conventional North American approach.
This would give very light steel areas in some decks so a minimum nominal
area would also have to be specified. Although one might put a case for
using the steel percentage specified by the Ontario Code, it is considered
prudent to specify a minimum of T12-250 which corresponds to the steel
area used in the first test deck and is the lightest steel area which has
been demonstrated to be satisfactory by tests. In practice, the
requirement to resist global moments means that the mein steel would
normally be slightly heavier than this.

It is more difficult to justify the continued specification of the same
quantity of secondary steel. It appears that the Ontario researchers had
two reasons for specifying isotropic reinforcement. Firstly, their research

used an axi-symmetrical analysis and so they chose to use 1isotropic
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reinforcement to get closer to the assumptions of the analyeis. Secondly,
and more significantly, they began by specifying main steel equal to the
minimum nominal steel required by their code so they could hardly have
specified less secondary steel. When Kirkpatrick et al wisely specified a
larger area of main steel, to allow for global transverse moments, they
rather arbitrarily decided to continue to use 1sotropic reinforcement.
Both the tests reported in Chapter 8 and the analysis reported in
Chapter 9 suggest that the secondary steel in the deck slab of a simply
supported M beam deck is very lightly stressed and contributes little to
the behaviour. It could be reduced to that provided in the first of the
models considered here, equivalent to T12-250 at full size, whichever
approach 1s used for the design of the main steel. Even this is probably
over-conservative; there 1s nc evidence from this study that any secondary

reinforcement is required.

The same basic approach to deck slab reinforcement design is valid in

reglons of global 1longitudinal hogging. This is clear from previous
| research and also because, as was discussed in 3.2.7, the critical load
cases for global longitudinal hoggiﬁg do not impose any wheel loads in the
region of the slab which 1s in tension. It 1s prudent, although probably
conservative, to require the nominal Ilongitudinal slab steel to be
additional to that required for global moments and also to require a
proportion of the latter, say 30%, to be placed close to the bottom face of
the slab. The reason for this restriction is that, although intended only
to resist local effects, the nominal steel will be stressed by global
effects. Thus the reserve strength availlable for local effects could be
very small if only this very small quantity of already highly stressed
steel was provided in the soffit.

The basic 1limitations imposed by Kirkpatrick et al on the use of the
empirical rules appear to be reascnable; one could debate the limiting span
glven but since, with M beams, this is well above the limitation imposed by
web shear strength there is little to be gained by so doing. The cne

restriction which is worth reconsidering is the requirement for diaphragms.

The analyses and tests reported in this thesis show that diaphragms are
far less Important to the development of compressive membrane action than
has previously been believed. The empirical rules could be extended to
cover bridges with only nominal diaphragms, or with no diaphragms at all.
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In the latter case the end section of the slab would not receive the full
benefit of restraint and would require extra reinforcement. It is
suggested that a strip of slab extending 0.5m from the end of the deck
shoculd be provided with enough reinforcement to enable it to support a
wheel acting as a single beam. This is marginally more steel than was
provided in the first test deck considered in Chapter 8.

From a purely theoretical viewpoint, the use of these empirical design
rules in combination with global analysis based on gross-concrete section
properties cannot be justified. However, analysis shows that the use of
cracked transformed transverse properties is conservative and in 9.2.2 it
was found that the errors resulting from the cracking are no greater than
other normally accepted faults of grillage analysis. A reasonable approach
is to use half the transverse stiffnesses calculated for the gross-
concrete properties. The economic consequences of ‘the slightly worse
distribution properties resulting from thils compared with the conventional
approach are extremely small and significantly less than might be inferred
from the results of the tests considered in this thesis. This 1s because
the tests considered HB alone, the worst case for the slab, whilst the
critical load case for the beams is HA plus HB. Improving the distribution
properties reduces the effect of the HB load in the critical area but it
increases the effect of the assoclated HA. Due to a continuing increase in
the HA load which is applied in combination with the HB load, the benefits
of good distribution properties have reduced with every new loading
standard introduced in Britain since the 1950s. Nevertheless, the
suggestion that reduced transverse properties should be used does imply
that the beams of bridges designed to the existing Northern Irish rules
could be subjected to slightly greater moments than those for which they
- were designed. In the author's view this 1s unimportant since the design
criteria currently used for this type of beam (class { and 2 criteria in
combination with an extremely severe service load) are unduly conservative.

However, a discussion of this subject is outside the scope of this thesis.

Where half the gross-concrete transverse properties are used in the global
analysis, it appears prudent to continue to require the transverse steel to
be capable of resisting the global transverse moments predicted by a
conventional analysis based on gross-concrete properties. To avoid the

need to perform two separate analyses, these can be tesken conservatively
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to be double the moments calculated using half the gross-concrete

properties.

10.2.2 Other Beam and Slab Decks

The slabs of bridges buillt with U Beems or the proposed new Y Beams are
so similar to those of M beam decks that the same design rules can be
applied. The only modification required being that, with U beams, the main
steel may have to be iIncreased to enable it to act as part of the torsion
links of the beams.

Other types of beam and slab bridges normally have thicker deck slabs with
wider-spaced beams. This means that the global transverse moments are
likely to be less significant but 1t is difficult to prove this. 1It is
prudent, therefore, to recommend a check that the main steel in the deck
slab is always sufficient to resist the transverse moments given by the
global analysis. The suggested minimum steel area to be specified is 0.3%
of the gross-section. This corresponds to T12-250 (the minimum suggested

for M Beam slabs) for a thickness of 160mm so the rules are consistent.

These suggestlons are more conservative than the Ontario rules but this is
Justified due to the significance of global transverse moments noted in
this thesis and by the nature of the HB load which is excepticnally severe
for this effect.

The restriction on the use of these rules can be as for the Ontario rules
except for relaxing the requirement for diaphragms as with M Beam decks.
However, where these restrictions are not complied with it does not mean
that membrane action cannot be used in design; merely that the empirical
rules are not applicable. Analysis such as that described in Chapter 7
could still be used. Where the span to depth ratio 1is outside that
required to use the empirical rules the analysis should consider large

displacements.

10.2.3 Other Types of Deck

It has been noted in earlier chapters that compressive membrane action is
potentially significant to other types of bridges, apart from beam on slab
structures. These range from simple slab decks to major concrete box
girder structures. The detalled consideration of these 1is considered

beyond the scope of this thesis and, in any case, they are probably not
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sufficiently standardised to enable prescriptive rules to be develcped;
non-linear analysis would be required. However, a simple conservative
approach can be developed using normal analytical methods. This approach

could also be used for beam and slab decks if desired.

The mechanism by which the behaviour of deck slsbs is enhanced relative to
the predictions of elastic plate theory is essentially one of stresses
redistributing away from the critical areas. It was demonstrated in
Chapter 9 that the restraint force required to develop compressive
membrane force comes from material which 1s relatively close to these
critical areas; not from the dilaphragms. This suggests a very simple
over—conservative way of allowing for the effect. Design could be based
on a normal elastic slab analysis but ignoring, or rather smoothing out,
the peaks in the moment over a finite width. If it was only moment
redistribution which was being considered this width would be related to
the span and to the ductility of the sections. With arching action,
however, the critical factor is the depth. It is suggested, therefore, that
elastic analysis could be used with the design based on the moment
averaged over a width equal to the lesser of 6d or half the slab span.
This is undoubtedly extremely conservative; it was demonstrated in 8.8.3
that removing the steel completely over a width of 12h had little effect

on behaviour.

10.3 ASSESSMENTS

The approaches suggested in 10.2 are equally applicable tc the assessment
of existing bridges. However, purely empirical approaches are less
suitable for assessment because it is not pessible to adjust the structure
to fit the limitations imposed for the rules. It will therefore be

necessary to resort to non-linear analysis more frequently than in design.

The use of the assessment approach given in the Ontario Highway Bridge
Design Code(11), which relies on the strength predictions of Hewitt and
Batchelor's approach, is not normally advised. This is because of 1its
faillure to consider global transverse moments. However, in assessing a
bridge which has intermediate diaphragms, it 1is reascnable to assume that
the global transverse moments in the deck slab are insignificant and so
the approach 1is more reliable. Even then, if the spacing of the design
wheel loads 1s less than the slab span, some allowance should be made for
the effect of the second wheel.
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CHAPTER 11

CONCIL.USIONS AND RECOMMENDATIONS

11.1 CONCLUSIONS

The first conclusion to be drawn from this study 1s that bridge deck slabs
are able to support loads by compressive membrane acticn and, as a result,
that they are able to support very much greater loads than is suggested
by conventional design methods which are based on flexural theory. Judged
agailnst the background of the research which was reviewed in Chapter 3,
this conclusion is unremarkable. However, the conclusions to be drawn from
any study depend as much on the the background against whichl the study is
assessed as on the study itself. Judged against the background of
conventional design practice, which was reviewed in Chapter 2, the enormous
strengths of deck slabs, particularly lightly reinforced deck slabs,
compared with the predictions of conventional flexural theory remains the
most significant conclusion. It is re-stated here to put some of the
other conclusions into perspective; 1t should be remembered, for example,
that when the deck slab of the first model considered in Chapter 8 failed
at little over half the load which might have been expected from some
previous research, 1t was resisting some filve times its ultimate load

according to normal design methods.

The remaining conclusions are:

1. Compressive membrane action and the closely allled mechanism of
moment redistribution start to enhance the behaviour of deck slabs
relative to the predictions of linear analysis as soon as the
concrete's behavicur becomes non-linear in tension. This, at least in
thin slabs, Is well before there are visible cracks. It does not
depend on any material behaviour which 1s unacceptable under service
loads. Because of thils, membrane action significantly increases the

service load, as well as the ultimate load, which a slab can carry.

2. Compressive membrane action is sufficlently reliable to Justify its
consideration in design and assessment. The model tests described in
Chapter 8 were an .exceptionally severe test yet the bebaviour was
substantially better than could be anticipated by purely flexural -

analysis.
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The restraint required to develop compressive membrane actlon comes
from the under-stressed reinforcement and concrete surrounding the
critical areas of the slab. It 1s not dependent on the presence of

diaphragms.

Compressive membrane action could even enhance the service load
behaviour of slabs with no external restraint. However, it cannot
increase the fallure load of such slabs above that predicted by yield-
line theory.

Compressive membrane action does not greatly enhance the resistance

to global transverse moments.

Because of 3 and 5 above, and contrary to the implications of some
earlier research, reinforcement 1s needed in bridge deck slabs.
However, because 1t is required to resist global transverse moments
and to provide restiraint (rather than to resist local moments), the
behaviour is not sensitive to the exact position of the reinforcement.
Thus the behaviour of bridge deck slabs 1s remarkably insensitive to

local reinforcement corrosion.

The failure loads of bridge deck slabs subjected to single wheel loads
are reasonably well predicted by the approaches which were considered
in 3.2.3. The cases where these approaches gave unsafe predictions
were restricted to impractically lightly reinforced slabs with large
span to depth ratios and relatively poor restraint. The methods do
not, however, give good predictions of other aspects of behaviour; for
example, Hewitt's approach under-estimated the deflection at failure by

a factor of up to 10.

Non-linear analyses of the forms considered in Chapters 5 and 7 are
also capable of predicting these fajlure loads and are better able to
predict other aspects of behaviour. ‘The form considered in Chapter 5
is theoretically more rigorous and realis‘tic than that coﬁsidered in
Chapter 7 but the latter has many practical advantages in a design
situation; it is simpler, more compatible with design standards and

also appears to be more consistently safe.

The local failures observed in deck slabs are primarily brittle bending
compression failures. They can be predicted by analyses which do not

consider shear, the lecad at which they occur can be reduced by the
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presence of other moments (such as global transverse moments) and, in

many cases, crushing concrete 1s visible before failure.

10. Bridges which are subjected to multiple wheel loads, such as HB, can
 fail by wheels’ punching through their slabs at wheel loads which are
substantially below the 1local strength of their slabs; both as
measuréd in single wheel tests and as predicted by the approaches

developed by previous research.

11. The form of failure considered in 10 above can occur even when the
5eams have' a reserve of strength and the global transverse moments
are thus not needed to maintain equilibrium. This is contrary to the
safe theorem of plastic -design but the behaviour is tco brittle for

this to apply.

12. Non-linear analysis is capable of predicting the behaviour of bridge

' decks reascnably well. In particular, it appears to be the only form
of analysis which is capablel of modeliing the interaction of global
and local effects and of predicting the restraint.

11.2 RECOMMENDATIONS

'11.2.1 Recommendations for Design and Assessment

Less éonservative"design methc;ds for bridge deck slab reinforcement should
be 1introduced which allow for the beneficlal effects of compressive
membrane action. Possible detaills of these methods were considered in

Chapter 10 and will not be discussed here.

" 11.2.1 Recommendations for Further Research

There are many aspects- of the behaviour of the type of slabs considered in
detail in this and previous studies which could be considered to require
furtherA' research. However, such research 1s not needed to justify the use
of membrane action in design or assessment. To recommend it would merely
serve to perpetuate the use of conventional desigr; methods which have

been shown .to be extremély unrealistic and conservative.

This study has suggested that membrane action could have a significant.
beneficial effect on the behaviour of a wide range of bridge deck slabs in
"addition to those for which it has so far been investigated in detail. Any |
future studies of membrane action in bridge deck slabs should consider

- types.of slab which have not previously been researched. This includes
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the thin long-span slabs typical of longer span concrete bridges. However,
this study has shown that the restraint-required to develop compressive
membrane action comes from wunder-stressed material surrounding the’
critical areas of the slab. At service load levels, which are critical in
design, it is not dependent on any external restraint. It follows that the
behaviour of simply supported and even cantilever slabs could be

significantly enhanced by the effect and this should be investigated.
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Now the stress on the compression face of the sectiocn, f..,

2F/d.

= 2F
3hx/ %,

Substituting for F, this gives:
fee = Px,2/3h%x
Now, the strain at mid-depth of the slab
= (foc/E.) (1-h/2d0)

Note: For a wide slab, the Young's modulus, E., of the concrete should
strictly be replaced by E./(1-v2) since the slab 1s forced to bend
cylindrically because the transverse strains, which occur in a narrow

slab due to the Polsson's ratio effect, are prevented.

Substituting for f.., d. and F, leads to:

€. = Pxg2 - [ - h ]
JE.hZx 2(3hx/x4)

= Pxe® [1 - &]
3E.hZx Bx
= _Pxg® [_1 - "_4]

3E.h= X 6x=

From x = %4,/3 to x = 2x,/3 the section 1s uncracked so its centroid is

at mid-depth. Hence the stress there 1is:
= F/h
so E. = Px,/2E.h=

Now the slab's extension from the centre-line to the support;

Xa12
= -2 [ e dx
%
i !4,3 X.IZ
= 2P, [x4] 1 - x4 dx H 1 dx
E.h= 3[ X 6Bx= fz.
| % X3
Xe/3 x/2
= 2Pxa ) X4 [1“"““& R
E.h2 )| 3 Gx] [2]
8 X413




If the slab is rigidly restrained this must be equal to zero.

0

and numerical solution of

Xa/ X,

so, at the support and at
d.
now; F

_1.[1“‘& t1- ] +1[1L-1
3 3x, 2 6x, 212 3

- x4+

-2Px,> [ln Xa - 1n3 + 3 - 52_]
3E_h2 X, 4 6x,

-2Px,=

[ln(x4/x,) - 0.3486 - (x,/6x, )]
3E.h=

Hence;

In(x,/x,) - 0.3486 - (x,./6x%x,)

this equation leads to;

13.54

mid-span;

-]

mrﬁ

13.54

0.222

=2

1/2
{h-(2/3>d.]

o

1/2
hl[1l - (2/3) x 0.222]

P1/3.41h

and the maximum concrete stress

A2 Deflection

From x = 0 to x = x,4/3
d.

and; f‘l:c

now, the curvature

2F/d.

2 Pl
3. 41x0. 222h=

2.64P1/h?

3hx/%x4

Px,=
3h=3x

fcc/Ec



From x = x,/3 to x
curvature

where the eccentricity, e;

and F

Thus the curvature

From ¥ = %, to x = x,/3 the

since 1t 1s zero at X

thus the slope

From x = x4/3 to x = %x,/2;

slope

Pxs=® Xa

E-.3h=x 3hx

Px,®
9E_h<x=

x,/2, where the section 1s uncracked,

12F e
E_.h=

hi1 - (x—x4/3):|
6 Xa/6 I
h[ - X

Ka
P
2h
12Px, }_ - X
2E.ch3 2 Xa

6P Xa ~ X
E_h= |2

NJ

slope

X
| curvature dx

Xy

X,

Prg® [1- 1
9E_.h2® | %X, x

X
(slope at x = x,/3) + | curvature dx
X/3

the




X

Px.® [1 - g,_J + 6P (x,/2 - x) dx
9E.h® |x, X E.h®

x4/3
X
Px,® [1 -3 ] + 6P [XuX - X*
8E_h® [ X, Xa Eh® | 2 2 |
%./3
Pxs® [1 - g_] + 3P [Xax - X2 - x4 + gﬂf]
QE_h=3| %X, Xs E_h® 3 S

P [&as - X2 + 3x.x - 3x2]

E_h® |Ox,

the deflection

to x = x,/3,

¥./3 this is

x
| slope dx
%y

X
Px,2 1 - l_dx

9E_h= Xy X
X

X

Pxs® [x - lnx
9E_h® | x,

X

Pxs® Xa ~ Inx, - 1 ¢ 1nx,
SE_h® | 3x, 3

9E_h® | 3x, Xa

the deflection relative to that at x = x,/3

From x = x,/3 to x = X,/2,

X,/2 this is

.
| slope dx

x‘,3
X
P Xa® = Xa® t 3x.% - 3x= dx
E.h® J 9x,
Xaf3

X
P XKLZ — XX4Z + 3x x= - x®
9%, 2

Xa/3



E_h2ligx, 2 8 8 27%, 3 6 27
= Pxs® f %, - i]
E.h® |54x, 108
g0 the total deflection, w
=  2Px,® [ X -1+ 1 1n3x, + x4 -—_5__]
E.h® |27x, 9 9 Xa 54x, 108

= 2Px,® [x, - 17 + 1 ln 3x,
18x, 108 9 Xa

now, with full restraint,

Xa/ X, = 13.54 (from Appendix Al>

substituting this into the expression for deflection gives;

w = 0. 8547 Px,®
E_h=
now 172 = x.f1 - 2&,]
Xa
s0 1 = 1. 7046 x,
and w = pI= 0. 8547
E.h® 1. 70463
= 0.1726 pPI=
E_h=

Note. This expression can also be obtained by an algebraically simpler
method using the virtual work approach.

A3 Effect of Restraint Flexibility on Stress

In Appendix Al it was shown that the slab's extension from the centre-line

to the support

= -2Pxa2 [In(xa/x,) - 0.3486 - (x4/6x,))]
3E_h=
This is equal to the lateral movement of each support so, if the supports
develop a restraint force, F, of K times the movement whilst still giving
full rotational restraint, this leads to;

FIK =  -2Px,2[InCaa/x,) - 0.3486 - (xa/6x,)]
3E.h? '

and, substituting for F using Appendix Al, this leads to;
A 6



Pxa = -2Px®[In(ta/x,) - 0.3486 - (x./6x,))

2Kh 3E_h=2
Therefore:
3E_h = -4Kx, [In(x,/x,) — 0.3486 - (x./6x,)]
Therefore K = -3E:.h
4x,[In(x,/x,) - 0.3486 - (x,/6x,)]
now 1/2 = Xall - 2%,/%4)

Therefore, substituting for x, and expressing the restraint stiffness

relative to the axial stiffness of the uncracked slab strip:

_K_ = —3£1 = 2)(-. /XAI

Ech 2lIn(x,/%,> - 0.3486 - (x,/6x,)]

b~

Numerical solution of thils equation gives a value of x,/x, for any given
restraint stiffness. By substituting this into the expressions in
Appendix Al the restraint forces and the stresses can be obtained.










EI, is the nominal transverse bending stiffness of the slab in the

element which is set to a very low value,

elastic transverse bending stiffness,

F is the transverse force

and the other notation is as used previously.

less than 1% of fhe










APPENDIX D. NOTATION

Because of the many references to BS 5400, the notation used has been

made consistent with that document wherever possible

used are as follows:

The main symbols

Ay reinforcement area

b width of section

c diameter of circular contact area of load

d dépth to tension steel

d. depth of concrete in compression

E. Young's modulus of concrete

E_ Young's modulus of steel

f stress

f.! concrete siress on rectangular stress block (0.6f_,)
f.s tensile strength of concrete (normally effective value)
f.o. cube strength of concrete

fovt cylinder strength of concrete

f, yield stress of reinforcement

F force (normally restraint force)

h overall depth of section

K restraint stiffness

1 span (also used as element length)

M bending moment

P load

R restraint factor (used in reference 72)

5o distance over which a crack affects the stress

W vertical deflection

b % direction (always horizontal, normally along element)
¥ y direction (horizontal and perpendicular to x)

Yoo partial safety factor for loads

Yea partial safety factor for errors in analysis

Yoo partial safety factor for materials

b displacement

£ strain

p reinforcement area <{as percentage of concrete area, bd)



