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SUMMARY 

The development of the ~avy mode of Taylor vortices in the flow 

between a rotating inner cylinder and a stationary outer cylinder has· 

been investigated by visual observations using a stroboscopic technique 

and by inner cylinder torque measure~ents. Radius ratios of 0.874, 

0.911, 0.950 and 0.975 have been tested for the concentric and eccentric 

cylinder cases. 

The stability of wavy mode flow has been found to decrease with 

increasing radius ratio and/or.increasing ·eccentricity. Observations 

.of the flow suggested that the wavy mode can be classified into three 

regimes called, respectively, the primary, transitional and secondary 

modes. The three regimes were most easily identified using a radius 

ratio of 0.911 and concentric cylinders. li1 this case, the onset of the 

transitional state (so called because cf the tendency for the circumferential 

wave number to change continually even at particular constant speeds) was 

found to be particularly violent, completely destroying the well defined 

nature of the primary wavy mode. Rather surprisingly, this quasi-

turbulent regime of wavy mode flo~ was found to give way to the ~ore 

regular secondary wavy mode as the speed of the inner cylinder was 

increased. Non-uniqueness is shown to be an important feature of wavy 

mode flow. 

Results are presented showing that circumferer.tial wave number 

changes can often be detected by torque measurements. ll1 particular, 

the onset of the transitional state results in a sudden reduction in 

the required driving torque, the magnitude of which is considerably· 

influenced by the stability of the primary wavy mode flow. Friction 

coefficient characteristics derived from the torque measurement results 

are used t'o deduce a general relationship incorporating the effe.cts of 

the eccentricity and radius ratios. 
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NOTATION 

Unless otherwise stated, the following alphabetical list of 

symbols applies: 

y Sommerfeld substitution angle 

o any small increment 

n 

eccentricity ratio ( = e/c) 

radius ratio ( = R./R ) 
l. 0 

9 angle measured from wide gap in direction of rotation of inner 

cylinder 

axial wavelength of vortices ( = _2h) 

absolute viscosity 

velocity ratio ( = w /w.) 
0· l. 

v kinematic viscosity 

p density 

T shear stress 

angular velocity 

(J). angular velocity of inner cylinder 
l. 

(J) angular velocity of outer cylinder 
0 

a axial wave number .{ = 2nc/A.) 

a
0 

axial wave number at onset of Taylor vortices for concentric case 

c 

friction coefficient ( = M/n p w.2 R.4 L) 
l. l. 

radial clearance ( = R - R.) 
0 . l. 
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e displacement of inner cylinder from concentric position 

f stroboscope flashing frequency 

g acceleration due to gravity 

h local oil film thickness 

h axial length of vortex cell 
V 

K various constants 

L axial length of oil colurrn 

i slope of friction coefficient characteristics 

M inner cylinder torque 

N inner cylinder rotational speed 

n number of circumferential waves 

p pressure 

R. radius of inner cylinder 
l. 

R
0 

radius of outer cylinder 

Re Reynolds number ( = Ri c.>i c/ v ) 

Re Reynolds number at onset of Taylor vortices 
c 

Rew Reynolds number at onset of wavy mode 

T Taylor number ( 

T Taylor number at onset of vortices for eccentric case 
c 

(iv) 



-T Taylor number at onset of vortices for concentric case 
0 

T Taylor numter at onset of wavy mode w 

V circumferential wave v~locity 

v inner cylinder peripheral velocity 

(v) 
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CHAPTER l 

-INTROlXJCTION 

The use of process fluids of low kinematic viscosity as lubricants 

and the introduction of large diameter bearings running at high 

rotational speeds in turbo-generating·plant has meant that modern plain 

film-lubricated journal bearings commonly operate under conditions for 

which the assumption of simple laminar flow is not valid, Except where 

the clearance/ radius ratio is extremely small, the transition to 

turbulence is preceded by the appearance of Taylor vortices and other 

even more complicated flows which are described as superlaminar, A 

great deal of research has been conducted on Taylor vortices since 

1923 when Taylor (71)* first-predicted and observed their appearance, 

Taylor's original experiments were concerned with the concentric 

cylinder case although considerable interest has been recently centred 

on the formation of Taylor vortices in the flow between a rotating 

inner cylinder and a stationary outer cylinder when the cylinders are 

eccentric. The development of superlaminar flow has received rather 

less attention, however, and this was, therefore, made the primary 

consideration of.the present investigation •. 

Taylor used the technique of injecting dye into the annular 

clearance between the inner and outer cylinders to detect the initial 

onset of the toroidal vortices. Although unable to study the further 

development of the flow in any.detail, because of mixing of the dye 

with the rest of the fluid in the gap, he described the breakdown of 

the stable vortex structure into one in which the vortices started to 

pulsate, More recently, a number of workers have studied flow 

instabilities over an indefinite period using the alternative technique 

* numbers in parenthesis designate references at end of thesis 
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of suspending very small flakes of aluminium paint pigment in the 

test fluid. The pulsations observed by Taylor are seen to be due to 

travelling sinusoidal wave forms superimposed on the basic.vortex 

structure and rotating in the same direction as the inner cylinder. 

Because of the appearance, this development of Taylor vortex flow is 

commonly referred to as the "wavy mode" instability. 

Coles (16) carried out an extensive study of the formation and 

subsequent development of the wavy mode for a radius ratio of 0.874 and 

concentric cylinders. Using the aluminium flake suspension technique, 

he discovered that the axial and circumferential wave numbers were not 

unique, being influenced by the past history of the flow. 

The first part of the present investigation employs a flow 

visualisation technique originally developed by Jackson (40) in which 

wavy mode flow is observed under stroboscopic lighting. The technique 

is further developed to allow wave numbers to be counted under 

favourable conditions using radius ratios of 0.874, 0.911 and 0.950 

for the concentric and eccentric cylinder cases. In addition, inner 

cylinder torque measurements are compared with observations from the 

flow visualisation tests in order that the effect of wave number 

changes on the torque requirements can be assessed. Torque measurement 

results are presented for each of the tqree radius ratios specified 

above, and also for the reduced clearance given by a radius ratio of 

0.975. Eccentricity ratios between zero and 0.9 have been tested in 

each case. Friction coefficient characteristics are derived from the 

results and an attempt is made to deduce an empirical relationship 

incorporating the effects of the eccentricity and radius ratios. 

Torque discontinuities are shown to result from circumferential 

wave number changes for each geometry tested. In particular, as the 

speed of the inner cylinder is increased, a sudden reduction in the 

2 



magnitude of the recorded torque results from the onset of a 

transitional state of wavy mode flow observed in tests using a radius 

ratio of 0. 911 • Three regimes of wavy mode flow can be identified 

for this radius ratio, particularly with concentric cylinders, the 

"transitional state" separating the more regular "primary'' and 

"secondary" wavy modes. 
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CHAPTER 2 

AN INVESTIGATION OF THE I~AVY MODE 

OF TAYLOR VORTEX F1.01~ USING F1.01~ VISUALISATION 

2.1 REVIEW OF LITERATURE 

2.1.1 Flow Visualisation Techniques 

Previous authors have used several different techniques to 

study the development of the flow between rotating cylinders and, 

of these, the most popular has been to follow the motion of minute 

particles in suspension in the test fluid. An early investigation 

by Terada and Hattori (73) used a suspension of fine aluminium 

powder to study the formation of vortices in their apparatus. This 

technique has since been employed by Lewis (44), Cole (14), and 

Kamal (42) although Coles (16) reported that the flake-like 

particles in aluminium paint pigment resulted in improved 

visualisation. The investigation carried out by Coles was also the 

first to use light transmitted through the test fluid from a source 

in the inner cylinder, the others having used reflected light from 

an external source. The viscosity of the test fluid is not 

significantly affected by the addition of the aluminium particles 

because concentrations of the order of 0.5 gm/1 have been found 

to be sufficient for excellent flow visualisation. 

The onset of the Taylor vortex and wavy mode instabilities 

are clearly evident using this technique and it has been employed 

by a host of authors too numerous to mention individually for 

derivations of the critical Taylor numbers T and T • It has also 
c w 

been used to study the flow beyond the onset of the wavy mode of 

instability although, in this case, most researchers have found it 

necessary to enlist the aid of photographic techniques in order 

4 



that observed flow changes could be quantified. Unusual techniques 

were developed by Jackson (40) and Snyder (61), however, to overcome 

the difficulties iri flow visualisation under these circumstances. 

Jackson used stroboscopic illumination of the flow to arrest 

the motion of the aluminium flake particles in the test fluid. He 

was able to derive circumferential wave numbers from measurements 

of the flashing frequency and the rotational speed of the inner 

cylinder. Snyder illuminate~ an axial plane in the radial direction 

by a parallel beam of light, defined by a slit in a baffle to be 

about 2 mm in thickness. This technique permitted study of the 

vortex cell structure throughout the wavy mode of instability. 

Dye injection has been another favourite flow visualisation 

technique with previous researchers in this field. This method 

was used by Taylor (71), Cole (]4), Donnelly and Fultz (32), 

Schwarz et al (58) and Castle (8). Castle reported that it was 

better than the aluminium flake suspension technique·for 

observations of the onset of Taylor vortices between eccentric 

cylinders. Dye injection is of little use for any finite 

investigation of Taylor vortex flow; however, because of the 

eventual mixing of the dyed and undyed fluids. 

Hagerty (38) reported that the onset of Taylor vortex flow 

could be detected using the inherent flow visualisation properties 

of glycerine-water solutions. This technique was also employed by 

Brewster and Nissan (5) and Brewster et al .(6). Nissan et al (49) 

followed the motion of small droplets formed by the addition of a 

mixture of ethyl alcohol and water to their test fluid. They 

commented that this was inferior to the aluminium flake suspension 

. technique however. 

Air was used as the test fluid by Kaye and Elgar (43) and 

Astill (2), and they found that good flow visualisation could be 

5 



acl1ieved, for low Reynolds numbers, by admitting tobacco smoke 

into the test length. This technique was found to be useful for 

developed vortices although Cole (15) reported that it was 

insensitive to incipient vortices. 

2.1.2 The Concentric Cylinder Case 

In a classical contribution to the study of the stability of 

the flow between rotating cylinders, Taylor (71) predicted the 

onset and appearance of a secondary flow and verified these 

predictions experimentally. The details of his theoretical 

analysis are not relevant here although these are discussed in 

Chapter 4· 

·raylor investigated the stability problem for the concentric 

cylinder case using a test rig .in which both the inner and outer 

cylinders could be rotated in either direction. He showed that 

the flow is unstable at sufficiently high rotational speeds, the 

criterion for stability being a non-dimensional number that has 

since become known as the Taylor number. The instability gives. 

rise to·a series of toroidal vortices (also named after Taylor), 

each occupying approximately square cells, and with adjacent vortex 

pairs contra-rotating. Normally, the radial clearance is completely 

filled by the width of a single vortex cell although Taylor 

reported that, for ~* less than about -0.5 (inner and outer 

.cylinders rotating in opposite directions), the axial spacing of 

the vortices decreased such that, although the vortex cells 

remained approximately square, they did not extend to the outer 

cylinder. 

For the purpose of the present investigation, we are 

primarily interested in Taylor's results using a rotating inner 

cylinder and a stationary outer cylinder (~* =0) and, for this 
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case, the structure of the Taylor vortices is shown in Fig.l, If 

the radial clearance is small compared with the inner cylinder 

radius, the Taylor number may be expressed as 

T = Wi2 Ri CS I \)2 

and Taylor showed that the critical value for the onset of 

inst~bility (T0 ) is 1708. 

The onset of Taylor vortex flow has been the subject of 

many experimental investigations since Taylor's original paper 

and these have generally confirmed his results. The effect of 

increasing the radial clearance has been found to be to increase 

the stability of the flow with the result that the critical 

Taylor number is higher than that for the narrow gap case. 

In his tests, Taylor observed that, when the critical Taylor 

number had been sufficiently exceeded, the regular vortex flow 

assumed "some kind of turbulent mot:i,on11 , This development was 

also observed by Lewis (44) who reported "the vortices becoming 

irregularly turbulent". More recent research has shown that this 

is a doubly periodic motion in which a wavy form is superimposed 

on the vortex structure in the circumferential direction, with a 

wave velocity in that direction, Because of it's appearance, this 

type of vortex flow is known as the wavy mode of instability. 

The onset of the wavy mode was studied experimentally by 

Schwarz et al (58) using an apparatus with n = 0.95. At about 

.T = 1.03 T0 , they observed a transition to a non-axisymmetric mode 

in which an oscillation developed within the vortex cells without 

causing any distortion of the cell boundaries. This mode was 

marked by the appearance of alternating light and dark bands in the 

vortex pattern resulting from dye injection, As the rotational 

speed was further increased, waviness of the cell boundaries 

gradually developed and Schwarz et al reported that the wavy mode 
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of instability was firmly established by about T = 1.20 T0 , 

The non-axisymmetric mode preceding the onset of waviness 

has also been observed by Doru1elly and Fultz {32), Castle et al 

{10) and Jones (41) and it is generally ascribed to overstable 

oscillations of the vortex core. Castle et al, using n = 0.899, 

reported that waviness first became apparent as a slight rocking 

of the boundaries between adjacent vortex cells at ·about 

T = 1.08 T0 • They referred to this instability as the "weak" wavy 

mode and suggested that it was probably caused by the presence of 

a single travelling circumferential wave. When the rotational 

speed was increased still further, the 11 weak11 wavy mode was 

replaced by a much stronger type of wavy instability, having 

three circumferential waves, at about T = 1.21 T0 • 

The critical Taylor numbers for the onset of the "strong" 

wavy mode, Tw, from other workers experimental results, are 

summarised in Table l. It is evident that Tw is strongly 

dependent on the radius ration , the range of Taylor number over 

which regular Taylor vortices remain stable becoming progressively 

smaller as n tends to unity, Jones {41) reported that the radius 

ratio was also significant with regard to the form of the strong 

wavy mode at onset. For the narrow gap case, he observed the 

expected travelling circumferential waves whereas the onset was 

quasi-turbulent, with apparently random motion of the sink lines 

{see Fig,l) for both n = 0.645 and n = 0.718. The results 

indicated a preference for the strong wavy mode to start with three 

circumferential waves for both then = 0.85 and.n = 0.90 cylinders, 

and four circumferential waves for the n = 0.95 cylinder. Coles 

* {16), using n = 0.874 and ll =0, recorded a minimum of four 

circumferential waves at the onset of the strong wavy mode. 

Coles carried out a thorough experimental 1nvestigation of 
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.the strong wavy mode, his most important contribution being the 

discovery that non-uniqueness is a feature of the flow for this 

instability. Defining a state by the number of vortex cells and 

the number of circumferential waves present, he showed that it 

was possible to attain as many as twenty-five different states at 

a given Taylor number. The results indicated that the state which 

actually occurred was determiried by .. the whole history of the 

experiment. When the rotational speed of the inner cylinder was 

gradually increased, Coles observed a repeatable .but irreversible 

pattern of well-defined transitions to new states. Vortices 

appeared or disappeared in pairs and waves were added or subtracted 

in a process which Coles called 'transition by spectral evolution'. 

Coles also recorded ·measurements of the angular velocity of 

the circumferential waves. These showed that the dimensionless 

wave velocity V/v is practically constant regardless of the flow 

state present. When the waves first appeared, their angular 

velocity was found to be almost half that of the inner .cylinder. 

As the rotational speed was increased, however, V/v rapidly 

approached a value of 0.34 which was then reasonably constant for 

the range of Reynolds number from Re = 500 to Re = 2500 

(T = 3.4 x 10~ to T = 84 x 10~). Results presented by Jackson 

(40), from an investigation using n = 0.912, tended to confirm 

Coles value of V /v = 0. 34 • 

The validity of Coles' results concerning non-uniqueness of 

the wavy mode has been challenged by Segal (59) and Davey et al 

(20). They suggested that the effect arises because of the end 

conditions and that in a sufficiently long apparatus the effect 

would not appear. This hypothesis was tested by Snyder (62), 

however, and he showed_that end effects are not important in the. 

problem of uniqueness if the length to gap ratio is greater than 
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10. The length to gap ratio for the apparatus used by Coles was 

28; those for oth~r workers in tl1is field are summarised in 

Table 2. 

Snyder used a novel side slit illumination technique which 

permitted study of the vortex cell structure. The two vortices 

adjacent to the ends of the apparatus were found to be 

substantially different from those between them and Snyder 

suggested, therefore, that the axial wavelength is best derived 

from measurements of the axial length of a number of vortices 

excluding the boundary cells. In a later paper, Snyder (63) 

showed that the vortices between the boundary cells do not all 

have the same wavelength when they are formed. As time progresses, 

however, a common wavelength is gradually approached. A relaxation 

time of approximately L2 /6v was generally found to be sufficient 

for the necessary adjustment process to take place. Snyder also 

reported that non-uniqueness of the axial wave number occurred 

for the rotationally symmetric case of Taylor vortices as well as 

for doubly periodic flows • 

. Snyder (64) observed changes in the structure of the vortex 

cells for a wide range of fl* and cylinder radius ratios n = 0.2, 

0.5, 0.8 and 0.959. Five basic cell types were identified; 

regular Taylor cells, spirals, "puffing" cells and two rotationally 

asymmetric modes. The spiral and puffing cell types are not 

relevant to the present investigation because these occurred for 

. * 1 negat1ve fl on y. Snyder referred to the rotationally asymmetric 

modes as the m-mode and the 9-mode. 

The prominent feature of the m-mode is an out-going jet 

between each pair of vortex cells, whose origin on the inner 

cylinder does not move vertically and whose outer extremity waves 
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up and down. This waveform has a node at the inner cylinder and 

an anti-node near the outer cylinder. The 9-mode differs from the 

m-mode in that both in-going and out-going jets oscillate. The 

axial component for this mode appears to have three nodes across 

the gap at the plane of the cell boundaries and adjacent cell 

boundaries are out of phase. A feature of the 9-mode is that the 

ratio of the oscillating a~plitude of the out-going jet to that 

of the in-going jet can vary from 0 to 1 as the Taylor number 

increases. 

When the outer cylinder was stationary (fl* = O), Snyder 

observed the m-mode for n = 0.959 and the 9-mode for n = 0.8 and 

n = 0.959. Using n = 0.8, the onset of the 9-mode occurred at 

about T/T = 1.39 and Snyder reported that a range of circum-o . 

ferential wave numbers from 2 to 6 was traversed as the 

rotational speed of the inner cylinder was further increased. 

Using n= 0.959, a 9-mode having one circumferential wave was 

first observed at about T/T = 1.06 • As the rotational speed 
0 

was further increased, an m-mode with four circumferential 

waves occurred at about T/T
0 

= 1.19 and this was itself replaced 

by an m-mode, with more than four circumferential waves, at about 

T/T
0 

= 1.59. 

Snyder suggested that the modes observed by Schwarz et al (58) 

and Coles (16) were all 9-modes, although he was not able to 

explain the lack of waviness exhibited by the cell boundaries 

in the former's initial mode. Observations by Castle et al (10) 
. . 

endorse the view that the strong wavy mode is a 9-mode. They 

reported that the strong wavy mode is observed as an oscillation 

of both in-going and out-going jets whereas the weak wavy mode is 

seen as an oscillation of the out-going jets at the outer 

cylinder. From these results, it seems reasonable to infer that 
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the weak wavy mode is an m-mode although this contradicts. the 

observations of Snyder for n = 0.959. Jones (41). suggested that 

this confusion can be explained if both the weak and strong wavy 

modes are 9-modes. 

The first non-axisymmetric mode observed by Schwarz et al is 

believed to be an oscillation of the in-going jets, with a node 

at the outer cylinder. This would explain why the cell boundaries 

do not appear wavy when frontal lighting of the apparatus is used. 

Oscillation of the out-going jets follows after only a very slight 

increase in Taylor number (the weak wavy mode) and the subsequent 

stage is the full 9-modc (the strong wavy mode). 

Jones reported that the flow became indeterminate soon after 

the onset of the strong wavy mode in tests using n = 0.85. The 

results indicated a complete non-uniqueness of the flow and 

circumferential wave numbers between three and six were observed. 

At about T/T0 = 3.1, the flow assumed a quasi-turbulent form 

similar to that observed at the onset of the strong wavy mode 

for large gaps. Quasi-turbulent flows of this type also occurred 

in tests using n = 0.90 and n = 0.95, at about T/T0 = 24.4 and 

T/T0 = 10.6 respectively. 

2.1.3 The Eccentric eylinder Case 

Kamal (42) reported that, for eccentricity ratios larger 

than about e = 0.3, the flow close to the outer cylinder in the 

wide gap is in the opposite direction to the rotation of the 

shaft. This phenomenon was called 'reversed flow'. The extent 

of the region of reversed flow (Fig.2) was found to increase with 

increasing c and it was also influenced by the clearance ratio 

c/Ri. 
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The effect of eccentricity on the critical Taylor number Tc 

has been the subject of several experimental investigations 

although probably the most important was that of Castle and 

Mobbs (9). Using an apparatus with a fixed outer cylinder and 

n = 0;912, they showed that Taylor vortex flow occurs in two 

distinct stages between eccentric cylinders. As the rotational 

speed of the inner cylinder is slowly increased, a weak system of 

vortices appears which does not extend to the outer cylinder in 

the vicinity of the widest gap. Following a further increase in 

speed, these are replac-ed by a more vigorous system of vortices 

having a smaller axial wavelength, and which everywhere extend to 

the outer cylinder. 
' 

Castle and Mobbs used a dye injection technique to observe 

the two systems of vortices described above. They reported that 

the second of these was also readily detected using a suspension 

of aluminium flakes together with front lighting, although the 

first stage was difficult to detect using this technique. 

Younes (SO) found that the aluminium flake suspension technique 

can be used to view the onset of the first stage, however, if the 

test fluid is illuminated from within the inner cylinder. 

The results presented by Younes were in excellent agreement 

with those of Castle and Mobbs, the first stage occurring at 

critical Taylor numbers less than that for the concentric 

cylinder case if the eccentricity ratio was below about 

£ = 0.4 • Eccentricity had a stabilising influence on the 

second stage, however, the critical Taylor number for its onset 

increasing with increasing &. The results indicated that the 

Taylor number range over which the first stage remains stable 

becomes progressively larger as eccentricity increases. 
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Previous workers observed only one mode and their results 

for the effect of eccentricity on Tc are rather confusing. There. 

is no doubt that Vohr (76) viewed the onset of the second stage, 

although it is difficult to decide which of the stages was 

observed by Cole (14), Kamal (42), and Versteegen and Jankowski 

(75). Their results plot between those recorded by Castle and 

Mobbs (9) for the onset of the first and second stages, which 

suggests that a rather well developed first stage was detected 

by these authors. In investigations of this type, the criterion 

for instability is very important; the critical speed for the 

onset of Taylor vortices usually being defined as the first 

speed at which vortices are apparent along the entire test 

length of the apparatus. 

Another important consideration is the effect of radius 

ratio on the critical Taylor number. Vohr (76) and Jones (41) 

showed that the onset of Taylor vortices between eccentric 

cylinders is delayed by decreasing 11 • However, the results of 

Cole, Kamal and Versteegen and Jankowski were reasonably 

consistent with each other even though their investigations used 

n= 0.833, 0.917 and o.so respectively. It is possible that 

these results were influenced by misalignment of the cylinder 

axes because Jones reported that the stability boundaries can be 

considerably affected by even small errors in alignment 

(see Section 3.1.3). 

The effect of eccentricity on the weak and strong wavy 

modes was investigated by Castle et al (10). For both modes, 

the normalised Taylor numbers T/Tc remained approximately 

constant up to an eccentricity ratio of 0.3, after which they 

decreased progressively to merge at a value of about 1.05 at 

an eccentricity ratio of 0. 7. In the .eccentricity range 



s = 0.3 to £ = 0.7, the strong wavy mode became weaker and less 

distinct, while the weak wavy mode became very weak and difficult 

to detect. Castle et al suggested that the results were probably 

influenced by the appearance of a region of reversed flow on the 

wide gap side of the apparatus, at about s = 0.3. 

Results presented by Jones (41) confirmed that flow reversal 

is an important effect. Jones investigated the circumferential 

dependence of the effect of eccentricity on bright band 

vibration,. the weak wavy mode, and the strong wavy mode. Bright 

band vibration was the name given to the non-axisymmetric mode 

which Schwarz et al (58) had observed before the weak wavy mode 

for the concentric cylinder case. It was so called because, 

when the aluminium flake suspension teclu1ique is used with front 

lighting, the bands on either side of the vortex source appear 

to be bright,.and an oscillation develops within these bands at 

the onset of the mode. 

For each of the three modes, Jones found that the most 

stable section was the narrow gap and the most unstable section 

was 90° downstream from the narrow gap. The results for the 

most unstable section ( 9 = rt/2, Fig.2) were in good agreement 

with those of Castle et al (10). In tests using n= 0.90 and 

0.95, the circumferential variation of the onset of the strong 

wavy mode was such that, for eccentricity ratios between 

£ = 0.4 and £ = 0.7, the waves were well developed in the wide 

gap and hardly more than a slight vibration in the narrow gap. 

For larger eccentricity ratios, the onset of the strong wavy 

mode in the wide gap was quasi-turbulent, of the form obsen•ed, 

for any £, in tests using large gaps. 
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2.1.4 The Transition to Turb•.alence 

Observations by Coles (16) for the concentric cylinder case 

indicated that the breakdown of wavy mode flow into turbulence · 

is a gradual process. Using a rotating inner cylinder and a 

stationary outer cylinder, Coles found that small irregularities 

became apparent in the flow at· sufficiently high speeds. 

Following further increases in speed, the degree of irregularity 

increased until finally the flow could only be described as fully 

.turbulent. 

Using n = 0.91 for the eccentric cylinder case, Vohr (76) 

showed that the transition process originates in the region of the 

wide gap. The.flow in the wide gap was observed to break down into 

large, apparently irregular eddies at a Reynolds number of about 

500 while the flow in the narrow gap was unaffected. As the 

speed was further increased, however, fully developed turbulence 

was gradually transferred to the other regions of the flow 

although vestiges of vortices remained evident up to Reynolds 

numbers of at least 40,000. Pai (51) similarly reported that 

the vortex structure persists well into the turbulent regime. 

Vohr reported that the vortex pattern was never steady for 

eccentricity ratios larger than E = 0,8 • He observed that the 

vortices fluctuated irregularly under these conditions, and the 

flow appeared to be about to become turbulent in the wide gap 

region, Similarly, Jones (41) found that the onset of the strong 

wavy mode was of a random nature when viewed from the wide gap 

side of the apparatus in tests using n = 0.90 and 0.95, for 

eccentricity ratios larger than 0. 6 • 

In his tests using smaller eccentricies, wavy mode flow 

was gradually destroyed by the appearance of irregularities which 

Jones suggested were probably the increased effects of harmonics 
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of the basic waveform. At higher Reynolds numbers, fine high 

frequency random eddy structures were observed with sink lli1es 

remaining evident. Using n = 0.90 and & = 0, the irregularities 

began to have a substantial effect from a Reynolds number of about 

650 and the flow-appeared to be fully turbulent at about Re= 1300. 

2. 2 THE FI..Oiv VISUALISATION TEST RIG 

The flow visualisation test rig.(Fig.3) consisted basically 

of a vertical shaft enclosed by a transparent outer cylinder. 

Because of the nature of the proposed investigation, there was no 

requirement for the outer cylinder to rotate, although it was 

mounted in such a way that it could be moved ·laterally to 

eccentric positions relative to the shaft. The position of the 

shaft was .fixed within_ the structure of the test rig and it was 

driven by a variable speed transmission/ motor unit. 

Glass could have been used for the outer cylinder, although, 

to reduce the possibility of a breakage, it was decided that 

perspex would be a more suitable material. The outer cylinder was 

precision-bored and polished from a perspex tube with a nominal 

wall thickness of 12.5 mm. On arrival from the manufacturer, the 

bore was measured across two perpendicular planes, at each of four 

sections along the axial length of the cylinder, using an internal 

micrometer. The mean diameter was recorded as 114.45 mm and the 

eight readings were accurate to within ±0.02 mm. Three shafts were 

manufactured for use with the flow visualisation test rig. Each of 

these was turned and polished between centres from a solid block of 

aluminium in order that out of balance forces would be eliminated 

A series of measurements similar to those described above for the 

outer cylinder, indicated mean diameters of lOO .05 mm, 104.27 mm 

and 108.70 mm, the three sets of eight readings again being 

accurate to within ±o.oz mm. 
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The three shaft/ outer cylinder combinations gave radius 

ratios of 0.874, 0.911 and 0.950. The ratio of the axial test 

length to the radial clearance was also important because it has 

been suggested that the flow in the centre of the test length can 

be influenced by end effects for (L/c) ratios less than 10. The 

effective length of this apparatus was 495.30 mm giving (L/c) 

ratios of 69, 97 and 172. for the three shafts. The geometry 

ratios for the rigs used by previous researchers are summarised 

in Table 2.. 

The weight of the solid aluminium shaft was supported by an 

angular contact ball bearing which was housed in the lower guide 

block of the test rig (Fig.3). A deep-groove ball bearing, 

housed in the upper guide block, constrained the shaft to remain 

vertical. T-section slide blocks were fitted to the ends of the 

perspex outer cylinder and these were, in turn, accommodated by 

accurately machined slideways in the guide blocks. ·The outer 

cylinder could be positioned eccentric to the shaft by means of 

screw couplings between the slide blocks and the guide blocks. 

The screws at opposite ends of the· apparatus were rotated 

simultaneously to ensure that the perspex cylinder was not 

subjected to unnecessary strain. The total movement of the 

outer cylinder was limited by contact with the shaft in one 

direction (i.e. g = 1.0) and by contact between the slide blocks 

and fixed stops in the other direction. The stops were bolted to 

machined datum surfaces at the ends of the rig, their dimensions 

being such that the shaft and the outer cylinder were concentric 

when the slide blocks and the stops were touching. The eccentricity 

was indicated by a pair of dial indicator gauges mounted adjacent 

to the screw couplings at the ends of the rig. 
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The shaft was driven by a· Pye Torque and Speed Control 

(T.A.s.c.) unit type lK2L. The speed control rheostat in the 

T.A.s.c. unit gave rather coarse control, the full range of shaft 

speeds being covered by less than one complete turn of the speed 

control knob. An equivalent_ten-turn rheostat .was, therefore, 

connected in parallel with the original in order that either fine 

or coarse speed control could be selected by means of a simple 

switch. In the initial design of the test rig, the drive was 

transmitted from the motor to a pulley on the lower end of the 

shaft through a Vee belt. This was later replaced by a toothed 

timing belt, however, in order that any leakage of test fluid past 

the lower shaft seal would not result in belt slip. The rotational 

speed of the shaft was recorded using a steel gear wheel mounted 

on the upper end of the shaft, and an electromagnetic perception 

head connected to a digital tachometer (Fig.4). Because of the 

magnetic linkage between the gear wheel and the perception head, 

the tachometer was triggered each time a tooth passed in front of 

the pickup. The number of pulses was counted electronically over 

a short interval and the corresponding shaft speed was indicated 

by the tachometer display. 

The temperature of the test fluid was not controlled in this 

test rig and it was, therefore, important that it could be 

monitored throughout each test run. Two Comark NiCr /NiAl 

thermocouples were fitted through the guide blocks in such a way 

that they extended into the test fluid at the ends of the test 

length, the recorded temperatures being displayed on a Comark 

Electronic Thermometer type 1001 MLS. The temperature of the 

test fluid in the centre of the test length was assumed to be 

equal to the average of the two indicated temperatures. This was 
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probably a reasonable asst~ption because heat was mainly 

generated by the shaft seal at the lower end of the rig, 

resulting in a negative temperature gradient upwards through 

the vertical column of test .fluid. 

The test rig was filled through a length of nylon tubing 

connected to a hole in the bottom guide block, the air in the 

apparatus being expelled through vent holes in the upper guide 

block by the rising column of test fluid. Flow visualisation was 

effected using aluminium paint pigment suspended in the test fluid. 

The motion of these aluminium flake particles was arrested using 

a stroboscopic technique in order that the circumferential wave 

number could be derived for wavy mode flows. The entire 

circumference of the outer cylinder was illuminated stroboscopically 

by means of an aluminium reflec~or plate mounted opposite a single 

stroboscope (Fig.6). This technique was found to be most effective 

when used in a darkened room with the stroboscope inclined at an 

angle of about 30° to the vertical (Fig.S). 

2. 3 PRELIMINARY EXPERrnENTS 

2.3.1 Calibration of the Instrumentation 

2.3.1.1 Test Fluid Temperature 

The temperature of the test fluid was measured at 

the ends of the test length by means of two Comark 

thermocouples type l618A connected to a Comark Electronic 

Thermometer type 1001 MLS. Before being mounted in 

the test rig, the thermocouples were suspended in a 

beaker of water next to a calibrated mercury in glass 

thermometer (no.3l553) in order that the accuracy of the 
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Electronic Thermometer readli1gs could be checked, For 

the temperature ra11.ge 18- 45°C, both of the thermocouples 

were found to· indicate temperatures which were low by 

constant factors,0.5°C for one and 0.7°C for the other. 

The temperature of the test fluid in the test rig was 

assumed to be equal to the average of the temperatures 

indicated by the two thermocouples. A factor of 0.6°C was 

added to the derived average temperatures to correct for 

the recorded inaccuracy of.the Electronic Thermometer 

readings·. 

2.3.1.2 Shaft Speed 

The rotational speed of the shaft was measured by 

means of a steel gear wheel attached to the end of the 

shaft and an electromagnetic perception head cmmected 

to a digital tachometer. The accuracy of the speed 

measurements was checked against the readings of a 

second electromagnetic perception head/ digital tachometer 

combination, also triggered by the steel gear wheel. 

The shaft speeds indicated by the two digital tachometers 

were found to be within ±l rev/min over the entire range 

of the Pye T,A.S.C. drive unit (0 -1400 rev/min). 

2.3.1.3 Stroboscope Flashli'lg Frequency 

An Electronic Applications 11 Flash-Tac11 stroboscope 

was used throughout the flow visualisation investigation. 

To check the accuracy of the stroboscope's three 

frequency ranges, a vertical lllle was marked on the 

surface of the shaft in the test rig and, for a series of 

constant shaft speeds, the flashli'lg frequency was -adjusted 

until the mark appeared to remain stationary. The results 
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of the calibration tests are presented in Fig.7, the 

recorded flashing frequencies being compared with 

corresponding readings from the digital tachometer. 

The calibration of the scales on the stroboscope 

.was found to be very inaccurate, particularly at the 

extremes of the frequency ranges. For each of the· shafts, 

however, it was possible to define a useful band of 

frequencies in which the scale readings were accurate to 

within ±1% when increased by a constant factor. 

Consequently, in the flow visualisation tests, the 

stroboscope was used only within these bands, the scale 

being dictated by the required flashing frequency. The 

recorded flashing frequencies were corrected by the addition 

of the appropriate scale correction factor selected from 

Table 3. 

2.3.1.4 Eccentricity 

Movement of the outer cylinder to eccentric 

positions was indicated by a pair of Mercer dial gauges 

mounted against the slide blocks at the ends of the test 

length. The readings of the dial gauges were checked using 

slip gauges and an external micrometer and were found to 

be accurate to within±0.025 mm over the entire range of 

outer cylinder movement. The accuracy of the eccentricity 

ratios derived from the dial gauge readings is discussed 

further in Section 3.3.1. 

2.3.2 The Viscosity Characteristics 

Four types of Shell oil were used in the flow visualisation 

tests in order that the effects of viscosity could be studied. 

The test fluids were Carnea 15, Tellus 15, Tellus Tl7 and Tellus 21, 
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flow visualisation being effected by means of alumdnium flake 

particles suspended in the clear mineral oils. Before the main 

investigation, tests were carried out to determine the viscosity 

characteristics of the test fluids and also the effect of the 

suspension on these characteristics. 

Samples of the test fluids were pipetted into suitable 

British Standard U-tube vlscometers which were mounted vertically 

in holders and immersed in a thermostatically controlled, 

constant temperature water bath. The kinematic viscosities of 

the samples were measured at various temperatures in the range 

0 15-40 C, the water temperature being indicated by a calibrated 

thermometer. The tests were carried out using the procedure 

specified in B.S.l88:1957 which requires that, for each test 

condition, three consecutive flow times must be recorded within 

an accuracy of 0.2% if the results are to be accepted. The 

results from these tests are summarised in Table 5 and the 

viscosity characteristics of the four test fluids are plotted in 

Fig.8 • 

Similar tests were carried out at various stages throughout 

the main investigation to check that the test fluids had not 

taged 1 • Typical results are presented in Table 6 and it is 

evident from Fig.8 that these were in excellent agreement with 

the original viscosity measurements. This particular series of 

tests was performed at the end of the main investigation using 

both U-tube viscometers and Suspended Level viscometers. 

Aluminium flake suspensions were formed by mixing aluminium 

lining powder type 774 (supplied by Johnson and Bloy) with the 

test fluids. A concentration of 0.5 gm/1 resulted in excellent 

flow visualisation whilst viscometry tests indicated that this 

was not sufficient to significantly affect the viscosity 
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Characteristics. Typical results are presented in Table 7 and it 

is evident that, although higher viscosities were generally 

recorded when particles were suspended in the test fluids, the 

increases were within the 0.2% specified by B.S.l88:1957. 

2.3.3 Evaluation of the Test Rig 

A series of preliminary tests was carried out to ensure that 

the flow visualisation test rig functioned satisfactorily. The 

effect of eccentricity on the onset of Taylor vortex'flow was 

studied in these tests because this had been the subject of 

several previous investigations and, therefore, the results were 

well documented. 

Tests were carried out using the shaft radius ratio 

n = 0.911 and the results were derived from observations of the 

flow in the region of the wide gap. Eccentricity was found to 

have a stabilising influence on the onset of vortex flow and it 

is evident from Fig.9 that the results were in excellent 

agreement with those recorded by Castle (8) in a similar series 

of tests. The results relate to the second stage in the onset 

of Taylor vortices, the first stage being difficult to detect 

using the aluminium flake flow visualisation technique and front 

lighting. For the concentric cylinder case, the critical Taylor 

number was recorded as T = 1771. The critical.shaft speed was 
. . 0 

taken to be that for which vortices were first visible along the 

entire test length. 



2.4 EXPERD1ENTAL PROCEDURE 

The power supply to the test rig was switched on at least one 

hour before the start of a test run to allow time for the electronics 

to warm up. The rig was filled with test fluid during this interval. 

Before the rig was filled, however, the test. fluid container was 

shaken for about one minute in order that the aluminium flake particles, 

which slowly settle out of suspension when left standing, were 

redistributed evenly throughout the test fluid. The rig was then 

filled through a hole in the lower guide block under the action of 

gravity. As soon as the lower shaft seal was submerged, the .shaft was 

made to rotate slowly because this increased the rate at which trapped 

air escaped to the top of the column of test fluid. Test fluid was 

poured into the filler funnel (Fig.3) until it started to rise in 

vent holes in the upper guide block. This procedure ensured that the 

test fluid was in contact with fixed boundaries (the guide blocks) at 

both ends of the test length. 

\ihen the rig had been filled, the type of speed control, either 

coarse or fine, was selected by means of the. switch fitted in the 

T~A.s.c. unit (Section 2.2). The usual sequence for the test runs 

was to increase the shaft speed in a series of increments up to a 

maxtmum, well beyond the onset of the wavy mode, and then to reverse 

the procedure, results being recorded after each speed change. At 

the start of a test, the shaft speed was gradually increased from 

rest until the Taylor vortex cell boundaries became wavy. The 

stroboscope was then switched on and the room darkened in order that 

the··stroboscopic illumination of the flow was more effective. The 

shaft speed was further increased until the wavy vortex pattern 

could be made to appear stationary by adjustment of the stroboscope 

flashing frequency. 

Whenever possible, the author counted the number of circum­

ferential waves by walking around the test rig. This was a simple 
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procedure for steady flows although it was much more difficult and 

time-consuming if the flow was at all unsteady. In the cases 

where counting proved impossible, the circumferential wave number 

was estimated using the technique described in Section .2.6.1.1. 

Axial wavelength measurements were also recorded after each speed 

change, the number of vortex pairs in a 0.2 m gauge length being 

counted. A central section of the test length was used for these 

results because previous research had shown that the axial length 

of the boundary cells can be significantly influenced by end 

effects. 

. When the wave number counts had been completed, the 

temperature of the test fluid at the ends of the test length, 

the shaft speed and the stroboscope flashing frequency were 

recorded, in turn, from the instrun1entation of the test rig. The 

shaft speed was then gradually changed and the stroboscope 

readjusted in order that a second set of results could be recorded. 

Typically, a shaft speed increment of about 40 r.p.m. was used. 

This procedure was repeated for a series of shaft speeds, both 

increasing and decreasing, the maximum being about 1400 r.p.m. 

Lack of persistence of vision imposed limitations on the 

stroboscopic technique for small shaft speed settings because low 

flashing frequencies were required to arrest the motion of the 

aluminium flake particles under these conditions. The duration 

of a test run was anything from two to six hours depending on the 

stability of the flow for the conditions being tested. It will 

probably come as no surprise to the reader that the author found 

these tests a most exacting physical strain. 

A series of tests was carried out using three shafts~ for 

which n= 0.874, 0.911 and 0.950 For each of the shafts,· 
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eccentricity was introduced by movement of the outer cylinder in 

steps of & = 0.05 and several fluids were tested. The test fluids 

were the Shell mineral oils Carnea 15, Tellus 15, Tellus Tl7 and 

Tellus 21. To clean the· rig between tests using different fluids, 

it was filled with a fresh sample of the fluid to be used in the 

.following tests (without flakes) and the shaft accelerated several 

times. The rig was then drained and the procedure repeated with 

a second fresh sample of the test fluid. 

2.5 PRESENTATION OF RESULTS 

A typical flow visualisation test run incorporated as many as 

forty shaft speed changes and results were recorded for each 

speed setting. A total of one hundred and twenty tests were 

carried out and, therefore, a vast amount of experimental data 

had to be processed. An IBM 1130 computer was used to calculate 

the various parameters discussed in Appendix I and the computed. 

results are plotted in Figs.l3-69. 

The circumferential wave velocity ratio (V/v) is plotted 

against Reynolds number in Figs.l3-36 for the three radius ratios 

tested. The results for n= 0.9ll are presented in Figs.l3-26, 

Figs.27-29 show the. results for n = 0.950 and the results for 

n = 0.874 are plotted in Figs.J0-34· Additional results for 

n= 0.9ll are plotted in Figs.35-36 which use different symbols 

to distinguish between the results for increasjng and decreasing 

shaft speeds. The results for n = 0. 911 are summarised in 

Table 9. 

Circumferential. (tangential) wave number results are 

presented in Figs.37-59·. It is evident from Appendix I that, for 

constant (V/v), the circumferential wave number n defines a 
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family of equispaced 'radial' lines on a plot of stroboscope 

flashing frequency against shaft speed. Families of 'radial' 

lines derived from the concentric cylinder circumferential 

wave velocity ratio results for each radius ratio are shown in 

Figs. 37-39 • Those for n = 0. 9ll are compared with raw 

experimental data in Figs.40-4l and with those derived by 

Jackson (40) in Fig.42 • The 'radial' lines for n = 0.874 are 

compared with raw experimental data in Fig.43. 

The line diagrams presented in Figs.44-SS show the bands of 

Reynolds number within which particular circumferential wave 

numbers were observed in the flow visualisation tests. A non­

dimensional parameter based on the mean circumferential wave 

number, n, and the radial clearance, c, is plotted against 

Reynolds number in Figs.S6~59 for the eccentricity ratios 

£ = 0, 0.1, 0.2 and 0.3 respectively. Particular wave number 

changes observed in typical test runs are summarised in 

Tables 10-13 and, for n= 0.874 and£= 0, a comparison with 

changes recorded by Coles (16) is presented in Table 14. 

Axial wave number results are presented in . ·Figs .6o-68. 

The results for n = 0.911 are plotted in Figs.6o-64 and those 

for n = 0.874 are plotted in Figs.6S-66. Concentric cylinder 

results for n= 0.911 are also presented in Figs. 67 and 68 for 

·increasing and decreasing shaft speeds respectively. 
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2.6 DISCUSSION OF RESULTS 

The results discussed below relate to the strong wa'~ mode of 

instability. TI1e stroboscopic illumination technique was unsuitable 

for observations of the weak wavy mode because of lack of persistence 

of vision for the low shaft speeds at which it occurred. In the 

following Sections, the results for n = 0.9ll are discussed before 

those for n= 0.874 and n = 0.950 because the tests using this radius 

ratio were the most exhaustive. 

2.6.1 Visual Observations 

2.6.1.1 Concentric Cylinder Tests Using n = 0.911 

Stroboscopic illumination of the flow was found to be an 

excellent technique for monitoring the number of circumferential 

waves throughout these tests. Visual observations showed that 

shaft speed changes were. often accompanied by a change in the 

circumferential wave number, several wave number changes being 

observed in each test run. In many cases, . the wave number change 

was preceded by oscillation of the entire vortex structure, an 

~ffect also reported by Jackson (40). Less common, however, were 

circumferential wave number changes which occurred suddenly and 

· without oscillation. One particular example of this type of 

change was that from n = lO ton= 9 (marked by h,i) in Fig.40. 

The results suggested that the vortex structure was more 

likely to oscillate before a wave number change if the shaft 

speed was being increased. The oscillation usually became 

apparent well before the occurrence of the wave number change and 

increased in amplitude with successive speed increments. In some 

of the tests, however, oscillations developed whose amplitudes 

changed continuously without adjustment of the shaft speedsetting. 

In these cases, a small increase in the magnitude of the 
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shaft speed \Vas normally sufficient to effect the wave 

number·· change. 

Following the sequence of events described above, 

the number of circumferential waves changed, either, along 

· the entire test length at the same time, or, initially at 

one end of the test length. In the latter case, the 

change usually occurred at the lower end of the test 

length and the new mode then replaced the old mode from 

the entire test length in a finite time. The necessary 

adjustment process normally lasted about five seconds 

before the wave number change was complete although 

sometimes as long'as thirty seconds was required. The 

extended adjustment period was necessary when a situation 

probably best described as a 'trial of strength' was 

observed. The '·trial of strength' situation developed 

between the new mode and the old mode with the new mode 

assuming the role of the aggressor and gradually expelling 

the old mode from the entire test length. During the 

adjustment process, the two modes were both evident in·. 

different parts of the test length at the same time. 

When the circumferential wave number change was 

complete, the new mode was generally steady, and free 

from oscillation, showing no tendency to change again 

even when left for extended periods. However, in some 

cases, the new mode was observed to be unsteady and 

pulsating and, very infrequently, a change back to the 

previous mode followed shortly after the initial wave 

number change. Oscillation of the vortex structure soon 

after a wave number change indicated that another change 

was imminent. 



A maximum Reynolds number of about 800 was used in 

the early flow visualisation tests because the flow 

became irregular in nature at about this value. This 

change generally occurred suddenly with the flow losing 

the periodic characteristic of the strong wavy mode. The· 

resulting flow was quasi-turbulent rather than turbulent, 

however, because remnants of the wavy mode could be 

distinguished from the general disturbance using 

stroboscopic illumination of the flow. The appearance of 

this type of flow was ·described by Kamal (42) as a 

"violent chaotic motion". It was observed by Jackson (40) 

using the stroboscopic illumination technique, the onset 

of quasi-turbulence marking the upper limit of his tests. 

Tests performed by the author showed that, although 

the quasi-turbulent flow was unsteady and disorientated, 

it was possible for it to be analysed stroboscopically. 

Visual observations of the flow suggested that, for each 

shaft speed setting, a. series of violent circumferential 

wave number changes occurred continuously, resulting in 

continual large scale oscillation of the vortex structure. 

The particular wavy modes involved were all unsteady and, 

therefore, the wave number changed repeatedly between the 

different modes, each mode being evident for very short 

periods before being replaced. The technique used for 

observations of this type of flow was to isolate 

progressively each of the wavy modes, in turn, from the 

others. A "homing-in" type of procedure was employed 

for this purpose, the stroboscope flashing frequency 

being adjusted during the brief appearances of the 

particular wavy mode until the tangential velocity of 
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the waves had apparently been reduced to zero. It was 

not-possible for the number of circumferential waves to 

be counted under these conditions because, apart from 

the general unsteadiness of the flow, the individual 

. wavy modes were not evident for sufficiently long periods 

at a time. In these cases, therefore, the circumferential 

wave numbers were derived from the recorded values of the 

stroboscope flashing frequency and the shaft speed using 

Fig.37 (see Appendix II). 

The procedure described ~bove was used throughout 

the present investigation whenever the flow was too 

unsteady for the number of circumferential waves to be 

counted, It must be said, however, that it was often 

very time-consuming and required a great deal of patience 

on the part of the researcher. 

A series of tests was carried out to investigate 

the development of the quasi-turbulent flow regime as 

the shaft speed was further increased. ·:·Rather 

surprisingly, the flow did not continue to deteriorate 

as expected, but gradually became more regular. This 

change was less well defined than the onset of quasi­

turbulence although the process was generally complete 

by a Reynolds number of about 1100. Wave number changes 

continued to occur in the new flow regime although these 

were comparatively infrequent allowing the circumferential 

wave numbers of.the modes involved to be counted. Wavy 

mode flow was observed up to a maximum Reynolds number of 

about 2200. The circumferential waves were difficult to 

detect at higher shaft speeds although the cell boundaries 

remained clearly-evident, Cole (14), using n = 0.827, 
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reported that a vortex·pattern persisted at shaft speeds 

as high as one hundred times the critical and Vohr (76) 

observed a basic vortex structure up to Reynolds numbers 

of the order of 40,000 in tests using n = 0. 910 • 

The wavy flow regimes discussed above were affected 

in different ways when the shaft speed was progressively 

increased. For the steady wavy mode obs.erved using low 

Reynolds numbers, the circumferential wave number 

· gradually increased from n = 3 at the start of the tests 

to n = 9 or n.= 10 at the onset of quasi-turbulence. The 

general trend was then for the predominant circumferential 

wave number to gradually. decrease, then= 4 and n = 5 

modes being evident when the flow was again sufficiently 

regular for the number of waves to be counted. The 

predominant circumferential wave number for the remainder 

of the tests (at high Re) was n = 4 • 

The visual observations suggest that, rather than 

being the first stage in the breakdown of wavy vortex 

flow into turbulence, the quasi-turbulent flow regime is 

a region of transition between two well established forms 

of-wavy vortex flow. Consequently, this flow regime is 

referred to as the "transitional state" in the remainder 

of this thesis. To distinguish betw.een the form of Castle 

and Mobbs' (9) strong wavy mode before and after the 

transitional state, these are-designated the "primary" and 

"secondary" wavy modes respectively. 

The change from primary wave mode to transitional 

state was sudden and violent, and, therefore, easily 

detected. The Reynolds number at which it occurre-d· varied 
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considerably between the different test I'Wls, within the 

range Re = 535 to Re = 855. The corresponding range 

Re = 610 to Re = 920 was derived from results recorded 

by Jackson (40) in a series of similar tests. The onset 

of the secondary wavy mode was observed to occur in the 

range Re = 900 to Re = 1250 in the present investigation. 

When the shaft speed was progressively decreased, the 

transitional state was again traversed although_it 

appeared to be less violent in this case. The flow 

·states which one .would observe in a test using positive 

shaft speed increments are summarised in Table 8. 

The visual observations discussed above relate to 

changes in the number of circumferential waves although 

the axial length of the vortex cells was also influenced 

by variation of the shaft speed. This was usually a 

gradual process and axial wavelength changes often occurred 

with no change in the total number of vortex cells in the 

apparatus. Snyder (62) showed that this was made possible 

by continuous adjustment of the axial lengths of the 

boundary cells which were substantial+y_different from 

the remaining cells. In the present investigation, the 

axial wavelength of the flow was monitored throughout the 

tests by counting the number of vortex cells in a central 

section of the apparatus, these results are discussed in 

Section 2.6.2.3 • 

A phenomenon frequently observed in the flow 

visualisation tests was the creation of a pair of vortex 

cells at particular sections in the test length. This 

was accompanied by an axial shift of the cells above the 

section concerned which resulted in a pair of cells being 
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displaced from the upper end of the test length. This: 

phenomenon was usually repeated several times and ceased 

after either a short time interval or a.change in shaft 

speed. 

2.6.1.2 Eccentric Cylinder Tests Using n = 0.9ll 

Iricreasing the eccentricity generally reduced the 

stability of wavy vortex flow with the result that the 

stroboscopic technique could not be used satisfactorily 

for eccentricity rat:Los greater than about ~ = 0.2 • 

Because of the increasing unsteadiness of the flow, it 

became progressively more difficult to count the 

circumferential wave numbers as the eccentricity was 

increased. The wave numbers were, therefore, 

determined using Fig.37 and the procedure described 

in Section 2.6.1.1. 

Primary wavy mode flow, which had been particularly 

steady for the concentric cylinder case, displayed a. 

·tendency for the number of·circumferential waves to change 

continuously between two values when eccentricity was 

introduced. This phenomenon was observed only occasionally 

in tests using & = 0.05 although it became more common as 

the eccentricity was further increased. Using & = 0.20, 

the circumferential wave number changed continuously for 

each of the primary wavy mode shaft speed settings. Each 

change was preceded by oscillation of the vortex structure 

and one of the two wave numbers involved usually 

appeared to be more stable than the other. 

Transitional state flow was again very irregular 

although the level of disturbance appeared to be somewhat 
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less in the tests using e = 0.05 and e = 0.10 than for 

the concentric cylinder case. When the eccentricity was 

further increased, however, the flow became progressively 

more irregular. Visual observations also showed that the 

transitional state generally occurred at lower speeds when 

the cylinders were eccentric. Using e = 0.20, for example, 

the boundaries of the transitional state were observed in 

the range Re= 370 to Re = 900. It is evident from 

Figs. 11 and 12 that these results were not particularly 

affected by the different test fluids used in the 

investigation. 

Secondary wavy mode flow was generally more steady 

than primary wavy mode flow for the eccentric cylinder 

case. The circumferential wave number sometimes 

changed continuously in the secondary wavy mode although 

these changes occurred much less frequently than those 

described above for the primary wavy mode. A phenomenon 

peculiar to the secondary wavy mode was for the vortex 

structure to have a velocity component in the axial 

direction; vortex cells disappearing from the upper end 

of the test length and others appearing at the lower end 

of the test length. However, this type of flow was not 

observed very often •. 

An effect particularly evident for primary wavy mode 

flow was that the circumferential wavelength was larger 

in the narrow gap than in the wide gap. This effect was 

observed in tests using eccentricity ratios as low as 

e = 0.10. Under these conditions, the wave form around 

the entire circwnference appeared to be stationary when 

illuminated using an appropriate· stroboscope flashing 
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frequency, This was made possible by the circumferential 

variation of the wave velocity. Vohr (76) and Jones (41) 

also reported that waviness tends to be predominant in 

the wide gap and strongly damped out in the narrow gap • 

. An important factor in this is the circumferential 

variation of the local Reynolds number in tests using 

eccentric cylinders. In Appendix III, an equation is 

derived which defines the local Reynolds number of a 

flow in terms of the eccentricity ratio and the radius 

ratio. 

2.6.1.3 Concentric Cylinder Tests Using n = 0.950 

It was immediately obvious in these tests that the 

test length contained a larger number of vortex cells than 

was the case for Tl = 0. 911 • This was an expected 

consequence of reducing the radial clearance because it 

is well known that the vortices occupy approximately 

square cells at the onset of vortex flow. The circum-

ferential wave number was also influenced by the change 

in geometry, the maximum wave number being nineteen ·in 

these tests compared to ten for the previous shaft. 

Another important effect of decreasing the radial 

clearance (increasing the radius ratio) was that the· 

stability of the flow was significantly reduced 

throughout the wavy mode. The flow was observed to be 

extremely unsteady, even for the concentric cylinder 

case, with the result that reasonably accurate axial 

wavelength measurements proved impossible. The circun~ 

ferential wave number could sometimes be counted soon 

·.·. 
I , after the onset of the primary wavy mode although this 

required a great deal of patience. For the vast 
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majority of the shaft speed settings used in thes·e tests, 

however, the circumferential wave numbers had to be 

derived from the recorded stroboscope flashing frequencies 

using the procedure described in Appendix II. 

The number of circumferential waves generally cl1anged 

continuously and frequently between two values for eacll of~ 

the shaft speed settings in the primary and secondary wavy 

modes. The flow was further distorted by the oscillation 

of the vortex structure which usually accompanied wave 

number changes. A phenomenon sometimes observed in the 

primary wavy mode was for the values of the wave numbers 

observed at a particular speed setting to progressively 

increase when· the rig was left running. This effect can 

·probably be attributed to the time dependence of the 

test fluid temperature, however, because the wave 

numbers between n = 3 and n = 16 each occupied only a 

very narrow band of Reynolds numbers in the primary 

wavy mode (Section 2.6.3). 

Transitional state flow was again evident as a 

disturbed version of the primary wavy mode in which the 

circumferential wave number changed with greater 

frequency and usually between more than two values. The 

transitional state was generally observed in the 

Reynolds number range Re = 36o to Re = 630. In tests 

using n = 0.959, Snyder (61) observed the onset of an 

unsteady form of flow at a Reynolds number of about 

Re= 330. He reported that unsteady flow gradually 

developed from an m-mode having more than four circum­

ferential waves. 
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For high Reynolds numbers, the secondary wavy mode 

gradually became faint as the shaft speed was increased. 

Finally, waviness could no longer be detected although 

the vortex structure remained clearly evident, 

2.6.1.4 Eccentric Cylinder Tests Using n = 0.950 

Wavy vortex flow was observed to be even more 

irregular when eccentricity was introduced for this 

shaft and, therefore, it became progressively more 

difficult to detect the boundaries of the transitional 

state as the eccentricity was increased. Because of the 

increasing ~steadiness of the flow, the stroboscopic 

illumination. technique could not be used satisfactorily 

for eccentricity ratios larger than about £ = 0 .10 , 

The circumferential wave number again changed continuously 

throughout both the primary and the secondary wavy modes 

and, for the latter, waviness was more difficult to detect 

as the shaft speed was increased. However, the basic 

vortex structure once again persisted when the waves were 

no longer evident. 

2.6.1,5 Concentric Cylinder Tests. Using n = 0.874 

Because of the larger radial clearance for this 

shaft, fewer vortices were formed in the test length 

than in the tests using n = 0.911 or n = 0.950. The 

maximum number of circumferential waves was also reduced 

to six in these tests compared with ten for n = 0.911 

and nineteen for n = 0.950. Probably the most significant 

effect of ·increasing the radial clearance, however, was 

that wavy mode flow was generally much more stable under 

these conditions. Consequently, the circumferential 
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wave number could be counted. for most of the shaft 

speed settings used in these tests. 

Wave number changes ocatrred less frequently than 

in the previous tests although the mechanisms of wave 

number change were generally the same as those described 

in Section 2.6.1.1. The increased stability of the 

flow was a feature of the entire range of wavy mode flows · 

observed in these.tests and the regime of disturbed flow 

normally associated with the transitional state was 

not evident. However, above a Reynolds number of about 

Re= 980, the steady wavy mode was replaced by a flow 

regime in which the wave number changed regularly between 

n = 3 and n = 4. This type of flow lasted until about 

Re = 1100 after which a single wave number was, once 

again, evident at each shaft speed setting. The n = 5 

mode normally preceded the onset of this flow regime which 

was followed by the n = 3 mode. The results suggest, 

therefore, that it was probably a subdued form of 

transitional state flow. 

2.6.1.6 Eccentric Cylinder Tests Using n = 0.874 

Once again, increasing the eccentricity was found to 

progressively reduce the stability of wavy mode flow. 

However, using this shaft, the flow remained sufficiently 

steady for the stroboscopic illumination technique to be 

used up to an eccentricity ratio of about ~ = 0.40 

. The transitional state 'could not be positively identified 

in these tests although, using ~ = 0.10 and ~ = 0.20, a 

comparatively unsteady form of wavy mode flow was observed 

from about Re = 500 to about Re = 900. At higher 

Reynolds numbers, the flow was influenced by location 



within the test length. Using & = 0.10, for example, 

th_e n = 3 mode was clearly evident in the flow at the 

upper end of the test length, above about Re = 2400, 

although there was a tendency for waviness to disappear 

from the lower end of the test length under these 

conditions • 

· A novel mechrulism of wave number change was observed 

-in the tests using & = 0.20 • As the shaft speed was 

increased, a change in the number of circumferential 

waves first became evident at the upper end of the test 

length. This phenomenon was not the same as that 

described in Section 2.6.1.1 because the new mode showed 

no tendency to expel the old mode from the remainder of 

the test length until the shaft speed was further 

increased. The new mode then replaced the old mode in a 

greater proportion of the test length after each 

subsequent shaft speed increment until, finally, it 

occupied the entire test length. In a typical test run, 

this procedure started at Re = 1885 and finished at 

Re = 2100. Consequently, for several shaft speed 

settings, two different wavy modes were observed in 

different sections of the test length at· the same time. 

The wave numbers involved in this change were 1:hree and': 

seven, the n = 3 mode gradually replacing the n = 7 mode 

as the shaft speed was increased. This was also unusual 

because the wave number changes observed in the tests 

using & = 0 and & = 0 .10 were usually of the n ± 1 type. 

The circumferential wave number changed continuously 

throughout the tests using & = 0.30 and & = 0.40 although 

the type of change discussed above was not observed. 



The predominant mode evident at the highest Reynolds 

numbers used in these tests was n = 8 in both cases. 

2.6.2 The Circumferential lvave Velocity Ratio 

2.6.2.1 Concentric Cylinder Tests Using n = 0.911 

The circumferen~ial wave velocity ratio was found to 

be reasonably constant at a value of 0.41 for Reynolds 

numbers above about Re= 500. At the onset of wavy vortex 

flow, the tangential velocity of the waves was greater than 

half the peripheral velocity of the shaft, although the ratio 

gradually decreased as the shaft speed was increased. It 

is evident from Figs. 13 to 15 that there were no .significant 

differences between the results from the tests us.ing Tellus 21, 

Tellus Tl7 and Carnea 15 respectively. The scatter of the 

results at low Reynolds numbers was caused by a hysteresis 

type effect which is discussed in Section 2.6.5. 

There is a temptation to correlate the change to a 

constant wave velocity ratio with the observed onset of 

transitional state flow. The appearance of wavy mode flow 

·was altered considerably by the onset of the transitional 

state and it would not, therefore, have been entirely 

unexpected if the wave velocity had also been affected by 

this. However, this correlation cannot be justified 

because the results in Figs. 13 to 15 were recorded in a 

number of different tests in which transitional state flow 

was sometimes not observed until Re = 855. The wave 

velocity ratio was also found to be unaffected by the wave 

number changes which occurred before Re = 500 in the primary 

wavy mode. It is evident from the results that this was 

necessarily the case for the changes observed at higher 

Reynolds numb<:r. 



The constant wave velocity ratio for the high Reynclds 

number results was used to derive the family of 'radial 

lines' drawn in Fig.37 (see also Appendix II). The 

appropriate lines are compared with the results of four 

particular test rw1s in Figs. 40 and 41, and with results 

recorded by Jackson (40) in Fig.42 • 

Jackson derived circumferential wave numbers from his 

results by comparing them ~ith a family of 'radial lines' 

based on a constant wave velocity ratio of 0.34. However, 

this value had been derived by Coles (16) using n = 0.8{4 

(Section 2.6.2.5), whereas the radius ratio used by Jackson 

was n = 0.911. It is evident from Fig.42 that there is 

considerable disagreement between Jackson's results and the 

'radial lines' derived from the present investigation. This 

is not particularly surprising for the results at low 

shaft speeds, although one would expect better correlation 

for shaft speeds above about 400 r.p.m., because Re then 

exceeds 500. What is even more surprising, however, is 

that the lines drawn through these results do not pass 

through the origin. This suggests either that the 

circumferential wave velocity ratio was not constant for 

the high shaft speeds used by Jackson, or that his shaft 

speed measurements were inaccurate. The first possibility 

contradicts the results.of the present more-detailed 

investigation and, therefore, the second seems more likely. 

In his report, Jackson referred to erratic cylinder speed 

measurements "particularly in bright sunshine". 

2.6.2.2 Eccentric eylinder Tests Using n= 0.911 

For the eccentric cylinder case, the wavelength of 

the circumferential waves was observed to depend on tlie 
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circumferential viewing point. The results discussed below 

were derived assuming a constant wavelength and, therefore, 

these relate to average circumferential wave velocities. 

It is evident from Figs. 16 to 26 that the circumferential 

wave velocity ratio characteristics, for eccentricity ratios 

up to £ = 0.20, were similar in form to those for the 

concentric cylinder case. The wave velocity ratio was 

again found to be reasonably constant at a value of about 

0.41, for the results recorded using high shaft speeds, in 

each of the tests. However, as the eccentricity was increased 

from £ = 0, there was a tendency for the wave velocity 

ratio to progressively decrease for results recorded below 

about Re = 1000. Consequently, the sequence of events, for 

increasing shaft speed, was for the wave velocity ratio to 

gradually decrease to a minimum value and then to recover to 

a value of about 0.41 ~ The results plotted in Figs. 13 to 

26 are swnmarised in Table 9. It is evident that these 

were not particularly influenced by the choice of test 

fluid. 

Primary wavy mode flow was observed to become 

progressively more unsteady as the eccentricity was 

increased (Section 2.6.1.2). The results discussed above 

indicate that the circumferential wave velocity was 

reduced under these conditions. Secondary wavy mode flow 

was relatively unaffected by eccentricity and it follows, 

therefore, that similar wave velocity ratios should have 

been recorded for high Reynolds numbers in each of the 

eccentric cylinder tests. It is evident from Table 9 that 

the experimental results support this hypothesis. 
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2.6.2.3 Concentric Cylinder Tests Using 11 = 0.950 

It is evident from Figs. 27 and 28 that the circumferential 

wave velocity ratio was, once again, reasonably unaffected 

by the choice of test fluid. The results for low Reynolds 

numbers were similar to those recorded using 11 = 0.911. 

However, in this case, the wave velocity ratio gradually 

decreased from being greater than 0.5 at the onset of wavy 

vortex flow, to a value of 0.45 at about Re= 400. The 

ratio remained reasonably constant as the shaft speed was 

further increased although, above about Re= 650, it was 

found to progressively increase at the rate of about 0.01 

for each Reynolds number increase of 500. 

For this shaft, it was difficult to define the 

boundaries of the transitional state because the flow was 

extremely unsteady throughout the wavy mode (Section 2.6.1.3). 

However, the. results discussed above suggest that the 

circumferential wave velocity was significantly affected by 

the different regimes of wavy mode flow. 

2.6.2.4 Eccentric £rlinder Tests Using 11 = 0.950 

Using & = 0.10, results could only be recorded for a 

limited range of Reynolds numbers because of the unsteady 

nature of the flow under these conditions. It is evident 

from Fig.29, however, that the circumferential wave 

velocity was everywhere lower than for the concentric 

cylinder case. As the shaft speed was increased to 

Re= 500, the wave velocity ratio gradually decreased to a 

minimum value; 0.42 in the tests using Tellus 21 and 0.43 

in the tests using Carnea 15. The ratio was then reasonably 

constant·up to the maximum Reynolds number, Re= 720. For 
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• 
higher Reynolds numbers, the results would probably have 

plotted in the band between a horizontal line and a line 

having the slope defined by the concentric cylli1der results. 

2 .• 6.2.5 Concentric Cylinder Tests Using n = 0.874 

Incre·asing the radial clearance generally reduced the 

velocity of the circumferential waves. It is evident from Fig.JO 

that the \vave velocity ratio characteristic was similar to that 

for n = 0.911, although, in this case, the ratio was reasonably 

constant, at a value of 0.37, above about Re= 6oO. At the 

onset of wavy vortex flow, the velocity of the waves again 

exceeded half the peripheral velocity of the shaft, a wave 

velocity ratio of 0.52.being recorded for the mode having three 

circumferential waves. 

These results compare favourably with those recorded by 

Coles (16) in a series of tests using n = 0.874 and n = 0 .899. 

Coles reported that the wave velocity ratio was reasonably 

constant at a value of 0.34 for high Reynolds numbers, although 

this was derived assuming the narrow gap approximation whereby 

(V/v) f 
= nN 

If the radius ratio is not assumed to equal unity then, from 

Appendix I, the wave velocity is given by 

(V/v) = ( !__±_:o_ ) ..!.. 
2n nN 

and Coles' constant value becomes 0. 36 • 

2.6.2.6 Eccentric Cylinder Tests Using n = 0.874 

In these tests, the wave velocity ratio was found to be 

significantly affected by some of the observed flow changes. 

The ratio was again reasonably constant for high Reynolds 



numbers although different values were recorded in different 

ranges of Reynolds nwnber. Using E = 0.10, for example, it is 

evident from Fig.31 that wave velocity ratios of o·.37 and 0.36 

were recorded in-the ranges Re = 900 to Re= 1500, and Re =.1600 

to·Re ~ 2300 respectively. Furthermore, the experimental 

results showed that the wave velocity ratio was constant at a 

value of 0.37 between Re= 2400 and Re= 2800. The following 

types of wavy mode flow were observed in these ranges: 

Re = 'X)O to Re = 1.500 A mode having three circumferential 

waves was predominant 

Re = 1600 to Re = 2300 The wave number changed continuously 

between n = 3 and n = 4 

Re = 2400 to Re = 2800 A mode having three circumferential 

waves was evident but only at the 

upper end of the test length 

It is evident from Fig.32 and Table ll that a similar 

correlation was valid for the results using & = 0.20 • In this 

case, the wave velocity ratio remained reasonably constant at 

values of 0.37, 0.39 and 0.36 in the ranges Re = .500 to Re= 900, 

Re = 1000 to Re = 1885, and Re = 2100 to Re = 3000 respectively. 

Between Re= 1885 and. Re= 2100, there were two possible wave 

velocity ratios, (V/v) = 0.39 and (V/v) = 0.36. In this range, 

a mode with three circumferential waves was observed to gradually 

displace the n = 7 mode from the entire test length as the 

shaft speed was progressively increased (Section 2.6.1.6). At 

intermediate shaft speeds, the flow appeared to be stable with the 

two systems of wavy vortices occupying different parts of the 
. . 

test length. However, the results indicate that the tangential 
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velocities of the two wavy modes were different, the n = 7 mode 

travelling faster than the n = 3 mode by a constant factor of 

0.03 times the peripheral velocity of the shaft. It is also 

interesting to note that the constant wave velocity ratio for 

then.= 7 mode was greater than that for the concentric cylinder 

case using 11 = 0.874 • 

The results using & = 0.20 and low Reynolds numbers were 

similar in form to those for 11 = 0.911 and eccentric cylinders; 

the wave velocity ratio decreasing to a minimum value and then 

recovering to a higher value as Reynolds number was increased. 

It is evident from Fig.33 that increasing the eccentricity ratio 

to & = 0.30 further reduced the wave velocity ratios recorded 

using low Reynolds numbers. In this case, a rninirnurn wave 

velocity ratio of 0.33 was recorded' between Re= 400 and Re= 700. 

For higher Reynolds numbers, the wave velocity ratio was again 

found to be',reasonably constant at a value of 0.37 ~ However, it 

is evident from Table ll that wave numbers between seven and ten 

were observed under these conditions and not the n = 3 mode 

which was observed using smaller eccentricity ratios. 

Using£= 0.40 {Fig.34), a minimum wave velocity ratio of 

0.34 was recorded at Re= 630. As the Reynolds number was further 

increased, the wave velocity ratio increased to reach a value of 

0. 38 at Re = 1150. Only a limited number of results were 

recorded because of the Unsteady nature of the flow under these 

conditions. 

2.6.3 The Circumferential Wave Number 

Several circumferential wave number changes were observed ~ the 

flow visualisation tests, the mechanisms involved having been 

described in Section 2.6.1. For the concentric cylinder case, the 



changes observed using n = Q.,874 and n = 0.911 are summarised in 

Tables 10 and 12. Using n = 0. 950, wavy mode flow was found to be 

extremely unsteady with the wave number changing frequently between 

two values. Observations of the flow suggested that the predominant 

modes for large Reynolds numbers were n = 10, 12 and l4 (Table 13). 

The circumferential wave numbers observed in the various tests 

are summarised by mearis of line diagrams in Figs. 44 to 55. With the 

exception of the results using n = 0.874, and eccentricity ratios 

above & = 0.10, the line diagrams ~splayed· similar trends. As the 

shaft speed was increased, the number of waves increased to reach a 

maximum value at about Re = 250, then decreased to a value which was 

constant within n ± l above about Re = 1000. The maximum wave number 

was influenced by the radial clearance, n = 7, 10 and 19 being recorded 

using n = 0.874, 0.911 and 0.950 respectively. In each case, three 

circumferential waves were usually observed shortly after the appear­

ance of waviness. However, in one particular test, using n = 0. 911 

and & = 0.10, the n = 3 mode was observed to be preceded by a mode 

having two circumferential waves. The weak wavy mode (n.= 1), 

reported by Castle et al (10), was not recorded in any of the tests 

because of a lack of persistence of vision when the stroboscopic 

illumination technique was used for low shaft speeds. 

It is evident from Table l4 that typical wave number changes 

observed using n = 0.874 and ~ = 0 were in reasonable agreement with 

those recorded by Coles (16). The non-unique nature of wavy mode 

transitions was also endorsed by the present investigation (Section2.6.6). 

Coles derived mean values of the circumferential wave number from 

his results, n = 6 and n = 4 being the expected modes at Re = 450 

and 1500 respectively. In tests using n = 0. 9.50 and & = 0, 

· Snyder (61) recorded a single wave mode between Re= 225 and Re= 240, 
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the n = 4 mode between R~ = 240 and Re = 275, and a mode having more 

than four waves up to Re= 330. For higher Reynolds numbers, he 

described the flow as unsteady. Wavy mode flow was observed to be 

unsteady in the present tests using n = 0.950; although it is 

evident from Fig.49 tl1at wave numbers between three and nineteen 

were recorded. 

The effect of radius ratio was virtually eliminated from the 

results for s = 0 and & = 0.10 by multiplying the mean circumferential 

wave number, n, by the clearance ratio (Figs. 56 and 57). The non­

dimensional parameter (n c / Ri) was not particularly successful for 

higher eccentricity ratios (Figs. 58 and 59), however, because of 

the unusually high wave numbers which were observed in the tests 

using n = 0.874. It is evident from Fig.53 that, for & = 0.20, a 

mode with three or four waves changed to· a mode with seven or eight 

waves at about Re= 900. This was followed by a gradual transition 

from n = 7 to n = 3 (Section 2.6.1.6) which started after about 

Re = 1900 and finished by about Re = 2200. For & = 0. 30 and 

£ = 0.40 (Figs. 54 and 55), the lowest wave numbers recorded at 

high Reynolds numbers were seven and eight respectively. 

2.6.4 The Axial Wave Number 

Axial wave numbers were derived from measurements of the. number 

of vortex cells in a central section of the test length (Appendix I). 

Using n = 0. 950, the flow was too unsteady for these measurements to 

be recorded and, therefore, no results are presented for this radius 

ratio. 

Using n= 0.911, the axial wave number varied considerably 

throughout the wavy mode. The axial length of the vortex cells was 

_observed to become progressively larger as the shaft speed was 

increased through the primary wavy mode, the axial wave number ratio 

so 



(a/a ) decreasing from a value of unity shortly after the appearance 
0 

of waViness to a value of about 0.6 at the onset of transitional 

state flow (Figs. 60 to P4). Results could not be recorded in the 

transitional state because of tl1e unsteady nature of this flow 

regime. However, above about Re= 1100 {secondary wavy mode flow), 

there was a tendency for the axial wavelength to gradually decrease 

as the shaft speed was increased. Maximum axial wave number ratios 

of 0.66; 0.77, 0.75, 0.74 and 0.82 were recorded using high 

Reynolds numbers for & = 0, 0.05, 0.10, 0.15 and 0.20 respectively. 

It is evident from Figs. 60 to 64 that the results were not 

particularly influenced by these eccentricity ratios. The scatter 

of the results recorded using low Reynolds numbers, for the concentric 

· cylinder case, is discussed in Section 2.6.5. 

Using n = 0.874, the recorded variation of the axial wave .number 

was somewhat different from that_discussed above. For the concentric 

cylinder case, the axial wavelength was again increased by increasing 

the shaft speed through the primary wavy mode, although at a lower 

rate than for n = 0.9ll. · It is evident from Fig.65 that the axial 

wave number ratio decreased from a value of 0.81 at Re = 255 to a 

value of 0.73 at Re = 975. As the shaft speed was further increased, 

the stable n = 5 mode was observed to be replaced by a mode in whiCh 

the circumferential wave number changed frequently between three and 

four (Section 2. 6 .l. 5) • Axial wavelength measurements could not .be 

recorded under these conditions, although results recorded at higher 

Reynolds numbers li1dicated that the axial wave number ratio was. 

signficantly reduced by this form of transitional state flow •. The 

onset of secondary wavy mode flow occurred at about Re = 1100 with 

the appearance of the stable n = 3 mode. The correspondlllg axial 

wave number ratio was 0.58 although this value increased as the 

shaft speed was increased through the secondary wavy mode. The 

scatter of the results recorded in the primary wavy mode is 
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discussed in Section 2.6.5. 

It is evident from Fig.66 that comparatively few axial wavelength 

measure~ents w~re recorded using n = 0.874 and eccentric cylinders. 

However, an unusual feature· of the results for & = 0.20 was that the 

axial wave number ratio approached a value of unity at about Re = 1500. 

The high axial wave numbers recorded above Re = 930 in these tests 

coincided with a change from a mode with three or four circumferential 

waves to a mode with seven or eight circumferential waves 

(Section 2. 6. 3) • 

2.6.5 Hysteresis Effects 

Circumferential wave velocity ratios recorded at low Reynolds 

numbers showed considerable scatter. This is particularly evident in 

Figs. 13 to.lS, the concentric cylinder results for n = 0.911. The 

scatter is shown to be a hysteresis effect in Figs. 35 and 36 because 

the ratios recorded when the shaft speed was decreasing were generally 

lower than those recorded when the shaft speed was increasing. 

Results recorded above about Re = 500 were not affected. 

Axial wave numbers recorded at low Reynolds numbers were also 

significantly influenced by hysteresis effects. Using n = 0.911 

and £ = 0, it is evident from Figs. 6o, 67 and 68 that, whereas the 

axial wave number generally decreased as the shaft speed was 

increased, there was a tendency for it to remain reasonably constant 

as the shaft speed was decreased. Consequently, the results recorded 

for decreasing shaft speeds were generally lower than those recorded 

for increasing shaft speeds. Once again, the results recorded at 

high Reynolds numbers (secondary wavy mode) were not affected. It is 

·evident from Fig.65 that similar trends were recorded using n = 0.874 

and £ = 0. The axial wave number appeared to be less influenced by 

hysteresis effects in tests using eccentric cylinders. 
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Hysteresis was also a feature of circumferential wave number 

changes, the Reynolds number for a particular change being lower 

when the shaft speed was decreasing than when the shaft speed was 

increasing. This effect is evident from the results of typical tests, 

using n = 0.874 and s = 0, in Fig,43 and Table 14. These are in 

reasonable agreement with results presented by Coles (16). One 

would not expect exact agreement because of the non-unique nature of 

wavy mode ·flow. 

2.6.6 Non-Uniqueness 

Non-uniqueness was found to be a feature of wavy vortex flow • 
• 

This is a necessary conclusion. of Section 2.6.5 because both the 

number of circumferential waves and the axial length of the vortex 

cells were shown to be influenced by hysteresis effects. Furthermore, 

the results indicated that another important factor was the manner in 

which the final shaft speed was approached. In general, circumferential 

wave number changes were.found to be reasonably predictable if tests 

were carried out under the same experimental conditions and using 

similar procedures. It is evident from Fig.41, for example, that 

the same sequence of wave number changes was observed in three 

particular tests using n= 0.911 and s = 0. However, the change 

from n = lO to n = 9 occurred at a higher shaft speed in Test 36, 

presumably because larger shaft speed increments were used in this 

test. 

The non-unique nature of wavy vortex flow was also reported by 

Coles (16). Defining a state by the number of circumferential 

waves and the total number of vortex cells between the ends of his 

apparatus, Coles recorded as many as twenty different states at 

particular shaft speeds. However, rotation of the outer cylinder 

was frequently required as part of the build-up procedtrre for many of 

these states, In the present investigation, the outer cylinder of the 
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test rig could not be rotated. Coles suggested that a. knowledge of 

the previous history of operation would normally be sufficient for a 

skilled operator to set up particular states. The results of the 

present work tend to endorse this statement as far as circumferential 

wave number_changes are concerned. Coles' axial wave number results 

cannot be correlated with the author's because he included the 

boundary cells in his results. Snyder (62) reported that the 

boundary cells are substantially different from the vortex cells 

between them. He showed that changes in the axial length of the 

latter are usually accommodated by adjustment of the boundary cells 

and only infrequently by a change in the number of cells in the 

apparatus. 

It is evident from Figs. 44 to 55 that the circumferential 

wave number was generally non-unique. However, it must be remembered 

that,. under some conditions, more than one wave number was observed at 

particular speed settings. In tests using eccentric cylinders, for 

example, the wave number ·was often observed to change continuously 

between two particular values. In these cases, non-uniqueness was a 

feature of the range of wave numbers observed rather than one particular 

wave number. This also applied to transitional state flow for which 

a range of different modes each appeared briefly before being 

replaced (Section 2.6.1). It is evident from Figs-. ll and l2 that, 

as well as the circumferential wave numbers involved, the 

boundaries of the transitional state were found to be non-unique. 

2. 7 OONCLUSIONS OONCERNING THE flOW VISUALISATION TESTS 

The stroboscopic illumination technique is excellent for 

observations of the development of wavy mode flow in large radial 

clearances between concentric cylinders. However, the stability of 
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the flow is significantly reduced by either the introduction of even 

small eccentricity settings or by.decreasing the radial clearance and, 

therefore, the technique would not be suitable for investigations of 

realistic journal bearing configurations. 

·visual observations suggested that wavy mode flow can be· 

sub-divided into three regimes, a quasi-turbulent flow regime 

separating two well defined wavy mode configurations. The quasi­

turbulent. flow regime was named the 'transitional state' because the 

circumferential wave number appeared to be in a state of transition 

between a high value and a low value~ Wavy mode flow preceding the 

transitional state was named the 'primary wavy mode' and that following 

the transitional state was named the 'secondary wavy mode'. 

The three wavy mode flow regimes were most easily identified 

using TJ = 0. 911 and & = 0. In this case:, the onset of the 

transitional state was particularly violent, completely destroying 

the well defined nature of primary wavy mode flow. Using eccentric 

cylinders, the appearance of transitional state flow was less well 

defined because the primary wavy mode was itself less stable. The 

secondary wavy mode usually appeared fairly gradually, transitional 

state flow becoming less disturbed as the shaft speed was increased. 

Using eccentric cylinders, the secondary wavy mode was generally 

more stable than the primary wavy .mode. 

The geometry of wavy mode flow followed different trends in each 

of the three regimes. As the shaft speed was increased through the 

primary wavy mode, the number of circumferential waves increased 

fairly rapidly to a maximum value and the vortex cells became 

progressively wider. The circumferential wave number decreased 

through the transitional state although the axial wavelength appeared 

·to be reasonably unaffected (except using TJ = 0.874 and & = 0). In 

the secondary wavy mode, the number of circumferential waves generally 
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remained reasonably constant whereas there was a tendency for the 

axial length of the vortex cells to decrease. However, using 

n= 0.874 and eccentric cylinders, the maximum number of circumferential 

waves often occurred in the secondary, rather than the primary, wavy 

mode, In these cases, the axial wavelength approached a value equal 

to the diametral clearance (as at the onset of Taylor vortex flow). 

Using small eccentricity settings, the velocity of the circum­

ferential waves usually exceeded half the peripheral velocity of the· 

shaft at the onset of wavy vortex flow. The wave velocity ratio 

decreased as the shaft speed was increased although for n = 0. 911 and 

n = 0.874, it remained reasonably constant throughout. the secondary 

wavy mode at values of 0.41 and 0.37 respectively. Using n = 0.950, 

the ratio increased as the shaft speed was increased through the 

secondary wa\~ mode. 

Several different mechanisms of circumferential wave number 

change were observed in the flow visualisation tests; most of which 

were accompanied by oscillation of the vortex structure. In tests 

using n = 0.874 and & = 0.20, it was found to be possible for wavy 

mode flow to be stable with different wave numbers in different parts 

of the test length. In this case, the n = 3 mode appeared at the 

upper end of the test lerigth and gradually replaced the n = 7 mode 

from the entire test length as the shaft speed was_increased. 

Hysteresis and non-uniqueness were both features of wavy vortex 

flow, although hysteresis effects particularly influenced results 

recorded in the primary wavy mode. Non-uniqueness was a feature, not 

only of the· circumferential wave number and the axial wavelength, but 

also of the boundaries of the transitional state. The results 

indicated that the previous history of operation was an important factor 

in the appearance of the wavy mode under particular conditions. 
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CHAPTER 3 

AN INVESTIGATION OF THE \o/AVY MODE 

OF TAYLOR VORTEX FIOIV USING TORQUE MEASUR.EHENTS 

3.1 R.Ev:IDv OF LITERATURE 

3.1.1 Torque Measurement Techniques 

Since the early experiments on fluid viscosity byCouette (18) 

and Mallock (46), torque measurement techniques have been 

frequently used for investigations of the flow between a 

rotating shaft and a fixed outer cylinder. Most previous 

researchers have measured the torque transmitted through the test 

fluid to the outer cylinder, a typical test arrangement being 

that used by Donnelly (30) whose outer cylinder was suspended on 

a calibrated torsion wire, or that used by Taylor (72) who 

applied known forces to the end of a lever arm mounted on the 

outer cylinder. 

Inner cylinder torque measurements were recorded by Cole (15) 

whose shaft was driven by a torsion mounted motor. More recently, 

Younes (80) and Jones (41) have used an inductive torque 

measuring system to monitor directly the torque input to the 

shaft in their test rigs. 

3.1.2 The Concentric eylinder Case 

Donnelly (30) reported that the onset of Taylor vortices 

was marked by a sudden increase in the slope of the·torque-speed 

characteristic. This has since been confirmed by the results of 

numerous researchers and the onset of wavy vortex flow has also 

been shown to influence torque measurements •. 
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Debler et al (21), using narrow gaps ( n ~ 0 .85), found that 

the appearance of the wavy mode resulted in the torque being 

reduced beiow that which would have been recorded had the regular 

Taylor cells remained stable. The wavy mode was observed to 

manifest itself in two well defined stages by.Castle et al (10), 

both of which resulted in a decrease in the slope of their outer 

cylinder torque measurements. The first stage to occur with 

increasing shaft speed was named the "weak" wavy mode because 

the corresponding torque reduction was less than that for the 

second stage, the "strong" wavy mode. These -results were 

endorsed by the inner cylinder torque measurements of Jones (41). 

For the large gap case, Jones observed a quasi-turbulent flow 

regime at, or soon after, the onset of the wavy mode which 

resulted in an increase in the slope of the torque-speed 

characteristic. He also observed a region of quasi-turbulence 

using n = 0.85 although, in this case, it did not occur until 

well after the onset of wavy mode flow. However, it was again 

found to be marked by an increase in the slope of the torque 

measurement results. Jonesl torque measurements recorded within 

the quasi-turbulent flow regime showed a complete non-uniqueness 

whereas, using n = 0.90 (narrow gap), he was able to correlate 

observed circumferential wave number changes with discontinuities 

in thetorque-speed characteristics. Circumferential wave numbers 

between three and seven were studied and the results were found 

to show reasonable agreement with discontinuities in"·the outer 

cylinder torque measurements of Markho (47). 

Previous researchers have often presented their torque 

measurement results in the non-dimensional form of a logarithmic 

plot of a function such as the friction coefficient, Cf, against 

Reynolds number. This type of characteristic has been found to 
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be particularly useful because, for a given geometry, the results 

embracing simple laminar flow coalesce on to a single line 

independent of viscosity. Furthermore, for turbulent flow: cf 

has been shown to be related to Re by the formula 

c .f = 
K 

Rei 
O<R.<l 

Outer cylinder torque measurements covering a large range of 

Reynolds numbers were recorded by Wendt ( 79) using n = 0.680, 

0.850, and o·.935. These'were fonnd to be well defined by the 

empirical formula 
0.25 

[ 
(R -R.)R] 0 1 0 

R. 2 
1 

if the constants K and R. were given values of 0.46 and 0.5 

respectively between Re= 400 and Re= 104 and values of 0.07 and 
4 . 5 

0.3 respectively between Re= lO and Re= lO • The values of K 

and R. derived from.the results of other previous researchers are 

summarised in Table 41. 

Taylor (72) recorded outer cylinder torque measurements using a 

range of shafts between n = 0.790 and n = 0.973 and seven different 

test fluids. The results gave reasonable agreement with Wendt's· 

empirical formula although the slope R. was always numerically less 

than 0.30 for high Re. Typical values of K = 0.02 and R. = 0.16 were 

derived, in excellent agreement with the results presented by Vohr 

(76). Table 41 suggests disagreement for low Re between the results 

of Wendt and. those of Donnelly (30) and Debler et al (21). In the 

latter cases, the results showed negative slopes with magnitudes in 

excess of R. = 0.50 whereas Wendt's conclusions did not mention this 

possibility. However, slope changes derived· from his results at 

about Re= 700 are summarised in Table 44. Similarly, Vohr's torque 

measurement results also plotted above the basic slope of .-0.48 

for Reynolds numbers below about 725. 
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Debler et al reported that their logarithmic plots were 

composed of segments between which there were jump discontinuities 

in magnitude but no change in slope, The present author derived 

a change in the basic slope from -0.48 to -0.59 from their results 

for n_= 0.850 (Table 41) although these could also have been 

interpreted as four segments each with a slope of -0.54. 

Debler et al's results for n = 0.875 and n = 0.935 showed 

segments with similar slopes and there were clearly three segments 

each having a slope of about -0.58 between Re= 200 and Re= 400 

in the friction coefficient characteristics presented by Castle 

and Mobbs (9) for n = 0.899 • 

It should be pointed-out at this stage that, although there 

was some disagreement between the constants derived from the 

results of previous authors for low Reynolds numbers, their 

friction coefficient characteristics were generally found to give 

reasonable agreement overall. The magnitude of the constant K 

is considerably influenced by small variations in the magnitude 

of the basic slope i • 

The low Reynolds number results of \vendt, Taylor and 

Donnelly were analysed by Donnelly and Simon (33) who reported 

that, between the.onset of vortex flow and up to ten times the 

critical velocity, the recorded t9rque was given by the formula 

-1 m 
M = awi + b Wj_ 

The constants a and b were dependent on the geometry of the test 

rig and the viscosity of the test fluid and m typically took a 

value of .l. 36 • For shaft speeds well beyond the critical and 

up to about Re= 1000, Donnelly and Simon suggested that the 

influence of test rig geometry on the results could be 
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.eliminated by means of the formula 

( 

(R - R.) ) cf a: _.....;o;._'__:;l.~ 

Ri 

0.31 
1 

ThEycommented that Wendt•s geometry factor did not result in 

any significant improvement compared with that above. In an 

appendix to their paper, Batchelor derived a similar relationship 

using an inviscid core surrounded by a boundary layer as the 

theoretical model of the flow. 

3.1.3 The Eccentric Cylinder Case 

The onset of Taylor vortices in the flow between eccentric 

cylinders was investigated by Cole (15) and Vohr (76) who 

reported that the corresponding increase in slope of the torque­

speed characteristic became progressively less well defined for 

eccentricity ratios above about & = 0. 5 • Flow visualisation 

tests carried out by Castle and Mobbs (9) showed that the onset 

actually occurs in two stages between eccentric cylinders. The 

first stage, consisting of vortices which did not extend to the 

outer cylinder in the region of the wide gap, was found to be 

replaced by a system of vortex cells with a smaller axial wave-

length, but which everywhere extended to the outer cylinder, at a 

slightly higher shaft speed. Castle and Mobbs were able to 

detect the onset of the second stage from their outer cylinder 

torque measurements but not that of the first stage. Conversely, 

Younes (80) reported that the onset of the first stage resulted in 

an increase in the slope of his inner cylinder torque measurements 

whereas the onset of the second stage had no effect. The situation 

was further complicated by jones (41) who detected the onset of 

both stages from his inner cylinder torque measurements. 

However, tests carried out by Mobbs and Zarti (unpublished) at 
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Leeds University suggested that the detection of the first stage 

by Younes and Jones was probably the result of misali~unent. 

Mobbs and Zarti showed that, for eccentric aligned operation, 

only the onset of the second stage should be detected by inner 

cylinder .:torque measurements. 

Jones reported that the onset of the first stage was 

destablised by small eccentricity ratios whereas the onset of 

the second stage was everywhere stabilised by increasing 

eccentricity. However, for a given eccentricity ratio, the. 

critcal Taylor number for the onset of the second stage was 

found to be decreased by increasing the misalignment between 

the cylinders and/or by increasing the radius ratio. Misalignment 

and rig geometry have probably been important factors in the 

existing confusion between the. results of the numerous previous 
. 

researchers who have studied the variation of Tc with eccentricity. 

Castle et al (10) used outer cylJ~der torque measurements to 

investigate the effect of eccentricity on the onset of wavy mode 

flow. The weak and the strong wavy modes were both delayed by 

increasing eccentricity and for large eccentricity ratios, there 

was a tendency for the modes to merge. Changes in the magnitude 

of the corresponding torque discontinuities indicated that the 

modes both became progressively weaker as the eccentricity ratio 

·was increased above about & = 0.3, an effect attributed to the 

appearance of a region of reversed fl01v in the wide gap under 

these conditions. Castle et al's results were confirmed by Jones 

who also reported that misalignment lowered the critical shaft 

speeds at which the weak and strong wavy modes ·were detected from 

his inner cylinder torque measurements. 

Jones recorded torque inflexions beyond the onset of the 

strong wavy mode using &: ~ 0. 7 and those for n = 0. 90 were 
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correlated with observed circumferential wave number changes. 

Changes in the predominant wave number were detected as well 

defined torque :lnflexions whereas smaller torque inflexions were 

found to correspond with non-unique n ± l type changes, The well 

defined inflexions gave reasonable agreement with the outer 

cylinder torque measurements of Markho (47) which indicated 

unique- torque inflexions at points where regions of n + 2 waves 

became accessible (i.e.· where a change from n to n+2 could 

occur) • 

. Jones' torque measurements beyond the onset of the strong 

wavy mode for n = 0.85 were ill defined with large inflexions at 

random points. He suggested that this was due to non-uniqueness 

of the circumferential wave number under these conditions. 

However, for eccentricity ratios up to s = 0.6, an upward torque 

inflexion was found to correspond with the onset of a quasi­

turbulent flow regime which followed the onset of vortex flow 

more closely as the eccentricity was increased. A similar effect 

was recorded by Frene and Godet (36) from torque measurements on 

the sleeve of a model bearing for which n = 0. 995 • An upward 

torque inflexion was clearly indicated by their results at a 

point where the flow was described as becoming irregular in 

nature, Using figures presented by Frene (35), it can be shown 

that these inflexions were recorded at about Re= 800 and Re.= 950 

in tests using & = 0.25 and e = 0.59 respectively. 

Friction coefficient characteristics covering the transition 

from simple laminar flow to wavy mode flow were presented by 

Castle and Mobbs (9) for n = 0.899. Results recorded up to about 

Re = 500 indicated that the magnitude of the negative slope of the 

wavy mode characteristic was increased by increasing eccentricity. 

Slopes of -0,58 and -0,70 were derived from the results for & = 0 
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and s = 0.80 respectively. Characteristics covering a larger range 

. ()f Reynolds number were presented by Vohr (76) for n = 6. 910 and 

n = 0. 99J • The results for large s and high Re defined a basic 

slope of about -0.25, in excellent agreement with that predicted 

by the turbulent theories of Ng and Pan (SO) ru1d Burton (7) 1 

and with the results of various experimental investigations using 

real journal bearings. Table 45 shows that this basic slope was 

derived from the results of Duffin and Johnson (34), Ramsden (53) 

and Booser et al (4) who used different-bearing types. The 

range of Reynolds number covered in these investigations was 

typically from Re= 1000 to Re= 10,000. A basic slope of 

-0.43 was indicated by the torque measurements recorded by Smith 

and Fuller (6o) using an unlo.aded bearing giving n = 0.997 • 

This compared favourably with Wendt's empirical formula· 

(for Re< 104
) and the long bearing theory of Constantinescu (17). 

3.2 THE TORQUE HEASUREMENT TEST RIG 

The flow visualisation test rig had generally performed 

satisfactorily and, therefore, rather than automatically 

designing a new rig for the proposed torque measurement 

investigation, the possibility of modifying the existing rig was 

considered. This decision could not be made, however, until the 

method of torque measurement had been selected. Several 

previous researchers had employed techniques which allowed 

measurement of the viscous torque experienced by the stationary 

outer cylinder whereas, more recently, equipment capable·of 

monitoring the torque input to the rotating shaft had become 

commercially available. The latter technique was preferred by 

the author and equipment consisting_of a Vibrometer torque 

transducer type TG/02B and a matched Vibrometer digital torque 



meter type 8-CT-l/AD was selected. A successful application was 

made to the Science Research Council for a grant to cover the 

cost of this equipment. 

This t~e of torque transducer uses an inductive measuring 

system.to monitor the twist in a sectivn of the tempered, high 

quality, steel shaft through which the torque is transmitted. The 

shaft is supported in two precision ball bearings and two flanges, 

fixed on both sides of the measuring section, hold the inductive 

coil and core arrangement. The torsional twist of the flanges 

is a direct measurement of the torque transmitted and, due to the 

high sensitivity of the sensing system, only a very small 

torsional angle {about 0.25°) is required. Rotary1 transmitters 

are used for the power supply to the inductive coil system 

mounted on the shaft and the output signal is recovered in the 

same \~ay. When torque is transmitted through the transducer 

shaft, the output signal causes unbalance in a bridge circuit in 

the torque meter. The bridge voltage is amplified and fed to a 

digital voltmeter which is calibrated to give average torque 

readings. 

To monitor the torque input to the shaft in the test rig, 

the transducer had to be mounted between the drive motor and one 

end of the shaft. Ideally, the axes of the drive motor, transducer 

and test rig shafts had to be aligned to ensure that the transducer 

shaft was not exposed.to unnecessary bending moments which would 

have influenced the accuracy of the torque measurements. In the 

flow visualisation test rig, the drive was transmitted to the 

lower end of the vertical shaft by means of a timing belt. This 

arrangement would clearly have been unacceptable for the torque 

measurement test rig and there was insufficient clearance 

between the lower end of the shaft and the floor to accommodate 

65 



the transducer ~d drive motor mounted in line. This difficulty 

could have been overcome but it was decided to design a new test 

rig for the torque measurement investigation rather than 

attempt to modify the existing rig for the purpose. 

The torque measurement test rig (Figs. 69 and 70) was 

designed to be much more rigid than the flow visualisation test 

rig had been. The drive motor was motinted on a substantial 

frame and bolted to the laboratory wall above the test rig. The 

torque transducer was mounted between the drive motor and the 

shaft in the test rig on a bracket bolted to the drive motor 

support frame at one end and to the top of the test rig at the 

other. The top of the test rig was also connected to the 

laboratory wall by means of a tie bar. Two short lengths of 

rubber tubing were used to transmit the drive from the output 

shaft of the motor to the input shaft of the torque transducer 

and fi~m the output shaft of the torque transducer to the upper 

end of the shaft in the test rig. Jubilee clips were used to hold 

the tubing in place on each of the four shafts. This arrangement 

was used in preference to the more sophisticated flexible couplings 

· commercially available because it. was important that the 

consequences of misalignment should not be catastrophic. The 

rubber tubing was capable of accommodating fairly large 

·misalignments without introducing significant bending forces 

to the transducer shafts and was sufficiently strong to transmit 

the drive. 

Positioned as it was,the transducer would have monitored not 

only the torque required to drive the shaft against viscous 

forces within the test fluid, but also that required to overcome 
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friction in the bearings and seals supporting the shaft. It was 

desirable to eliminate as much of this latter torque component as 

possible and, therefore, the rig was designed in such a way that 

shaft seals were not necessary. The lower shaft seal was made 

redundant by closing the bottom of the test rig. This was possible 

in this case because the drive was transmitted to the upper end 

of the shaft and there was no longer any need for the lower end 

of.the shaft to extend beyond the bottom block. A clearance of 

about one inch was allowed between the meniscus of the test fluid 

and the top of the test rig in order that an upper shaft seal 

would not be necessary. This was originally tried for the 

previous rig and was foun~ to be sufficient to prevent the test 

fluid from being pumped out of the rig through the top block at 

high shaft speeds. 

The shaft was supported vertically by an angular contact 

ball bearing at the lower end and by a deep groove ball bearing at 

the upper end. The weight of the shaft was supported by the 

lower bearing whereas the upper bearing was little more than a 

guide for the upper end of the shaft. A housing plate was 

machined for the lower bearing to facilitate the removal of the 

shaft from the rig. (This had sometimes proved to be rather 

difficult in the flow visualisation test rig.) The plate was 

accurately located on dowel pins and bolted to the lower surface 

of the bottom block with an 110 11 ring seal between the mating 

faces. This arrangement allowed the shaft to be withdrawn from 

the rig through the bottom block without disturbing the alignment 

between the drive motor and the torque transducer. 

Four shafts were turned between centres from solid blocks of 

aluminium. Their diameters were measured in perpendicular.planes 

at four equispaced axial sections. The mean diameters of the four 
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shafts were recorded as 99.83 n~, 104.10 ~, 108.55 ~ and 

111.41 ~, the deviation from the mean being ± 0.02 mm in each 

case. The outer cylinder was a precision-bored, perspex tube 

whose mean bore was found to be 114.27 ~ with a maximum 

deviation of 0.07 ~throughout the axial length. The tube was 

500.51 ~ long giving the L/c ratios shown in Table 15. The 

radius ratios for the shafts numbered l, 2 and 3 corresponded with 

those used in the flow visualisation tests whereas shaft number 4 

gave a reduced radial clearance. 

The outer cylinder was mounted between a pair of aluminium 

blocks located in.slideways in the upper and lower guide blocks 

{Fig.69). The aluminium blocks were moved by means of a simple 

screw thread arrangement which allowed the outer cylinder to be 

positioned eccentric relative to the ·shaft. The positions of the 

slide blocks, relative to fixed stops marking the concentric 

settin&were indicated by dial gauges. A hole was drilled 

through each of the slide blocks to acco~odate a Comark 

NiCr/NiAl thermocouple. The thermocouples were mounted flush 

with the central bore through ~~e blocks {same diameter as the 

outer cylinder bore) and cemented in place using 'Araldite'. They 

were connected to a Comark Electronic Thermometer type l6ol MLS 

for indication of the temperature of the test fluid at the ends 

of the rig. 

A ferrous wheel having sixty uniform teeth machined on its 

periphery was attached to the upper end of the shaft. Rotation 

of the shaft caused the teeth to pass in front of an· electro­

magnetic perception head (Fig.70), mounted on top of the rig, 

which sent one impulse per tooth to a Snrith's digital tachometer. 

This instrument ·counted the number of impulses in a fixed sampling 
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time and converted this information into the speed of rotation 

of the shaft which was displayed digitally. 

The author had been rather disappointed with the general 

performance of the speed control system used in the flow 

visualisation tests. Having encountered similar difficulties~ 

researchers at Leeds University had carried out a series of 

tests to evaluate some of the systems commercially available at 

the· time. Their results showed that the Fenner Speedranger 

system was particularly suited to this type of application and 

it was, therefore, specified for the torque measurement test 

rig. The selected speed control system consisted of a 0.75 h.p. 

Fenner drive motor type 55000000 and a Hainsworth controller 

type 50000041. This combination gave a speed range from zero to 

2000 r.p.m. although this required less than one complete turn 

of their standard speed adjustment knob. As an alternative to 

this coarse speed control, an equivalent ten-turn potentiometer 

was connected in parallel with the existing speed control 

rheostat in such a way that either could be selected by means of 

a simple swi"t;ch. 

3. 3 PRELD1INARY EXPERDIENTS 

3.3.1 Calibration of the Instrumentation 

3.3.1.1 The Temperature of the Test Fluid 

Before being cemented into the slide blocks of the 

test rig, the two thermocouples were immersed in a beaker 

of water and the readings of the Comark Electronic 

Thermometer were compared with those of a calibrated 

mercury in glass thermometer for temperatures within the 

range 18- 35°C. The temperatures sensed by the thermo­

couples were consistently found to be Q,l°C below those 



indicated by the thermometer. A correction factor of 

O.l°C was, therefore, incorporated in the computer 

programme used to process the experimental data from the 

torque measurement tests • 

. 3.3.1.2 The Rotational Speed of the Shaft 

The speed monitoring equipment was calibrated against 

a similar system arranged such that it was also activated 

by the ferrous wheel attached to the upper end of the 

shaft. The readings of the two digital tachometers were 

found to give excellent agreement throughout the range of 

shaft speed available from the drive motor. The selected 

electromagnetic perception head/ digital tachometer 

combination was, therefore, taken to give an accurate 

indication of the rotational shaft speed. 

3.3.1.3 Eccentricity 

The fixed stops bolted to the frame of the rig at the 

ends of the test length (Fig.69) were used as a positive 

location of the concentric position. Eccentricity was 

introduced by simultaneously moving each of the slide 

blocks,housirig the ends of the outer cylinder,the same 

distance away from the stops. These distances were measured 

by means of a pair of dial indicator gauges mounted on the 

front of the rig, thereby allowing particular eccentricity 

ratios to be selected. The dial gauges were calibrated 

using slip gauges and· their readings were found to be 

accurate to within ± 0.01 mm throughout the travel of the 

outer cylinder. Table 16 shows that this level of 

inaccuracy would not significantly illfluence the derived 

eccentricity ratios. 
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Tests were carried out for each of the shafts at 

eccentricity ratios from zero to & = 0.90 in steps of 0.10. 

The dial gauge readings corresponding with these eccentricity 

ratios were calculated assuming that the concentric position 

was indicated by the fixed stops, as intended in the original 

design. However, a check on the validity of the concentric 

setting showed that the assumed eccentricity ratios were 

slightly inaccurate, presumably due to tolerance accumulation· 

in the manufacture of components for the test rig •. 

The ends of the perspex cylinder were located in close­

tolerance bores in the slide blocks and, therefore, the 

check on the.validity of the concentric setting was carried 

out in the following two stages. The test rig was assembled 

without the perspex cylinder and' the concentricity of first 

the cylinder, and then the shaft and the slide block bores 

was investigated. 

A datum mark was drawn on the perspex cylinder to 

indicate the end which had been at the front and upper end 

of the test rig. The cylinder was rested horizontally 

between a pair of Vee blocks on a flat surface (Fig.?l) 

and rotated until the datum was at its highest point. A 

long-armed dial gauge was then entered into the bore and 

adjusted on a magnetic base to ensure that the stem was 

in contact·with the lowest part of the bore. Having 

adjusted the dial gauge to read zero, the cylinder was 

carefully indexed through ninety degrees and the new 

reading noted. When the cylinder had been indexed four times, 

the procedure was repeated at a section further inside the 

bore (No.2, Fig.?l) and then twice more with the dial 

gauge entered from the opposite end of the cylinder 
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(Nos, 3 and 4, Fig.7l), The final set of measurements is 

shown in Fig. 72 • At the first section, for example, the 

front wall of the cylinder was found to be 0.16 mm thinner 

than the rear wall. The side walls were also found to be 

thinner than the rear wall, by 0.05 mm and 0.10 mm for the 

right-hand and left-hand sides of the rig respectively. 

Average results derived for the upper and lower ends of the 

cylinder indicated that, for a central section, the centre 

of the bore was offset by 0.03 mm towards the left-hand side 

of the rig and 0.09 mm towards the front. FUrthermore, the 

average results for the upper and lower ends of the cylinder 

were identical showing that, although eccentric, the axis of 

the bore was aligned with that of the outer periphery {see 

Section 3.3.1.4), 

Having established the position of the bore in the 

outer cylinder, the next stage was to determine the position 

of the shaft relative to the bores in the slide blocks 

which had housed the ends of the cylinder. The slide 

blocks were adjusted until they were in contact with the 

· fixed stops and then the variation of the gap between the 

shaft and the housing bores was measured using slip gauges 

and a calibrated prism of the type used for screw thread 

measurements (Fig.73). Gap measurements were carried out 

at four perpendicular stations using each of the shafts in 

turn, The results are summarised in Table 17 using the 

gap at the front of the upper slide block as the standard. 

The four sets of measurements were eXpected to be reasonably 

consistent because the shafts had been turned between 

centres from solid blocks of aluminium. These were averaged, 

for accuracy, and the resulting relative clearance data are 

presented in Fig.74. It is evident that, for the "concentric 
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setting", the axes of the shaft and the bore housing the 

ends of the o'uter cylinder were both eccentric and misaligned. 

The centre of the upper end of the shaft was found to be 

0.040 mm in front of, and 0.240 mm to the right of, the 

centre of the housing bore whereas the centre of the lower 

end of the shaft was 0.125 mm in front of the latter. 

Having, in effect, established the positions of the 

shaft and the bore of the· outer cylinder relative to the 

same datum, their own relative positions could be determined. 

Fig.75 shows that, for the "concentric setting", the centre 

of the upper end of the shaft was 0.050 mm in front of, and 

0.270 mm to the right of, the centre of the outer cylinder 

bore whereas the centre of the lower end of the shaft was-

0.035 mm in front of, and 0.30 mm to the right of, the 

latter. The axes of the shaft and the outer cylinder bore 

were, therefore, eccentric and misaligned under these 

conditions. The misalignment is considered in Section 3.3.1.4. 

Eccentricity ratios corresponding with the outer 

cylinder displacements (x) used in the torque measurement 

tests were derived using the formula 

e = [ (0.005 + xF + (0.150) 2
) ~ 

These are compared with the ratios based on the "concentric 

setting" in Table 18. The nominal eccentricity ratios were 

generally found to be insignificantly affected by the 

eccentricity inherent in the test rig, the notable exceptions 

being for tests using the larger diameter shafts and small 

eccentricity ratios. 

The basic designs of the flow visualisation and torque 

measurement test rigs were rather similar and, therefore, 
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the above procedure was repeated for the fonucr_ rig. The 

results ·Of these measurements are summarised in Table 20. 

3.3.1;4 Misalignment 

In the previous Section, misalignment was shown to be 

a feature of the torque measurement test rig. The magnitude 

of the misalignment was derived from the results in Fig.75 

using the method indicated in Fig.76. In this case, the 

procedure was simplified by the fact that the bore of the 

outer cylinder was found to be aligned with the peripheral 

surface and, therefore, the centres Cu and ~ plotted as 

one on the plan view of the rig. The same basic method would 

have been used had the axes of the outer cylinder been 

misaligned although the positions of the shaft centres Su 

and SL would then have been corrected so as to be based on 

the axis of the outer cylinder bore rather than that of the 

peripheral surface. 

The ends of the shaft were found to be misaligned by 

0.255 mm as indicated by the dimension SUSL in Fig. 76 • 

The corresponding percentage misalignments for each of the 

shafts are given in Table 19 and it is evident from Table 21 

that the flow visualisation test rig was .less misaligned 

than the torque measurement test rig. The derived values 

were independent of eccentricity because the ends of the 

outer cylinder were always moved by equal amounts. 

3.3.1.5 Torque Measurement 

Before being dispatched, the torqu·e transducer and 

digital torque meter were calibrated as a matched pair in 

the Vibrometer laboratories. The calibration was checked 

statically when the equipment was received by the author 
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and,after a slight adjustment of the zero setting, the 

accuracy was found to be excellent. 

The torque meter incorporated a test circuit which was 

used periodically during the investigation to check the 

stability of the unit. 

3.3.2 Physical Properties of the Test Fluids 

3.3.2.1 The Kinematic Viscosity 

Of those test fluids used in the flow visualisation 

investigation, Carnea 15 and Tellus 21 were also used in 

the torque measurement investigation. The viscosity 

characteristics of these test fluids had previously been 

determined (Fig.8). However, torque measurement tests using 

a fluid less viscous than Carnea 15 and a fluid more viscous 

than Tellus 21 were also planned. The low viscosity fluid 

was required in order that high speed tests using the largest 

shaft (n = 0.975) would not exceed the maximum torque 

of the transducer and the high viscosity fluid was to be 

used in tests to detect the onset of vortex flow for 

n = 0.874 and n = 0.911 Shell Macron A was selected for 

the high speed tests and the other test fluid was blended 

by the author us~g appropriate measures of Tellus 21 and 

Shell Talpa 20. 

Samples of Macron A and the blended test fluid, named 

"Mixture A", were pipetted into suitable British Standard 

'Suspended Level' viscometers and the viscosity characteristics 

derived using the procedure in B.S ,188:1957 • The 

viscometers were mounted vertically in a holder which was 

then lowered into a thermostatically controlled constant · 

temperature water bath. A calibrated thermometer was immersed 
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in the water adjacent to the viscometers and viscosity 

d d b 15°C d 35°C. measurements recor e at temperatures etween an 

Before a reading was accepted, three consecutive tests 

carried out at the same temperature were required to give a 

maximum variation of 0.2% in the derived kinematic 

viscosities. The results of the viscometry tests are 

summarised in Table 22 and the derived viscosity characteristics 

are plotted in Fig. 77 • 

3.3.2.2 The Specific Gravity 

A hydrometer was used to measure the variation with 

temperature of the specific gravities of Macron A, Carnea 15, 

Tellus 21 and IIMixture A11 • A measuring cylinder containing 

a sample of the test fluid was lowered li1to a thermo-

statically controlled constant temperature water bath and 

clamped vertically with the test fluid completely immersed. 

A calibrated thermometer was mounted adjacent to the 

measuring cylinder and the hydrometer lowered gently into 

the test fluid. Results recorded at temperatures between 

l5°C and 35°C are summarised in Table 23 and the density 

characteristics are plotted in Fig. 78 • 

3.4 EXPERIMENTAL PROCEDURE 

The power supply to the test rig instrumentation was 

switched on at least one hour before the start of a test run, 

this being the recommended minimum warm-up period for the torque 

measuring system. The rig was normally filled with test fluid 

during this period. The shaft was rotated slowly whilst the rig 

was being filled because this was found to.aid the release of 

entrained air pockets. 
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The shaft speed was either gradually increased or decreased 

in increments of about 30 r.p.m. in the test runs. Following a 

speed change, the readings of the various instruments (Fig.70) 

were allowed tim.e to settle and then the shaft speed, the 

average driving torque and the upper and lower thermocouple 

temperatures were recorded. A maximum shaft speed of 1800 r.p.m. 

was used overall although that for.particular test runs was 

· dictated by the viscosity of the test fluid, 

Shafts giving radius ratios of 0.874, 0.911, 0.950 and 

0.975 (Table 15) were tested for nominal eccentricity ratios 

between zero and & = 0.9 in steps of 0.1 (Table 18), The fluids· 

Macron A, Carnea 15, Tellus 21 and "Mixture A" were used. A' 

typical test run lasted about one hour, much shorter than a 

comparable flow visualisation test because the time consuming 

adjustment of the stroboscope was no longer necessary. 

3.5 PRESENTATION OF RESULTS 

The results of the torque measurement tests are presented 

both as raw data and in the form of friction coefficient 

characteristics. To simplify computation of the friction 

coefficient, linear relationships between the density and 

temperature of the test fluids were derived. The density 

characteristics of the four fluids used in these tests are 

plotted in Fig.78 and constants derived from them, based on a 

0 reference temperature of 20 C, are summarised in Table 4· 

Constants for the Walther equation (Appendix I), derived from 

the recorded viscosity characteristics plotted in Fig.77, are 

also summarised in Table 4. 
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The results of a series of· tests carried out to detect the 

onset of instability are presented in Figs. 79- 84 and 

Tables 24 ·- 26 • Raw torq~e-speed results for wavy vortex flow 

between eccentric cylinders are plotted in Figs. 87- 92 for 

n =0.911, Figs. 93-97 forn =0.874, Figs. 98-100 for 

n- = 0.950, and Figs. 101-106 forn = 0.975. The Reynolds 

numbers and normalised Taylor numbers at which torque 

discontinuities were detected in these tests are summarised in 

Tables 27- 35 and Figs. 107- 118. 

I 
' Friction coefficient characteristics derived from the torque 

measurement data, using the procedure discussed in Section 3.8, 

are presented in Figs. 119- 139. .values for lvendt' s empirical 

constants K and ~ (Section 3.1.2) derived from Figs. 119-132, 

the results for increasing shafts speeds, are Slunmarised in 

Tables 37-40. Cavitation of the flow occurred in the tests 

using n = 0.975 for high eccentricity ratios as shown by the 

photographs in Figs. 140 - 141. The friction coefficient 

characteristics derived for these conditions are plotted in 

Fig.J.42 • A simple theory for cavitating laminar flow is developed 

. in Appendix VI and pi,"cdicted friction coefficient characteristics 

are compared with those for non-cavitating flow irt Fig.J.43 • 

Figs. l44- 155 and Tables 49- 53 form the basis o~ an 

attempt to eliminate the effects of eccentricity and radius 

ratio from the derived friction coefficient characteristics 

(Section 3.9.4). 
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3.6 DISCUSSION OF RAil' TORQUE-SPEED RESULTS 

3.6.1 Low Reynolds Numbers 

The test fluids used in this series of torque measurement 

tests were "Mixture A11 for n = 0.874 and n = 0. 911 , Tellus 21 

for n = 0. 950 and Camea 15 for n = 0. 975 • These were selected 

in order that the critical shaft speed for the appearance of 

Taylor vortices would be sufficiently high for the corresponding 

torque discontinuity to be detected accurately in each case. 

Typical torque-speed data are presented in Fig.79 and 1t is 

evident that, for each radius ratio tested, a sudden increase 

in the slope of the results was followed by a sudden decrease in 

slope with increasing shaft speed. Visual observation of the 

flow showed these discontinuities to be caused by the onset of 

the Taylor vortex and wavy modes of instability respectively. 

Slope discontinuities were also detected at speeds beyond the 

onset of the wavy mode and these are discussed in Section 3.6.2 • 

The results for simple laminar flow (before the first slope 

discontinuity) gave .linear relationships between torque and 

speed as one would expect from Appendix IV. However, it might, 

at first, seem strange that the lines do not pass through the 

origin. The reason for this is simply that the recorded torque 

was made up of not only that due to viscous drag on the surface 

of the shaft but also that required to overcome friction in the 

bearings supporting the shaft. This is discussed further in 

Section 3.8 • 

The onset of vortex flow in the torque measurement test rig 

was found to be considerably influenced by thetemperature of the 

test fluid. It is evident from Figs. 80 to 83 that the critical 

Reynolds number decreased with increasing temperature for each 
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radius ratio tested whereas the spacing between the onset of vortex 

flow and the appearance of waviness was reasonably unaffected by 

temperature. A summary of these results is presented in Table 24 

and the derived critical Taylor numbers are compared with the 

theoretical predictions of Walowit et al (77) in Table 25. The 

derived values of T were generally found to be less than those 
c 

predicted theoretically by an amount which increased with 

increasing temperature. However, the normalised critical Taylor 

numbers for the onset of wavy vortex flow (Tw/Tc) were.in 
I 

reasonable agreement with the results of previous researchers 

(Table l) in spite of the premature appearance of Taylor 

vortices. Castle et al (10) also reported that the critical 

Taylor number was temperature dependent although, in their 

tests, T increased with increasing temperature up to about c 

25°C and was constant for higher temperatures. They suggested 

that this effect could be attributed to the test fluid in their 

rig being out of equilibrium.. The design of their rig was 

substantially different from that used by.the author and it 

seems likely that this was an important factor in the respective 

trends of the results. 

Before continuing with the intended programme of research, 

the possibility that the temperature effects discussed above 

could have been accounted for by shortcomings in the author's 

technique was considered. 

One possible explanation was that the temperatures sensed 

by the thermocouples in the test rig w·ere lagging behind the 

actual temperature of the test fluid. The thermocouples were 

mounted flush with the bore in the slider blocks .at the ends of 

the outer.cylinder (Fig.69) and it was thought possible that the 

temperature readings might have been influenced by the proximity 
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of these aluminium blocks. A similar concern was expressed by 

Debler et al (21) with regard to the results from their test 

rig. The errors in test fluid temperature measurement which 

would have accounted for the differences between the maximum and 

minimum values of T in Table 24 are summarised in Table 26 • 
c 

However, the temperature of the test fluid usually increased by 

less than l°C during each of these test runs and, therefore, the 

necessary errors in excess of 3°C were not possible. 

The temperature indicated by the lower thermocouple was 

generally higher than that indicated by the upper thermocouple 

because of the amount of heat generated in the lower bearing. 

Consequently, the average of the two thermocouple readings was 

used to derive the magnitude of the test fluid viscosity for the 

calculation of the critical Taylor number. The results of 

Castle (8) suggested that the higher of these readings would 

have given more realistic ~esults because he also derived low 

values of T when using an average temperature. However, 
c 

Younes {80) used the average of the temperatures indicated by 

the thermcouples in his test rig to derive critical Taylor 

numbers in excellent agreement with those predicted by Walowit 

et al. The critical values in Table 24 ~ould have been increased 

somewhat if the higher of the thermocouple readings had been 

used in each.case although the largest difference between any 

pair of thermocouple -readings in this series of tests was only 

o.6°C and, therefore, once again, insufficient to have accounted 

for the recorded discrepancies. 

Becker and Kaye (3) have shown that the onset of Taylor 

vortices can be significantly influenced by radial temperature 

gradients. Heating of the inner rotating cylinder was found to 

stabilise the flow whereas heating of the outer stationary 
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cylinder destabilised the flow. The substitution of data for 

Shell Tellus oils into their equation 37 suggested that, for T c 

to be reduced to 75% of that predicted theoretically (for 

· isothermal flow), the temperature at the outer cylinder would 

0 have to be about 3.5 C above that at the inner cylinder. The 

outer cylinder in the test rig was perspex {poor conductor) 

wh~r~as the inner cylinder was solid aluminium {good conductor) 

.and, therefore, the heat generated by viscous shearing of the 

test fluid could have given rise to a temperature gradient across 

the radial clearance in this direction. 

The effect of eccentricity on T was also relevant to the c 

author's concentric cylinder results discussed above because it 

was shown in Section 3.3.1.3 that the "concentric setting 11 

actually represented eccentricity ratios of 0.02, 0.03, 0.05 and 

O.ll for n = 0.874, 0.911, 0.950 and 0.975 respectively. Castle 

observed that the onset of raylor vortices between eccentric 

cylinders occurred in two distinct stages with increasing shaft 

speed, firstly the appearance of a system of vortices which did 

not extend to the outer cylinder in the vicinity of the wide gap 

and then the sudden radial growth of the vortices to completely 

fill the radial clearance. The critical Taylor number for the 

appearance of the first stage was found to be reduced by small 

eccentricity settings {compared with T ) whereas that for the 
. 0 

second stage was everywhere increased by increasing eccentricity. 

Castle was only able to detect the onset of the second stage from 

his outer cylinder torque measurements. However, Younes reported 

that the onset of the first stage was illdicated by a discontinuity 

in his inner cylinder torque measurements. Hence, it was not 

entirely unreasonable that the author's inner cylinder torque 

measurements for the "concentric setting" should have resuited in 
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values of T somewhat below those predicted theoretically for 
c 

£ = o. The normalised Taylor numbers (T /T ) derived from the c 0 

low temperature results (Table 25) were of the same order of 

magnitude as Yo~es' eccentric cylinder results although it 
( 

might _be~ed signi_ficant that he qtioted a typical test 

0 fluid temperature of 20 C. The high temperature results gave 

values of (T /T ) which were considerably lower, however, 
c 0 

suggesting that the temperature effect could not be attributed 

to the eccentricity inherent in the test rig. 

The effect of higher eccentricity ·settings on the value of 

T was determined from the-results of a series of torque c 

measurement tests using n = 0.911 and n = 0.975. It is evident 

from Figs. 84 and 86 that the derived results generally plotted 

within Di Prima's (25) stability boundaries for 9 = 0 and 9 = n/2 

and were, therefore, reasonably in agreement with the theoretical 

predictions of Ritchie (56). The results of jones·(4l) and 

Younes (80) in Fig,85 suggested that their rig was initially more 

misaligned than that used in the present investigation 

(Section 3.3.1.4). Jones did not specify the actual misalignment 

in their test rig although he reported that the effect of 

increasing the misalignment was to progressivelyreduce the amount 

by which the onset of vortex flow was stabilised for increasing 

eccentricity. The author's results for n= 0.975 (Fig.84), for 

example, would have plotted below jones' aligned cylinder 

results for n= 0.970 (Fig,85) and above the misaligned cylinder 

results of Younes for n = 0. 950 • 

It was decided that tests to further investigate the 

recorded temperature dependence of the critical Taylor number 

were not justified since time was already at something of a 

premium. Furthermore, the main purpose of the torque measurement 



tests \tas to investigate the effects of flow changes beyond the 

onset of the wavy mode of instability • 

. 3.6.2 High Reynolds Numbers 

The aim of this part of the investigation was to determine 

whether the torque measurement results were significantly 

affected by the transition process.es observed within the wavy 

mode during the flow visualisation tests. Two test·fluids were 

used with three of the four shafts tested (the exception being 

that giving n = 0.950) so that a large range of Reynolds number 

was investigated overall. These test fluids were generally less 

viscous than those discussed in Section 3.6.1 and, therefore, 

the onset of vortex. flow was often observed at shaft speeds 

which were too low for the corresponding torque discontinuity 

to be detected accurately. Because of the stabilising effect of 

ec-centricity, however, detection was sometimes possible for 

eccentric shaft settings and normalised critical Taylor numbers 

derived from tests using n = 0.911 and n = 0.975 are presented 

in Fig.84 • 

. It is evident from Fig. 79 that torque discontinuities were 

recorded beyond the onset of the wavy mode in the tests 

discussed in Section 3.6.1. The significance of these discontinuities 

is discussed below by reference to the raw torque-speed results 

from typical test runs using the less-viscous test fluids. 

Results from tests in which the shaft speed was progressively 

increased from rest are plotted in Figs. 87 - 106 • The results 

for n = 0.911 are discussed before those for n = 0.874 because 

of the large number of flow visualisation tests which had been 

performed using the former geometry. 



3.6.2.1 
I 

Tests Using n = 0.911 

The test fluids used with this shaft were·Tellus 21 

and Carnea 15 and the raw torque-speed data are presented 

in Figs. 87-92. For Tellus 21 and & = 0.03, Fig.87 shows 

that the most striking phenomenon, with increasing shaft 

speed, was a large reduction in the magnitude of the 

recorded torque (labelled d) at a shaft speed of 765 r.p.m. 

A sudden, large torque reduction was recorded in each of 

several similar tests carried out to investigate this 

phenomenon although the Reynolds number at which it occurred 

was not unique. In the particular test shown in Fig.87, a 

second, smaller torqu~ reduction (e) was recorded after the 

shaft speed had been increased to 1245 r.p.m. and an increase 

in the recorded torque (f) was detected at N = l6o5 r.p.m. 

Three slope discontinuities (a, b, c) were also detected at 

shaft speeds of 245, 325 and 465 r.p.m. respectively. These 

magnitude and slope discontinuities were also found to be 

reproducible although, once again, non-uniqueness was a 

feature of the Reynolds number at which they occurred. This 

was also the case for each of the geometries tested, typical 

examples being given in Table 34 for n = 0.874 and n = 0.975. 

The large torque reduction (d) was recorded at a 

Reynolds number of 59) in the test plotted in Fig.87 • It 

is evident from the flow visualisation results in Fig.ll 

that this was within the range in which the onset of 

transitional state flow would have been expected to occur. 

This flow change was observed to be both sudden and violent 

and, therefore, one might reasonably expect that the torque 

measurement results would be significantly affected by it. 

Consequently, it seems more than likely that the large' 
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torque reduction was caused by the onset of transitional 

state flow. Similarly, the onset of secondary wavy mode 

flow was observed to occur between Reynolds numbers of 900 

and 10.50 in the flow visualisation tests for & = 0.02 and 

this compared favourably with the position of the smaller 

torque reduction {e) in Fig.87 • This discontinuity was 

recorded at Re = 1035 and one might reasonably expect it to 

be less dramatic than that associated with the onset of 

transitional state flow because the change to the secondary 

wavy mode was observed during the stroboscopic tests to be 

gradual and not at all violent. The results suggested, 

therefore, that bot~ the onset of transitional state flow 

and that of the secondary wavy mode can be detected by 

discontinuities in the torque~speed characteristics. 

The first slope discontinuity {a) was detected at a 

Reynolds number of 180 and Table 24 shows that this was 

beyond the onset of the wavy mode. The three slope 

discontinuities {a, b, c) were recorded before the onset of 

transitional state flow (marked by discontinuity d) and 

they were, therefore, within the primary wavy mode. The 

discontinuity recorded near the end of this particular test 

run (f) was within the secondary wavy mode. The primary 

wavy mode torque discontinuities {a, b, c) were detected at 

Reynolds numbers of 180,·2.50 and 355 respectively. It is 

evident from Fig.79 that slope increases were also recorded 

as the shaft speed was increased beyond the onset of the 

wavy mode in the tests using the higher viscosity test 

fluids. Using n = 0.911 and "Mixture A11 , for example, slope 

discontinuities were detected at Reynolds numbers of 210 and 

290 in the test shown. 
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Markho (47) also recorded torque discontinuities after 

the onset of the wavy mode and jones (41) reported that 

these were the result of circumferential wave number 

changes. This is consistent with the author's observations 

using the flow visualisation test rig. Using n = 0. 911 and 

the concentric setting, for example, wavy mode flow was 

observed to be generally steady except when the wave number 

was about to change in which case oscillation of the wave 

structure usually occurred. It is not unreasonable to 

expect that this type of change would have significantly 

affected the torque measurement results. 

Jones, using n = 0.90, investigated the circumferential 

wave number changes between n = 3 and n = 7 and reported that 

there were two types; non-unique n ± 1 changes and uniq_ue n + 2 

changes. Both types of wave number change resulted in 

torque discontinuities although those for the·n + 2 type 

changes were more severe. This range of circumferential 

wave numbers was not investigated in the same detail by the 

author because of the unsuitability of the stroboscopic 

technique for low shaft speeds. It is evident from Fig.44 

that wave numbers less than nine were recorded in narrow 

bands of Reynolds number within the primary wavy mode and, 

therefore, because of the speed increments used, the wave 

number often changed to modes greater than n + 2 when the 

shaft speed was increased. Consequently, in any particular 

test run, all of the wave numbers between n = 3 and n = 9 

were not observed and it follows that the number of torque 

discontinuities would have been less than the number of 

possible wave number changes. 
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A summary of the circumferential wave number changes 

observed within the primary wavy mode in the flow 

visualisation tests using the "concentric setting11 is 

presented in Table 12. It is evident from Table 27 that 

the primary wavy mode torque discontinuities (a, b, c) from 

Fig.87 were in reasonable agreement with observed changes 

from n = 3 ton= 4, n = 6 ton= 7 and n = 8 to.n = 9 

respectively. The secondary wavy mode torque discontinuity 

(f) was detected at a Reynolds'number of 1435 and this was 

within the range in which a change from n = 5 to n = 4 was 

observed in the flow visualisation tests (Fig.44) • 

Using & = 0.11 and Tellus 21, only three torque 

discontinuities could be identified although others could 

have been obscur.ed by the considerable experimental scatter 

for this test run in Fig.87. The three discontinuities 

detected were slope increases (labelled j and k) at shaft 

speeds of 245 and 735 r.p.m. and a reduction in the 

magnitude of the recorded· torque (i) at N = Boo r.p.m. The 

magnitude of this torque reduction was much less than that 

recor,ded using & = 0 .03, although this might have been 

expected from the flow visualisation tests. Increasing the 

eccentricity was observed to reduce the stability of wavy 

mode flow in general and that of the primary wavy mode in 

particular. Consequently, the onset of transitional state 

flow appeared to be less violent and was more difficult to 

detect v~sually. It seems. reasonable to suggest, therefore, 

that it would have had much less influence on the torque 

measurement results. 

A single torque reduction, much smaller in magnitude 

than that for the "concentric setting11 , was recorded in 
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each of the tests using 1: ~ 0 .11 • The inference fr.om this 

is that a form of transitional state flow occurred for each 

eccentricity setting even though wavy mode flow had 

deteriorated to such an extent for 1: > 0.20 that it could 

not be investigated stroboscopically. A summary of the torque 

discontinuities detected in the test runs plotted in 

Figs. 87- 89 is presented in Table 27 and the boundaries 

defined by these results are plotted in Fig.l07. 

The transitional state boundaries derived from the 

torque' me~surement results gave reasonable agreement with 

those recorded in the flow visualisation tests (Fig.ll), 

although the range of eccentricity covered by the latter was 

rather limited. Using n=0.90 and Tellus 13, Jones 

detected the onset of a quasi-turbulent flow regime by an 

increase in the slo}E of the torque-speed characteristic (for 

increasing shaft speed) and, for small eccentricity 

settings, this was in excellent agreement with the author's 

onset of transitional state flow.· He reported that the 

effect of eccentricity was stabilising, however, although 

this seems to contradict his visual results for this geometry 

which indicated that the onset of the strong wavy mode was 

quasi-turbulent for large eccentricity settings. 

As well as the transitional state boundaries in Fig.l07, 

the torque discontinuities also apparently def1ned two wave 

number boundaries. This is not necessarily the case, 

however, because of the effect of eccentricity on the 

stability of wave numbers within the primary wavy mode. For 

the "concentric setting", the flow was generally observed to 

be steady unless the wave number was about to change 

wherea~as the eccentricity was increased, the bands of 
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steady wave numbers were gradually replaced by bands in 

which the wave number changed frequently, usually between two 

adjacent values. 

Predominant wave number boundaries were derived by Jones 

from photographs of the flow taken at 9 = 0, n/2, n and 

'Jfr./2. His -upper and l01·1er bound results are compared with 

the torque discontinuities discussed above in Figs. 108 and 

109 respectively. The discontinuities detected at low 

Reynolds numbers gave excellent agreement with the n = 4, 

n=S and n=6 boundaries and it is evident from Fig.l08 that 

the discontinuities detected at high Reynolds numbers defined 

boundaries for which predominant wave numbers of seven and 

eight were consistent with the trends of Jones' results. For 

the 11 concentric setting11 , the results suggested that the 

primary wavy mode discontinuities (a, b, c) in Fig.87 were 

probably _the result of wave number changes from ·n=4. to n=S, 

n= 6 to n= 7 and n= 7 to n= 8 respectively. Two of these 

changes involved higher wave numbers than would have been 

inferred from the flow visualisation results in Table 12, 

although this could possibly be accounted for by non-uniqueness 

of the wave number boundaries and differences between the 
~~ 

critical Taylor numbers recorded in each of the author's rigs. 

In Section 3.6.1, the normalised Taylor number for the 

onset of the wavy mode was found to give reasonable 

agreement with the results of previous authors even though 

the onset of vortex flow had occurred earlier than would 

normally have been expected. It follows that the onset of 

the wavy mode was also premature and, therefore, it seems 

reasonable to suggest that the wave number boundaries would . 

have been affected in the same way. However, these effects 
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would probably not have significantly influenced the 

·correlation between the normalised results of the author and 

Jones in Figs. 108 and 109. A summary of the normalised 

Taylor numbers derived for the torque discontinuities from 

Figs. 87- 89 is presented in Table 28 and the corresponding . . 

transitional state boundaries are plotted in Fig.l10 • 

The torque discontinuity detected shortly before the 

onset of transitional state flow using E :: O.ll (Fig.107) was 

beyond the range of Fig.108. However, analysis of the results 

from particular flow visualisation tests showed that it was 

in reasonable agreement with a change from a mode in which 

the number of circumferential waves fluctuated between nine. 

and ten to a mode in which the wave number fluct~ated between 

eight and nine. This suggests that the discontinuity was 

probably the result of a change from the predominantly 

n = 10 mode to the predominantly n = 9 mode. The n = 10 

mode was not indicated by a discontinuity in the torque 

measurement results for the "concentric setting" although it 

was often observed in the flow visualisation tests for 

nominal eccentricity settings less than E = 0.2 • It is 

evident from Table 12 that the usual sequence with increasing 

shaft speed was for changes from n = 9 to n = 10 and then 

from n = 10 to n = 9 to be observed before the onset of ':· 

transitional state flow. 

Secondary wavy mode torque discontinuities were not 

recorded in any of the torque measurement tests using 

& > 0.03 and Tellus 21. In these tests, the maximum shaft 

speed was reduced, however, to avoid the possibility of 

test fluid being pumped from the rig through the upper 

bearing under these conditions. A series of tests using 
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Carnea 15 was carried out to investigate the secondary wavy 

mode·in more detail. The maximum Reynolds number forthese 

tests was typically twice that for those using Tellus 21. 

Because of the lower viscosity of Carnea 15, the onset of 

transitional state flow occurred at a much lower shaft speed 

in these tests and only one primary wavy mode ~torque discontinuity 

was recorded. The torque discontinuities detected from the typical 

series of results in Figs. 90 - 92 are summarised in Tables 29 and J). 

For the"concentric setting", a sudden reduction in the 

magnitude of the recorded torque was detected at a shaft speed 

of 375 r.p.m. (Re=705) and this again compared favourably with 

the range in which the onset of transitional.state flow was 

observed in the flow visualisation tests (Fig.l2). It is evident 

from Fig.<)() that the magnitude of this torque reduction was less 

than that recorded using Tellus 21 for the "concentric setting" 

(Fig.87) although this was probably influenced by the lower 

viscosity of Can1ea 15. Torque reductions could not be detected 

from the results of tests using eccentric cylinders. From the 

results discussed above, for Tellus 21, one would have expected 

smaller torque reductions to mark the onset of transitional state 

flow under these conditions. However, because of the small torque 

reduction recorded for the "concentric setting", these were 

presumably indistinguishable from slope discontinuities. 

Using£= 0.03 (Fig.<)()), slope discontinuities were recorded 

at Reynolds numbers of 545, 1050 and 1440. The second of these 

' compared favourably with the observed onset of secondary wavy 

mode flow (Fig.l2) and it follows, therefore, that the first 

discontinuity was within the primary wavy mode and the third was 

within the secondary wavy mode. Table 12 suggests that the primary 
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wavy mode discontinuity was probably the result of a circumferential 

wave number change from n = lO to n = 9. The secondary wavy 

mode discontinuity vJas in excellent agreement with that recorded 

using Tellus 21 for the· 11 concentric setting11 (f, Fig.87) and 

this was correlated with an observed change from n = 5 to n = 4 

in the above discussion. 

The Reynolds numbers at which torque discontinuities were 

recorded in the tests using c ~ 0. 90 (Figs. 90 - 92) are 

plotted in Fig.lll and the corresponding normalised Taylor numbers 

are plotted in Fig.ll2. Four boundaries were indicated by the 

results· and it is evident·from Figs. 107 and 110 that two of 

these were in reasonable agreement with the transitional state 

boundaries derived using Tellus 21. The two remaining boundaries 

were within the secondary wavy mode. The first of the secondary' 

wavy mode boundaries compared favourably with changes observed 

from the predominantly n = 5 mode to the predominantly n = 4 mode 

for £ ~ 0.17. Fig.48 shows that the n = 4 mode was not recorded 

in the flow visualisation tests for c = 0.22, although it would 

have been expected according to the torque measurement tests. 

However, using stroboscopic illumination, the n = 5 mode was 

observed to change infrequently to a mode which could not be 

positively identified. This was probably the n = 4 mode. The 

second of the secondary wavy mode boundaries was assumed to mark a 

change to the predominantly n = 3 mode. The Reynolds numbers at which 

this change was detected from the torque measurement results 

was near to the maximum used in the flow visualisation tests 

and it is not surprising, therefore, that the n = 3 mode 

was rarely observed. A change from n = 4 to n = 3 was 
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observed only once, in fact, in a test using the "concentric 

setting" and in which the shaft speed was increased fairly 

rapidly using large increments. This change occurred at a 

Reynolds number of 2085. 

The wave number boundaries shown in Fig.ll2 could not 

be correlated with observed circumferential wave number 

changes for nominal eccentricity settings above & = 0.2 

because the stroboscopic technique was found to .be of little 

use under these conditions. However, it is evident .from 

Figs. 108 and 110 that these boundaries were consistent with 

the trends of those derived from the tests using Tellus 21. 

3.6.2.2 Tests Using n = 0.874 

Tests were carried out for this geometry using either 

Tellus 21 or Carnea 15. The results of typical test runs 

are plotted in Figs. 93- 97 and the torque discontinuities 

derived from these are summarised in Table 31. The 

discontinuities generally occurred as increases in the slope 

of the torque-speed results (for increasing shaft speed) 

although some slope decreases and torque reductions were 

also recorded. The latter were, in each case, smaller than 

that recorded usW,g Tellus 21 and the "concentric setting" 

(Fig.93) and they could not be correlated with the onset of 

any particular regime of wavy mode flow. 

Tables 10 and 31 show that, with the exception of the 

torque reduction recorded at Re = 1540, the torque 

discontinuities for the "concentric setting" were in 

reasonable agreement with circumferential wave number 

changes observed in the flow visualisation tests. The slope 

increase detected at N = 230 r.p.m. (Re = 240) in the test 

using Tcllus 21, for example, could possibly have been the 
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result of a wave number change from.n =, 3 to n = 5. These 

modes could not be investigated thoroughly in the flow 

.visualisation tests because of limitations in the 

stroboscopic technique for low shaft speeds. However, a 

change from n = 3 to n = 5 was observed to occur between 

Reynolds numbers of 205 and 250 in pne of the tests. 

(Results presented by Jones also suggested that there were 

usually three circumferential waves at the onset of the strong 

wavy mode for this geometry.) The last change observed as 

the shaft speed was increased towards its maximum value in the 

flow visualisation tests was from n = 3 ton= 2 (Table 10). 

However, the torque measurement results for the test using 

Carnea 15 (Fig.96) showed a discontinuity at Re = .2965 

suggesting that a change from the n = 2 mode occurred at a 

shaft speed beyond that used in the flow visualisation tests. 

Using n = 0.874, .wavy mode flow was observed to be more 

regular than that for smaller· radial clearances (higher n ) 

and the violent onset and disturbed nature of transitional 

state flow (Section 2.6.1.1) were not observed. In 

Section 2.6.1.5, it was suggested that the n = 4/3 mode 

(Table 10) was probably a form of transitional state flow 

subdued by the general increase in stability of the flow 

under these conditions. The circumferential wave number 

changed frequently between n = 3 and n = 4 in this mode 

(n = 4/3) which was only observed within a narrow band of 

Reynolds numbers between the steady n = 5 and n = 3 modes. 

The torque measurement results showed a single discontinuity 

corresponding with the n = 4/3 mode, presumably because of 

the magnitude of the speed increments used in these tests. 
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Six slope decreases were derived (for increasing shaf.t 

speed) from the results plotted in Figs. 93-97. and it would 

appear that five of these were ti1e result of changes from 

ti1e n = 3 mode. For the "concentric setting", slope. 

decreases were recorded at Re = 755 and Re = 1840 in the 

test using Tellus 21 and it is evident from Table 10 that 

these compared favourably with observed wave number changes 

from n = 6 to n = 5 and from n = 3 to n = 2 respectively. 

This type of torque discontinuity was also recorded at 

Re= 1695 in the test using Tellus 21 for ~ = 0.10 and at 

Re = 2855 and Re = 2730 in the tests usipg Carnea 15 for 

& = 0.10 and & = 0.20 xespectively. Each of these 

discontinuities occurred near the upper end of one of the 

three bands in which the n = 3 niode was observed in the 

corresponding flow visualisation tests. 

Wavy mode flow for this geometry was observed to be 

considerably influenced by eccentricity (Section 2.6.1.6). 

Unique flow configurations were observed for each of the 

eccentric conditions investigated stroboscopically and.these 

are summarised in Table 11. It is evident from Fig.ll3 that 

the recorded torque discontinuities (Table. 31) showed 

reasonable agreement with the observed changes between the 

various flow regimes. Using & = 0.10, for example, the 

discontinuity at Re = 2l5 compared favourably with an 

observed wave number change from n = 3 to· n = 6. The 

intermediate n = 4 and n = 5 modes were not recorded 

although it is possible that these would have occurred if 

small shaft speed increments had been used in the tests. 

Furthermore, the torque measurement results suggest that a. 

change from the n = 3 mode would have been observed if the 
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flow visualisation tests had been continued beyond Re = 2800 •. 

The slope decrease at Re = 2855 was the final discontinuity 

recorded in the test shown in Fig.96 and, therefore, the 

new mode would presumably have been observed up to about 

Re = 4000. However, using & = 0.20, the slope decrease marking 

the end of then.= 3 mode was followed by a slope increase at 

Re = 3025 suggesting that two different modes would have been 

observed beyond the n = 3 mode in this case. 

The range of circumferential wave numbers recorded in the 

tests using the various eccentricity settings showed considerable 

variation. Using & = 0.20, wave numbers of seven and eight 

were regularly recorded and a flow regime in which the n = 7 

mode was progressively expelled from the test length by the 

n = 3 mode (labelled n = 7, 3) was observed. Wave numbers of 

nine and ten were observed in the tests using & = 0.30 and 

& = 0.40. These wave number variations meant that the 

boundaries defined by the recorded torque discontinuities in 

Fig.ll3 could not be interpreted as predominant wave number 

boundaries. The flow visualisation and torque measurement 

results were, therefore, rationalised and a phase diagram 

(Fig.l14) derived for the various flow regimes. Boundaries 

could not be derived for & > 0.40 because the flow was found to 

be too unsteady under these ·conditions for the satisfactory 

operation of the stroboscopic flow visualisation technique, 

The normalised Taylor numbers for the torque discontinuities 

discussed above are used to define a phase diagram in Figs, 

115 and 116. (The values of T for eccentricity ratios 
c 

between & = 0.10 and & = 0.70 were assumed from those recorded 

in the torque measurement tests using "Mixture A11 for the 

"concentric setting" and using Tellus 21 for &=0.80 and·&= 0.90.) 
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Jones, using n = 0.85, recorded torque measurement 

results which were ill defined with large inflexions at 

random points. However, he correlated one particular slope 

increase with the onset of a quasi-turbulent flow regime 

which occurred at a normalised Taylor number decreasing 

from (T/T ) = 3.1 for ~ = 0 to {T/T ) = 2.3 for s = 0.6. c c 

'using n = 0.874, the author observed several different 

flow regimes for (T/T ) > 3 {Figs. 115 and 116) although . c 

these would not have been described as quasi-turbulent. As 

reported in Section 2.6.1, wavy mode flow for n = 0.874 was 

everywhere more regular than that for n = 0.911 and using 

the "concentric sett:i,ng", in particular, the observed modes 

were very well defined. 

3.6.2.3 Tests Using n = 0.950 

The results of a series of typical tests using Carnea 15 

are plotted in Figs. 98- lOO and the torque discontinuities 

recorded in these tests are summarised in Table 32. The 

discontinuities were usually detected as increases in the 

slope of the 'torque-speed characteristics {for increasing 

shaft speed) although some small torque reductions were also 

recorded. 

For the "concentric setting" {~ = 0.05), the first 

discontinuity occurred at Re = 575 and was probably caused 

by the onset of the secondary wavy mode. Transitional state 

flow was observed in the flow visualisation tests for this 

geometry (Section 2.6.1.3) although it did not normally 

persist beyond about Re= 630. In the primary wavy mode 

{low Re), wave numbers between three and nineteen were 

'recorded within narrow bands of Reynolds number (Fig.49). 

The detection of torque disccntinuities corresponding with 
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these wave number changes would have required tests using a 

fluid more viscous than Carnea 15. However, there proved to 

be insufficient time for these tests to be carried out. 

In the secondary wavy mode, the wave number was. 

everywhere observed to change frequently between two or more 

values although the flow visualisation test results 

suggested that n = 10, l2 and l4 were the predominant wave 

numbers. Table 13 shows the range of Reynolds number in 

which each of these modes was observed and it is evident 

from Fig.ll7 that the recorded torque discontinuities 

(s = 0.05) were in reasonable agreement with the predominant 

wave number changes. The results suggest, therefore, that 

the torque discontinuities in the secondary wavy mode were 

probably caused by n- 2. type predominant wave number 

changes. \vave number changes of the n ± l type were 

observed within each of the predominant wave number bands, 

although these could not be correlated with torque 

discontinuities. The usual sequence with increasing shaft 

speed was for the n and n + l modes to be observed 

{alternately) at the lower end of the band whereas the n and 

n -1 modes were observe·d at the upper end of the band. In 

the case of the n = l4 mode, for example, the wave number 

_frequently changed between n = l4 and n = 15 initially 

although the n = 15 mode was replaced by the n = 13 mode as 

the shaft speed was increased. 

Wavy mode flow for n = 0.950 was found to be generally 

unsteady with frequent wave number changes and contli1ual 

oscillation of the wave structure. Consequently, the 

stroboscopic flow visualisation teChnique was not suitable· 

for nominal eccentricity settings larger than & = 0.1 anrl, 
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even for this setting, only up to a maximum Reynolds number 

of 720. However, observations of the predoillL~antly n = l4 

mode'in these tests suggested that its boundaries were 

probably marked by the first and second torque discontinuities 

recorded using & = 0.12 (Table 32). In Fig.ll7, boundaries 

were inferred from the torque discontinuities derived from 

Figs. 98 -lOO, although it cannot be assumed that these 

relate to n = 10, 12 and l4 modes for the entire range of 

eccentricity tested. Five torque reductions were recorded 

in these tests whilst the remaining discontinuities were 

detected as increases in the slope of the torque-speed 

results. The author could attach no significance to this. 

However, the torque reductions were recorded at Re= 1300, 

1190, 1255, 920 and 635 in the tests using & = 0.05,_ 0.12, 

0.21, 0.80 and 0.90 respectively. 

Jones derived a boundary for the onset of a quasi­

turbulent flow regime from his torque measurements for this 

geometry. He reported that it was everywhere marked by a 

slope increase (for increasing shaft speed) which was 

progressively delayed as the eccentricity was increased. 

Typically, the t9rque discontinuity was recorded at Re= 600 

for & = 0, and at Re= 1050 for & = 0.8. 

3.6.2.4 Tests Using n = 0.975 

Tests were carried out for this geometry using either 

Carnea 15 or Macron A. The results of typical test runs are 

plotted in Figs. 101-106 'and the torque discontinuities 

derived from these are summarised in Table 33. The 

discontinuities generally occurred as increases in the slope 

of the torque-speed characteristics, although some slope 
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decreases and torque reductions were also recorded (Table 35). 

A single sudden torque increase was also recorded (for 

increasing shaft speed) at Re= 2475 in the test using e = 0.91 

and Macron A. 

Flow visualisation tests were not carried out for this 

geometry because wavy mode flow was found to be- .extremely 

unsteady even for the "concentric setting". Consequently, the 

torque measurement results could not be correlated with 

observed wave number changes in this case. However:, several 

boundaries were inferred from the recorded torque discontinuities 

(Fig.ll8) suggesting that changes were occurring within the 

wavy mode even though 'the general appearance of the flow 

under these conditions could only be described as quasi­

turbulent. 

For the "concentric setting" (e: = O.ll), a slope increase 

at Re = 240 was followed by a slope decrease at Re = 260 in 

the test using Carnea 15 (Table 33), These discontinuities 

mark'ed the onset of vortex flow and the wavy mode respectively. 

The onset of vortex flow was recorded for each eccentricity 

setting tested, and the discontinuities form the first 

boundary in Fig,llS • The second boundary possibly 

represents the onset of the wavy mode although this could 

not be detected from the torque measurement results for some 

of the tests because of an insufficient number of experimental 

points in the critical region, Furthermore, the discontinuities 

recorded in the tests using & = 0.32, 0.61, 0,81 and 0.91 

were not slope decreases, 

Rather surprisingly, a torque discontinuity was recorded 

before the onset of vortex flow in each of the tests u~ing 
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c ? 0.61 and Carnea 15. Table 33 shows that torqtle 

reductions were recorded at Re = 145 an.d Re = 155 using 

s = 0.61 and s =. 0 .• 71 respectively, whilst slope decreases 

were recorded at Re= 290 and Re= 305 using c = 0.81 and 

s = 0.91 respectively. Cavitation "as observed to occur 

when ·this low clearance shaft ( n = 0. 97 5) was used at large 

eccentricity settings (Section 3.9.3) and it is probable, 

therefore, that these discontinuities were in some way 

influenced by this phenomenon. A slope decrease might 

reasonably be expected when one considers the growth of a 

region of cavitating flow with increasing shaft speed 

(i.e. viscous drag reduced by progressive development of air 

pockets) although sudden torque reductions cannot be 

explained in this manner. Torque reductions were also 

recorded at low shaft speeds in the tests using Macron A and 

large eccentricity settings (Fig.l06). 

3.7 DERIVATION OF NON-DIMENSIONAL TORQUE CHARACTERISTICS 

3.7.1 The Non-Dimensional Parameter 

Four different fluids were used in the various torque 

measuren:ent tests discussed in Section 3.6 • The manner in which 

compatible characteristics were derived fron: the results of tests 

using different fluids for a given rig geometry (Tl and s) is 

discussed below. 

The raw torque-speed C.ata were converted into a non-dimensional 

form using the friction coefficient, Cf' and Reynolds number, Re. 

Several previous researchers have presented their torque measurement 

results in terms of non-dimensional paran:eters based on the friction 

coefficient because, when Cf is plotted against Re, all of the data 
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recorded in the simple laminar flow regime for a given geometry 

coalesces on to a curve that is independent of viscosity 

(Appendix IV). Friction coefficient characteristics are 

usually plotted on logarithmic axes because-of the large ranges 

of Cf and. Re that can be effectively compressed into these axes. 

3. 7.2 Elimination of Unwanted Components from the Recorded Torque 

Friction coefficient characteristics derived from the 

results of typical tests using the "concentric setting" are 

presented in Figs. 119- 122. For each radius ratio, the 

characteristic derived for the most viscous test fluid was 

found to be everywhere a~ove that predicted by simple laminar 

flow theory (Appendix IV) even though laminar flow had been 

observed using low shaft speeds in each case. Furthermore, these 

characteristics were incompatible with those derived for the less 

viscous test fluids. The explanation of these effects was that 

the torque transducer had monitored, not only, the torque 

driving the shaft against the viscous drag of the test fluid, 

but also, that required to overcome friction in the bearings 

supporting the shaft. 

The bearing torgue was estimated from the results of a 

series of tests carried out with the rig drained of test fluid 

except for that surrounding the lower bearing. The results 

showed that the bearing torque remained reasonably constant 

throughout each of the tests at values between 0.04 N~ and 

0.08 Nm depending on which shaft was used. It seemed reasonable 

to assume, therefore, that the subtraction of a suitable 

constant torque correction factor from each of the results for 

a particular test run would eliminate the effect of the bearing 

torque and allow compatible friction coefficient characte~istics 

to be derived. Fig.l2l shows that, after 0.06 Nm had been 
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subtracted from each torque measurement recorded in a test 

using n = 0.950 and Tellus 21, the derived friction coefficient 

characteristic was in excellent agreement with the theoretical 

relationship for simple laminar flow at low Re. The results of 

other.tests embracing simple laminar flow were corrected in the 

same way and, in each case (Figs. 119,120, 122), the necessary 

torque correction factor compared favourably with the estimated 

bearing torque. 

It was established, therefore, that the theoretical 

relationship for simple laminar flow could be used as a datum 

to which the results of suitable tests could be adjusted by the 

subtraction of a torque correction factor whose magnitude was 

determined by trial and error. However, this datum was of little 

use for the results from those tests not embracing simple laminar 

flow. It is evident from Figs. 119 -122 that, for any particular 

test run, the results least affected by the subtraction of a 

constant torque correction factor were those recorded using.high 

shaft speeds. The reason for this was simply that, in 

comparison with the magnitude of the recorded torque, the 

-correction factor became less significant as the shaft speed 

was increased. The -correction procedure was, therefore, most 

accurate for the high-speed results and these were used as the 

datum to which the results from tests using lower viscosity fluids 

were corrected. 

Consequently, the procedure used to eliminate the effects 

of bearing torque from the friction coefficient characteristics 

for a given geometry was as follows: 

(i) a constant torque correction factor was subtracted 

from the torque data recorded using the higher 
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viscosity test fluid such that results from the 

simple laminar flow regime were in reasonable 

agreement with the theoretical relationship given 

in Appendix IV; 

(ii) suitable constant torque correction factors were 

then subtracted from the torque data recorded 

using each of the lower viscosity test fluids such 

that the corrected results gave reasonable agreement 

wherever they overlapped. 

It is evident from Figs. 119- 122 that the above procedure 

was successfully applied to the results of typical test runs 

using each of the shafts. In each case, the corrected friction 

coefficient characteristics (for the various test fluids) merged 

to give a single characteristic and the required torque correction 

factors compared favourably with the estimated bearing torque. 

Fig.l22 shows that correlation between the corrected characteristics 

using Carnea 15 and Macron A for n = 0.975 was limited to a 

small range of Reynolds number. However, this was probably due 

to the comparatively low viscosity of Macron A because the 

corrected results for Carnea 15 gave excellent agreement with 

the theoretical relationship for simple laruinar flow at low Re. 

Consequently, the author felt justified in neglecting the 

incompatible results recorded at low shaft speeds using Macron A. 

The procedure described above was used to eliminate the 

effect of bearing torque from the results discussed in Section 3.6 • 

The derived friction coefficient characteristics are plotted in 

Figs. 123- 139 and these are discussed in Section 3.8 • 
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3.8 DISCUSSION OF THE FRICTION COEFFICIENT CHN~ACTERISTICS 

3.8.1 For Increasing Shaft Speed 

The friction coefficient characteristics derived using the 

procedure described in Section 3.7 generally consisted of a number 

of linear segments. The Reynolds numbers at which discontinuities 

were detected in the characteristics for typical tests using the 

"concentric setting" (Fig.l23) are summarised in Table 36 and, as 

one might expect, thes·e were in reasonable agreement with those 

derived from the corresponding raw torque-speed plots (Tables 27, 

29 and 31- 33) • 

It is evident from the derived characteristics that the Reynolds 

numbers at which particular discontinuities were detected for a 

given geometry were not unique. Using n = 0. 911 and- the 11 concentric 

setting", for example, a sudden reduction in the magnitude of the' 

friction coefficient was followed by a slope increase and then a 

slope decrease for both Tellus 21 and Carnea 15, although these 

discontinuities occurred at Re 605, 1000 and 1385 respectively 

in the test using Tellus 21, and at Re = 735, 1075 and 1515 

respectively in the test using Carnea 15. In Section 3.6.2, the 

corresponding torque-sp~ed discontinuities were correlated with 

the onset of transitional state flow, the onset of the secondary 

wavy mode, and a wave number change from n = 5 to n = 4 respectively. 
- -

Non-uniqueness was reported to be a feature of each of the wavy 

mode flow changes observed in the flow visualisation tests. 

Because of this non-uniqueness and rather than duplicating the 

results discussed in Section 3.6, a series of basic slopes were 

derived from the friction coefficient characteristics for each 

geometry tested, Using n = 0.874 and the "concentric setting", for 

example, the characteristics for both Tellus 21 and Carnea 15 were 
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reasonably represented by basic slopes of -0.43, -0.81 and -0.51 with 
• - [ ())" "l 2. 6i 3 L D I 

slope discontinuities at Re = 76o and Re = 1035. Slinilarly, using 

n = 0.911 and the "concentric setting", a basic slope of -0.50 

everywhere gave a good approximation to the characteristics for 

both Tellus 21 and Carnea 15. Eccentricity generally reduced the 

amount by which the characteristics were influenced by individual 

discontinuities witl1 the result that there was usually less 

scatter about the derived basic slopes in these cases. Using 

n = 0.874 and £ = 0.10, however, it is evident from Fig.l24 that, 

although the characteristics for both Tellus 21 and Carnea 15 were 

reasonably represented by a basic slope of -0.55, the results at 

high Reynolds numbers were somewhat different. This effect is 

discussed in Section 3.8.2. Results using n = 0.975 and Carnea 15 

for £ = 0.91 are not plotted in Fig.l32 because they were found to 

be incompatible with tl10se from tests using Hacron A. This was 

attributed to the occurrence of cavitation when these test 

conditions. were used (section 3.9.3). 

The basic slopes (~) derived from the friction coefficient 

characteristics plotted in Figs. 123- 132 arc summarised in 

Tables.37-40. It is evident from the results discussed in 

Section 3.6.2 that, for any given geometry, there was reasonable 

agreement between the ·Reynolds numbers at which basic slope 

changes occurred and those at which particular discontinuities 

were detected in the raw torque-speed data. The implication of 

this was that the flo~< changes which caused the basic slope 

changes were probably more fundamental than those which brought 

about the remaining torque discontinuities. 

Using n = 0.911 and small eccentricity ratios, the fundamental 

flow change was shown to be the onset of transitional stateflow. 

This was not entirely unexpected because it was observed to. be 

both sudden and violent in the flow visualis<ltion tests for these 
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conditions. However, Figs. 123 and 124 show that, whereas this 

onset resulted in a sudden reduction in the magnitude of the 

friction coefficient for t = 0.03, a well defined decrease in the 

magnitude of the basic slope was detected for &: = 0.11 • The 

results indicated that the transitional state was less significant 

for larger eccentricity settings which was also consistent with 

observations in the flow visualisation tests. It was reported.in 

Section 2.6.1 that the onset of transitional state flow became more 

difficult to detect with increasing & because of the general 

degradation of wavy mode flow under these conditions. 

Using n = 0.874 and the "concentric setting", the two basic 

slope changes (Table 37) were in excellent agreement with observed 

wave number changes from n = 6 to n = 5, and from n = 5 to n = 3 

respectively. A variety of unusual flow regimes were observed in 

the flow visualisation tests using eccentric sltaft settings 

although it is evident from Figs. 124- 126 that the characteristics 

for &: = 0.10, 0.20 and 0.30 could each be reasonably defined by 

single basic slopes. 

Using n = 0. 950 and the 11 concentric setting", the results 

suggested that the fundamental flow change was from the 

predominantly n = 14 mode to the predominantly n = 12 mode. The 

two basic slope changes derived for & = 0.12 compared favourably 

with observed changes to the predominantly n = 14 mode and from 

the predominantly n = 10 mode to what was ass11med to be the 

predominantly n = 8 mode. 

It is evident from Tables 37- 40 that basic slope changes were 

derived from the characteristics for each of the shafts in the 

range of &: for which wavy mode flow was found to be too unsteady 

for the stroboscopic technique to be used (Section 2.6.1). 

Although the corresponding fundamental flow changes could not 
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normally be identified in these cases, the results suggested that 

some of the. changes occurred outside the wavy mode. Basic slopes 

with magnitudes close to unity were derived and it is evident from 

Appendix IV that these probably indicated results recorded in the 

simple iaminar flow regime. In these cases, therefore, the -first 

fundamental flow change would have been the onset of vortex flow. 

Basic slopes of this magnitude were derived from the results for 

large· eccentricity settings because, as discussed in Section 3.6.1, 

the critical Reynolds number was generally delayed by increasing 

eccentricity. The discrepancies between these basic slopes and 

unity could probably be attributed to the author's correction 

procedure (Section 3.7.2) being least accurate for low shaft 

speeds when the level of the recorded torque was comparatively 

small. 

The derived friction coefficient characteristics were generally 

in excellent agreement with the results of previous authors. 

Typical of this agreement was the correlation between the results 

for n = 0. 9.50 and the 11 concentric setting" shown in Table 43. 

These -results compare values for the torque at various Reynolds 

numbers in the wavy mode with those which would have been recorded 

had the flow remained laminar. 

The magnitude of the constant Kin Wendt's empirical formula 

(Section 3.1.2) was derived for each of the basic slopes (£) 

discussed above. It is evident from Tables 37- 40 that the 

results for high Re using the "concentric settings" were in 

excellent agreement with those recorded by Wendt (K = 0.46, 

£_= 0.5). The basic slope changes derived from the results for 

low Re were not reported by lvendt although his increments between 

successive test points were much larger than those used by the 

author. However, Tables 37 and 41 show that the results for 
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n = 0.874 compared favourably with those pres·ented by Debler et al. 

The author recorded a well de-fined basic slope change to -0.81 at 

Re = 700 whereas. De bler et al recorded a sudden torque reduction 

at about Re= 850. Furthermore, the value of.K derived from their 

results above Re = 1070 was larger than would have been expected 

although this is not particularly significant because K was found 

to be considerably influenced by small changes in the magnitude 

of the basic slope. 

Debler et al did not present results for n = 0.911 although 

their results for n = 0. 935 were in reasonable agreement with those 

in Table 38. They also recorded a sudden torque reduction in 

these tests and this was iri excellent agreement with that recorded 

by the author using n= 0.911. Their ~ests using n = 0.950 were 

somewhat limited although no sudden torque reductions were 

recorded in this case, The author's results suggested that this 

type of discontinuity was replaced by a basic slope change from 

-0.59 to -0.50 for this geometry (Table 39). This was endorsed 

by results recorded by Donnelly (Table 41) which also showed the 

tendency towards a sm~ll negative slope at low Re. 

Rather surprisingly, the results recorded by Wendt for 

n = o.68o, 0.850 and o·,935 each indicated a decrease in the 

magnitude of the basic slope at a Reynolds number of about 700 

(Table 44), This compared favourably with trends shown by the 

results of Vohr, although basic slope changes of this type werenot 

recorded by the author or Debler et al for geometries other than 

n = 0,950, However, it is evident from Table 38 that a basic 

slope change from -0.65 to -0.47 was recorded at Re = 710 in the 

test using n = 0.911 and & = 0,11, One might infer from this that 

the basic slope changes recorded at about Re = 700 by Wendt, 

Donnelly and Vohr resulted from there being eccentricity inherent 
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in their test rigs. This was supported to some extent by the 

authorfs results for TJ = 0. 950 because this 11 concentric setting11 

Wisactually equivalent toe= 0.05 (Section 3.3.1.3) and a basic 

slope change from -o.63 to -0.43 was recorded using e = 0.12 

(Table 39). 

Predictably, the eccentric cylinder case has attracted much 

less attention than the conce~tric cylinder case and, therefore, the 

results with which those of the author could be compared were 

somewhat· limited. Results were presented by Castle ru1d Mobbs for 

TJ = 0.899 and eccentricity ratios up to e = 0.80 although their 

maximum Reynolds number was rather low because of the small shaft 

speed increments used. However, the basic slopes derived from 

their results are summarise~ in Table 46 and it is evident from 

Table 38 that these were in excellent agreement with the author's 

results for n= 0.911. The eccentric cylinder case was also 

investigated by Vohr and his results for TJ = 0. 910 and TJ = 0. 990 

were found to give excellent agreement with those recorded by the 

author using TJ = 0.911 and TJ = 0.975 respectively (Tables 38, 40 

and 42). 

In Section 3.8.4, an attempt is made to eliminate the effects 

of.both radius ratio and eccentricity ratio from the friction 

coefficient characteristics in Figs. 123 to 132 in order that an 

empirical formula similar to that derived by Wendt for the concentric 

cylinder case might be established. This did not prove to be 

entirely successful because of the general non-conformity of the 

eccentric cylinder results for the various rig geometries. An 

important factor in this was the effect of eccentricity on a basic 

slope whose magnitude was about 0.25 • It is evident from Table 40 

that basic slopes of this magnitude were recorded for most of the. 

eccentricity settings using TJ = 0.975, although their occurrence 
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was generally delayed by increasing eccentricity. In the test 

using & = 0.11, for example, a basic slope of -0.24 was detected 

between Re = 250 and Re = 425 whereas, using & = 0.81, a basic 

slope of -0.27 was not detected below Re = 1995, This trend was 

also reflected in Vohr's results for n = 0.990 (Table 42) 

although not generally by the author's results for n = 0.874, 
' 

0. 9li and 0. 950 • However, slopes of this magnitude were recorded 

in the tests using n= 0.950 and eccentricity ratios between 

& = 0.51 and & = 0.70 (Table 39) and the results of Donnelly, 

using the concentric setting for this geometry (Table 41), also 

indicated a basic slope of -0.20 for low Re. 

Basic slopes of about -0.25 were recorded by Vohr for n = 0.91.0 

although, in this case, eccentricity had the opposite effect to 

that discussed above for the smaller radial clearances, The 

Reynolds numbers at which these basic slope changes occurred, 

decreased for increasing eccentricity. Using & = 0, for example, 

Vohr recorded a basic slope of -0.17 for Reynolds numbers larger 

than 1.3 x.lO~ (Table 41) whereas, for & = 0.89, a basic slope of 

-0,27 was recorded for Reynolds numbers larger than 2400. These 

results suggest that basic slopes of this type would probably have 

been recorded in the author's tests using large eccentricity 

settings for this geometry if the maximum Reynolds number had been 

increased somewhat, 

It is evident from Table 45 that a basic slope of -0.25 was 

in excellent agreement with the results from the actual bearing 

tests of Duffin and Johnson (34), Ramsden (53) and Booser et al (4), 

and also with the predictions of the turbulent flow theories of 

Burton (7) and Ng and Pan (50). 
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3.8.2 For Increasing and Decreasing Shaft Speed 

lVhilst it was not the intention of the author to duplicate the 

results discussed in Section 3.8.1, this is sometimes necessary in 

order that particular points may be clarified in the following 

discussion. 

3.8.2.1 Tests Using n = 0.874 

For each test fluid using the "concentric setting", there 

were several well defined discontinuities in the results for 

both increasing and decreasing shaft speed (Figs. 133 and 134)and 

the characteristics were clearly non-unique. The discontinuities 

derived from these results are summar1sed in Table 47. 

Using 'Mixture A' (Fig.l33(a)), sudden changes in the 

ma'gnitude of the friction coefficient were recorded for both 

increasing and decreasing shaft speed although the slope of 

the characteristics was reasonably unaffected by these 

discontinuities. Slope changes were detected in the results 

for Re ? 700, however, and under these conditions, the 

characteristics for increasing and decreasing shaft speed 

.showed excellent agreement. A single, well defined magnitude 

discontinuity was recorded using Tellus 21 and increasing shaft 

speed (Fig.l33(b)) although this did not occur until about 

Re= 1550. A slope change from -0.42 to -0.86,recorded at 

Re= 715 in this test (Table 47),gave excellent agreement with 

a similar discontinuity recorded using 'Mixture A'. In the 

flow visualisation tests for this geometry, the circumferential 

wave number decreased from n = 6 to n = 3 as the shaft speed 

was gradually increased from Re= 765 to Re= 1100. Fig.l33 

shows this range of Re to be in excellent agreement with that 

for which the increased slope was recorded in the tests using 
,. ' 

'Mixture A' and Tellus 21. Furthermore, it is interesting to 
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note that the results from the test using Tellus 21 might 

have been interpreted as a series of sudden reductions in the 

magnitude of Cf at Re= 76o, 870 and 990. These discontinuities 

compared favourably with wave number changes observed in the 

flow.visualisation tests (Table 10). 

In Fig.l33, the characteristics for decreasing shaft speed 

generally plotted below those for increasing shaft speed. This 

effect was also recorded by Debler et al who suggested that it 

could be attributed to the non~wlique nature of wavy mode flow. 

Non-uniqueness of the wavy mode was investigated by Coles who 

reported that the flow state present at any par.ticular shaft 

speed was considerably influenced by the previous history of 

operation of the test rig. A large number of flow states 

(defined by the circumferential and axial wave numbers) were 

found to be admissable at any particular shaft speed. 

Consequently, the differences between the friction coefficient 

characteristics for increasing and decreasing shaft speed 

might reasonably be attributed to different flow states having 

been present in the two cases. 

The results discussed above showed that a decrease in the 

number of circumferential waves generally resulted in the 

friction coefficient being reduced below that which would have 

been expected had the change not occurred. It follows, therefore, 

that the characteristics for decreasing shaft speed probably 

plotted below those for increasing shaft speed because there 

were more circumferential waves in the latter case. This was 

endorsed, to some extent, by results from the flow visualisation 

tests using 11 = 0.874 and the "concentric setting". For example, 

the n = 6 mode was observed up to about Re = 8oo when the shaft 

speed was increasing whereas the change from n = 5 to n = 6 
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sometimes did not occur before Re = 300 when the shaft speed 

was decreasing. Consequently, there was generally a large 

range of Re in which the n = 6 mode was observed for increasing 

shaft speed and the n = 5 mode was observed for decreasing 

shaft speed. 

Relating the above hypothesis to the results plotted in 

Fig.l33(a) suggests that, in this .particular test, the wave 

number changed at Re = 365 when the shaft speed was increasing 

to a mode which was also present at this Reynolds number for 

decreasing shaft speed. This change was probably followed by 

an increase and then a decrease in the number of circumferential 

waves at Re = 415 and Re = 595 respectively. 

It is evident from Fig.l34(a) that the friction coefficient 

characteristics for decreasing shaft speed did not always plot 

below those for increasing shaft speed. In this particular 

test, the shaft speed was rapidly increased to a high value 

and results were then recorded as the shaft speed was 

progressively decreased and increased. The rapid initial 

increase in shaft speed raised the magnitude of the friction 

coefficient above that recorded when the shaft speed was 

gradually increased with the result that the characteristic 

for decreasing shaft speed plotted above that for increasing 

shaft speed in this case. According to the above discussion, 

this would occur if the wave number was generally higher for 

decreasing shaft speed than for increasing shaft speed. The 

characteristic for increasing shaft speed was found to give 

reasonable agreement with those from tests using 'Mixture A' and 

Tellus 21 (Fig.l33) and also with that from a test using 

Carnea 15 in which the shaft speed was progressively increased 

and then decreased in the usual mruUler (Fig.l34(b)). In the 
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. latter case, the characteristic for decreasing shaft speed 

again generally plotted below that for increasing shaft 

speed. 

The characteristics derived from the results of typical 

tests using Carnea l5,for eccentricity ratios up to & = 0.40, 

are plotted in Fig.l35. Using & = 0.10, 0.20 and 0.30 for 

increasing shaft speed, a discontinuity was recorded between 

Re = 2000 and Re = 2250 which resulted in the friction 

coefficient being increased above that which would otheNise 

have been recorded. Corresponding reductions in the magnitude 

of the friction coefficient were recorded using & = 0.10 and 

0.30 for decreasing shaft speed at Re = 1750 and Re = 1450 

respectively. Using & = 0.20 (Fig.l35(b)), a slope reduction 

at Re = 2250 was followed by a reduction in the magnitude of 

Cf at Re = 2750 although neither of these was recorded for 

decreasing shaft speed. 

3.8.2.2 Tests Using IJ = 0.911 

The friction coefficient characteristics derived from the 

results of typical tests using 'Mixture A', Tellus 21 and 

Carnea 15 and the "concentric setting" are presented in 

Figs. 136(a), 136(b) and 137(a) respectively. A sudden 

reduction in the·magnitude of Cf was recorded for increasing 

shaft speed in each of the tests and, as discussed in 

Section 3.8.1, these were within the range of Re in which the 

onset of transitional state flow was observed in the flow 

visualisation tests for this geometry. A sudden reduction in 

the magnitude of Cf recorded before the onset of transitional 

state flow in the test using Tellus 21 was found· to be in 

reasonable agreement with an observed wave number change from 

n = 10 to n = 9. 
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There was a tendency for the slope of the characteristics 

to increase across these magnitude discontinuities (for 

increasing shaft speed) • Larger slope changes- were recorded 

at Re = 990 and Re = 1080 in the tests using Tellus 21 and 

Carnea 15 respectively and these compared favourably with the 

range of Re in which the onset of secondary wavy mode flow was 

observed in the flow visualisation tests. Using Carnea 15 

(Fig.l37(a)), a slope decrease at Re= 1500 was followed by a 

slope increase at Re = 1950 and results from the flow 

visualisation tests suggested that these were probably caused 

by changes from n = 5 to n = 4, and n = 4 to n = 3 respectively. 

The characteristics for decreasing shaft speed again 

generally plotted below those for increasing shaft speed at 

low Re. The reason for this was that the change from the 

transitional state to the primary wavy mode did not result in 

an increase in the magnitude of the friction coefficient, and, 

therefore, the results recorded within the primary wavy mode­

for decreasing shaft spee~ plotted below those for increasing 

shaft speed. This is consistent with observations of wavy mode 

flow because it was reported in Section 2.6.1 that, whereas the 

onset of the transitional state was both sudden and violent for 

increasing shaft speed, the onset of the primary wavy mode was 

difficult to detect for decreasing shaft speed. 

The characteristics derived from the results of typical tests 

using Carnea 15 and eccentricity ratios up to & = 0.50 are · 

plotted in Figs. 137(b) to 137 (f). Hysteresis-type effects 

were recorded in each case although these were particularly 

evident at high Re. A single reduction in the magnitude of Cf' 

corresponding with the onset of transitional state flow, was 

recorded for each eccentricity ratio although, as discussed in 
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Section 3.8.1, these were smaller than those for the 

"concentric setting". 

3.8.2.3 Tests Using n = 0.950 

In the test using the "concentric setting" shown in 

Fig.l38(a), a slope decrease at Re= 650 was followed by a 

reduction in the magnitude of Cf at Re = 1300. These 

discontinuities were in reasonable agreement.with the observed 

predominant ~'ave number changes from n = l4 to n = l2 and 

n = 10 ton= 8 respectively (Section 3.6.2.3). The change 

from n = 12 to n = lO for increasing shaft speed was not 

detected from the friction coefficient characteristic although 

it was marked by a discontinuity in the raw torque-speed 

results. 

A sudden increase in the magnitude of Cf was recorded at 

Re = 1000 for decreasing shaft speed and the results were 

then in excellent agreement with those for increasing shaft 

speed. This magnitude discontinuity was in reasonable 

agreement with the Reynolds number at which the predominant 

wave number change from n = 12 to n = lO was observed in the 

flow visualisation tests for increasing shaft speed. However, 

it probably resulted from a different change, perhaps that 

from n = 8 to n = 10, because particular wave number changes 

generally occurred at lower Re for decreasing shaft speed than 

for increasing shaft speed. 

The characteristics derived from the results of typical 

tests using eccentricity ratios up to e = 0.31 are plotted in 

Figs. l38(b) to l38(d). In each case, a sudden increase in the 

magnitude of Cf was recorded at a lower Re for decreasing shaft 

speed than that at which a sudden decrease in the magnitude of 

Cf was recorded for increasing shaft speed. The characteristics 
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were particularly non-uni·que at high Re. 

3.8.2.4 Tests Using ll = 0.975 

Wavy mode "flow for this geometry was observed to be 

extremely unsteady even for the "concentric setting" and, 

therefore, the stroboscopic flow visualisation technique 

could not be used. However, the friction coefficient 

characteristics (Figs. 139(a) to 139(j)) showed several well 

defined discontinuities suggesting that significant flow 

changes had occurred during the various tests. Sudden changes 

in the magnitude of Cf were recorded for both increasing and 

·decreasing shaft speed and non-uniqueness was clearly a feature 

of the results for each eccentricity ratio. The results from 

tests using large eccentricity ratios were also considerably 

influenced by cavitation of the flow downstream of the 

narrow gap. This phenomenon is discussed further· in 

Section 3.8.3. 

3.8.3 Air Cavitation 

Cavitation of the flow was observed i.n the tests using large 

eccentricity settings and n = 0.975. Air pockets formed initially 

in the centre of the test length at a section downstream of the 

narrow gap and these increased i.n size as the shaft speed was 

increased whilst others were formed above and below, along a 

vertical ii.ne. For large Reynolds numbers (tests using Macron A), 

the flow around the entire circumference of a central section of 

. the test length was contaminated by aerated fluid which had been 

washed downstream. Photographs of this sequence of events in 

tests using Carnca 15 and Macron A are presented i.n Figs. 140 and 
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141. The onset of vortex flow cannot be detected from the photographs 

because the aluminium flake particles used to effect flow visualisation 

were not used in tll.ese particular tests. 

Oil normally·contains between 8 and 12% by volume of 

dissolved air, and if the pressure to which it is subjected falls 

below the saturation pressure, air comes out of solution to maintain 

the saturation pressure locally. The full Sommerfeld solution of 

Reynolds equation for a long journal bearing predicts tl1at the 

minimum pressure occurs at a section (9 = 8) in the diverging 

clearance beyond the narrow gap (9 = n), It ·is shown in 

Appendix V that, according to this analysis, sub-atmospheric 

pressures would have been generated in the tests using Carnea 15 

for Reynolds numbers greater than 172, 99 and 36 using s = 0.71, 

0.81 and 0.91 respectively. The saturation pressure of air in oil 

is near to atmospheric and, therefore, these Reynolds numbers also 

represent the predicted onset of air cavitation for the specified 

conditions. 

As one would expect, the torque measurement results were 

considerably affected by the formation of air pockets, It is 

evident from Fig.142 that, of the derived friction coefficient 

characteristics from the tests using Carnea 15, those for s = 0.81 

and £ = 0.91 plotted below the corresponding lines predicted by 

simple long journal bearing theory, whereas the results recorded 

before the onset of vortex flow for £ = 0.71 were in excellent 

agreement with the theoretical predictions. This is consistent 

with the development of cavitation in these tests because the 

Reynolds number at which the air pockets began to form decreased 

with increasing eccentricity. It is evident from Figs. 140· and 141 
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that, for £ = 0.91, the air pockets had reached a more advanced 

stage in their development by Re= 170 than those for £ = 0.71 

had reached by Re = 495. (It is interesting to note that the 

corresponding maximum sub-atmospheric pressures predicted by 

the full Som.merfeld solution for these two cases are 7r:JJ6 N/m2 

and 3958 N/m2 respectively.) In tests using Macron A and 

£ = 0.91, it was necessary for the.Reynolds number to approach 

a value of 1000 before the air pocket formation resembled that 

observed at Re = 170 in tests using Carnea 15 and £ = 0.91. It 

is not surprising, therefore, that the corresponding friction 

coefficient characteristics for this geometry were found to be 

incompatible, (Section 3.8.1). For lower eccentricity ratios, the 

derived characteristics from.tests using Carnea 15 and Macron A 

were compatible. 

In Appendix VI, an e>.."Pression for the friction torque on the 

journal of a long cavitating bearing is derived. The analysis uses 

boundary conditions first suggested by Swift (70) and Stieber (67), 

wherel:y simple larninar flow is assumed between 9 = 0 and a section 

e = e (> n) where the pressure gradient is assumed to be zero ar.d 

the pressure is atmospheric. The cavitating region of the flow 

is assumed to extend· from e = e to e = 2n taking the form of 

streareers between circumferential air pockets. Predicted friction 

coefficient characteristics for & = 0 •. 71, 0.81 and 0.91 assuming 

cavitating and non-cavitating lan!inar flow are compared in Fig.l43 • 

-It is evident from Fig.l42 that the results from the test using 

Carnea 15 and£= 0.91 would plot between the 1non-cavitating' and 

'cavitating' lines in Fig.l43. However, before the onset of 
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vortex flow (indicated by a decrease in the slope of the 

characteristic), the experimental results tend to plot away from 

the tnon-cavitatingt line and towards the 'cavitating' line as. 

the Reynolds number increases. This is consistent with the 

progressive development of the air pocket formation. Limitations 

on the accuracy of the simple theory derived in Appendix VI 

include the assumption that the cavitating region always extends 

to 9 = 2n and the exclusion of sub-cavity pressures from the 

analysis. Many experimentalists have recorded the presence of a 

sue-cavity pressure loop immediately upstream of the cavitating 

region although this normally occupies a very narrow zone. The 

pressure in the cavitating region has been shown to remain nearly 

constant and slightly below atmospheric·. 

3.8.4 An Empirical Relationship for Superlaminar Flows 

Wendt (79) reported that his outer cylinder torque measurements 

for the concentric cylinder case could be defined·by the empirical 

formula 

in which K and i were constants taking values of 0.46 and 0.5 

respectively for Reynolds numbers between 400 and 10 4
, and 0.07 and 

0.3 respectively for larger Reynolds numbers. In this Section, it 

is proposed to investigate the extent to which the effects of both 

the eccentricity and radius ratios can be eliminated from the friction 

coefficient characteristics in Figs. 123 to 132. Th.e reader will,: no 

doubt, appreciate tha~because of the range of slopes previously 
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discussed in Section 3,9.1, it will not be possible for a unique 

relationship to be derived. However, this type of analysis is, 

nevertheless,. considered useful. 

Considering the radius ratios n = 0.874, 0.911, 0.950 and 

0.975 in turn, a suitable value of a variable log F was subtracted 

from the results for each of the eccentric settings such that they 

were then in reasonable agreement with those for the "concentric 

setting" (Section 3.3.1.3) for as large a range of Reynolds number 

as possible. The modified friction coefficient characteristics are 

plotted in Figs. 144 to 147 and the corresponding values of F are 

summarised in Table 48. It is evident from Fig.l48 that the 

variation of F with eccentricity ratio was reasonably li1dependent of 

radius ratio and that, of the five trial relationships shown, the 

best approximation to the results was given by 

A mean curve was derived from the values of F in Table 48 and the 

results.are summarised in Table 49, where they are compared with 

those for the five curves shown in Fig.l48 • The method of least 

squares was used to fit a curve of the form 

b 
F = l+a& 2 

to. the derived values ofF for & = 0.1, 0.3, 0.5, 0.7 and 0.9. 

Re-writing the equation as 

log (F2 - l) = log a + b log & 

gives the following 

-1.921 = log a - b 

-1.222 = log a - 0.523 b 

- 0.854 = log a -0.30lb 
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-0.530 = loga- O.l55b 

-0.125 = log a - 0.046 b 

Two unknowns cannot normally be made to satisfy more than two 

conditions and, therefore, it was necessary to determine values of a 

and b which fitted the above five equations as nearly as possible. 

To set up the pair of normal equations required by the method of 

least squares, each of the equations of condition were multiplied 

by the coefficient of a in that equation and then added together, 

and then the procedure was repeated multiplying by the coefficient of 

b in each equation. Hence, the normal equations were found to be 

-4.652 Sloga- 2.025b 

-2.<)05 = 2.025loga-1.390b 

and therefore 

or 

a = 0.62 b = 1.79 

F = 1 + 0. 62 & 1-7g 
2 

It is evident from Table 50 that the sum of the squares of the 

deviations (E) of F2 from the mean curve for F was found to be 

0.0589 whereas a corresponding_yalue of E =_0~0042 was derived for, 

F1 (Table 51). The inaccuracy of the solution for F2 was brought 

about because the .error in the function log (F2 - 1) was minimised, 

thereby giving undue weight to the values of F near to 1. However, · 

taking F1 to be a reasonable approximation to a solution, an 

approximate linearization of the problem was achieved by expanding 

each of the equations of condition.in a generalized Taylor series 

about the point (a = 1, b = 3) according to 
0 0 



f. (a, b) 
1 

a ,b 
0 0 

a ,b 
0 0 

in which 
b . . 

f.=ae +1-F=O 
1 

in this case, and therefore 

()f. 
1 

ab = 
b . 

a£ ln £· 

Using the five equations of condition 

b 
0.012 0 a 0,1 = 

b 
0.060 0 a 0.3 = 

. b 
0.140 0 a 0.5 = 

b 
0.295 0 a 0.7 = 

b 
0.7'3J 0 a 0.9 = 

it followed that for the point (a
0 

=1, b
0 

= 3) 

-0,011 + 0,001 (a -1) + 0,001 (b- 3) 

~ 0.033 + 0,027 (a -1) + 0,027 (b- 3) 

-0,015 + 0.125 (a -1) + 0.125 (b- 3) 

0.048 + 0. 343 (a -1) + 0.343 (1? - 3) 

-0.021 + 0. 729 (a- 1) + 0.729 (b - 3) 

or re-writing (a - 1) as u and (b - 3) as v 

0,001 u 0,0023 V = 0,011 

0.027 u 0,0325 V = 0.033 

0.125 u 0,0866 V = 0,015 

0.343 u 0.1223 V = -0,048 

0. 729 u - 0,0768 V = 0.021 
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ln 0.1 = 0 

ln 0.3 = 0 

ln 0.5 = 0 

ln 0.7 = 0 

ln 0.9 = o· 

(b- b0 ) 



The normal equations were constructed in the manner described ·above 

and were solved to give values of 0.03 and 0.19 for u and v 

respectively from which it followed that a = 1.03 and b = 3.19. 

Hence 

which has a least squares error of E = 0.0037 compared with 0.0042 

for F1• One further application of the generalized Taylor series 

to expand the equations of condition about the point (a
0 

= 1.03, 

b = 3.19) gave the solution 
0 

F = 1 + 1.04 & 3•23 
4 

although the improvement in the error term E was not evident until 

the sixth decimal place. 

It is evident from Fig.l48 that, of the five trial solutions 

F = 2(1 + 2& 2 ) 

(2 + &2) (l - &2) ~ 

was the most inaccurate. However, when the derived values of F from 

Table 49 were plotted against this function (Fig.l49), they were 

found to give excellent agreement with the solution 

+ 0.80 
'J 

giving an error term of E = 0.0003 for the five eccentricity values 

used above. A disadvantage of this solution was that it gave F a 

value of 1.02 for zero eccentricity and, therefore, the correction 

factor to be applied to the friction coefficient characteristics in 

this case would not have been zero. To overcome this, the solution 
I 
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F6=023[ ~2(1+2&2)] +0.77 
. • (2 +' &2) (1 - &2) ~ 

was used. This solution was slightly less accurate than that for F
5 

giving an error term of E = 0.0008 • However, this was evidently 

a significant improvement on the previous solutions. F6 is plotted 

against eccentricity ratio in Fig.l50 and again in Fig.l51 for 

comparison with results derived from the eccentric cylinder torque 

measurements of Vohr (76) and Castle and Hobbs (9). 

Values of F were derived from their results in the manner 

described above using the magnitude of the difference between the 

friction coefficient characteristic for each eccentricity setting and 

that for the concentric setting at a Reynolds number of 1000. Vohr 

did not present concentric cylinder results for n = 0.990 and, 

therefore, in this case, the eccentric cylinder results were based 

on those for & = 0.08, the derived values of log F then being 

adjusted in order that F for & = 0.08 plotted on the curve for F6• 

The friction coefficient characteristics presented by Castle and Mobbs 

were based directly on their outer cylinder torque measurements and, 

therefore, the values of F derived from their results were 

multiplied by the factor [ (1 + 2~) / (1 - &
2 y_] , the ratio journal/ 

bearing torque according to simple long journal bearing theory for a 

2n oil film (full Sommerfeld). 

The effect of radius ratio was eliminated from the results in 

Figs. 144 to 147 in much· the same way as the effect of eccentricity 

was eliminated from the original friction coefficient characteristics. 

Suitable values of a variable log K.2 were subtracted from the results 

for n = 0.874, 0.911 and 0.950 such that they were then in reasonable 

agreement with those for n = 0.975 for as large a range of Reynolds 

number as possible. The values of log K1 and the corresponding 

values of K' are summarised in Table 52. . Following lvendt 1 s empirical 
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formula K1 was plotted against [(R
0 

- 3 
0.25 

R. )R /R. 
l. 0 l. 

and it is 

evident from Fig.l52 that the results could be expressed with 

reasonable accuracy by the formula 

[ 

(R - R.)R ]·~ 0 l. 0 
= 2.52 

R. 2 
l. 

Ideally, the friction coefficient characteristics for the 

various geometries would have been related to the condition T] = 1 

rather than T] = 0.975. However, the above formula gave K1
' = 0 for 

T] = 1 whereas log K1 was required to be zero for the datum condition. 

This difficulty was overcome by using TJ = 0.999 as the datum 

condition and d~fining a variable K11 equal to K1
. times a constant 

(thereby ensuring the same differences between the values of both 

log K1 1 and log K1 for any given pair of radius ratios). Now 

letting K11 . = 1 for T]= 0.999, then 

log K1 1 = log K1 + log C 

0 = - 0 • 348 + log C . 

and, therefore, C = 2. 23 • The values of K1 1 for the other four 

radius ratios are summarised in Table 52 and it follows that 

K11 = 5.62 
[ 

(R - R.)R J ~ 0 l. 0 

R. 2 
l. 

This relationship for K11 is plotted against radius ratio in 

Fig.l53 and again in Fig.l54 for comparison with values derived from 

the results of various authors (again. using Re= 1000). 

The•corrected" friction coefficient characteristic is plotted 

in Fig.l55 and considerable scatter is evident particularly for low 

Reynolds nwnbers. However, for Re~ 1000, the results were found to 

be bounded by the relationships 
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0 .073/Re O• 5o 

. 0.013/Re 0'
25 

It is evident from Figs. 144 to 147 that this scatter was mainly 

due to the inability of the present method to entirely eliminate 

the effects of eccentricity from the results for n = 0.950 and 

n= 0.975. For the concentric cylinder case, F =land using 

the first of the two expressions above and substituting forK'' 

gives 

l 

Re 
0• 5 

in excellent agreement with Wendt's empirical formula, For the 

eccentric cylinder case 

l [(R- R.)R ] 
4 

[ 2(1 + 2<'1 
+ 3-35] 1 

er = K3 
. 0 1 0 

(2+ e:2) (1- £2)!. Re£ R. 2 
1 

where 0.017 ~ K
3 

~ 0.094 

and 0.25 ~ i < 0.50 
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3.9 CONCLUSIONS CONCERNING THE TORQUE MEASUREMENT TESTS 

Inner cylinder torque measurements can be used to detect both 

the onset of Taylor vortex flow and the appearance of waviness at 

the cell botmdaries. The onset of Taylor vortices is marked by an 

increase. in the slope of the torque-speed data whereas the onset of 

the wavy mode of instability is marked by a decrease in the slope. 

Eccentricity generally increases the critical Taylor number Tc 

although the amount by which the flow is stabilised against the 

onset of vortex flow decreases as the radius ratio increases. 

For wavy mode flow, the boundaries between predominant 

circumferential wave number regimes are marked by discontinuities 

in the torque-speed data. These discontinuities often take the 

form of increases in the slope of the torque-speed characteristics. 

Using 11 = 0.911, the onset of transitional state flow results in a 

sudden reduction in the magnitude of the recorded torque for 

increasing shaft speed and the magnitude of the reduction is 

significantly affected by the stability of primary wavy mode flow. 

This discontinuity is particularly evident for the concentric 

cylinder case. Using 11 = 0.874, a change from the n= 3 mode is 

marked by a decrease in the slope of the torque-speed characteristic 

for increasing shaft speed. Using 11 = 0.950, discontinuities in 

the secondary wavy mode are generally caused by changes of the n- 2 

type. Using 11 = 0.975 and large eccentricity ratios, the appearance 

of cavitation downstream of the narrow gap results in a decrease in 

the slope of the torque-speed characteristics. 

For the test rig used, friction coefficient characteristics 

relating to the viscous drag on 'the shaft can be derived by the 

subtraction of a constant torque correction factor from the torque 
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measurements. Basic slopes defined by the d~rived friction 

coefficient characteristics suggest that the various observed 

regimes of wavy mode flow are not equally important with regard 

to their effect on the power requirements to drive the shaft. 

Significant flow changes are indicated by the results for 

n = 0. 97 5 even though wavy mode flow is everywhere extremely 

unstable in this case. 

Differences between the derived characteristics for increasing 

and decreasing shaft speed crui be accounted for by the non-unique 

nature of circumferential wave number changes. 

Wendt's empirical formula is confirmed for the concentric 

cylinder case although the influence of test rig geometry cannot be 

entirely eliminated from the eccentric cylinder results. However, 

for Re ~ 1000, the results suggest that the magnitude of the 

friction coefficient can be ex~ressed as 

where o.ol7 ~ K
3 
~ o.094 

0.25 ~ R.~ o.so 
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CHAPTER 4 

REVIEW OF THEORETICAL LITERATURE 

OONCERNING TAYLOR VORTEX FLO\v 

4 .1 THE OONCENTRIC CYLINDER CASE · 

In 1916, Rayleigh (54) derived a simple criterion for the 

inertial instability of curved flows. He considered an element 

"of ideal fluid moving along a circular.path of radius rl with a 

circumferential velocity v1 . The criterion was based on the 

balance between the centrifugal and pressure forces acting on the 

element when it is displaced to a radius r 2 where the velocity of 

other fluid elements is v2 • Angular momentum is conserved for an 

inviscid fluid and, therefore, it was shown that the pressure 

force would restore equilibrium if 

Applied to the flow between concentric, rotating cylinders, 

Rayleigh's criterion predicts stability if the modulus of the 

circulation increases in passing from the inner to the outer 

cylinder, or 

2 

for stability. 

According to Rayleigh's criterion, therefore, the flow 

between a fixed; outer cylinder and a rotating, iDner cylinder 

cannot be stable. However, in a brilliant contribution to the 

literature, Taylor (71) showed that the presence of viscosity 

acts as a damper to delay the onset of instability until a critical 

condition is reached. Taylor predicted the onset of instability, 
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verified his calculations experimentally, and described the 

appearance of the resulting secondary flow. A general account of 

Taylor's theory is presented below because of its classical 

nature. 

Taylor considered the basic Couette flow of an incompressible, 

viscous fluid between two, infinitely long, concentric, rotating 

cylinders and superimposed a small disturb~nce velocity in each of 

the axial, radial and circumferential directions. The disturbance 

' velocities were assumed to be periodic in the'-'axial direction and 

functions of the radius only. The stability of the disturbance 

was determined by the value of an exponential time constant, a , 

·a positive value·indicating a disturbance whose amplitude increased 

with time and which was, therefore, unstable. A stable 

disturbance was satisfied by a negative value of a and a = 0 

corresponded with marginal stability. 

Taylor substituted his assumed form of the disturbance 

velocities in the equations of motion and the continuity equation. 

Terms containing products or squares of the disturbance velocities 

were neglected thereby restricting the theory to infinitessimal 

disturbances (linear stability theory). Bessel type solutions 

were derived which resulted in an equation in the form of an 

infinite determinant equated to zero. The terms in the determinant 

were simplified by neglecting powers of the radial clearance to 

inner cylinder radius ratio (the narrow gap approximation). 

Substituting a= 0, Taylor found that the resulting determinant 

·could be eX:pressed in terms of the non-dimensional number 

v2 (R. + R ) 
]. 0 
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This has since become known as the Taylor number, T. For the case 

• it- . 
of a rotating inner cylinder and a fixed outer cyl1nder (~ = O), 

the Taylor number reduces to the form 

T = 
2 w. 2 

d
3 

R.
2 

1 1 

\1 2 (R. +R) 
1 0 

which can be further reduced, using the narrow gap approximation, 

to 

T = 

Taylor showed that, as the speed of the inner cylinder is 

increased, a new steady secondary motion appears at a critical 

value ofT. This secondary flow takes the form of a series of 

contra-rotating, toroidal vortices (Taylor vortices) spaced 

regularly along the axis of the cylinder. To a good approximation, 

instability is confined to the part of the fluid indicated by 

Rayleigh's criterion. * Consequently, for ~ = 0, the vortices 

occupy approximately square cells which completely fill the radial 

clearance between the cylinders (Fig.l). If the radial clearance 

is small compared with the inner cylinder radius, Taylor vortices 

first become apparent at a critical Taylor number of about 1708. 

Linear stability theories determine an eigenvalue problem for 

T as a function of n, ~* and the non-dimensional axial wave number 

of the disturbance,·a. The critical Taylor number is taken to be 

the minimum value on a marginal stability curve of T against a, 

* derived for fixed values of n and ~ • Recent theoretical work has 

been concerned with the development of alternative techniques for 

solving the eigenvalue problem, often using a wider range of 

parameters than originally considered by Taylor. One particular 

area of interest has been the derivation of critical Taylor numbers 



for the wide gap case, for example, Taylor's original theory 

having been considerably simplified by the narrow gap approximation. 

Chandrasekhar (11) solved the eigenvalue problem for n = 0.5 

using a linear combination of Bessel functions which ultimately 

lead to the condition that an infinite order determinant was 

equal to zero. One of the difficulties of this technique was 

the need to resort to numerical.integration to evaluate several 

of the integrals. This was avoided by Chandrasehl1ar and Elbert (13), 

however, who considered the adjcint boundary value problem, again 

for n = 0.5. Sparrow et al (66) used direct numerical integration 

procedures to derive solutions of the eigenvalue problem for 

radius ratios between 0.10 and 0. 95 . Similar procedures were also 

employed by Harris and Reid (39) and Roberts (57). For the case 

0 ~ t.i~ < n2
, l~alowit et al (77) showed that the stability problem 

can be conveniently solved using the Galerkin method (see 

Di Prima (22)) in conjunction with simple polynomil1al expansion 

functions for the disturbance velocities. The results were found 

to be in excellent agreement with those derived by Chandrasekhar 

and Elbert. The wide gap stability problem and other aspects of 

linear stability theory are reviewed in considerable detail by 

Chandrasekhar (11) and Di Prima (26). 

Linear stability theory correctly predicts both the critical 

speed for the appearance of Taylor vortices and the axial spacing 

of the vortices. However, this type of analysis is rather limited 

for speeds greater than the critical. According to lll1ear theory, 

the amplitude of an unstable disturbance increases exponentially 

with time, whereas experiments have shown that a finite amplitude 

equilibrium flow is established. To u11derstand the nature of the 

finite amplitude motions, it is necessary for non-linear effects . 

to be included in the analysis. 
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An important exploration of the non-linear stability problem 
i 

was carried out by Stuart (68) for the narrow gap case and ~* = 0. 

Non-linear effects were shown to change the rate at which kinetic 

energy is transferred from the mean motion to the disturbance until, 

eventual~y,·an equilibrium state is reached. Stuart computed the 

equilibrium mean flow and the corresponding torque by assuming that, 

at speeds above the critical, the disturbance velocities and 

vorticity distributions have the form predicted by linear stability 

theory, but are multiplied by an unknown time-dependent. amplitude. 

This is the so-called •shape assumption•. A more rigorous 

analysis of the non-linear growth of Taylor vortices was carried 

* out by Davey (19) for arbitrary gap width and any ~ • The analysis 

included the effects of the generation of harmonics of the 

fundamental mode, both ignored by Stuart, and was solved using a 

perturbation expansion procedure. Assuming that the axial wave 

number of the secondary flow remains constant at the value a 
0 

predicted by linear stability theory, Davey computed the amplitude 

of the disturbance and the additional torque required to maintain 

the motion at T > T • For ~* = 0, the results were :(ound to give 
0 

good agreement with Stuart•s theoretical predictions and Donnelly1 s 

(30) torque measurements, up to about T = 4.0 T for n = 0. 5, 
. 0 

and T = 1.4 T for n .... 1 • 
0 . 

Non-axisymmetric disturbances have been shown to play ··an 

important role in the instability of Taylor vortices. For ~* = 0, 

the regular vortices assume a wavy form in the circumferential 

direction, and a wave velocity in that direction, when the speed 

of the inner cylinder reaches a second critical value. These 

doubly-periodic motions were first observed-by Taylor (71) and 

have since become known as the wavy mode of instability. This 

11 higher-order11 instability of the steady motion, consisting of the 



distorted original velocity distributions plus Taylor vortices, 

clearly represents a formidable mathematical problem. Consequently, 

Di Prima (24) considered the stability of Couette flow to non-

rotationally symmetric disturbances. Using the Galerkin method, he 

solved th~ resulting eigenvalue problem for the case of a narrow 

gap. The results for ~* = 0 showed that the critical speed increases 

with increasing wave number.in the circumferential direction, the 

minimum corresponding to axisymmetric disturbances. The critical 

Taylor numbers for n = l and 2 were only slightly greater than T
0 

whereas that for n = 4 was qualitatively in agreement with the 

observations of Coles (16). Di Prima suggested that the fact that 

wavy motions do not occur i~ediately after the onset of Taylor 

vortices can only be explained by considering the full non-linear 

equations. However, referring·to the work of Stuart and Davey, he 

conjectured that, in the interaction processes between the possible 

modes at T >T , the n = 1, 2 and 3 modes die out whilst the n = 4 
0 . 

mode grows and eventually dominates the vortex motion at a 

sufficiently high value of T (about 1.2 T ) • Di Prima's results 
0 

were confirmed by the direct numerical calculations of Roberts (57) 

who considered the-case ~* = 0 without making the narrow gap 

assumption. Results were derived for n = 0. 75, 0 .85, 0. 90 and 

0.95 and, in each case, the critical Taylor number was found to 

increase with the number of circumferential waves. At the onset of 

the wavy mode, the angular velocity of the waves was shown to be 

close to half the angular velocity of the inner cylinder, as 

previously reported by Coles. 

The interaction between a motion which is periodic in the 

axial direction (Taylor vortices) and one which is periodic in the 

axial and circumferential directions (the wavy mode) was first 

considered by Di Prima and Stuart (28). ~e analysis was based on 

137 



.the full non-linear equations whicl1 were reduced to a system of 

ordinary differential equations ru1d then solved in succession, 
' ' 

using a method suggested by Stuart (69) and Watson (78). Taylor 

vortices were shown to remain stable for Taylor numbers above that 

at which, according to linear theory, wavy modes are possible. 

However, the number of circumferential waves at the onset of the 

wavy mode was not predicted by the the·ory. The stability of Taylor 

·vortices against doubly-periodic perturbations was also treated by 

Davey et al (20). The regular vortices were found to be stable with 

respect to perturbations of the same axial wavelength and phase, 

but unstable with respect to perturbations of the same axial 

wavelength and axial phase shift of n/2. The results indicated 

that, for n = 0.95, the wavy mode would appear at about T = 1.08 T 
0 

with a slight preference for one circumferential wave. The 

analysis did not predict a stable flow corresponding to the non-

axisymmetric mode with plane boundaries observed by Schwarz et al 

(58). 

Mcyer (48) used a combination of Fourier analysis and finite 

difference tecllniques to study the onset of the wavy mode. 

Calculations were carried out for n = 0.83 and a range of Reynolds 

numbers up to Re= 2000. The results confirmed the axial phase 

shift between the regular and wavy vortex motions, reported by 

Davey et al, and wave velocities were found to be in good agreement 

with those predicted by linear stability theory. Furthermore, 

variation of the axial wavelength was suggested to be the predominant 

mechanism for affecting the torque in the wavy mode. 



4.2 THE ECCENTRIC CYLINDER CASE 

A popular approach to the eccentric cylinder stability 

problem has been to consider the stability of the flow at a number 

of circumferential sections taken in isolation. Local stability 

theories have been derived by Di Prima (25), Ritchie (56), and 

Urban and Krueger (74). Di Prima's theory was based on the linear 

stability theory of Di Prima (23) which considered the flow between 

concentric cylinders with the inner cylinder-rotating and a 

circumferential pressure gradient. An analysis of the stability of 

the local velocity profiles for a range of eccentricity ratios 

showed that the widest gap (9 = 0, Fig.2) is the most unstable 

_ section (lowest values of T ) and the narrowest gap (9 = n) is 
c 

the most stable section.- Consequently, the critical Taylor numbers 

for these sections are normally referred to as the lower and upper 

bow1ds of stability. Di Prima's curves for 9 = 0 (lower bound), 

9 = n/2, and 9 = TI (upper bound) are included in Fig.86 • The 

curve derived by Ritchie is the upper bound of the stability 

boundary for a simplified eigenvalue problem. However, he suggested 

that it could also be regarded as the upper bound for the exact 

narrow gap problem ( Tl -+1). Ritchie used the same cylindrical, 
; 

bipolar system of co-ordinates as had been used by Kamal (42). 

The resulting complicated eigenvalue problem was simplified using 

results from concentric cylinder theory and approximate solutions 

were derived using a modified Galerkin technique. Urban and Krueger 

derived an approximate solution of the eccentric cylinder eigenvalue 

problem by assuming that the disturbance amplitudes and the Taylor 

number could be expanded by perturbation series. The predicted 

circumferential variation of T was found to be in qualitative 
c 

agreement with the results of Di Prima. 
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.A non-local solution for the eccentric cylinder s·tability 

problem is complicated by the fact that the basic flow has 

components in the radial and circumferential directions and is 

dependent on both of these co-ordinates. Consequently, the linear 

stability equations are pa1~ial differential equations rather than 

ordinary differential equations. A non-local solution was obtained 

by Di Prima and Stuart (29), however, by letting the clearance ratio 

and the eccentricity ratio tend to zero in such a way that (c/R.l~ 
. ~ 

is proportional to £. The critical Taylor number was found to 

increase with increasing £, rather than initially decreasing as 

predicted by local stability theory for the case of maximum local 

instability. However, this _apparent disagreement can be explained 

by the experimental results of Castle and Mobbs (9). They 

observed that the onset of Taylor vortices ocu1rs in two stages 

when the cylinders are eccentric (Section 2.1.3). The first stage 

becomes evident close to Di Prima's lower bo1md whereas, for low 

values of £, the predictions of Di Prima and Stuart give good 

agreement with the onset of the second stage. It was suggested by 

Di Prima and Stuart that the first stage may be a manifestation of 

local instabilities. Their.non-local theory predicted that the 

0 amplitude of the Taylor vortices is largest at about 9) downstream. 

of the widest gap. 0 A correspondli1g angle of about 50 was suggested 

by the experimental observations of Vohr (76) using n = 0.9 and 

£=0.475. 

4. 3 THE TRANSITION TO TURBULENCE 

. The ultimate breakdown of wavy vortex flow into turbulence is 

not particularly well documented although it would appear to be a 

very gradual process. In an important contribution to the problem, 

Pai (51) found that the vortex structure p~rsisted well into the 

turbulent regime. Considering the important role played by large 



eddy structures in turbulent flow, one might reasonably expect that 

the presence of a well organised vortex system would significantly 

influence the struct'ure of turbulence, However, Pan and Vohr (56) 

presented evidence to the contrary. They recorded the pressure 

distributions in the flow between eccentric rotating cylinders under 

conditions where both Taylor vortices and turbulence were expected 

to be present _and found good agreement with the theoretical predictions 

of Ng and Pan (50), which did not consider the.possibility of Taylor 

vortices, Ng and Pan suggested that, for realistic clearances, vortex 

flow and turbulence become important simultaneously. 

The question of whether turbulence in journal bearings may be 

preceded by a secondary vortex flow regime was first considered by 

Di Prima (25). Assuming_that turbulence occurs at a Reynolds number 

of approximately 2000 and that Taylor vortices appear at a Taylor 

number of approximately 1700, l1e considered that Taylor vortices 

will precede turbulence provided that c/Ri > 4 x 10-4 ~ Pari and Vohr 

(52) concluded that vortices will occur first if c/R. > 10- 3 and 
]. 

suggested that, since typical process fluid bearings are designed 

with values of c/R. between 10~ and.3 x 10-3
, a marginal secondary 

]. 

flow regime will often exist. 

Turbulent lubrication theories have drawn upon mixing length 

theory and laws developed for fully developed pipe flow to predict 

the characteristics-of bearings operating within the turbulent-flow 

regime. These analyses have proved to be surprisingly accurate, 

although Macken and Saibel (45) attributed this to the fact that 

they contain adjustable constants which can be made to fit existing 

experimental data. Their review of turbulence and inertia effects in 

bearings suggested that inertia effects should be included in 

turbulent lubrication theories. They concluded that a new model is 

required, which takes into account the vortex nature of the flow and 

three-dimensional effects. 

]4.1 
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APPENDIX I 

PARAMETERS DERIVED FROH THE 

FLOW VISUALISATION TEST RESULTS 

In the flow visualisation tests, the following results were 

recorded after each shaft speed change; the number of circumferential 

waves, the number of cell pairs in an axial length of 0.20 m, the 

temperature of the test fluid, the shaft speed, and the stroboscope 

flashing frequency. Various parameters were derived from the results 

using the equations presented below. 

THE CIRCUMFERENTIAL \~AVE VELOCITY RATIO (V/v) 

The number of circumferential waves is given by 

n = 
2n 
X 

where x is the wavelength. If the waves appear to be stationary when 

the stroboscope flashing frequency is f, then.the tangential velocity 

of the waves is given by 

or, 

and 

The 

V = xf 

V = 
TI (R. + R ) f 

~ 0 

n 

peripheral velocity 

V = 2 TI R. N 
~ 

therefore 

V = 
[ l + :: J V 

of the shaft is given by 

f 
2nN 
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THE AXIAL WAVE NUMBER RATIO (a/a
0

) 

The axial wave number, a, is defined as 

a = 

where A is the axial \vavelength (the axial length of a pair of vortex 

cells). For the concentric cylinder case, the vortices normally 

occupy approximately square cells at the onset of Taylor vort~x flow, 

and, therefore 

A = 2 (R - R.) 
0 0 ~ 

and the critical axial wave number 

Thus 

= 
2 (R - R.) 

0 ~ 

THE TAYLOR NUMBER 

a = Tt 
0 

The Taylor number can be defined as 

T = 
2 2 ( )3 2 w. R. R - R. 

~ ~ 0 ~ 

V
2 (R + R.) 

0 ~-

'and when Reynolds number is based on the radial clearance and the 

shaft peripheral velocity 

Re = 
w. R. (R - RJ 
~ ~ 0 ~ 

V 

and 

= 2 (l - T) ) Re 2 

T (l +n) 

The above equation has been plotted in Fig.lO for the radius ratios 

used in'the flow visualisation investigation (n = 0.874, 0.911 and 

0.950). 
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THE IIALTHER EQUATION 

Before Reynolds numbers could be derived from the results, the 

recorded test fluid temperatures had to be converted into equivalent 

kinematic viscosities. This could have been accomplished by direct 

interpolation of the viscosity characteristics presented in Fig.8 

although, because of the vast amount of recorded data, this was 

impractical. The viscosity measurements were, therefore, used to 

define the constants A and B in the l~alther equation 

log10 log 10 (v+ 0.8) = A * B loglO T 

which was incorporated in a computer programme for computation of 

the parameters discussed above (T* being the absolute temperatur~). 

The values of the constants derived for the test fluids used in the 

flow visualisation and torque measurement investigations are 

presented in Table 4 (also summarised are relev<mt values of test 

fluid densities at 20°C, p 20 , and the slopes of the corresponding 

density/temperature characteristics). 
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APPENDIX II 

DERIVATION OF CIRCUHFERENTIAL WAVE NID!BERS 

· Circumferential wave numbers could not be counted in many of the 

flow visualisation tests because of the unsteady nature of the flow. 

In these cases, the modes present were isolated using the procedure 

described li1 Section 2.6.1.1 and the corresponding wave numbers were 

derived from the recorded values of the stroboscope flashing frequency, 

f' and the shaft speed, N, as follows: 

from Appendix I 

(
V ) 2 n Ri 

f = . V -:(r::::R-0 -,+,-::.R~"""'· )~ 
N 

Coles (16), usillg n= 0.874, had shown that the circumferential 

wave velocity ratio was reasonably constant for Reynolds numbers 

above about Re = 5PO which suggests that, for a particular radius 

ratio, 

This equation defines a family of cquispaced lllles on a graph of f 

against N, each lllle representing a particular number of circumferential 

waves. The value of the constant K1 was derived, for each of the 

shafts, from results recorded when the flow "'as sufficiently steady for 

the circumferential wave number to be counted,and the resulting 

families of lllles for n= 0.911, 0.950 and 0.874 are presented in 

Figs. 57, 58 and 59 respectively. Whenever the number of circumferential 

waves could not be counted, it was deduced by plotting the recorded. 

values of f and N on the appropriate graph. 
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APPENDIX III 

CffiCUHl"ERENTIAL VARIATION OF REYNOLDS NID1BER 

p 

For the triangle OPQ in the figure above 

R 2 = (h + R. )2 + e2 
- 2 (h + R.) e • cos 9 

0 ~ ~ 

and re-arranging 

h 2 + 2h (R 9) + e2 + R.2 
- R 2 . - e cos 

~ ~ 0 

h, the local clearance , is given by 

h = ( e cos 9 - R.) ± (R 2 - e 2 sin2 9) J, 
~ 0 
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or, neglecting the trivial solution and substituting for e, 

h (& c cos e - Ri) + (R 2 -
2 2 sin2 9) ~ = & c 

c [ ... , 8 

0 

"n' ·r : n J + 
[ (1 ~n)' 2 h = & 

l 

* The local Reynolds number Re is based on the shaft peripheral 

velocity and the local clearance h whereas the Reynolds number Re is 

based on the shaft peripheral velocity and the radial clearance, c. 

Consequently, it follows that 

Re* = Re [ ,.., e 2 . 2 
- & Sl.ll 

-* . 
and Re is equal to Re(l- &) and Re(l+ &:) for the narrow gap and 

wide gap cases respectively. 
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APPENDIX IV 

THE FRICTION COEFFICIENT RELATIONSHIP 

FOR SIHPLE LAHINAR FLOlv 

For simple laminar flow, the torque exerted by the vlscous drag 

of the test fluid on the shaft can be expressed as 

M = 
2 2 2 

8nf.LLw. R. R (1 + 2&) 
~ ~ 0 

The friction coefficient, Cf' is defined as 

M 

2 R. 4 L. Tt p w. 
~ ~ 

Substituting for M and re-arranging gives 

and 

where 

1 
Re 

log Cf = K2 - log Re 

The values of K2 used in the present investigation are summarised 

in Table 53. 
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APPENDIX V 

· MINIMUM PRESSURES ACCORDING 

TO THE FULL SOMHERFELD ANALYSIS 

The equation governing pressure distribution in the regions of a 

fluid film bearing not affected by cavitation was derived by Re~1olds (SS). 

It can be written as 

() ( ph3 ~) + 
a· [ Ph3 

<lp) 
a [ p (u1 + u2) h l + l2f.L <ly l2f.L ay = dx <lx rx 2 

.1. [ 
p(v1 + v2)h l + () 

()y 2 ()t 

The equation represents a combination of the equations of motion 

for a Newtonian fluid and the continuity equation. The above equ~tion 

can be-simplified by selecting co-ordinate directions to eliminate all 

velocity terms involving y (v1 =v2 =0), whilst for steady-state 

conditions, the last term becomes zero.- If the fluid is assumed to be 

incompressible, density vanishes from the equation and if only one of 

the boundaries moves with a constant surfac_e speed, U, the reduced 

equation becomes 

.jp) 
()X 

+ () 
()y = 6 u <lh 

()x 

Now, for a bearing infhritely long in the y direction, the flow in 

this direction will be zero which requires that the pressure gradient 

<lp/<ly must also be zero. Hence, 

lS9 

(ph) 



a ( h3 ~ ) 6U ah 
h 1.1. ax ax 

and integrating once gives 

~ 6UI.l. ( h- h ) = 
h3 

where h is defined as the oil film thickness where the pressure 

gradient apjdx is zero. This is Reynolds equation in one dimension. 

The variation of oil film thickness around a journal bearing can 

be expressed as 

h = c (l + .. cos 9} 

and substituting this and x = R.9 into the above equation gives 
~ 

where 

(l + e cos e) - (l + e cos e) 
3 

(l + £cos 9) 

h = . c (l + £ cos e) 

l 

Integration of the above equation gives the pressure p as a 

function of 9. To perform this integration, Sommerfeld (65) defined 

an angle Y such that 

1 + .. cos e = 
(l - £cosY) 

Using this substitution, it can be shown that 

J 
d9 

(l + £cos 9) 
= y - e: sin J 

(l - .. } 
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and 

j (1 + & cos 9) 
3 

and it follows that 

2 6 R. IJ.w 
p = ~ 

1 
= 

2 

2 & sinY + &
4 

sin ~J 

1 

[ 
(

2 
+21i?)y J] - - 2 & sin y + ~ sin 2y 

+ Constant 

* and the non-dimensional pressure p is given by 

2 6 [ * p c (y..: &: sin y) p = = 2 3 
ll. R. w (1 - ez) 2 ~ 

[ 
(2 + & 2) 2Y - 8&siny + &2 sin 2Yl] + c 4 (1 - &: cos y) 

Two boundary conditions are required to evaluate Y and the 

constant of integration C. Sommerfeld assumed that the clearance 

space was full of lubricant at all times and that p = 0 at e = 0 

and 2n. Using these boundary conditions (noting that the Sommerfeld 

substitution angle y has the property that for e = o, n and 2n, y is 

also 0, nand 2n), C is found to be zero and it follows that 

cos y = £ 

2 

and therefore 

e 3& cos = -
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* Substituting for C and cos Y in the above equation for p gives 

* p = 6 s sin y (2 - s 2 
- & cosy ) 

or, in terms of e 

* = 6 £ sin e (2 + f.: cos 9) p 
(2 + £ 

2
) (l + f.: cos 9)

2 

According to this equation, the pressure will be zero not only at 

e = 0 and 2n but also at e = n. The pressure will be antisymmetric 

about 9 = n which implies the existence of sub-atmospheric and even 

sub-zero pressures for the divergent section of the lubricating film 

(n < e < 2n). The maximum pressure p occurs when dp/d9 = 0, i.e. at 
. . m 

e = e, and it, therefore, follows that 
m 

*. 
P ... m = 

The variation of p*m and em with eccentricity is shown in Fig.l56 • 

pm also defines the magnitude of the minimum negative pressure which, 

according to the above analysis, occurs at 9=2n-9. . m The 

* derived values for the magnitude of p . and the angles e and e . 
m max Jlllll 

at which the maximum and minimum pressures are predicted to occur for 

s = 0.71, 0.81 and 0.91 are summarised in Table 54. 

* e 0 . £ pm max Jlllll 

0.71 7.96 148.3 211.7 

0.81 13.87 156 .. 2 203.8 

0.91 38.26 164.9 195.1 TABLE 54 
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Now, by definition 

p = 
* 2 = p ·IL n Re 
P{l-n)3R 2 

0 

For the torque measurement test rig R = 114.27 mm and cavitation was 
0 

encountered in the tests using n = 0.975. Assuming a test fluid 

temperature of 20°C, it follows from Figs. 77 and 78 that, for the 

tests using Carnea 15, 

p = ·* . 1.54 p Re 

and for those using Macrori A 

* p = 0.14 p Re 

In the above analysis, p was assumed to be zero at 9 = 0 (i.e. p
0
). 

However, because of the vertical axis of the shaft in the test rig, p
0 

is actually given by the sum of the atmospheric pressure, p a, and p g d 

{where d is the vertical distance between the upper end of the test 

fluid column and the horizontal section under consideration). For a 

non-zero inlet pressure, it.follows that, for Carnea 15, 

1.54 * Re (N/m 2
) p - p = p 

0 

and for Macron A 

0.14 * Re (N/m 2
) p-p = p 

0 

For the central section of the test rig, d = 0.25 m and, therefore, 

Carnea 15 (again assuming a test fluid temperature .of 20°C) 

p - p a = * 1.54 p Re + 2110 (N/nt) 
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and for Macron A 

'* P- Pa = 0.14 p Re + 2040 

Considering a test using & = 0.91 and Carnea 15, for example, the 

minimum non..:.dimensional pressure is given by p* min = - 38.26 and, 

therefore, 

p - p = - 58.9 Re + 2110 a 
2 

(N/m ) 

such that sub-atmospheric pressures would be expected 'for Reynolds 
. . 

numbers above about 36. The corresponding Reynolds numbers for & = 0.71 

and 0.81 are 172 and 99 respec~ively • 
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APPENDIX VI 

THEORETICAL TORQUE RELATIONSHIP FOR 

CAVITATING FLO\~ 

In a journal bearing with the shaft rotating at a constant 

angular velocity w, the Couette and Poiseuille flow components combine 

to give a total flow in the circumferential direction of 

Ri wh 
q = ·--

2 

3 
h Ql'_ 

121-L ()"8 

Assuming that the viscosity is constant through the thiclmess of any 

given part of the fluid film, the viscous shear s.tress on the surface 

of the shaft is given by 

T· = 
1-! R. w 

~ 

h 
h ~ + d8 2R. 
~ 

The variation of film thickness around the bearing can be e:>..-pressed as 

h = c (l + &: cos e) 

The drag on the shaft, F , can be found by integrating the shear stress s 

such that for a continuous film 

= LR. 
~ l21t [ . 1-! Ri w + 

c (l + &: cos e) 

0 

c (l + &: cos e) 

2R. 
~ 

a:P J de ae 

Substituting the expression for the circumferential pressure gradient 

from Appendix V and again using the Sommerfeld substitution 

1 + &: cos e 
l - &: cosy 
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it is a relatively simple matter to show that the torque due to the shear 

force F 
s 

M 

acting on the shaft is given by 

3 2) 4 n L R. f.l. w (l + 2£ 
1 

However, in the case of a cavitating oil film, the frictional 

torque comprises two parts, that due to the solid film extending over 

the extent of the pressure curve, say from 91 to 92, and that due to 

the cavitating zone from 92 to 2n + 91 • The start of the pressure 

curve is usually taken to occur at 9 = 0 whereas the boundary conditions 

at the lubricant-cavity interface (9
2

) has been the subject of much 

discussion. The first attempt to adapt hydrodynamic lubrication theory 

to take account of film rupture is attributed to Gumbel (37) although 

the approach is often referred to as the half-Sommerfeld solution. In 

this solution, the sub-atmospheric pressures predicted by Sommerfeld 

to occur in the divergent clearance space (Appendix V) are neglected 

giving 92 = n. This form of solution is widely used although it is 

basically unsatisfactory because of the implied flow discontinuity at 

the end of the pressure curve. A more acceptable boundary conilition 

was suggested independently by Swift (70) and Stieber (67) . From 

consideration of journal stability, Swift showed that the oil film 

should rupture at a position beyond 9 = n where 

~ = 0' P = Pcavity 

The same boundary condition was arrived at by Stieber by consideration 

of flow continuity. The cavity pressure often differs little from 

atmospheric and is usua'Ily taken as such. The above represents the 

generally accepted cavitation. boundary condition and will be used in the 

present analysis. It follmvs that 92 = 9 (minimum pressure condition, 

see Appendix V). 
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Beyond e2 , the pressure gradient is assumed to be z~ro an~, 

therefore, the flow required if the gap is to remain full is (R. w h/2) . 
~ 

. -
However, because there is only (R. wh/2) available, the flow breaks 

~ 

into streamers of fractional width (h/h). Hence, asstmrrng that the 

air or vapour between the streamers is inviscid, the frictional torque 

on the shaft is given by 

LR. 2 
l. J 

+ 

d8 

Substituting for apja8 (from Appendix V) and h, and re-arranging 

3 

[4 c c d8 L Ri !l· w d8 3h 
M = 

c (l + t cos 8) c (l+ c 

1 

ii (+91 d8 

c (l + 
2 t cos 8) . 

Using the Sommerfeld substitution, it can be shown that 

l d8 y 
= 

(l + t cos 9) (l-t 2)~ 

and 

l d8 r - t sinr 
2 = :I (l + t cos 8) (l - t2) 2 
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Then, if y
1

, y
2 

and y 
3 

are equivalent to e1 , e2 and 2n + e1 . 

respectively, it follows that 

M = c 

h +­c 

s(siny 2 - sinY 1) l 
2)-

- 6: . 2 

- Y2 - e(siny 3 

(l - e2
) T 

- •iny 2l l J 

For the boundary conditions specified above, i.e; e1 = 0 and e
2 

= 9 

(the angle beyond 9 = n for which Clp/ ()9 = O), it follows that 

Y 1 = 0, Y 2 = Y and Y 
3 

= 2n. Hence the above expression becomes 

3 
LR.flw 

~ 
M = 

c 

h 
Substituting for c 

M = 

M = 

M = 

3 
L R. fl w 

~ 

c 

3 
L Ri fl w 

2)li c(l- E 

[ 4:Y 3h 
(l - &2) :s c 

ii 
c 

= 1 +. e cos e = 

4Y 

[ y- & sin Y ] + .3.-
(l - E: ~ 2 

[ 2n - Y + e sin Y 
(l &2 {f ] l 

. l - E: cosy 

[
3(i-Esiny) -(2n-Y+Esiny)J 

(l - s 2 ) 2 (l - s cosy) 

3& sin y 2n + y - s sin y 

(l - E: cosy ) 
] 

- 4~> ( y cos y - sin y) 
(l - E: cos y ) ] 
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or 

M = 

where 

I -

. 3 ( 2) 4n L Ri !.! w l + 2e: . 

c (l - l ) li (2 + & 
2
) 

(2+ & , 

(l + 2& 2) 

- 2& (ycosy- siny) J 
2n (l - e: cos Y ) 

In the above analysis, 9 and Y have been used to define the position 

of the end of the pressure. curve where a p/ a e = 0 and p = o· • 

Now it follows from substitution of these bow1dary conditions (together 

with f' = 0 at Y = O) in the expression for p in Appendix V that 

& = 
4 (Y cos Y - sin Y) 

(sin 2 Y- 2 Y) 

Hence & can be derived for given values of Y,and e Cilll be derived in 

turn using 

-1 + c cos· e = 
2 

l - & 

l - & cos y 

l(and 9 are plotted against & in Fig.l57 and the corresponding curve 

for I against & is plotted in Fig.l$8. 

M 
2 ~ 

npw R. 
l. 

L 
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and therefore in this case 

The predicted friction characteristics for cavitating laminar flow for 

£ = 0.71, 0.81 and 0.91 are compared with those for the full Sommerfeld 

solution (I = l) in Fig.J..43 • 
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AUTHOR n Tw/To 

JONES, C. D. 0 • .97 1.15 

0.95 1.20 

IEBLER, W. et a1 0.95 1.21 

OONNm.LY, R. J. et a1 0.95 1.15 

SCHWARZ, K. W. et a1 0.95 1.20 

YOUNES, M. A. M. A. 0.95 1.20 

DEBLER, W. et a1 0.935 1.21 

0.925 1.26 

CASTLE, P. et a1 0.912 1.21 

JONES, C. D. 0.912 1.23 

VOHR, J. H. 0.91 1.15 

YOUNES, M. A. M. A. 0.90 1.29 

<DLES, D. 0.874 1.55 

DEBLER, W. et a1 0.875 1.80 

NISSAN, A. H. et a1 0.86 1.40 

DEBLER, W. et a1 0.85 1.64 

JONES, C. D. 0.85. 1.30 

YOUNES, M. A. M. A. 0.85 1.40 

JONES, C. D. 0.80 1.53 

0.718 28. 

0.645 45 

SNYDER, H. R. o.so ) lOO 

TABLE 1 NORMALISED TAYLOR NUMBEHS FOR THE ONSET OF WAVY MODE FI.Oiv 
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AUTHOR n L/c 

TAYLOR, G. I. 0.743 87 
0.880 187 

0.942 382 
IDNNELLY, R. J. ; FULTZ, D. 0.500 29 
NISSAN, A. H. et al 0.821 "40 

0.846 110 

IDNNELLY, R. J. 0.850 33 
~ 0.900 so 

0.950 lDO 

OOLES, D. 0.874 . 28 

(l)LE, J. A •. 0.827 18 
CASTLE, P. 0.899 lOO 

0.912 llD 

SNYDER, H. R. .o .200 18 

o.soo 29 
o.8oo 72 
0.959 36o 

VOHR, J. H. .0.91D 120 

0. 9<.X) lllO 

DEBLER, W. et al 0.5~0.950 8 -SO 
JAa<SON, J. H. 0.912 . llD 

MARKHO, P. H. 0.899 lDO 

VERSTEEGEN, P. t. ; JANKOlvSKI, D. F. 0.500 22 
YOUNES, M. A. M. A. 0.846 98 

0.900 151 

0.949 295 
JONES, C. D. 0.64-0.97 27-500 

TABLE 2 RIG GEDMETRIES USED BY PREVIOUS AUTHORS 
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STROBJSOOPE 
USEFUL RANGE 

SCALE CORRECTION 
SCALE FACTOR 

(c/min) (c/min) 

1 300-800 +15 

2 Boo- 2500 +20 

3 2500-7000 .. +190 

TABLE 3 STROOOSOOPE OORRECTION FACTORS 

VISCOSITY OONSTANTS DENSITY CONSTANTS 

TEST FljUID 

f2o 
NEGATIVE 

A B 
SLOPE 

(kg/m3 ) (kg/m 3 .K) 

CARNEA 15 9.8073 3.9288 861.25 0.677 

TELLUS 15 lO. 3705 4·1451 I - -
TELLUS T17 9.1588 3.6449 - -
TELLUS 21 9.8441 3.8996 869.00 0.650 

MACRON A 9.8o78 4.0090 830 .ss 0.630 

"MIXTURE Al' lO .2495 4.0338 881.00 0.650 

TABLE 4 VISOOSITY AND IENSITY OONSTANTS FOR THE TEST FLUIDS 
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TEMPERATURE VISCOHETER · AVERAGE KINEMATIC 
TEST VISOOMETER CONSTANT FLO\V TD1E VISOOSITY 

FLUID TYPE 
oc cs/sec secs CS 

17.98 684.85 21.20 

23.78 535.55 16.58 

CARNEA 15 B.S. 'U1 No.4518 
29.67 

0.03095 
428.20 13.25 

32.17 391.75 12.12 

37.06 329.65 10.20 

40-46 298.85 9.25 

18.38 914.85 26.04 

23.78 713.55 20.31 

TELLUS 15 B.S. 1U1No.3525 29.67 0.02846 552.00 15.71 

32.17 501.80 14.28 

37.16 419.70 11.95 

40-46 371.55 10.57 

17.98 344.<;X) 31.46 

B.S. 1 U1 No .4910 23.78 0.09120 267.65 24-41 

32.17 193.70 17.66 

TELLUS T17 
29.67 711.55 19.34 

B.S. 1U1 No.65 37.06 0.02718 550.70 14-97 

40.36 493.20 13.40 

16.63 612.25 55.84 

TELLUS 21 B.S. 1U1 No.4910 22.78 0.09120 442.25 40.33 

33.11 276.20 25.19 

TAnLE 5 RESULTS OF VISCXH1ETRY TESTS USING FRESH OIL SAMPLES 
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TEMPERATURE VIS m METER AVERAGE 
TEST VISOJHETER OJNSTANT FI.OIV TIME 

FLUID TYPE 

oc cs/sec secs 

21.38 586.80 

CARNEA 15 · B.S. 1 S.L. 1 25.88 0.03132 488.45 
No. 746o 

33.87 368.6o 

21.68 0.09120 241.6o 

TELLUS 15 B.S. 'U' 
25.88 0.03095 587 ·40 Nos .4910&4518 
33.87 428.05 

21.68 858.20 

TELLUS T17 B.S. 1 S.L. 1 
25.88 0.03132 711.05 No. 746o 
33.87 531.15 

21.68 375.10 

TELLUS 21 B.S. 1S.L. I 
25.88' 0.11390 303.20 No.3313 . 
33.87 213.30 

TABLE 6 RESULTS OF VISOOMETRY TESTS FOR USED OIL SAHPLES 

TEMPERATURE VISOJMETEB AVERAGE 

TEST ALUHINIUH OJNSTANT FLO\v TIME 

FLUID PARTICLES 

oc cs/sec secs 

22.20' 0.,09120 195.05 

I 22.20 0.03095 575.00 
CARNEA 15 

0.02718 485.50 :J) .oo 
I 30.00 0.03095 426.45 

19.80 0.09120 318.95 

TELLUS T17 I 19.80 
' 

0.09120 319.05 

30.00 0.02718 706.15 

I 30.00 0.09120 210.65 

TABLE 7 RESULTS OF VISOOMETHY TESTS USING ALUMINIUH FLAKE 
PARTICLES IN SUSPENSION (0.5 gm/1) 
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KINEMATIC 
VISOJSil'Y 

CS 

18.38 

15.30 

11.54 

22.03 

18.18 

13.25 

26.88 

22.27 

16.64 

42.72 

34-53 

24.30 

KINEMATIC 
VISOJSITY 

CS 

17.79 

17.80 

13.20 

13.20 

29.09 

29.10 

19.19 

19.21 



DESCRIPTION OF FLOW n (T/T0 ) AT ONSET 

COUETTE Fl.Oiv 0 -
TAYI.OR VORTICES 0 1 

BRIGHT BAND VIBRATION 0 1.03 

WEAK \vA VY MO DE 1 1.08 

PRIMARY WAVY MODE 3 - 10 1.20 

TRANSITIONAL STATE 5.;. 9 15-:-40 

SECONDARY \vAVY MODE 4 - 5 45-85 

TURBULENCE 0 

TABLE 8 TYPICAL SEQUENCE OF FLO\v CHANGES IVITH INCREASING 
SHAFT SPEED USING n = 0. 911 AND CONCENTRIC CYLINDERS 

... 
(V/v) 

TEST FLUID'. RANGE OF Re c 
FOR (V/v)min 

(V/v)min 
RECOVERY 

VALUE 

0 TELLUS T17, 21 - - 0.41 

CARNEA 15 - - 0.41 

0.05 TELLUS Tl7, 21 500 - 1000 0.39 0.41 

CARNEA 15 550 - 950 0.40 0.41 

0.10 TELLUS T17, 21 400 - 1000 o. 38 0.40 

CARNEA 15 475 - 900 0. 38 0.41 

0.15 TELLUS Tl7, 21 350 - 1000 0.38 0.40 

CARNEA 15 400 - 1050 0.38 0.41 

0.20 TELLUS Tl7, 21 350 - 850 0.36 0.39 

CARNEA 15 350 - 1200 0.37 0.40 

TABLE 9 CIRCUMFERENTIAL lvAVE VELOCITY RATIO RESULTS FOR n = 0.911. · 
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WAVE NUMBER CHANGE 
Re 

FROM TO 

5 6 380 - 425 

6 5 800, 765, 785 

5 4/3 980, 995 

4/3 3 985 - 1100 

3 2 1655 - 1790 

.1705 - 1815 

1785 - 1918 

TABLE lO OBSERVED CillCUMFERENTIAL lvAVE Nm!DER CHANGES. USING 
n - 0.874 AND CXlNCENTRIC Cl'LINDERS 
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& Re n (X)M}!ENTS 

250 - 500 6 Predominant mode 

530 - 900 4 Predominant mode 

900 - 1500 3 Predominant mode 

0.10 
1600 - 2300 3/4 Continual oscillation between 

n=3andn=4 

2400 - 2800 3 Visible at upper end of test 
length only 

235 - 4JJ 6 Predominant mode 

500 - 900. 5/4, Changing infrequently between 
4/3 two wave numbers which decrease 

with increasing shaft speed 

945 - 1885 7/8 Changing infrequently between 

0.20 
n = 7 and n = 8 

1885 - 2100 7,3 With increasing shaft speed, 
the n = 3 mode progressively 
replaced the n = 7 mode from 
the upper end of the test 
length downwards. 

2100 - 3000 3 Predominant mode 

300 - 450 5/6 Continual oscillation between 
n = 5 and n = 6 

500 - 675 4 Predominant mode 

700 - 1260 10/9, Changing between two wave 
O,JJ 9/8 numbers which decrease with 

increasing shaft speed 

1260 - 1625 7/8 Frequent changes between 
n=7andn=8 

1625 - 2250 8 Predominant mode 

TABLE 11 ODSERVED REGIMES OF \VAVY HODE F1.0W USING 11 = 0.874 
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WAVE NUMBER CHANGE 
Re 

FROM TO 

3 4 181 - 204 

6 7 239 

7 8 278 

8 9 320, 305, 312, 300 

9 10 402, 429, 431, 415 

10 9 563, 544, 583, 562, 575, 565 

TABLE l2 OBSERVED CIRCUMFERENTIAL I~AVE Nill!BER CHANGES. USING n = 0. 911 
AND OJNCENTRIC CYLINDERS 

Re 
n 

m in max 

14 570 640 

l2 645 980 

10 940 1720 

TABLE 13 OBSERVED PREDOMINANT \~AVENUMBER BANDS USING n = 0.950 
AND OJNCENTRIC CYLINDERS 
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Re 
SHAFT SPEED 

WAVE NUMBER 
CHANGE SHORT roLES 

3 - 5 250 -
4 - 5 - 201 

5 - 6 400 407 

INCREASING 
6 - 5 785 759 

5 - 4 91JJ 969 

4 - 3 1040 -
3 - 2 ·1800 -

2 - 3 1410 -
3 - 4 845 -

DECREASING 

4 - 5 700 679 

5 - 6 510 482 

TABLE l4 CIRCUHFERENTIAL 11AVE NUMBER CHANGES IN TYPICAL TESTS 
USING n - 0.874 AND OONCENTRIC CYLINDERS 
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SHAFT 
Ri/Ro L/c No. 

1 0.874 69.5 

2 0.911 98.4 

- 3 0.950 175.2 

4 0.975 350.4 

TABLE 15 GEOMETRY RATIOS FOR THE TORQUE 
MEASUREMENT TEST RIG 

SHAF'I' 
Ri/Ro ERROR (%) No. 

1 0.874 0.14 

2 0.911 0.20 

3 0.950 0.35 

4 0.975 0.70 

TABLE 16 MAXIMUM ERRORS IN e: DUE TO DIAL 
GAUGE INACCURACY 
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GAP MEASUREMENTS (rrun) 

TEST SECTION DETATI..S 
I 

AS RECORDED RELATIVE TO DATUM 
(8=0, UPPER BI.Oa<) 

I 

Ri/Ro e UPPER LO\VER UPPER LO\vER 
BLOCK BLOa< BLOCK BLOCK 

0.874 0 19.975 19.825 0 -0.150 

n/2 20.255 19.995 t0.28o t0.020 

n 20.055 20.065 t0.080 -K) .090 

Jrr./2 19.775 19.940 -0.200 -0.035 

0.911 0 17.830 17.690 0 -0.140 

n/2 18.125 17.830 -+{).295 0 

n 17.920 17.920 t0.090 -K) .090 

Jrr./2 17~615 17.870 -0.215 +0,040 

0.950 0 15.610 15.455 0 -0.155 

n/2 15.890 15.620 t0.28o -K) .010 

n 15.685 15.735 -+{).075 -K) .125 

Jrr./2 15.430 15.635 -0.180 -K).025 

0.975 0 14.200 1.4.020 0 -0.180 

n/2 1.4.465 1.4.210 -+{).265 -K) .010 

n 1.4.275 1.4.300 -+{).075 tO .lOO 

Jrr./2 13.985 1.4.200 -0.215 0 

TABLE 17 11 CONCENTRIC SETTING11 MEASUIIDIENTS OF THE CLEARANCE BETIVEEN 
THE OUTER CYLINDER HOUSINGS AND nlli SHAFT IN THE TORQUE 
HEASUHEHENT TEST lli G 
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R· /R 
~ 0 

& nom 

0.874 0.911 0.950 0.975 

0 0,02 0,03 0,05 0.11 

0.10 0.10 0.11 0.12 0.15 
' 

0,20 0.20 0.20 0.21 0.23 

0.30 0.3) 0.30 0.31 0.32 

0,40 0.40 0.40 0.41 0.42 

o.so o.so 0.50 0.51 0.51 

o.6o o.6o o.6o o.6o 0.61 

0.70 0.70 0.70 0. 70 0.71 

o.8o 0.80 o.8o o.8o 0.81 

0.90 0.90 0.90 0.90 0.91 

TABLE 18 . ECCENTRICITY RATIOS ·usED IN THE TORQUE MEASUREMENT TESTS 

Ri/Ro 
MISALIGNMENT 

(%) 

0.874 3.6 

0.911 s.o 

0.9j) 9.0 

0.975 17~9 

TABLE 19 INHERENT MISALIGNMENT IN THE TORQUE MEASUREMENT TEST RIG 
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R· /R 
tnom 

1 0 

0.874 0.911 0.950 

0 0.01 0.02 0.03 

o.os 0.06 0.07 0.08 

.0.10 0.11 0.12. 0.13 

0.15 0.16 0.17 0.18 

0.20 0.21 0.22 0.23 

0.25 0.26 0.27 -
0.30 0.31 0.32 0.33 

0.40 0.41 0.42 0.43 

o.so 0.51 0. 52 0.53 

TABLE 20 ECCENTRICITY RATIOS USED IN THE FLO\v VISUALISATION TESTS 

R. /R 
MISALIGNHENT 

1 0 (%) 

0.874 1.1 

0.911 1.5 

0.950 2.8 

. 

TABLE 21 INHERENT 'HISALIGNHENT IN THE FLO\v VISUALISATION TEST RIG 
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TEST VISCOMETER TEHPERA TURE 
VISCXJHETER AVERAGE KINEMATIC 

. FLUID No • CXJNSTANT FLO\V TIME VISCXJSITY 

oc cs/sec secs CS 

18.88 555.50 6.088 

19.18 553.80 6.070 

MACRON A 1541 24.73 0,01096 472.65 5.180 

29.22 422.45 4.630 

33.32 376.80 4·130 

17.39 365.00 ll3.661 

11MIXTURE 8668 22.38 0.31140 267.70 83.362 All 

26.92 204.90 63.806 

3313 29.42 O.ll390 490.15 55.828 

TA!ll..E 22 RESULTS OF VISCXJMETRY TESTS USING MACRON A AND 11MIXTURE A11 
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TEHPERATURE DENSITY 
TEST FLUID 

kg/m3 oc 

20.58 830.5 

MACRON A 29.27 825.0 

33.22 822.5 

15.08 864.5 

17.18 863.0 
CARNEA 15 

21.18 86o.5 

29.72 854.5 

19.63 869.0 

21.48 868.0 
TELLUS 21 

24.88 866.0 

28.87 863.0 

21.78 880.0 

"MIXTURE A" 
25.13 877.5 

29.37 875.0 

33.57 873.0 

TABLE 23 RESULTS OF HYDROHETRY TESTS 

TEMP (oC) Rec Tc Rew T 
R./R 

w 
1 0 

min min min min min max max max max max 

0.874 19.75 29.75 101 112 1372 1687 118 129 1873 2238 

0.911 20.90 30.35 120 137 1341 1735 127 148 1502 2039 

0.950 19.90 31.40 159 183 1292 1711 168 194 1442 1923 

0.975 18.95 32.95 222 262 1241 1737 243 277 1494 1941 

TABLE 24 TEHPERATURE DEPENDENCE OF RECORDED CRITICAL REYNOLI:6 
AND TAYLOR i\'UHDERS 
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R. /R 
1 0 

& To (T IT ) c 0 
(T /T ) w c 

0.874 0.02 1858 0.74, 0.91 1. 37' 1.33 

0.9ll 0.03 1804 0. 74' 0. 96 1.12, 1.18 . 

0.950 0.05 1756 o. 74, 0.97 1.12, 1.12 

0.975 0.11 1723 0.72, 1.01 1.20' 1.12 

TABLE 25 DERIVED NORMALISED TAYLOR NUMBER VARIATION 
(USING T0 PREDICTED BY \vALO\VIT ET AL) 

TEHPERATURE (°C) 
. ERROR 

Ri/Ro 
RECDRDED 

(oC) 
NECESSARY 

0.874 29.75 33.50 ~3-75 

0.911 30.35 35.35 
. 

-5.oo 

0.950 31.40 34-50 -3.10 

0.975 32.95 38.10 :-5.15 

TABLE 26 NECESSARY TEHPERATURE HEASUREHENT ERRORS TO ACOOUNT 
FOR RECORDED VARIATION OF CRITICAL TAU.OR NlJ"MBER 
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MAGNITUDE SLOPE 
DISOONTINUITIES DISCXlNTINUITIES 

e: 
N Re N Re 

(r.p.m.) (r.p.m.) 

0.03 76S S90 24S 180 
l24S 103S 32S 250 
!6oS l43S 46S 3SS 

0.11 Boo 66o 24S 190 
73S S90 

0.20 68S sso 23S l8S 
470 390 . 113S lOOS 

0.30 66S S4S 280 220 
410 330 

1000 86o 

0.40 670 sso 200 150 
27S 210 
SlS 40S 

1030 87S 

o.so 66S S6o 230 180 
29S 23S 
48S 39S 
970 83S 

o.6o 64S S2S 240 190 
370 300 sss 450 
900 74S 

0.70 640 S20 30S 240 
380 300 
S70 46o 
91S 76o 

0.80 sso 440 3SS 26S 
S30 400 
840 66o 

0.90 42S 32S 38S 29S 
700 S6o 

TABLE 27 DISOONTINUITIES FROM TYPICAL TORQUE HEASUREHENT TESTS 
USING TELLUS 21 A1\ID ll - 0. 911 
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e T/Tc T2/Tc T/Tc T/Tc T/Tc T6/Tc 

0.03 1.9 3.7 7.5 20.6 63.4 121.8 

0.11 2.3 22.3 27.9 - - -
0.20 2.2 9.7 21.5 64.6 - -
0.30 2.7 6.0 16.3 40.6 - -
0.40 l.O 2.0 7.3 13.4 34.0 -
o.so 1.0 1.7 4~8 9.7 21.5 -
0.6o l.O 2.5 5.6 7.6 15.4 -
o. 70 l.b 1.6 3.7 4.7 10.0 -
0.80 l.O 2.3 2.8 6.2 - -
0.90 l.O 1.2 4·5 - - -

TABLE 28 NORMALISED TAYLOR NUMBERS FOR TYPICAL TORQUE 
DISOONTINUITIES USING TELLUS 21 AND n = 0. 911 
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MAGNITUDE SLOPE 

& 
DISOONTINUITIES DISOONTINUITIES 

N Re N Re 

(r.p.m.) (r.p.m.) 

0.03 37S ,;::70S 290 S4S 
S6o 10SO 
78S 1440 

0 .ll 34S 690 
S6o 1000 
840 1S9S 

l28S 248S 

0.20 330 700 
S7S lOSS 
Boo 146o 

ll70 2l6o 

0.30 330 630 
46o 870 
7SS 143S 

lOSO 2000 

0.40 :32S 62S 
S2S 1000 
810 1S4S 

1lOS 2l2S 

0.50 320 61S 
SOS 950 

7SS 143S 
l06o 2030 

o.6o 31S .· S7S 
47S 8SS 

' 
76o 1380 

l02S 1880 

0.70 36S 680 
63S ll7S 
940 1770 

0.80 36o 66o 
630 llSS 
93S 1730 

0.90 370 69S 
S9J 1100 
86o 1630 

1250 246o 
' 

TABLE 29 DISOONTINUITIES FROM TYPICAL TORQUE HEASUREMENT TESTS 
USING CARNEA lS AND n = 0. 9ll 
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e TJ}T · T2/Tc T/Tc T/Tc c 
·. 

0.03 17.6 29.4 65.2 122.7 

0.11 30.5 64.0 162.8 395.2 

0.20 31.4 71.2 136.4 298.6 

0.30 21.8 . 4J .• 5 113.0 219.5 

0.40 17.4 44·4 106.1 200.7 

0 .so 11.7 27.9 63.6 127.2 

0.6o 9.2 20.3 52.8 97.9 

0. 70 8.0 24.0 54-4 -

0.80 6.2 19.0 42.6 -
0.90 5.6 13·9 30.5 69.5 

TABLE :J) NORMALISED TAYLOR NUMBERS FOR TYPICAL TORQUE 
DISCXlNTINUITIES USING CARNEA 15 AND n - 0. 911 
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TELLUS 21 CARNEA 1S 
li: 

N Re N Re 

(r.p.m.) {r.p.m. 

0.02 230 240 400 990 
46S SOS 66S 170S 
71S 7SS 114S 296S 
960 1016 

1330 1S40 
l!ilO l8d.O 

0.10 20S 2lS 32S SlS 
46S 480 490 1190 
910 9SS 730 17SS 

146S 169S 900 218S 
11SS 28SS 

0.20 38S 40S 36S 890 
830 90S 630 1S75 

13SS lS70 sso 2l2S 
lOSS 2730 
1190 302S 

0.30 290 30S 36S 870 
440 4SS 650 16oS 
8os 84S 116S 2980 

112S l23S 
0.40 240 2SO 290 720 

320 33S 410 1020 
S4S S70 620 1S4S 
76S 810 77S 1930 

o.so 215 22S 33S -84S 
3SO 36S S3S 13SO 
600 630 800 2040 
7'XJ 775 

0.60 22S 23S 240 S9S 
37S 390 34S sss 
S90 620 S70 1410 
7.10 77S 700 19oo 

0.70 2SS 26S 23S S8S 
470 49S 33S 84S 
78S 83S S20 129S 

1010 110S 71S 179S 
92S 2170 

o.so 22S 23S 21S S3S 
300 31S 370 940 
46S 46S S40 l37S 
71S 72S 7SS 1930 
QSS 10.10 

0.90 22S 23S 23S sss 
470 490 320 800 
730 790 S4S 132S 

113S 1300 79S 1985 
lOSS 2700 

. TABLE 31 . DISCXlNTTh'UITIES FROM TYPICAL TORQUE MEASUREMENT TESTS 
USING 11 = 0.874 
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& N Re & N Re 

(r.p.m •. (r.p.m.) 

o.os 49S S7S o.6o 380 46o 

. S8S 67S SOS 6oS 

77S 89S 64S 770 

109S 1300 900 108S 

0.12 46o S2S "1130 1390 

S80 66o o. 70 370 480 

70S 80S 49S 64S 

103S 1190 680 81S 

0.21 370 46S 8CX) 107S 

48S 6oo 110S 1370 

69S 86o 0.80 36S 470 

1010 12SS S20 66S 

0.31 370 46S 730 920 

4SS S6o 940 118o 

63S 77S 10SS 1340 

10SS 130S 0.90 3SS 430 

0.41 ))0 37S S30 63S 

500 62S 76o 920 

67S 840 920 1130 

1050 132S 

O.S1 370 46S 

490 61S 

6SS 820 

1015 127S 
l28o 1650 

TABLE 32 DISOJNTINUITIES FROM TYPICAL TORQUE MEASUREHENT TESTS 
USING CARNEA 1S ru~D n- 0.9SO 
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CARNEA 1S HACRON A 
& 

N Re N Re 

(r.p.m.) (r.p.m.) 

o.n 44S 240 38S 66S 
480 26o 4SS 78o 
610 33S 6SO 1120 
77S 43S 810 139S 

1120 6SO nos 19.30 

o.1S 4SS 23S 440 77S 
S40 28S S9S 104S 
78o 41S 83S 146S 

10'.X) 6oo l28o 2320 
138S 78S 

0.23 46o 2SO 47S 840 
670 36S 64S ll4S 
91S SOS 8SS . 1S10 

1170 66S 12z'S 2220 

0.32 420 22S 37S 6SO 
SOS 270 49S 84S 
70S 38S 6SO 1110' 
9SO S30 84S 144S 

12SO 7.30 9'.Xl 170S 
ll'.X) 2110 
136S 247S 

0.42 4SS 24S 400 720 
6'.X) 370 S9S 10SO 
81S 44S 77S 136S 

1080 6oS ll2S 202S 
l2SO 71S 139S 26o0 

O.S1 sss 29S 44S 80S 
89S 4'.Xl 610 1100 

101S S6S 7'.Xl 142S 
1210 6'.X) 1120 204S 

1330 247S 

0.61 27S 14S 400 69S 
S6S 30S 46o 79S 
68S 37S 61S 106S 
930 S1S 810 1400 

131S 770 1040 183S 
1270 2330 

cont1 d/ •••••• 

TABLE 33 DISCXWTINUITIES FROM TYPICAL TORQUE MEASUREMENT TESTS 
USING n-0.97S 
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CARNEA 15 MACRON A 
& 

N Re N Re 

(r.p.m.) (r.p.m.) 

0.71 295 155 345 6oS 
690 375 480 840 

1170 .675 585 1020 
740 1295 
890 1565 

1085 1940 
1265 2330 

0.81 530 290 355 625 
690 380 495 865 
790 445 675 1190 

1125 665 805 1420 
1050 1910 
1390 2640 

0.91 570 305 230 415 
730 400 420 7'JJ 
835 455 485 86o 

715 . 1285 
1125 . 2100 
1295 2475 

·TABLE 33 DISOONTINUITIES FROM TYPICAL TORQUE MEASUREMENT TESTS 
USING n - 0.975 
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TEST NUMBER 

T44 T54 T70 T71 T73 T74 T87 

9<xl 11.50 240 245· 665 630 

1705 1635 335 340 78o 735 740 

2965 2750 435 455 1120 1050 915 

650 785 1395. 1490 13.50 

1930 2140 2195 

CARNEA 15 CARNEA 15 MACRON A 

n = 0.874, n = 0 .975, 
£ = 0.02 £ = 0.11 

TABLE 34 NON-UNIQUENESS OF REYNOLll5 NUNBERS FOR TYPICAL 
TORQUE DISCONTI~~ITIES 

6: 
SLOPE DECREASE TORQUE REDUCTION 

CARNEA 15 MACRON A CARNEA 15 HACRON A 

O.ll 260 - 435 1930 

0.15 - - 415 -
0.23 - - - -
0.32 - 1705 - 2475 

0.42 - - 245 -
0.51 - - 565 -
0.61 - - 145, 375 -
0.71 - - 155 1020 

0.81 2!X) - 665 625, 1420 

0.91 305 750 - 415 

TABLE 35 REYNOLDS NUMBERS FOR PARTICULAR TORQUE DISCONTINUITIES 
RECORDED IN TYPICAL TESTS USING n = 0. 97 5 
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VIO 

n & TEST FLUID Re 

0.874 0.02 TELLUS 21 4<JJ 2· 6q 
700 <· ~ 

1035 3· 0/ 

1550 3 ·11) 
2020 3·31 

CARNEA 15 1245 3, 'O 

1495 3·17 
1780 3·~5"" 
2115 3•33 
2820 3 '4- _$"" 

3430 3 ·')l.f /.. 
~ I' I ~ -( ,.( ' J ~~ C (If !L / V 

?,-(C-- 005 ---
0.911 0.03 TELLUS 21 ' " --

3•cu 1000 - I ,• ' 1 ! . - ~~~~ ,: ·, ... ,-·./' ;:, __ ( 

' 
3· l'f- 13B5 --·-

CARNEA 15 2_, ~7 735 
3·o'3l075 
3·n;-1515 -

1950 

0.950 0.05 TELLUS 21 320 
480 ' 
615 

CARNEA 15 650 
1300 

0.975 0.11 CARNEA 15 440 
MACRON A 1215 

1820 
2370 

TABLE 36 DISCONTINUITIES FROM CORRECTED FRICTION COEFFICIENT 
CHARACTERISTICS FOR THE "CONCENTRIC" SETTING 
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& 

0.02 

0.10 

0.20 

0.30 

0.40 

0.50 

0.00 

0.70 

0.80 

0.90 

TABLE 37 

Re R. K 

250-700 0.43 0.30 
700 -1035 0.81 3.63 

1035-4000 0.51 0.46 

250-4000 0.55 0.64 

250-4000 0.54 0.61 

250-4000 0. 52 0.54 

200-500 0.43 0.32 
5oO -11'50 0.51 0.52 

200-575 0.43 0.32 
575-3150 0.50 0.50 

200-3150 0.47 0.43 

200-535 0.52 0.00 
535- 3150 0.44 0.37 

200-300 1.00 11.24 
300 -470 0.84 2.90 
470-715 0.44 0.39 
715-3150 0.40 0.29 

200-370 0.97 13.70 
370-725 0.67 2.52 
725 -186o 0.53 0.84 

186o- 3150 0.40 0.32 

Q)NSTANTS DERIVED FROH THE FRICTION <X'lEFFICIENT 
CHARACTERISTICS FOR 11- 0.874 USING THE FORHULA 

[ 
(R - R. )R ) C = K o 1 · o 

f . R· 2 
1 
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& Re· R- K 

0.03 300- 6oS 0.50 0.47 
6oS- 32SO o.so 0.43 

o.11 300-710 o.6S 1.13 
710-3250 0.47 0.3S 

0.20 250- 3250 O.S1 0.48 

0.30 250- 380 0.39 0.24 
38o- 3150 o.so 0.4S 

0.40 200-310 . 0.23 0.10 
310- 93S 0.4S 0.34 
93S- 31SO o.so 0.48 

0.50 200 - 12<;X) 0.42 0.29 
12<;X) - 3150 O.S4 0.66 

o.6o 2):1- 40S O.S2 o.ss 
40S- 94S 0.40 . 0.26 
94S- 3150 0.49 0.48 

0.70 200- 31S 0.88 4-67 
31S- 640 O.S4 0.66 
640 -1100 0.37 0.22 

1100- 3000 0.44 0.36 

o.so 200- 36S 0.9S 8.81 
36S- S70 0.70 2.03 
S70 -1120 0.4S 0.41 

ll20- 26o0 0.38 0.2S 

0. <;X) 200- 41S 0.98 1S.4S 
41S- 820 0.73 3-40 
820 -1S1S o.s7 1.16 

1S1S- 3000 0.46 O.S2 

TABLE 38 OJNSTANTS DERIVED FROH THE FRICTION OJEFFICIENT 
CHARACTERISTICS FDR 11 - 0. 911 USING THE FDRHULA 

. .( (Ro - Ri)Ro) ~ _1:._ 
Cf = K R· 2 Re~ 

1 . 
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& . 

0.05 

0.12 

0.21 

,' 

0.31 

0.41 

0.51 

o.6o 

o. 70 

0.80 

0 • <_X) 

TABLE 39 

Re R. K 

300 - 6<.X) 0.59 o. 73 
6<.X) - 2500 0.50 0.39 

300-525 0.63 0.89 
525-1110 0.43 0.26 

lllO- 2650 0.54 0.$6 

400-1230 0.44 0.28 
1230-2500 0.52 0.49 

400-945 0.40 0.22 
945-2500 0.48 0.38 

300-975 0.34 0.15 
975-2500 0.46 0.35 

250-400 0.82 2.66 
400- <_X)O 0.27 0.10 
<.X)O- 2500 0.40 0.24 

250-400 0.89 4-48 
400-550 0.57 0.66 
550-910 0.24 o.o8 
910-2500 0.38 0.21 

250-425 0.94 7.26 
425-740 . 0.61 0.99 
740-2.500 0.30 0.13 

250 :-435 0.95 9.64 
435-685 0.68 1.87 
685-.2000 0.44 0.39 

2.50-6.50 1.01 21.33 
6.50-975 0.67 2.37 
975-2100 0.43 0.46 

OJNSTANTS DERIVED FROH THE FRICTION OJEFFICIENT 
CHARACTERISTICS FDR n = 0.950 USINGTHE.FORHULA 

1 
4 1 

ReT ( 
(R - R.) R ) 0 1 0 

R· 2 
1 

200 



& Re J1. K 

0.11 250-425 0.24 0.08 
425-3150 0.48 0.36 

0.15 250-350 0.23 0.08 
350-3150 0.46 0.32 

0.23 250-675 0.35 0.16 
675-3150 0.45 0.30 

0.32 250- 3<.Xl 0.66 0.95 
3<.Xl - 840 0.26 0.09 
840-3150 0.43 0.27 

0.42 200-270 1.08 10.81 
270-425 0.82 2.49 
425-830 0.21 0.07 
830-3150 0.37 0.19 

0.51 200-375 0.89 4-07 
375-500 0.71 1.48 
500-830 0.25 0.08 
830-3150 0.32 0.14 

0.61 200-475 0.93 6.44 
475-1035 0.48 0.41 

1035-1680 0.17 o.os 
168o- 3150 0.23 0.07 

0.71 200-400 0.99 11.08 
400-710 0.71 2.06 
710-1620 0.43 0.33 

1620-3150 0.18 o.os 

0.81 200-425 1.06 20.80 
425-805 0.57 1~04 
8os -1995 0.45 0.47 

1%)5- 3150 0.27 0.12 
.. 

0.91 530-1010 0.85 9.28 
1010 ·- 3150 0~49 0.77 

TABLE 40 CONSTANTS DERIVED FROM THE FRICTION ·coEFFICIENT 
CHARACTERISTICS l'OR TJ = 0. 97 5 USING THE I'ORMULA 

1 

Cf = K ( (Ro R~:i)Ro) 4 R~J1. 
l. 
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AUTHOR 11 Re R. K 

WENDr, 0.680 
1933 0.850 400 - 10~ 0.50 0.46 

0.935 

0.680 10~-10 5 

0.850 10~ - 4.6 X 10~ 0.30 0.07 
0.935 l0~-4.6xlO~· 

TAYLOR, 0. 7CXJ 980 - 2 X 10~ 0.52 0.54 
1936 0.886 695 _: 2 X 10~ 0.52 0.54 

0.909 2700 - 1.6 X 10~ 0.52 0.55 
0.96o 785 - 8000 0.50 0.43 
0 •. 973 150 -: 4950 0.52 0.49 

0. 7CXJ 2 X 10 ~ - 9 o 5 X 10~ 0.19 0.02 
0.886 2xl0~ -8.5x10~ 0,08 0.01 
0.909 I.6:xlo~- 5.9xlO~ 0.16 0.02 
0.96o 8000- 3.1 X 10~ 0.14 0.02 
0.973 4950- 3x 10~ 0.14 0,02 

IDNNELLY, 0.500 lOO - 2000 0.62 1.02 
1958 0.950 .240 - 400 0.20 0.07 

400 - 670 0.69 1.36 
670 - 1200 0.52 0.43 

VOHR, 0.910 725 - 1.3 X 10~ 0.48 0.38 
·1968 ~ xlO~ l.3xl0- 4-2 0.17 0.02 

DEBLER ET AL, 0.500 150 - 350 0.57 '0.77 
1969 0.650 250 - 680 0.57 0.91 

0.675 250 - 680 0.57 0.88 
0.850 2CJ) - 450 0.49 0.49 

500 - 630 0.48 0.44 
6CJ) - 1300 0.59 0.82 

1300 - 1585 0.59 0.86 
0.875 315 - 850 0.47' 0.37 

1070 - 1585 0.57 0.71 
0.925 315 - 6CJ) 0.46 0.36 
0.935 400 - 6.J) 0.50 0.47 

675 - 1000 0.57 0.65 
0.950 400 - 6.J) o. 70 1.39 

TABLE 41 OONSTANTS DERIVED FROM PREVIOUS AUTHORS' FRICTION OOEFFICIENT 
CHARACTERISTICS FOR THE OONCENTRIC CYLINDER CASE USING THE 
FORMULA 

l 

[ 
(R - R. ) R ) 4 l C=K o 10 _ 

f R· 2 ReR. 
1 . 
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n li: Re R, K 

0.910 0.45 500 - 7000 o.so 0.51 

7000 - 40000 0.25 0.05 

0.71 6oo - 3200 0.4i 0 .3Q 

3200 ·,- 34000 0.31' 0 ·14 

0.89 500 - 2400 o.6o 1.49 

2400 - 35000 0.27 O.ll 

0.990 0.08 500 - 900 0.12 0.04 

900 - 4145 o. so 0.48 

0.35 525 - 1400 0.20 0.06 

1400 - 3800 0.38 0.21 

0.51 6:JJ - 4100 0.22 0.07 

0.68 900 - 14:JJ 0.34 0.17 

14:JJ - 3300 0.09 0.03 

0.83 900 - 1900 0.39 0.31 

1900 - 4200 ,0.24 0.10 
-

TABLE 42 CONSTANTS DERIVED FROM VOHR 1S FRICTION COEFFICIENT 
CHARACTERISTICS FOR THE ECCENTRIC CYLINDER CASE USING 
THE li'QRMULA 

1 

[ 

(R - R. )R ]4 
C = K o 1 o 

f R.2 
1 
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Re 
AUTHOR 

300 500 850 

TAYI.OR, 1936 1.90 2.34 2.58 

OONNELLY, 1958 1.70 2.22 2.30 

DEBLER ET AL, 1969 1.66 2.18 2.42 

THE PRESENT WORK 1.66 2.07 2.61 

TABLE 43 

n 

0.680 

0.850 

0.935 

TABLE 44 

THE EFFECT OF REYNOLDS NUMBER ON THE RATIO M/M
1 

FOR am­n = 0. 950 AND £ = 0 

Re R. K 

135 - 700 o. 72 1.88 

200 - 700 0.61 0.99 

265 - 780 0.61 0.96 

CXlNSTANTS DERIVED FROM \vENDT 1 S FRICTION CXlEFFICIENT 
CHARACTERISTICS (e-O) USING THE FORHULA 

[ 

(R - R.) R l ~ . 1 C=K o 10 _ 

f R.2 Rei 
1 
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AUTHOR K R. BEARING TYPE 

S}UTH AND FULLER, 
PLAIN CYLINDRICAL, SINGLE 

0.078 0.43 OIL FEED ON UNLOADED 1956 SIDE 

IDUFFIN AND JOHNSON, 
ELLIPTICAL, ONE OIL FEED 

1966 0,019 0.25 EACH SIDE OF HORIZONTAL 
DIAHETER 

RAMSDEN, 
CYLINDRICAL, T\VO OIL 

1967 
0,017 0.25 FEEDS ON HORIZONTAL 

DIAHETER IVITH RECESSES 

BOOS ER ET AL, 0.012 0.25 ELLIPTICAL IVITH 

1970 HORIZONTAL CLEARANCE 

0.020 0.25 PAD (FLOODED DESIGN) 

TABLE 45 CXlNSTA.t'ITS DERIVED FROM THE RESULTS OF REAL BEARING TESTS 
USING THE FORNULA 

£ 

0.20 

0.40 

'- ,0. 60 

0.80 

TABLE 46 

K c =-
f Ret 

Re 

170 - 270 

270 - 425 

185 - 325 

325 - 415 

245 - 485 

305 - 460 

i 

0.07 

0.57 

0.07 

0.48 

0.55 
0. 70 

BASIC SLOPES DERIVED FROM CASTLE AND MOBBS 1 FRICTION 
CXlEFFICIENT CHARACTERISTICS FOR T1 = 0.899 
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NEGATIVE SHAFT Re SLOPE AFTER OOMMENTS SPEED DISCXJNTINUITY 

TEST No. T140, 11 HIXTURE A11 , FIG.133(a) 
(.!) 

0.48 ~ 
136.5 0.49 TORQUE REDUCTION ~ 
415 0.44 TORQUE INCREASE !i'! 
595 0.49 TORQUE REDUCTION (.) 

~ 700 0.85 
(.!) 

925 0.50 z 

! 1230 0 .so TORQUE INCREASE H 

~ 925 0.85 !i'! 765 0.50 (.) 

445 0.50 TORQUE- INCREASE ~ 

TEST No. Tl30 2 TELLUS 21 2 FIG.133{b) I 0.42 
715 0.86 

: t 1050 0.44 
1550 0.57 TORQUE REDUCTION 
1820 0.38 

~ l 1680 0.50 BRIEF TORQUE REDUCTION AT Re = 1365 
925 0.47 TORQUE .INCREASE E::l-

TEST No.T44 2 CARNEA 15 2 FIG.134{a) 
(.!) 

0.59 ~ 
2820 0.50 TORQUE INCREASE ~ 
2165 0.50 SERIES OF_STEPS REDUCING TORQUE AT !i'! 

Re = 1905 AND 1460; SLOPE AFTER EACH STEP 
(.) 

~ IS --0.50 
990 0.65 (.!) 

1260 0.37 ~ 
1515 0.68 ~ 
1800 0. 37 5 2140 0.59 ~ 
3550 0.37 

TEST No.T54 2 CARNEA 15 2 FIG.134{b) 
(.!) 

~ 
0.43 ' ~ 

765 0.75 !i'! 
(.) 

1125 -0.44 ~ 166o 0.35 TORQUE REDUCTION 
2090 0.54 (.!) 

3390 0.44 ~ 
3390 0 .54" ~ 

l 
1930 0.54 TORQUE REDUCTION 5 1190 0.44 TORQUE REDUCTION ~ 1000 0.54 

TABLE 4] DISOONTINUITIES FROH THE FRICTION CXJEFFICIENT CHARACTERISTICS 
OF Tl~ICAL TESTS USING n- 0.874 AND £ - 0.02 
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I . 

n 
£ 

0.874 0.911 0.950 0.975 

0.02 1.000 - - -
0.03 - 1.000 - -
0.05 - - 1.000 -
0.10 . 1.028 - - -
0.11 . - 1.012 - 1.000 

0.12 - - 1.007" -
0.15 - - - 1.017 

0.20 1.048 1.005 - -
0.21 - - 1.026 -
0.23 - - - 1.041 

0.30 1.096 1.041 - -
0.31 - - 1.064 -
0.32 - - - 1.064 

0.40 1.135 1.086 - -
0.41 - - 1.102 -
0.42 - - - 1.100 

0.50 1.176 1.126 - -
0.51 - - 1.155 1.141 

o.6o 1.205 1.195 1.184 -
0.61 - - - 1.151 

0. 70 1.296 1.314 -1.222 -
0.71 - - - 1.303 

o.8o 1.400 1.409 1.424 -
0.81 - - - 1.598 

0.90· 1.585 1.642 1.824 -
0.91 - - - 1.950 

TABLE 48 VALUES OF F DERIVED FROM FRICTION OOEFFICIENT 
CHARACTERISTICS 
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F (l+e:2) (l+e:3) ~1+2l l 2 (l+2e:2) 2 ~1+2e:2 ) 
£' 

(l+e2) .(2+e2) (2+~2 ) (1-~ )r,_ 

o· 1. 1 1 1 1 1 

0.1 1.012 1.010 1.001 1.010 1.015 1.020 

0.2 1.035 1.040 1.008 1.038 . 1.059 1.081 

0.3 l.06o 1.090 1.027 1.083 1.129 1.184 

0.4 1.095 l.16o 1.064 1.138 1.222 1. 333· 

o.s 1.140· 1.250 l.125 1.200 1.333 1.540 

0.6 1.200 l.36o 1.216 1.265 1.458 1.823 

0.7 1.295 1.490 1.343 1.329 1.590 2.226 

0.8 1.445 1.640 1.512 1.390 1.727 2.879 

0.9 l. 750 1.810 1.729 1.448 1.865 4-279 

TABLE 49 CXlHPARISON OF DERIVED HEAN VALUES OF F IHTH THOSE GIVEN 
BY PARTICULAR TRIAL SOLUTIONS 

' 

e F F (given) ERROR (ERROR)2 

0.1 !.OlD 1.012 -0.002 0.400 X lD-S 

0.3 1.072 l.06o 0.012 0.144 x 1o-3 

o.s 1.179 1.140 0.039 0.152 x 1o-2 

0.7 1.327 1.295 0.032 0.102 X 10- 2 

0.9 1.513 l. 750 -0.237 o.s62 x ro- 1 

E = 0.0589 

TABLE 50 ERROR TABLE FOR F = 1 + 0.62 e 1
•
79 
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E 

(1 + E: 2) 0.0546 

(1 + E: 3) 0,0042 

(1+2& 2
) 

0.0965 (1+ t 2 ) 

2~1+2t2 ) 
2+ e 2

) 
0.1423 

2{1+2~:: 2) 
7.4380 

(2 + &2) (1- &2) ~ 

TABLE 51 ERROR VALUES GIVEN BY PARTIClJLAR TRIAL SOLUTIONS FOR F 

n LOG K1 Kl K I I 

0.874 0.2125 1.631 3.637 

0.911 0.1650 1.462 3.26o 

0.950 0.0800 1.202 2.680 

0.975 0 1.000 2.230 

0.999 - - 1.000 

TABLE 52 VALUES OF K1 AND K11 DERIVED FROM FRICTION 
COEFFICIENT CHARACTERISTICS 
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~ 0.874 0.911 0.950 0.975 

0.02 2.444 - - -
0.03 - 2.302 - -
o.os - - 2.170:. -
0.10 2.491 - - -
O.ll - 2.368 - 2.141 
0.12 - - 2.222 -
0.15 - . - - 2.171 
0.20 2.639 2.483 - -
0.21 - - 2.351 -
0.23 - - - 2.299 
0.30 2.891 2.720 - -
0.31 - - 2.584 -
0.32 - - - 2.513 
0.40 3.257 3.064 - -
0.41 - - 2.918 -
0.42 - - - 2.845 
o.so 3. 760 3.537 - -
0.51 - - 3-377 3-249 
0.60 4·450 4.186 3-934 -
0.61 - - - 3.855 
o. 70 5-439 5.117 4.809 -
0.71 - - - 4-731 
0.80 7.031 6.614 6.216 -
0.81 - - - 6.167 
0.90 10.448 9.829 9.237 -
0.91 - - - 9.4ll 

TABLE 53 VALUES OF K2 FOR THE TORQUE HEASUREHENT TEST RIG 
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