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ABSTRACT

Accurate modeling is necessary to support precision experiments investigating strong-field QED phenomena. This modeling is particularly
challenging in the transition between the perturbative and nonperturbative regimes, where the normalized laser amplitude a0 is comparable
to unity and wavelength-scale interference is significant. Here, we describe how to simulate nonlinear Compton scattering, Breit–Wheeler
pair creation, and trident pair creation in this regime, using the Monte Carlo particle-tracking code Ptarmigan. This code simulates collisions
between high-intensity lasers and beams of electrons or c rays, primarily in the framework of the locally monochromatic approximation. We
benchmark our simulation results against full QED calculations for pulsed plane waves and show that they are accurate at the level of a few
per cent, across the full range of particle energies and laser intensities. This work extends our previous results to linearly polarized lasers and
arbitrary polarized c rays.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0159963

I. INTRODUCTION

Experiments are planned or under way to measure nonlinear
Compton and Breit–Wheeler pair-creation in the strong-field QED
regime,1–3 where the quantum parameter v is of order unity. For plane
waves, v is the product of the (classical) dimensionless laser amplitude,
a0, and the (quantum, linear) energy parameter g. One promising
experimental strategy is to collide a multi-terawatt laser pulse with a
beam of >10-GeV electrons, achieving a0 � Oð1Þ and g � Oð0:1Þ,
and thereby reaching the strong-field regime.4–8 In this case, quantum
interference has a significant effect, because the formation lengths of
all strong-field QED processes can be comparable to the laser wave-
length. The polarization of the c rays, i.e., high-energy photons, that
drive electron–positron pair creation also has an important role to
play.9–11 Indeed, earlier theory work suggests that c-ray polarization
has a larger effect on the total probability than fermion spin, as seen
when comparing the nonlinear trident process12,13 with double non-
linear Compton scattering.14,15 Taking into account both interference
and polarization effects is necessary for numerical simulations to

achieve an accuracy that matches the expected precision of experimen-
tal investigations of the transition regime (a0 � 1), e.g., LUXE.7,8

In this work, we present the Ptarmigan simulation framework,
which resolves wavelength-scale interference effects by means of the
locally monochromatic approximation (LMA)16–20 and how photon
emission and electron–positron pair creation depend on the polariza-
tion of the high-energy photons. As we have already demonstrated
that LMA-based simulations accurately model these processes in cir-
cularly polarized electromagnetic waves,21,22 we consider here the
interaction with linearly polarized electromagnetic waves. This is a
richer and more physically relevant problem because of the broken
symmetry of linear polarization. The electric and magnetic fields oscil-
late along fixed directions, instead of rotating around the propagation
axis, thereby defining a preferred direction in space. As a result, the
angular profile of the radiation emitted by electrons traveling through
an linearly polarized wave lacks rotational symmetry: It is dipolar
(along the B-field direction) for small a0, before becoming increasing
elliptical (along the E-field direction) at larger a0.

23,24 Furthermore, the
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emitted c-ray photons are strongly polarized parallel to the laser E-
field.25–29 Inducing secondary processes with this high-energy radia-
tion provides opportunities to test how strong-field QED processes
depend on c-ray polarization. Finally, from a practical perspective,
high-power laser systems are naturally linearly polarized to begin with.
Converting to circular polarization at fixed laser energy leads to a peak
electric field at focus that is reduced by a factor of

ffiffiffi
2
p

. It follows that
the classical and quantum nonlinearity parameters, a0 and v, are larger
for linear polarization, and hence, nonlinear and quantum effects are
also larger.

We begin by reviewing the probability rates for photon emission
(or nonlinear Compton scattering, e! ec) and electron–positron pair
creation (c! eþe�) in monochromatic, linearly polarized electro-
magnetic waves in Sec. II. We then discuss how the Ptarmigan simula-
tion framework combines Monte Carlo sampling of these probability
rates with tracking of cycle-averaged classical trajectories to generate
predictions for final-state particle spectra, as well as the alternative
models that are available, in Sec. III. Comparisons with full QED
results are presented in Sec. IV, which validate the accuracy of the
underlying approach. We also present some examples of the physics
that can be explored with Ptarmigan in Sec. V.

II. PROBABILITY RATES

The probability rates for QED processes in monochromatic elec-
tromagnetic waves are controlled by two Lorentz-invariant parame-
ters: the normalized root mean square (rms) amplitude of the wave,30

arms ¼ eErms=ðmxÞ, and a (quantum) energy parameter g ¼ k
�q=m2. Here, e is the elementary charge, m is the electron mass, Erms

is the rms electric field, k is the wavevector of the background, x ¼ jkj
is its frequency, and q is the cycle-averaged momentum (or quasimo-
mentum) of the incoming particle. We set �h and c to unity throughout
unless otherwise stated. In a plane EM wave, the quasimomentum of
an electron or positron with asymptotic momentum p is q ¼ p
þm2a2rmsk=ð2k� pÞ, where q2 ¼ m2ð1þ a2rmsÞ. The peak and rms
amplitudes are related by a0 ¼

ffiffiffi
2
p

arms for linear polarization and
a0 ¼ arms for circular polarization. The quasimomentum of a photon,
qc, coincides with the asymptotic momentum, k0, as photons are
uncharged and massless.

The differential rates depend on the properties of the particle in
the initial state through the two parameters arms and g. As is character-
istic of QED processes in plane EM waves with a well-defined carrier
frequency, they can be written as a sum over an integral harmonic
index n. The dependence on the momenta of the daughter particles is
parametrized in terms of s, the fraction of the parent lightfront
momentum transferred to one of the daughters, and the polar and azi-
muthal angles h and /. For photon emission, s ¼ k� k0=k� q, where
k0 is the momentum of the emitted photon and q is the quasimomen-
tum of the electron or positron. For pair creation, s ¼ k� q0=k� k0,
where q0 is the quasimomentum of the produced positron, and k0 is
the momentum of the decaying photon. The two angles are conve-
niently defined in the zero-momentum frame (ZMF) of the scattering
event. The polar angle h is determined by kinematics if s and n are
known; thus, it does not appear explicitly in the theoretical results we
will show. The azimuthal scattering angle / is the angle between e,
one of the two vectors defining the background field’s polarization,
and the projection of the emitted photon (or created positron)
momentum k0 (q) on the e-(e� k) plane.

In this work, we use rates that are fully resolved in the polariza-
tion of the high-energy photons, whether those photons are in the ini-
tial or final state. This ensures that we capture how the positron yield
in trident pair creation (e! ec! eeþe�) depends on the polariza-
tion of the intermediate photon.9 At the same time, the rates are aver-
aged over the spin of the initial-state electron (or positron) and
summed over the spin states of any final-state electrons or positrons.
We make this assumption despite the fact that, at high intensity
a0 � 1, the radiation power of electrons that are polarized parallel or
antiparallel to the magnetic field differs by 30% or that as they con-
tinue to radiate, electrons spin-polarize antiparallel to the local mag-
netic field, in an analogy of the Sokolov–Ternov effect.31 This is
because we consider the interaction with plane wave-like fields, where
the electric and magnetic fields change sign every half-cycle (linear
polarization) or rotate around the propagation axis (circular polariza-
tion). Thus, initially unpolarized electrons do not accumulate signifi-
cant polarization over the course of the interaction, particularly if the
laser pulse is more than a few cycles in duration.15 There are interac-
tion scenarios where this does occur, but generally some symmetry-
breaking mechanism is required, such as a laser field with two col-
ours32 or a small degree of elliptical polarization33 (the latter combined
with an angular cut). Here, it is sufficient to treat electrons and posi-
trons as always being unpolarized; we will return to this point in future
work.

The polarization of the emitted (or decaying) photon is defined
in terms of the three Stokes parameters S1, S2, and S3. The two basis
vectors used in deriving the theoretical results are34

e1 ¼ Ê þ k0x
x0 � k0z

n� n0ð Þ; e2 ¼ B̂ þ
k0y

x0 � k0z
n� n0ð Þ; (1)

where n and n0 are unit vectors along the laser wavevector (k) and
photon momentum (k0), respectively. The basis vectors e1 and e2 form
an orthonormal triad with n0 ¼ k0=x0. Here, x0 ¼ jk0j, and the coor-
dinate system is defined by unit vectors parallel to the laser electric
field (Ê), magnetic field (B̂), and wavevector. S1, S2, and S3 are the
degree of linear polarization with respect to the basis given in Eq. (1);
the degree of linear polarization with respect to the same basis, but
rotated by 45� around k0; and the degree of circular polarization.
We will refer to photons with S1 ¼ �1, which are polarized parallel to
the laser electric field, as “E-polarized,” and to photons with S1 ¼ þ1,
which are polarized parallel to the laser magnetic field, as
“B-polarized.”

In what follows, we give the double-differential emission rates
per unit proper time in azimuthal angle / and lightfront momentum
fraction s for the nonlinear Compton and Breit–Wheeler processes. If
integrated over a plane wave background, they are related to the prob-
ability P of the process via

P ¼
ð
dsW; (2)

W ¼
X1
n¼n?

ðsþn
s�n

ds
ð2p
0
d/

d2Wn

dsd/
; (3)

where n? is the threshold harmonic, the lightfront momentum fraction
limits s�n and sþn can depend on harmonic order, and s is the proper
time. Strictly, Eq. (2) is valid only when the integral is small compared
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to one; it may be interpreted as the limiting case of P ¼ 1
�exp ð�

Ð
dsWÞ, the probability for at least one event to occur. We

focus here on the case that the background field is a linearly polarized
electromagnetic wave; for completeness, the equivalent results for a
circularly polarized wave and a constant, crossed field are presented in
Appendixes A and B, respectively.

A. Photon emission

Emission of a single, high-energy photon is often called nonlinear
Compton scattering in the context of laser interactions. The double-
differential emission rate per unit proper time,Wc, at a particular har-
monic index n in the LMA is given by19 (see also Ref. 35)

d2Wc
n

dsd/
¼ � am

2p

�
A2
0ðn; x; yÞ þ a2rms 2þ s2

1� s

� �

� A0ðn; x; yÞA2ðn; x; yÞ � A2
1ðn; x; yÞ

� ��
; (4)

where the arguments of the A functions (defined in Sec. II C) are

x ¼ �2n cos/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2rmswnð1� wnÞ

1þ a2rms

s
; y ¼ a2rms

4ge

s
1� s

;

wn ¼
s

snð1� sÞ ; sn ¼
2nge

1þ a2rms
;

(5)

and 0 � s � sn=ð1þ snÞ. The energy parameter of the electron is
ge ¼ k� q=m2. The total rate Wc is obtained by integrating Eq. (4)
over s and / and summing the resulting partial rates Wc

n over all
n � 1.

The Stokes parameters of the emitted photon are given by27,36

S1 ¼
1
S0

2ðA2
1 � A0A2Þ � ð1þ 2r2n sin

2/Þ A
2
0

a2rms

" #
;

S2 ¼
1
S0

r2nA
2
0

a2rms
sin 2/þ 4rnA0A1ffiffiffi

2
p

arms
sin/

" #
;

S3 ¼ 0;

(6)

where

S0 ¼ 1� sþ 1
1� s

	 

ðA2

1 � A0A2Þ �
A2
0

a2rms
;

r2n ¼
2ngeð1� sÞ

s
� ð1þ a2rmsÞ:

(7)

These are defined with respect to the basis given in Eq. (1). In the limit
s! 0, where emission is dominated by the first harmonic n¼ 1,
S1 ¼ cos 4/ and S2 ¼ sin 4/. In general, the radiation is only partially
polarized.

1. Classical limit (nonlinear Thomson scattering)

In the limit that ge ! 0, x and y have universal shapes as func-
tions of v ¼ s=sn,

d2Wc;cl
n

dvd/
¼ � amsn

2p

�
A2
0ðn; x; yÞ

þ 2a2rms A0ðn; x; yÞA2ðn; x; yÞ � A2
1ðn; x; yÞ

� ��
: (8)

The arguments of the A functions are

x ¼ �2n cos/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2rmsvð1� vÞ

1þ a2rms

s
; y ¼ na2rmsv

2ð1þ a2rmsÞ
; (9)

and 0 � v � 1. The total rate is proportional to ge. The Stokes param-
eters are obtained by using r2n ¼ ð1þ a2rmsÞð1� vÞ=v and replacing
1� sþ 1=ð1� sÞ ! 2 in Eq. (6).

2. Low-intensity limit (linear Compton scattering)

The arguments of the Bessel functions x and y reach their largest
values when s ¼ sn=ð2þ snÞ and h¼ 0, where x ¼

ffiffiffi
2
p

narms=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2rms

p
and y ¼ na2rms=½4ð1þ a2rmsÞ	. In the linear regime,

arms ! 0, we may therefore expand Jnðx; yÞ around x ¼ y ¼ 0. As x
is linear in arms, and y quadratic, this expansion is done to order x2k

and yk.
For the first harmonic, we find (expanding to k¼ 1)

d2Wc
1

dsd/
¼ ama2rms

8p
1� sþ 1

1� s
þ 2s2

g2eð1� sÞ2
� 4s

geð1� sÞ

" #
cos2/

( )
;

(10)

where 0 � s � 2ge=ð1þ 2geÞ, and

Wc
1 ¼

ama2rms

4
1
2
þ 4

ge
� 1

2ð1þ 2geÞ2
þ 1� 2

ge
� 2

g2e

	 

ln ð1þ 2geÞ

" #
:

(11)

At the first Compton edge s ¼ 2ge=ð1þ 2geÞ, the Stokes parameters

take the limiting values S1 ¼ ð1þ 2g2e
1þ2ge
Þ�2 � 1 and S2 ¼ S3 ¼ 0. The

maximum attainable polarization of the radiation is limited by recoil
effects, which generate motion in the 1=c cone; for ge 
 1, corrections
to S1 ¼ 1 are proportional to �h and powers thereof.

B. Pair creation

Production of an electron–positron pair is often called the non-
linear Breit–Wheeler process in the context of laser interactions. The
double-differential pair-creation rate per unit “proper” time, W6, at a
particular harmonic index n is given by35,37

d2W6
n

dsd/
¼ am

2p

�
A2
0 þ a2rms

1
sð1� sÞ � 2
� �

A2
1 � A0A2


 �
�S1 ðA0 rn cos/�

ffiffiffi
2
p

armsA1Þ2 � ðA0 rn sin/Þ2
h i

�S2 2A0 rn sin/ A0 rn cos/�
ffiffiffi
2
p

armsA1


 �� ��
; (12)

where the arguments of the functions Ai � Aiðn; x; yÞ are

x ¼
ffiffiffi
2
p

armsrn cos/
gcsð1� sÞ ; y ¼ a2rms

4gcsð1� sÞ ;

r2n ¼ 2ngcsð1� sÞ � ð1þ a2rmsÞ;
(13)

and the range of s is bound by js� 1=2j �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4� 1=sn

p
. The photon

energy parameter is gc ¼ k� k0=m2. The Stokes parameters
appearing in this expression are defined with respect to the basis
given in Eq. (1). The total rate is obtained by integrating Eq. (12) over
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all s and / and then summing over all harmonic orders n � n?

¼ d2ð1þ a2rmsÞ=gce. It depends on the normalized amplitude arms,
energy parameter gc, and only the first Stokes parameter S1, i.e.,
W6 ¼W6ða; gc; S1Þ.

C. Double Bessel functions

The A functions are defined in terms of the “double Bessel
functions” Jnðx; yÞ,

A0ðn; x; yÞ ¼ Jnðx; yÞ;

A1ðn; x; yÞ ¼
Jn�1ðx; yÞ þ Jnþ1ðx; yÞ

2
;

A2ðn; x; yÞ ¼
Jn�2ðx; yÞ þ 2Jnðx; yÞ þ Jnþ2ðx; yÞ

4
:

(14)

The double Bessel functions extend the usual Bessel functions JnðxÞ in
the following way:

Jnðx; yÞ ¼
1
2p

ðp

�p
exp �inhþ ix sin h� iy sin 2h½ 	 dh

¼
X1
r¼�1

Jnþ2rðxÞJnðyÞ: (15)

The A functions satisfy the following equality, when evaluated at the
same n, x, y,

ðn� 2yÞA0 � xA1 þ 4yA2 ¼ 0: (16)

We have implemented the recurrence algorithm introduced
by L€otstedt and Jentschura38 to evaluate these functions with the
necessary speed and accuracy. The kinematics of Compton scat-
tering and pair creation mean that our implementation needs
to consider only the domain 0 � x < n

ffiffiffi
2
p

and 0 � y < n=2 at
fixed n.

III. SIMULATION FRAMEWORK

By default, the Ptarmigan simulation code models particle
and photon dynamics in QED by means of the LMA. This mode
will be discussed in detail here and will be the focus of the bench-
marking presented in Sec. IV. However, the code also includes
modes based on classical electrodynamics and the locally constant
field approximation (LCFA). Ptarmigan’s coverage of polarization
dependence in the two basic strong-field QED processes, as well as
the theoretical models by which they are implemented, is summa-
rized in Table I. The LMA is available in the parameter region
ge;c � 1 and a0 � 20, whereas the LCFA can be used for arbitrary
values of the same. In both cases, the laser may be linearly (LP) or
circularly polarized (CP).

A. Default mode

In the locally monochromatic approximation, the background
electromagnetic field is modeled as a wave with a cycle-averaged
amplitude arms and wavevector k that vary slowly in space and time.
Charged particles move through this field on classical trajectories
defined by the quasimomentum q and cycle-averaged position X, i.e.,
the slowly varying component of the world line. These satisfy the fol-
lowing equations of motion:39

dql

ds
¼ 1

2
m@la

2
rmsðXÞ;

dXl

ds
¼ ql

m
; (17)

wherem is the electron mass, and s is the proper time.40 The code sol-
ves Eq. (17) numerically by means of a leapfrog method, thereby track-
ing electrons and positrons as they travel through the laser pulse.
Given the particle position and momentum at a particular proper
time, XðsÞ and qðsÞ, the local energy parameter follows from ge ¼ k
�q=m2 and the intensity parameter from arms ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2=m2 � 1

p
. Each

particle has a weight, which determines the statistical importance of
that particular particle. When a simulation is used to model a real
experiment, and true particle counts are required as output, the weight
is used to indicate the number of physical particles represented by that
individual particle.

Ptarmigan simulates interactions with plane wave or focused
laser pulses by taking the normalized squared potential to be21

a2rmsðXÞ ¼
a0 gðuÞ½ 	2

1þ ðz=zRÞ2
exp � 2r2?

w2
0 þ ð#zÞ

2

" #
�

1=2; LP;

1; CP;

(
(18)

where Xl ¼ ðt; r?; zÞ, w0 is the beam waist (the radius at which the
intensity falls to 1=e2 of its central value), zR ¼ pw2

0=k is the Rayleigh
range, # ¼ w0=zR is the diffraction angle, and the pulse envelope gðuÞ
is a function of phase u ¼ xðt � zÞ.

1. Photon emission

At each time step of size Dt, the probability of photon emission
Pc ¼Wcðarms; geÞDt=ðq0=mÞ is evaluated and a photon generated if
r1 < Pc, where r1 is a pseudorandomly generated number in the unit
interval. The total rate of emission Wðarms; geÞ is precalculated and
tabulated as a function of arms and ge. We do this by numerically inte-
grating the double-differential rate, Eq. (4) (LP) or Eq. (A1) (CP), over
all s and / then summing the resulting partial rates all over harmonic
orders 1 � n � nmax. The cutoff nmax is automatically determined to
ensure convergence. On emission, the harmonic index n is sampled by
inverting r2 ¼ cdfðnÞ. Here, r2 is another pseudorandom number,
and cdfðnÞ ¼

Pn
i¼1 W

c
i =W

c is the cumulative density function, which
is also precalculated and tabulated as a function of arms, ge, and n.

TABLE I. Polarization dependence and available models of photon emission and electron–positron pair creation in Ptarmigan.

Polarization Available modes

Process e6 c Laser QED Classical Mod. Clas.

e6 ! e6c Averaged (initial), summed (final) Arbitrary LP/CP LMA/LCFA LMA/LCFA LCFA
c! eþe� Summed Arbitrary LP/CP LMA/LCFA n/a n/a
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Once the harmonic index has been determined, the lightfront momen-
tum transfer fraction s and azimuthal angle/ are obtained by rejection
sampling of the double-differential rate. In the ZMF, the photon
momentum and polar scattering angle are given by

jk0ZMFj ¼
mngeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2rms þ 2nge
p ;

cos hZMF ¼ 1� sð1þ a2rms þ 2ngeÞ
nge

:

(19)

These quantities, with /, allow us to construct the photon’s four-
momentum k0, which is then transformed back to the laboratory
frame. The four-velocity of the ZMF with respect to the laboratory
frame is U ¼ ðqþ nkÞ=jqþ nkj. The electron (positron) quasimo-
mentum after the scattering, q0, is fixed by momentum
conservation

qþ nk ¼ q0 þ k0: (20)

The weight of the photon is identical to the weight of the emitting
electron. We then assign the newly emitted photon a set of Stokes
parameters, using Eq. (6) (LP) or Eq. (A3) (CP). Note that we do
not perform an additional sampling step to project the photon
polarization onto a particular eigenstate (as is done in Li et al.,41

for example). In fact, no projection takes place unless the photon
reaches a synthetic detector, at which point we are free to choose
an arbitrary basis. Once the Stokes parameters are chosen, they are
transformed such that they are defined with respect to a global
basis, which is illustrated in Fig. 1. The code uses this global basis
to unify the tracking procedures under the LMA and LCFA, which
otherwise define different preferred bases. All output is defined
with respect to the global basis.

2. Pair creation

Photons, whether externally injected or emitted during the inter-
action, are tracked by the simulation as they travel through the electro-
magnetic field on ballistic trajectories. In the current version of
Ptarmigan, the only physical process that affects photon propagation
is decay to an electron–positron pair. As each photon represents many
real particles, this means that the (complex) polarization vector, as
defined by the Stokes parameters, becomes a dynamical quantity: It is
reduced in magnitude, and it rotates.

The change in the magnitude is handled by pseudorandomly
generating pair-creation events that reduce the photon weight. At each
time step of size Dt, the Stokes parameters of the photon are trans-
formed to the basis defined by Eq. (1) and the probability of pair crea-
tion W6ða; gc; SjÞDs is evaluated. An electron–positron pair is
generated if r1 <W6ða; gc; SjÞDs, where r1 is a pseudorandomly gen-
erated number in the unit interval, Ds ¼ Dt=ðx0=mÞ, and j¼ 1 (LP)
or 3 (CP). The pair creation rate is precalculated and tabulated as a
function of a and gc for Sj ¼ 61; the value for arbitrary Sj is fixed by
linear interpolation between the two extreme cases, because the rate is
a linear function of the Stokes parameters.

If pair creation occurs, the harmonic index n is obtained by
inverting r2 ¼ cdfðnÞ, where r2 is a pseudorandom number, and
cdfðnÞ ¼

Pn
i¼n? W

6
i =W

6 is the cumulative density function, precal-
culated and tabulated as a function of a, gc, and n for Sj ¼ 61. The
fraction of lightfront momentum transferred to the positron s and azi-
muthal angle / are obtained by rejection sampling of the double-
differential rate, Eq. (12) (LP) or Eq. (A9) (CP). The positron four-
momentum q0 is constructed in the ZMF using

q0ZMF ¼m ngc=2

 �1=2

; jq0ZMFj ¼m ngc=2�ð1þ a2rmsÞ
h i1=2

;

coshZMF ¼
ð1� 2sÞq0
jq0j ;

(21)

and then transformed back to the laboratory frame. The electron four-
momentum q follows from

k0 þ nk ¼ qþ q0: (22)

As pair creation is much rarer than photon emission,
Ptarmigan incorporates a form of event biasing, where we artifi-
cially increase the pair-creation rate W6 by a factor R", while
reducing the weight of the daughter particles by the same factor:
see Sec. III C in Blackburn and King.22 Thus, a photon with initial
weight wc, creating an electron and positron with weights wc=R",
becomes a photon with weight wcð1� 1=R"Þ. This accelerates the
convergence of the statistical properties of pair-creation events, at
the expense of generating many low-weight particles that must
subsequently be tracked.

The photon polarization must rotate because it is a mixed state
and the pair-creation rate is polarization-dependent. Consider,
for example, a photon with weight wc and arbitrary �1 � S1 � 1
(taking the background to be LP). The weight in each eigenstate S1
¼ 61 is w6 ¼ wcð16S1Þ=2. Decay to electron–positron pairs means
that these individual weights are reduced to w06 ¼ wcð16S1Þ½1
�W6ðarms; gc;61ÞDs	=2 after a time interval Ds. The decrease in the
total weight wc is therefore accompanied by a change in the Stokes

FIG. 1. In Ptarmigan, the polarization of a high-energy photon (in yellow) emitted
by an electron (with quasimomentum q, in blue) is defined with respect to the basis
illustrated here. The first basis vector lies in the plane defined by the laser polariza-
tion E and wavevector k (illustrated by the gray circle) and is perpendicular to the
photon momentum k0. The second basis vector is perpendicular to the first and to
k0 . The Stokes parameters are transformed to a local basis at each time step so
that the pair-creation probability can be evaluated. Under the locally monochromatic
approximation (LMA), this local basis is defined by Eq. (1); under the locally con-
stant field approximation (LCFA), it is defined by the instantaneous acceleration
(Appendix B).
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parameters, as S01 ¼ ðw0þ � w0�Þ=ðw0þ þ w0�Þ 6¼ S1. To account for
this, the photon Stokes parameters are modified after each time step to

S0i ¼ Si
1�W6ða; gc; 0ÞDs

1�W6ða; gc; SjÞDs
� dij

W6ða; gc; 1Þ �W6ða; gc;�1Þ
2

Ds;

(23)

where dij is the Kronecker delta, i 2 f1; 2; 3g, and j¼ 1 (LP) or 3
(CP). This correction becomes significant only when pair creation
itself becomes likely. Equivalent logic applies to electron polarization,
which changes due to the emission of radiation in a spin-dependent
way.42 The Stokes parameters of the surviving photon S0i are then
transformed back to the global basis (Fig. 1).

B. Classical electrodynamics

It is possible to use the same simulation framework to model the
interaction entirely classically. In this case, the electron (positron) does
not recoil at individual emission events, according to Eq. (20). Instead,
energy loss is accounted for by a radiation reaction force, here in the
Landau–Lifshitz prescription.43 Under the additional assumption that
radiative losses are weak, i.e., that q does not change significantly over
a single cycle, we can define the following equation of motion for the
quasimomentum q,44

dql

ds
¼ 1

2
m@la

2
rmsðXÞ �

2a
3
mðarmsgeÞ2ql: (24)

We solve Eq. (24) numerically to track charged particles as they travel
through the EM field, emitting radiation. This radiation is modeled by
pseudorandomly generating “photons,” even though these do not exist
classically: This works because the relevant physical observable in clas-
sical electrodynamics, the energy per unit frequency dE

dx0, can be used to

define a “number” spectrum via dN
dx0 ¼ ð�hx0Þ

�1 dE
dx0 (temporarily restor-

ing factors of �h). The emission algorithm is then adapted so that it
uses the nonlinear Thomson spectrum, Eq. (8), rather than the nonlin-
ear Compton spectrum, Eq. (4), as follows.

At each time step, a photon is generated if a pseudorandom num-
ber r1 < P, where P ¼Wc;clða; geÞDt=ðq0=mÞ. The total rate is precal-
culated by integrating Eq. (8) over all v and /, then summing over all n,
and is tabulated as a function of a. On emission, a harmonic index n is
obtained by inverting r2 ¼ cdfðnÞ, where the cumulative density func-
tion is itself tabulated as a function of a and n. We then sample v and /
from Eq. (8), which define the photon momentum and polar scattering
angle in the electron’s instantaneous rest frame (IRF),

jk0IRFj ¼
mngeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2rms

p ; cos hIRF ¼ 1� 2v: (25)

The four-momentum is then transformed back to the laboratory
frame, using that the IRF travels at four-velocity U ¼ q=jqj. Pair crea-
tion has no classical equivalent and is therefore automatically disabled.

C. LCFA-based dynamics

The locally constant field approximation (LCFA)45–48 is the basis of
the standard method by which strong-field QED processes are included
in numerical simulations.49,50 The essential difference to the LMA is that
photon emission and pair creation are assumed to occur instantaneously,

i.e., that their formation lengths are much smaller than the laser wave-
length. The rates are therefore functions of the locally defined quantum
parameter ve;c, which is defined in terms of the instantaneous (kinetic)
momentum pl; the particle world line (xl) is defined at all, arbitrarily
small, timescales. In an LCFA-based simulation, charged particle trajecto-
ries are determined by the following Lorentz force equation:

dpl

ds
¼ qFl�p�

m
;

dxl

ds
¼ pl

m
; (26)

where Fl� is the electromagnetic field tensor, and q ¼ 6e is the
charge. The electric field of a linearly polarized laser pulse is given by

E ¼ Reð~EÞgðuÞ þ Imð~EÞ dgdu, where ~E is the paraxial solution for the

complex electric field of a focused Gaussian beam,51 and gðuÞ is the
pulse envelope: We include terms up to fourth order in the diffraction
angle # ¼ w0=zR. A circularly polarized pulse is defined by adding
together two linearly polarized pulses that have a phase difference of
p=2 and orthogonal polarization vectors.

The trajectory is partitioned into timesteps of size Dt; photon
emission occurs in a given time step if a pseudorandom number
r <WcðveÞDt=ðp0=mÞ, whereWc is the LCFA photon emission rate.
The total rate is precalculated using Eq. (B5) and stored as a lookup
table in ve. When emission occurs, the photon momentum k0 is con-
structed by first sampling the energy from the single-differential rate
[Eq. (B4)] and then sampling the two angles from the triple-
differential spectrum [Eq. (B1)]. The photon is then assigned a set of
Stokes parameters using Eq. (B2). The electron momentum after the
scattering is fixed by conserving three-momentum, p0 ¼ p� k0, which
leads to a small, Oð1=c2Þ, error in energy conservation.52 Pair creation
is modeled in an analogous way, by tracking the photons along ballis-
tic trajectories and sampling the LCFA pair-creation rate [Eq. (B9)].
An additional subtlety is that the Stokes parameters entering the rates
are defined with respect to a basis that depends on the instantaneous
electric and magnetic fields (Appendix B); thus, the Stokes parameters
must be transformed at every time step to match.

We can define a classical LCFA framework in much the same
way that we defined a classical LMA, by accounting for continuous
radiative energy losses in the equations of motion themselves. Charged
particle trajectories are therefore obtained by numerically solving the
Landau–Lifshitz equation.53,54 Photons are pseudorandomly generated
along these trajectories by sampling the classical emission spectrum
[Eq. (B6)]. We have also implemented a phenomenologically moti-
vated modified classical model, which incorporates quantum correc-
tions to the emission spectrum, but does not include stochastic
recoil.52,55 In this case, the radiation-reaction force is reduced in mag-
nitude by the Gaunt factor,2 0 < GðveÞ < 1, and photons are sampled
from the QED emission spectrum [Eq. (B1)].

D. Applicability

The LMA is built on the assumption that the laser amplitude and
wavevector are slowly varying functions of space and time.
Investigations in this and previous work support LMA-based simula-
tions being accurate in practice if N, the number of cycles equivalent
to the pulse duration, and w0, the laser focal spot size, satisfy N � 4
and w0 � 2k (supplementary material in Refs. 21 and 22). Generally,
there is no condition on the size of arms or g. However, if classical RR
is modeled using the LMA, we have the additional requirement that
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the energy loss per cycle is relatively small (Sec. III B) and therefore
that a2rmsge � 30.

The LCFA requires that the formation lengths of all QED pro-
cesses be much smaller than the laser wavelength, or equivalently,
arms � 1 and a2rms=g� 1. Note that even if these are satisfied, photon
spectra are only accurate above the first Compton edge,
s > 2g=ð1þ a2rms þ 2gÞ. As a rule of thumb, for reasonable electron
energies (up to tens of GeV), the LCFA begins to be reliable above
a0 � 5. Provided that a0 is large enough, there are in principle no
restrictions on the pulse duration or focusing strength. Nevertheless,
the high-order paraxial approximation that Ptarmigan uses to generate
the laser fields in LCFAmode requires that w0 � 2k.

In the LCFA mode, Ptarmigan works in a similar way to the par-
ticle-in-cell (PIC) codes that include strong-field QED processes, with
the exception that the fields in Ptarmigan are prescribed, not self-
consistently evolved. PIC codes that have been extended to include
strong-field QED, as well as spin and polarization dependence, include
EPOCH (supplemental material in Ref. 56), OSIRIS,57 and YUNIC.58

These are mainly used to simulate laser–beam or laser–matter interac-
tions.2 Beam–beam interactions can be simulated using the dedicated
code CAIN,17 which also includes self-consistent field evolution and
strong-field QED processes under the LCFA. It further implements an
equivalent of the LMA for the modeling of laser–beam interactions;
however, if the laser is linearly polarized, its coverage is limited to non-
linear Compton scattering and to a0 < 3 (unlike Ptarmigan, which
has coverage up to a0 < 20 for both nonlinear Compton and nonlin-
ear Breit–Wheeler). Other codes that use an equivalent of the LMA to
simulate laser–beam interactions are NI16 and IPstrong.59

Under certain conditions, it is not necessary to make approxima-
tions like the LMA or LCFA. For example, if multiple emission effects
are negligible, one can integrate the nonlinear Compton cross section
over the collision phase space directly.60 This captures subharmonic
structure in the radiation spectrum, but not secondary events like fur-
ther photon emission or pair creation. In the classical regime, the radi-
ation spectrum can be obtained directly from the Li�enard–Wiechert
integrals: see, for example, RDTX61 and its predictions of classical RR
in laser–beam interactions.62

IV. BENCHMARKING

We begin by comparing the polarization-resolved spectra of pho-
tons emitted when a high-energy electron collides with an intense laser
pulse, which we model as a 1D pulsed plane wave. Its vector potential
eAlðuÞ ¼ ma0 sinu gðuÞ�l1 , where �

l
1 ¼ ð0; 1; 0; 0Þ and the temporal

envelope, gðuÞ ¼ cos2½u=ð2NÞ	, is nonzero for phases u that satisfy
juj < Np; the number of cycles corresponding to the total duration of
the pulse N¼ 16. [The full-width-at-half-maximum duration of the
intensity profile is T ðfsÞ ’ 0:97Nk ð0:8 lmÞ ’ 15:5.] We choose
three values of a0 2 f0:5; 2:5; 10g to illustrate the transition from the
perturbative to nonperturbative regimes. The energy parameter of the
electrons is fixed at ge ¼ 0:1, which corresponds to an energy of
8.4GeV for a head-on collision with a laser of wavelength of 0:8lm.
Furthermore, to make comparisons with theory calculations that are
first-order (single-vertex) in nature, we assume that this energy param-
eter does not change during the interaction with the pulse, i.e., we
neglect quantum radiation reaction effects.63 Our simulation and the-
ory results are shown in Fig. 2.

Harmonic structure, which is clearly visible for a0 ¼ 0:5, is
washed out as the laser intensity increases. The first Compton edge is
redshifted to smaller energies, and the spectrum becomes increasingly
synchrotron-like as the number of contributing harmonics increases.
The radiation is mainly polarized along the laser electric field, though
the exact polarization purity is also photon-energy dependent: At very
small s, E- and B-polarized photons are equally likely, whereas at the
Compton edges, E-polarization dominates. The angular profile of the
E-polarized radiation changes from a dipole, at small a0, to an ellipse
elongated along the laser electric field, at large a0. The same compres-
sion in the B-direction may be seen in the angular profile of the B-
polarized radiation, which changes from a quadrupole to a double
ellipse. The presence of an extinction line along ry¼ 0 may be under-
stood classically: For observers in this plane, which is also the plane of
the trajectory, there is no vertical component of the electron current.
Our results demonstrate that simulations accurately reproduce what is
expected from theory, both in terms of the absolute numbers and
shapes of the spectra. However, note that simulations have a finite cut-
off for the largest harmonic order, so the high-energy tail of the spec-
trum will be underestimated. Close examination of the first Compton
edge, particularly in Fig. 2(a), reveals that the theory prediction is
somewhat smoother than the simulation result. This softening occurs
because of interference at the scale of the pulse duration,64,65 which
the LMA neglects: The longer the pulse, the less significant this
becomes.

We now consider positron production by high-energy photons
colliding with an intense laser pulse. In this comparison, the laser tem-
poral envelope is Gaussian, gðuÞ ¼ exp ½�u2=ð4N2Þ	, and N¼ 16.
(The full-width-at-half-maximum duration of the intensity profile is
T ½fs	 ’ Nk ½0:8lm	 ’ 16:0.) We choose three values of a0 2 f0:5;
1:0; 2:5g to illustrate the transition from the perturbative to quasistatic
(tunnelling) regimes. The energy parameter of the photons is fixed at
gc ¼ 0:2, which corresponds to an energy of 16.8GeV for a laser
wavelength of 0:8lm. The pair-creation probability is much smaller
than one for all cases considered, so we use a rate biasing factor of
R" 2 f1015; 2� 108; 105g to be able to resolve the positron spectrum.
Our simulation and theory results are shown in Fig. 3.

As is the case in photon emission, the harmonic structure that is
visible in the multiphoton regime, a0 � 1, is washed out as a0 increases.
The theory prediction is generally smoother than the simulation results
because of pulse-envelope effects, which are more significant for a
threshold process like pair creation. The pulse contains a (small) range
of frequency components, and therefore, at fixed s, there is a range of
threshold harmonic orders, spread around the LMA-predicted thresh-
old order, n?. This may be seen in the double-differential spectra, where
the simulation results have clearly defined harmonics [observe the rings
in the left-hand side of Fig. 3(b)] and the theory results contain sub-
structure between these harmonics. Nevertheless, there is generally good
agreement between the theory and simulations: Notice that the pair
creation probability increases by five orders of magnitude between
a0 ¼ 0:5 and 1.0.

Finally, we provide a benchmark for Ptarmigan’s classical electro-
dynamics mode. We compare the simulation results against a direct
calculation of the s-weighted spectrum, given the classical electron tra-
jectory for two cases: (i) where radiation reaction is ignored, so the tra-
jectory satisfies the Lorentz force equation; and (ii) where radiation
reaction is accounted for, so the trajectory satisfies the Landau–Lifshitz
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equation. In the latter case, the electron’s energy parameter decreases
as it propagates through the laser pulse. Solving the Landau–Lifshitz
equation for a circularly polarized, pulsed plane wave with envelope
gðuÞ, we find66

gðuÞ ¼ ge

1þ 2
3
aa20geIðuÞ

; IðuÞ ¼
ðu

�1
g2ðwÞ þ dg

dw

	 
2
" #

dw;

(27)

where ge is the initial energy parameter. Using the LMA equations of
motion [Eq. (24)] for a plane wave would give the same result, except
that the derivative term in IðuÞ would be absent; this is because LMA
locally approximates variations in the envelope.19

Let us consider the case that a0 ¼ 2:5; ge ¼ 0:4, and
gðuÞ ¼ cos2½u=ð2NÞ	, where N¼ 32. (The full-width-at-half-maxi-
mum duration of the intensity profile is 31.0 fs.) We find that the final
energy parameter g0e ¼ ge= 1þ 1

2paa20geN

 �

’ 0:209, i.e., that the
electron loses almost half its energy. An energy loss of this magnitude

manifests itself in a significant redshift of the first nonlinear Thomson
edge, which is located at

sedge ¼ min
u

2g2ðuÞ
ge 1þ a20g2ðuÞ
� � : (28)

We obtain sedge ’ 0:0454 with radiation reaction and sedge ¼ 2ge=
ð1þ a20Þ ’ 0:110 without. Both are in good agreement with the
results of LMA-based simulations and direct calculations of
the Lienard–Wiechert integrals from classical electrodynamics:
Fig. 4(a). The photon spectrum, in the presence and absence of
classical radiation reaction, is reproduced very well by the
simulations.

There is, however, a discrepancy at very small s, shown in Fig.
4(b). The LMA predicts that dNc=ds tends to a constant in the infrared
limit,67 i.e., that lims!0 s ðdNc=dsÞ / s, whether radiation reaction is
present or absent. Naturally, the simulations obtain the same result.
However, it can be shown by regularizing the plane wave result68 that
in the exact plane wave result, dNc=ds diverges as s! 0, and69

FIG. 2. Photon spectra predicted by LMA-based simulations and by QED, for electrons with energy parameter ge ¼ 0:1 colliding with linearly polarized, pulsed plane waves
that have peak amplitude a0 ¼ 0:5 (top row), 2.5 (middle row), and 10.0 (bottom row): (first column) dNc=ds from simulations (solid lines) and QED (black, dashed lines); (sec-
ond and third columns) the polarization-resolved angular profiles of the emitted radiation; (fourth column) lineouts through the angular profiles at fixed r?, from simulations
(solid lines) and QED (black, dashed lines).
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lim
s!0

s
dNc

ds
¼ e2

4p2

2þ D
D

	 

ln ð1þ DÞ � 2

� �
;

D ¼ lim
u!1

ge
gðuÞ

� �2
� 1:

(29)

In the limit D! 0, the exact plane wave result for the IR limit
becomes s ðdNc=dsÞ ! ðe2=24p2ÞD2. We note that logarithmic form
of Eq. (29) is similar in structure to the low-x0 limit of the energy spec-
trum dE=dx0 derived by Di Piazza.70 The nonzero IR limit for the
energy spectrum originates from the fact the electron moves with
reduced velocity after the collision; as it is associated with timescales
much longer the laser period, the discrepancy is found at very small s,
where envelope effects are important and the LMA is not accurate.

Finally, we present a more extreme example, in which LMA-
based simulations are expected to fail. We set the electron energy
parameter to ge ¼ 100 and the laser amplitude and duration to
a0 ¼ 1:0 and N¼ 4. In this case a20ge ¼ 100, which means that the
electron loses a significant fraction of its energy in a single cycle, and
therefore, we cannot assume that its quasimomentum is slowly varying
(Sec. IIID). We see from Fig. 4(c) that, while the simulations are accu-
rate in the no-RR case, they reproduce only the gross structure and

redshifting of the spectrum when classical RR is included. Interference
effects not captured by the LMA mean that a distinct Compton edge,
expected to be located at s ’ 5 according to Eq. (28), does not emerge;
the broad spectral feature appearing at s ’ 50 is completely missed for
the same reasons.

V. EXAMPLES

Here, we present two examples of the physics that can be
explored with polarization-resolved simulations.

A. Trident pair creation

Electron–laser collisions can produce a large flux of photons with
energies comparable to that of the incident electron. The probability
that these photons create pairs, and therefore fail to escape the pulse,
depends not only on the photon’s momentum but also on its polariza-
tion. At large a0 and small vc, for example, B-polarized photons are
twice as likely to pair create as E-polarized photons. The fact that elec-
tron–laser collisions produce mainly E-polarized photons means that
the positron yield is overestimated by simulations that use spin-
averaged and summed probability rates.9 As Ptarmigan incorporates

FIG. 3. Positron spectra for high-energy
photons with energy parameter gc ¼ 0:2
colliding with linearly polarized, pulsed
plane waves that have peak amplitude a0,
wavelength 0:8lm, and Gaussian
temporal envelope. Left panels give the
single-differential spectra for photons that
are linearly polarized parallel (blue) or per-
pendicular (orange) to the laser electric
field, as predicted by LMA-based simula-
tions (solid lines) and by QED (dashed
lines). Right panels give the log-scaled
double-differential spectra for unpolarized
photons. The a0s have been chosen to
illustrate the transition from the perturba-
tive (multiphoton) regime in (a) and (b) to
the quasistatic (tunnelling) regime in (e)
and (f).
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polarization dependence in both photon emission and pair creation,
we consider how the yield of positrons changes when the polarization
of the intermediate photon is taken into account, as an example.

The rapid growth of the pair-creation probability with increasing
photon energy means that the dominant contribution to the trident
positron yield comes from the tail of the photon spectrum. Resolving
this tail with Monte Carlo simulations requires large statistics: The
results presented in Fig. 5 are the mean and standard deviation
obtained from an ensemble of Nc simulated collisions, where each col-
lision includes 107 primary electrons and Nc ¼ f200; 100; 20; 5; 5; 5g
for a0 ¼ f0:75; 1:0; 1:5; 2:0; 2:5; 3:0g, respectively. To resolve the pair
creation itself, we set the rate biasing factor to R" ¼ f1021; 1017;
1013; 1011; 1010; 108g, respectively. We set the electron energy parame-
ter to ge ¼ 0:197, which is equivalent to an energy of 16.5GeV for a
head-on collision, the laser pulse envelope to gðuÞ ¼ cos2½u=ð2NÞ	,
where N¼ 16, and vary a0 between 0.75 and 3.0. To compare our
results with a direct numerical calculation of the two-step trident
yield,13 we initially disable the recoil associated with photon emission,
i.e., quantum radiation reaction.

Simulations show that taking the polarization of the intermediate
photon into account reduces the yield by �16% across the full range
of a0 we have considered, which is consistent with the theoretical
result. The yields themselves are consistent with the theory results at

the 2% level (for a0 � 1) and 5% level (for a0 ¼ 0:75), albeit that sim-
ulations predict fewer positrons than expected. This is because the
nonlinear Compton rate is only summed up to a finite cutoff harmonic
nmax. When quantum radiation reaction is enabled, the positron yield
is further reduced. This is because radiative energy losses reduce the
electron energy parameter ge and therefore the energy parameters of
the photons that go on to produce electron–positron pairs. This cor-
rection becomes increasingly important as a0 rises.

B. Polarization-resolved angular profiles

Measuring the angular profile of the radiation emitted in an elec-
tron–laser collision has been proposed as means of inferring the laser
amplitude a0, because the profile effectively carries information about
the electron transverse momentum.23,71 Consider a high-energy elec-
tron colliding head-on with a circularly polarized laser pulse with
envelope gðuÞ. The transverse momentum as a function of phase is
p?ðuÞ ¼ ma0gðuÞ; assuming that the longitudinal momentum is suf-
ficiently large that the Lorentz factor c� a20, the angle between the
electron momentum and the collision axis is hðuÞ ’ a0gðuÞ=c. As the
radiation is strongly beamed along the instantaneous momentum, the
angular size of the profile�a0=c.

Let us consider the angular profile of the radiation emitted when
an electron with initial energy parameter ge ¼ 0:2 collides with a

FIG. 4. (a) and (b) Radiation spectra predicted by LMA-based simulations (solid lines) and classical theory (dashed lines), for electrons with energy parameter ge ¼ 0:4 collid-
ing with circularly polarized, pulsed plane waves that have peak amplitude a0 ¼ 2:5, wavelength 0:8 lm, and duration equivalent to N¼ 32. (c) As in (a) and (b), but for elec-
trons with ge ¼ 100 colliding with CP pulsed plane waves with a0 ¼ 1:0 and N¼ 4. Vertical, dot-dashed lines in (a) and (c) give the positions of the first nonlinear Thomson
edges predicted by Eq. (28). The horizontal, dot-dashed lines in (b) and (c) give Eq. (29), the IR limit expected from theory. There is no cutoff in classical electrodynamics so
the spectrum extends beyond s¼ 1.
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circularly polarized laser pulse of amplitude a0 ¼ 10 (the pulse enve-
lope gðuÞ ¼ cos2½u=ð2NÞ	 and N¼ 16), assuming that we also resolve
the polarization of emitted radiation. Figure 6 gives the angular distri-
butions expected if we select photons that are linearly polarized along
the horizontal or vertical axes. We see that a clear “batwing” structure
emerges, with extinction regions lined up along the polarization axis.
This relationship may be understood classically with the help of the
diagram in Fig. 6(c), which shows the electron trajectory in a mono-
chromatic, circularly polarized plane wave, as viewed along the

collision axis (or laser wavevector). The crucial point is that in the
transverse plane, the electron’s instantaneous momentum, p?, and
acceleration, �eE=m, are perpendicular to each other. In a constant,
crossed field, radiation is polarized along the direction of the instanta-
neous acceleration. Thus, a photon, emitted by an electron with
px ¼ ma0 and py¼ 0 (as shown in the diagram), travels horizontally
(i.e., in x) and is polarized vertically (i.e., in y). Selecting the horizon-
tally polarized component, for example, then leads to an extinction
region along the horizontal axis: see Fig. 6(a).

FIG. 5. (a) Positron yield per incident electron for electrons with energy Ee ¼ 16:5 GeV (ge ’ 0:197) colliding with linearly polarized laser pulses with peak amplitude a0 and
duration equivalent to N¼ 16 cycles: simulation results, accounting for photon-polarization effects, with (blue points) and without (green points) quantum radiation reaction. (b)
The change in the positron yield when taking into account: the polarization of the intermediate photon (green points) and additionally radiative energy losses (blue points). The
colored bands indicate the uncertainty in the simulation results at the single standard deviation level. Our results are crosschecked against theory data from Tang and King13

(black, dashed lines).

FIG. 6. Angular profile of the radiation
emitted when an energy with energy
parameter ge ¼ 0:2 collides with a circu-
larly polarized laser pulse of amplitude
a0 ¼ 10, as predicted by LMA- and
LCFA-based simulations: (a) horizontally
and (b) vertically polarized components.
The origin of the angular structure is illus-
trated in (c): The electron is accelerated
by the laser electric field (in green) on a
circular orbit (in blue), emitting radiation
(in orange) that is mostly polarized along
the instantaneous acceleration.
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The same structure emerges in both LMA- and LCFA-based sim-
ulations because a0 ¼ 10 and the photon formation length is small
compared to the laser wavelength. In our previous work,21 we
observed that the LMA effectively moves the fast oscillation of the tra-
jectory into the QED rates. The same phenomenon occurs here: The
structure in the polarization-resolved angular profile comes from the
azimuthal angle dependence in the Stokes parameters, Eq. (A3), rather
than the trajectory itself. We conclude that in the same way that the
polarization-summed angular profile contains information about the
transverse momentum, the polarization-resolved angular profile addi-
tionally contains information about the transverse acceleration.

VI. SUMMARY

We have presented a simulation framework based on the
locally monochromatic approximation (LMA), which enables us to
predict strong-field QED interactions in the perturbative (a0 
 1),
transition (0:5� a0 � 2), and nonperturbative regimes (a0 � 1).
The limitations of this approach are that (i) the background field
must be sufficiently “plane wave-like,” which sets bounds on the
duration of the laser pulse and (ii) the computational cost of evalu-
ating very high-order harmonics restricts our implementation of
the LMA to normalized amplitudes a0 � 20. Nevertheless, this
goes considerably further than any previous code and ensures
good overlap with the region in which the LCFA is accurate. In
contrast to our previous work,21,22 where we examined circularly
polarized lasers and unpolarized c rays, we have considered here
the physically richer problem of linearly polarized lasers. The bro-
ken symmetry of this case makes the numerical implementation
more challenging, because the loss of azimuthal symmetry means
that an additional integral must be performed to evaluate the prob-
ability rates. It also makes it necessary to account for c-ray polari-
zation effects, because the radiation emitted by an electron in a
linearly polarized background is preferentially polarized along the
direction of the laser electric field.

The open-source Ptarmigan code72 can now be used to simu-
late strong-field QED interactions: in linearly or circularly polar-
ized, plane wave or focused, laser pulses; using QED, classical or
modified-classical models of the particle dynamics; with either
LMA- or LCFA-based probability rates. Fine-grained control of
the physics under consideration can be achieved by enabling (or
disabling) radiation reaction, electron–positron pair creation, or
the polarization dependence thereof. Our benchmarking against
theoretical calculations of nonlinear Compton scattering, nonlin-
ear Breit–Wheeler pair creation, and trident pair creation shows
that the code achieves per cent level accuracy across the whole
transition regime (0:5� a0 � 2). This accuracy is also maintained
at higher a0, where the LMA automatically recovers the LCFA
where it should do so.19 The Ptarmigan simulation framework is
designed to be extensible, and additional physics can be included,
as motivated by experimental needs. Future work will include the
role of fermion spin and higher order processes, such as vacuum
polarization.
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APPENDIX A: CIRCULARLY POLARIZED PLANE WAVES

The laser polarization is defined by the Stokes parameter
Slaser3 ¼ 61. Slaser3 ¼ 1 denotes right-circular polarization, which
means that the electric field rotates anticlockwise around the direc-
tion of propagation, or equivalently that the laser photons have pos-
itive helicity (right handedness). Slaser3 ¼ �1 denotes left-circular
polarization or that the laser photons have negative helicity (left
handedness): This is the default setting for circularly polarized
lasers in Ptarmigan.

1. Photon emission

The single-differential emission rate per unit proper time, at a
particular harmonic index n, in the LMA is given by19

dWc
n

ds
¼ �am

(
J2nðzÞ þ

a2rms

2
1þ s2

2ð1� sÞ

" #

� 2J2nðzÞ � J2n�1ðzÞ � J2nþ1ðzÞ
� �)

; (A1)

where the argument of the Bessel functions z and auxiliary variables
are

z2 ¼ 4n2a2rms

1þ a2rms

s
snð1� sÞ 1� s

snð1� sÞ

� �
; sn ¼

2ng
1þ a2rms

; (A2)

and 0 < s < sn=ð1þ snÞ. The azimuthal angle / is uniformly dis-
tributed in ½0; 2pÞ.

The Stokes parameters of the emitted photon are given by27

S ¼
�cos 2/ �sin 2/ 0

sin 2/ �cos 2/ 0

0 0 1

0
B@

1
CA

S01
S02
S03

0
B@

1
CA; (A3)

where
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S01 ¼
2
S00

J2n�1ðzÞþ J2nþ1ðzÞ� 2J2nðzÞ
� �

þ 4 1�n2

z2
þ 1
2a2rms

 !
J2nðzÞ

( )
;

(A4)

S02 ¼ 0; (A5)

S03 ¼
Slaser3

S00
1� sþ 1

1� s

	 

1� 2s

snð1� sÞ

� �
J2n�1ðzÞ � J2nþ1ðzÞ
� �

;

(A6)

and

S00 ¼ 1� sþ 1
1� s

	 

J2n�1ðzÞ þ J2nþ1ðzÞ � 2J2nðzÞ
� �

� 4
a2rms

J2nðzÞ:

(A7)

The rotation matrix ensures that the Stokes parameters are defined
with respect to the basis given in Eq. (1). Note that this is the only
place that the azimuthal angle / appears explicitly.

a. Classical limit

In the limit that g
 1 (for arbitrary a), the partial rates take
the following form:

dWc;cl
n

dv
¼ amng

1þ a2rms
½a2rmsJ

2
n�1ðzÞ þ a2rmsJ

2
nþ1ðzÞ

� 2ð1þ a2rmsÞJ2nðzÞ	;

z2 ¼ 4a2rmsn
2vð1� vÞ

1þ a2rms
;

(A8)

where 0 � v ¼ s=sn � 1. The Stokes parameters are obtained by
replacing 1� sþ 1=ð1� sÞ ! 2 and 1� 2s=½snð1� sÞ	 ! 1� 2v.

2. Pair creation

The double-differential pair-creation rate per unit time, W6,
at a particular harmonic index n, is given by35,37

d2W6
n

dsd/
¼ am

2p

(
J2n þ

a2rms

4
s2 þ ð1� sÞ2

sð1� sÞ J2n�1 þ J2nþ1 � 2J2n

 �

�ðS1 cos 2/þ S2 sin 2/Þ
�

2n2a2rms

z2
� 1� a2rms

	 

J2n

� a2rms

2
J2n�1 þ J2nþ1

 ��

�Slaser3 S3

�
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4
s2 þ ð1� sÞ2

sð1� sÞ

� 1� 2
snsð1� sÞ

	 

J2n�1 � J2nþ1
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; (A9)

where

z2 ¼ 4n2a2rms

1þ a2rms

1
snsð1� sÞ 1� 1

snsð1� sÞ

� �
; sn ¼

2ng
1þ a2rms

;

(A10)

and

1
2

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4=sn

ph i
< s <

1
2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4=sn

ph i
: (A11)

The second term, which depends on S1 and S2, disappears on inte-
gration over the azimuthal angle /. Pair creation is likelier for pho-
tons with S3 ¼ Slaser3 , i.e., that have the same helicity as the
background, than for photons with S3 ¼ �Slaser3 . The total rate is
obtained by integrating Eq. (A9) over all s and / and then summing
over all harmonic orders n � n? ¼ d2ð1þ a2rmsÞ=ge. It depends on
the normalized amplitude arms, energy parameter gc, and only the
third Stokes parameter S3, i.e., W6 ¼W6ða; gc; S3Þ.

APPENDIX B: CONSTANT CROSSED FIELDS

Rates calculated for constant, crossed fields form the basis of
the locally constant, crossed fields approximation, which has
become the standard method by which strong-field QED processes
are included in numerical simulations.49,50

1. Photon emission

The double-differential emission rate per unit proper time is
given by74

d2Wc

dudf
¼ 2am

3
ffiffiffi
3
p

pve

u

ð1þuÞ3
f2=3 1þð1þuÞ2
� �

�ð1þuÞ
n o

K1=3
2uf
3ve

	 

;

(B1)

where u ¼ x0=ðcm� x0Þ and f ¼ ½2c2ð1� jvj cos hÞ	3=2. Here, h is
the polar angle in the laboratory frame, measured with respect to
the electron’s instantaneous velocity v, and c is the electron Lorentz
factor. The domain of Eq. (B1) is 0 � u <1 and 1 � f <1; the
azimuthal angle is uniformly distributed in ½0; 2pÞ. A useful approx-

imation for ultrarelativistic particles is f ’ ð1þ c2h2Þ3=2 as
h � Oð1=cÞ.

The polarization of the emitted photon is fixed with respect to
the orthonormal basis e1 ¼ a� ðn � aÞn and e2 ¼ a� n, where a is
the unit vector along the electron’s instantaneous acceleration
E þ n� B, and n is the unit vector along the photon’s 3-
momentum. Let b be the angle between n and the plane defined by
the electron’s instantaneous velocity and acceleration:
b ¼ n � ðv� aÞ � Oð1=cÞ. Then, the Stokes parameters of the emit-
ted photon are74

S1 ¼
1
S0

l2K2
2=3ð�Þ � b2K2

1=3ð�Þ
h i

;

S2 ¼ 0;

S3 ¼
2
S0

1þ u2

2ð1þ uÞ

" #
blK1=3ð�ÞK2=3ð�Þ;

(B2)

where

S0 ¼ l2K2
2=3ð�Þ þ b2K2

1=3ð�Þ þ
u2l2

2ð1þ uÞ K2
1=3ð�Þ þ K2

2=3ð�Þ
h i

;

(B3)

and l2 ¼ b2 þ 1=c2 � ¼ uc3l3=ð3veÞ. As S21 þ S22 þ S23 < 1, the
photon is only partially polarized. Integrating over all f, we obtain

dWc

du
¼ amffiffiffi

3
p

p

1

ð1þuÞ3
1þð1þuÞ2
� �

K2=3ðnÞ�ð1þuÞ
ð1

n
K1=3ðtÞdt

( )
;

(B4)
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where n ¼ 2u=ð3veÞ. Finally, we obtain the total rate by integrating
over all u,

Wc ¼
ffiffiffi
3
p

am
2p

veHðveÞ;

HðveÞ ¼
2
9ve

ð1
0

5u2 þ 7uþ 5

ð1þ uÞ3
K2=3

2u
3ve

	 

du:

(B5)

a. Classical limit

The classical limit of Eq. (B1) is given by

d2Wc;cl

dudf
¼ 2am

3
ffiffiffi
3
p

pve
u 2f2=3 � 1
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K1=3
2uf
3ve

	 

: (B6)

As there is no cutoff in photon frequency, u ¼ x0=ðcmÞ. The Stokes
parameters are obtained by setting u2=ð1þ uÞ ! 0 in Eqs. (B2)
and (B3); as a result, S21 þ S22 þ S23 ¼ 1. The classical total rate is
obtained by settingHðveÞ ¼ 5p=3 in Eq. (B5).

2. Pair creation

The pair creation probability rate is used to determine the
positron’s energy (as a fraction f of the photon energy x0), polar
angle h, and azimuthal angle / (as defined with respect to n, the
unit vector along the photon’s 3-momentum). The rate is a function
of the photon’s quantum parameter vc and its polarization. We
define the latter in terms of the three Stokes parameters S1;2;3 and
the orthonormal basis e1 ¼ a� ðn � aÞn; e2 ¼ a� n, where a is the
unit vector along the instantaneous acceleration E þ n� B. The
triple-differential rate per unit time (resolved in energy and polar
and azimuthal angle) is given by

d3W6

df dfd/
¼ am

2
ffiffiffi
3
p

p2

(
1þ f2=3

f 2 þ ð1� f Þ2

f ð1� f Þ

" #
K1=3ðdfÞ

þS1 cos 2/� f2=3ð1þ cos 2/Þ
h i

K1=3ðdfÞ

�S2 sin 2/ ðf2=3 � 1ÞK1=3ðdfÞ

þS3 sin/ f1=3ðf2=3 � 1Þ f
2 þ ð1� f Þ2

f ð1� f Þ

" #
K2=3ðdfÞ

)
;

(B7)

where f ¼ ½2c2ð1� jvj cos hÞ	3=2 � 1 is a transformed polar angle
that depends on the positron Lorentz factor c and velocity v and the
auxiliary variable

d ¼ 2
3vcf ð1� f Þ : (B8)

The S2- and S3-dependent terms vanish on integration over the azi-
muthal angle,74

d2W6

df df
¼ amffiffiffi

3
p

p
d 1þ f2=3

f
1� f

þ 1� f
f
� S1

	 
� �
K1=3ðdfÞ: (B9)

Photon-polarization dependence appears in the form of the Stokes
parameter S1, which gives the degree of linear polarization with

respect to e1 and e2. The sign indicates that pair creation is more
probable for photons polarized perpendicular to the acceleration,
S1 ¼ �1, than for photons polarized parallel to the acceleration,
S1 ¼ 1. As expected, the spectrum is symmetric around f¼ 1/2.
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