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We consider the Spð4Þ gauge theory coupled to Nf ¼ 2 fundamental and nf ¼ 3 antisymmetric flavors
of Dirac fermions in four dimensions. This theory serves as the microscopic origin for composite Higgs
models with SUð4Þ=Spð4Þ coset, supplemented by partial top compositeness. We study numerically its
lattice realization, and couple the fundamental plaquette action to Wilson-Dirac fermions in mixed
representations, by adopting a (rational) hybrid Monte Carlo method, to perform nontrivial tests of the
properties of the resulting lattice theory. We find evidence of a surface (with boundaries) of first-order bulk
phase transitions in the three-dimensional space of bare parameters (one coupling and two masses). Explicit
evaluation of the Dirac eigenvalues confirms the expected patterns of global symmetry breaking. After
investigating finite-volume effects in the weak-coupling phase of the theory, for the largest available lattice
we study the mass spectra of the lightest spin-0 and spin-1 flavored mesons composed of fermions in each
representation, and of the lightest half-integer spin composite particle made of fermions in different
representations—the chimera baryon. This work sets the stage for future systematical studies of the
nonperturbative dynamics in phenomenologically relevant regions of parameter space.

DOI: 10.1103/PhysRevD.106.014501

I. INTRODUCTION

The Standard Model (SM) of particle physics is an
astonishing achievement, as it provides an outstanding
wealth of correct predictions and (in selected cases) with
uncommonly high accuracy. Yet, it is unlikely to be the
complete and final description of fundamental physics,
given, for example, that it does not include gravity, that
many of its interactions are not asymptotically safe at short
distances [the Uð1ÞY coupling, all the Yukawa couplings,
and the scalar self-coupling have positive beta function],
that it does not provide a compelling explanation for dark
matter, for inflationary cosmology, and for the observed
baryon asymmetry of our universe. Hence, the theoretical
and experimental search for new physics extending beyond
the standard model (BSM) is as active a field today as ever.
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It is a remarkable fact, suggestive of promising
new search directions, that both the two latest additions
to the SM spectrum of particles have properties somewhat
unusual for—though not inconsistent with—the low-energy
effective field theory (EFT) paradigm, according to which
the SM would be accurate only up to a new physics scale
Λ, higher than the electroweak scale vW ≃ 246 GeV. The
mass of the top quark (mt ∼ 173 GeV) is orders of magni-
tude larger than that of other fermions, which in the SM
context implies that its Yukawa coupling is comparatively
large—so much so that its effects in radiative (quantum)
corrections might be invoked as a possible cause for the
vacuum instability that triggers electroweak symmetry
breaking (EWSB). Conversely, naive dimensional analysis
(NDA) arguments suggest the mass mh of the Higgs boson
should be sensitive to Λ, which indirect and direct searches
at the Large Hadron Collider (LHC) put in the multi-TeV
range. But, experimentally,mh ≃ 125 GeV [1,2], leading to
the little hierarchymh ≪ Λ. These two observations suggest
thatHiggs and top physicsmight be sensitive to newphysics,
and motivate many proposals for extensions of the standard
model, including the one we will focus on in the following.
This paper is inspired by the theoretical proposal in

Ref. [3], which postulates the existence of a new, strongly
coupled fundamental theory with Spð4Þ gauge group,
interprets the SM Higgs-doublet fields in terms of the
composite pseudo-Nambu-Goldstone bosons (PNGBs)
describing the spontaneous breaking of an approximate
SUð4Þ symmetry [acting on Nf ¼ 2 Dirac fermions trans-
forming on the fundamental representation of Spð4Þ] to its
Spð4Þ subgroup, and furthermore reinterprets the
SM top quark as a partially composite object, resulting
from the mixing with composite fermions, dubbed chi-
mera baryons [the constituents of which are an admixture
of fermions transforming in the fundamental and anti-
symmetric representation of Spð4Þ]. In the rest of this
introduction, we explain why this model is particularly
interesting, standing out in the BSM literature. The body
of the paper is devoted to reporting a set of lattice results
demonstrating that our collaboration has put in place
and tested successfully all the lattice field theory tools that
are necessary to perform a systematic, quantitative analy-
sis of the nonperturbative features of this strongly coupled
theory.
The common feature to composite Higgs models

(CHMs) is that scalar fields originate as PNGBs in the
underlying dynamics [4–6]. Symmetry arguments constrain
their potential, suppressing masses and couplings. Reviews
can be found in Refs. [7–9], and it may be helpful to the
reader to use the summary tables in Refs. [10–12]. A
selection of interesting studies focusing on model-building,
perturbative studies, and phenomenological applications
includes Refs. [13–50]. In these studies, EFT (and pertur-
bative) arguments and guidance from the experiment
are combined to constrain the strongly coupled dynamics,

but its detailed description is accessible only with
nonperturbative instruments. There is a rich literature on
the topic coming from gauge-gravity dualities, in the
context of bottom-up holographic models [51–53], with
a recent resurgence of interest [54–57], including a first
attempt at identifying a complete top-down model [58].
Alternative ways to approach the dynamics have also been
proposed in Ref. [59].
Lattice field theory is the most direct, first principle way

to approach nonperturbative dynamics. Detailed lattice
studies of theories leading to symmetry breaking described
by the SUð4Þ=Spð4Þ ∼ SOð6Þ=SOð5Þ coset have focused
on the simplest SUð2Þ gauge theories coupled to funda-
mental fermions [60–68], but these models cannot
realize top compositeness. Explorations of SUð4Þ gauge
theories with multiple representations [69–74] aim at
gathering nonperturbative information about Ferretti’s
SUð5Þ=SOð5Þ model [21], though the fermionic field
contents do not match. An alternative route to studying
models yielding both composite Higgs and partial top
compositeness has been proposed by Vecchi in Ref. [75]
(see also Refs. [76,77]), by exploiting the fact that in
SUð3Þ theories the antisymmetric representation is the
conjugate of the fundamental, so that one can use the
lattice information made available over the years by
the LatKMI [78,79] and LSD [80–84] collaborations to
test the viability of CHMs based on the SUðNfÞ ×
SUðNfÞ=SUðNfÞ cosets (as done explicitly in Ref. [85]).
Our collaboration announced in 2017 the intention to

carry out a systematic study of confining lattice gauge
theories in the Spð2NÞ sequence, coupled to various types
of fermion matter fields [86]. We have published results
for the Spð4Þ gauge theory coupled to Nf ¼ 2 dynamical
fermions transforming in the fundamental representation
of the group [87,88], and for quenched fermions in mixed
(fundamental and antisymmetric) representations [89].
We have calculated the spectra of glueballs and strings
in the Spð2NÞ Yang-Mills theories [90,91]—reaching far
beyond the pioneering lattice work for N ¼ 2; 3 in
Ref. [92]. Besides the ambitious applications in the
CHM context, an equally important physics motivation
relates to models of dark matter with strong-coupling
origin [93–95] (see also the more recent Refs. [96–103]).
On more general grounds, we aim at putting our numerical
understanding of these theories on a level comparable to
that achieved for the SUðNcÞ theories, in reference to the
approach to the large-Nc limit [104–113], but also for
the purposes of determining the boundaries of the con-
formal window [114–117], and of testing their EFT
description [118]. We will deliver further publications
on the topology of Spð2NÞ gauge theories, and their
quenched meson spectra, as well as on the (partially
quenched) dynamical theory with nf ¼ 3 dynamical
antisymmetric fermions—preliminary results have been
presented in Refs. [119,120].
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Our diversified lattice strategy combines exploratory as
well as precision studies, moving in different directions in
the space of Spð2NÞ theories. Aside from the aforemen-
tioned desire to explore other applications of these theories,
even when we restrict attention to the CHM context, there
are still two good reasons to adopt this gradual approach.
First, the CHM candidate proposed in Ref. [3] is rather
unusual, and there are no reference results in the literature for
comparable theories. It is hence important to build a whole
portfolio of related theories, against which we can bench-
mark our results. The pragmatic reason why this bench-
marking is needed is that lattice studies with fermions in
mixed representations are technically challenging and re-
source intensive. Most of the existing, publicly available
lattice codes developed for other purposes do not implement
multiple dynamical representations—we mentioned above
some very recent examples for the SUð4Þ theories. Even
after the code becomes available, and after testing the
correctness of the behavior of the algorithms used in the
calculations—as we shall demonstrate shortly—one still
must explore the phase space of the lattice theory. In our
case, this is controlled by three bare parameters (the gauge
coupling and the two fermion masses), besides the lattice
size, making the mapping of phase transitions quite non-
trivial. Finally, the number of elementary degrees of freedom
of the Spð4Þ theory with Nf ¼ 2 and nf ¼ 3 is large, and
hence, while the theory is still asymptotically free, one
expects slow running of the couplings, and possibly the
emergence of large anomalous dimensions, making it more
challenging to characterize the theory. We will provide
evidence of the fact that we can address all of these
challenges, and we can start production of ensembles giving
access to physically relevant regions of parameter space.
The paper is organized as follows. We start by presenting

essential information about the continuum theory in Sec. II.
This exercise makes the paper self-contained, and allows us
to connect to potential applications, prominently to CHMs.
We then describe the lattice theory in Sec. III, by providing
enough details about the algorithms we use to allow
reproducibility of our results. Section IV defines the main
observable quantities we use to probe our lattice theory. Out
numerical results for these observables are presented in
Sec. V. We conclude with the summary and outlook in
Sec. VI. We supplement the paper by Appendix A, detailing
some of the conventions we adopted throughout the paper,
Appendix B, which displays an additional technical test we
performed on 2-point functions involving chimera baryon
operators, and Appendix C, containing summary tables
characterizing the numerical data used for the analysis.

II. THE MODEL

The model we study has been proposed in Ref. [3]. We
adapt and improve the conventions in Ref. [89], to make
both the presentation in the paper self-contained and the
notation precise enough to make contact with the lattice.
We hence review the field content and symmetries of the
continuum theory defining its short-distance dynamics, and

review its low-energy EFT description. We supplement the
list of interpolating operators used for the study of mesons
(already published elsewhere) by presenting original
material detailing the operators used for chimera baryons.

A. Short distance dynamics

The Spð4Þ gauge theory has field content consisting of
Nf ¼ 2 Dirac fermions Qia transforming in the fundamen-
tal, (f), representation of the gauge group, and nf ¼ 3

Dirac fermions Ψk ab transforming in the 2-index antisym-
metric, (as), representation. Here and in the following,
a; b ¼ 1;…; 4 denote color indices, while i ¼ 1; 2 and k ¼
1; 2; 3 denote flavor indices. The Lagrangian density is

L¼−
1

2
TrVμνVμνþ1

2

X2
i¼1

ðiQi
aγ

μðDμQiÞa− iDμQi
aγ

μQiaÞ

−mf
X2
i¼1

Qi
aQiaþ1

2

X3
k¼1

ðiΨk
abγ

μðDμΨkÞab

− iDμΨk
abγ

μΨkabÞ−mas
X3
k¼1

Ψk
abΨkab; ð1Þ

where summations over color and Lorentz indices are
understood, while spinor indices are implicit. mf and
mas are the (degenerate) masses of Q and Ψ, respectively.
The covariant derivatives are defined by making use of the
transformation properties under the action of an element U
of the Spð4Þ gauge group—Q → UQ and Ψ → UΨUT—
so that

Vμν ≡ ∂μVν − ∂νVμ þ ig½Vμ; Vν�; ð2Þ
DμQi ¼ ∂μQi þ igVμQi; ð3Þ

DμΨk ¼ ∂μΨk þ igVμΨk þ igΨkVT
μ ; ð4Þ

where g is the gauge coupling.
Because of the pseudoreal nature of the representations

of Spð4Þ, it is convenient to split each Dirac fermion into
2-component spinors qma and ψnab, for the (f) and (as)
representation, respectively. The flavor indices m ¼
1;…; 4 and n ¼ 1;…; 6 denote the components of a
fundamental representation of the global symmetry groups
SUð4Þ acting on qma and SUð6Þ acting on ψn ab. Here and
in the following we ignore theUð1Þ factors in the symmetry
group. The field content is summarized in Table I. To make

TABLE I. Field content of the microscopic theory. Spð4Þ is the
gauge group, and SUð4Þ × SUð6Þ (ignoring Abelian factors) the
global one. The elementary fields Vμ are gauge bosons, and q and
ψ are 2-component spinors, described in the main text.

Fields Spð4Þ SUð4Þ SUð6Þ
Vμ 10 1 1
q 4 4 1
ψ 5 1 6
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the symmetries manifest, we borrow Eqs. (5) and (6) from
Ref. [89], and introduce the symplectic matrix Ω and the
symmetric matrix ω, that are defined by

Ω ¼ Ωmn ¼ Ωmn ≡

0
BBB@

0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0

1
CCCA;

ω ¼ ωmn ¼ ωmn ≡

0
BBBBBBBBB@

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

1
CCCCCCCCCA
: ð5Þ

The 2-component notation is related as follows to the
4-component notation:

Qia ¼
�

qi a

Ωabð−C̃qiþ2�Þb

�
;

Ψk ab ¼
�

ψk ab

ΩacΩbdð−C̃ψkþ3�Þcd

�
; ð6Þ

where C̃ ¼ −iτ2 is the charge-conjugation matrix, and τ2

the second Pauli matrix. The Lagrangian density can then
be rewritten as follows:

L¼−
1

2
TrVμνVμνþ1

2

X4
m¼1

ðiðqmÞ†aσ̄μðDμqmÞa− iðDμqmÞ†aσ̄μqmaÞ−1

2
mf

X4
m;n¼1

ΩmnðqmaTΩabC̃qnb− ðqmÞ†aΩabC̃ðqn�ÞbÞ

þ1

2

X6
m¼1

ðiðψmÞ†abσ̄μðDμψ
mÞab− iðDμψ

mÞ†abσ̄μψmabÞ−1

2
mas

X6
m;n¼1

ωmnðψmabTΩacΩbdC̃ψncd− ðψmÞ†abΩacΩbdC̃ðψn�ÞcdÞ;

ð7Þ

where the kinetic terms for the 2-component spinors are
written by making use of the 2 × 2 matrices σ̄μ ≡ ð12; τiÞ.
The structure of the Dirac mass terms, rewritten

in this 2-component formalism, shows that as long as
mf ≠ 0 ≠ mas, the non-Abelian global symmetry groups
SUð4Þ and SUð6Þ are explicitly broken to their Spð4Þ and
SOð6Þ maximal subgroups, respectively. Vacuum align-
ment arguments then imply that, as long as these are the
only symmetry-breaking terms in the Langrangian density,
if fermion bilinear condensates emerge they spontaneously
break the global symmetries according to the same break-
ing pattern [121].

B. Long distance dynamics

The dynamics of the underlying theory gives rise to 15 −
10 ¼ 5 PNGBs describing the SUð4Þ=Spð4Þ coset, and
35 − 15 ¼ 20 PNGBs spanning the SUð6Þ=SOð6Þ coset.
Following Ref. [89], we divide the 15 generators TA of the
global SUð4Þ, and 35 generators tB of SUð6Þ, in two sets by
denoting with A ¼ 1;…; 5 and with B ¼ 1;…; 20 the
broken ones, which obey the following relations:

ΩTA − TATΩ ¼ 0; ωtB − tBTω ¼ 0: ð8Þ

The unbroken generators have adjoint indices A ¼ 6;…; 15
and B ¼ 21;…; 35. They satisfy the relations:

ΩTA þ TATΩ ¼ 0; ωtB þ tBTω ¼ 0: ð9Þ
As long as the masses mf and mas are smaller than the

dynamically generated, chiral symmetry-breaking scale of
the theory, one expects long-distance dynamics to be well
captured by an EFT providing the description of the
PNGBs as weakly coupled scalar fields. To this purpose,
we introduce two nonlinear sigma-model fields. The
matrix-valued Σ6 transforms as ΩabqmaTC̃qnb in the
antisymmetric representation of the global SUð4Þ. Σ21

has the quantum numbers of −ΩabΩcdψ
macTC̃ψn bd, and

transforms in the symmetric representation of the SUð6Þ
global symmetry.
In the vacuum, the antisymmetric representation decom-

poses as 6 ¼ 1 ⊕ 5 of the unbroken Spð4Þ, and the
symmetric as 21 ¼ 1 ⊕ 20 of SOð6Þ; the nonlinear
sigma-model fields can be parametrized by the PNGB
fields π5 and π20 as

Σ6 ≡ e
2iπ5
f5 Ω ¼ Ωe

2iπT
5

f5 ; Σ21 ≡ e
2iπ20
f20 ω ¼ ωe

2iπT
20

f20 : ð10Þ
The decay constants are denoted by f5 and f20.

1 To write
the EFT Lagrangian density, we further replace the mass
terms with (nondynamical) spurion fields M6 ≡mfΩ and

1These conventions are chosen so that, when applied to the
QCD chiral Lagrangian, the decay constant is fπ ≃ 93 MeV.
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M21 ≡ −masω. At the leading order in both the derivative expansion and the expansion in small masses, the Lagrangian
density for the PNGBs of the SUð4Þ=Spð4Þ breaking takes the form

L6¼
f25
4
Trf∂μΣ6ð∂μΣ6Þ†g−

v36
4
TrfM6Σ6gþH:c:

¼Trf∂μπ5∂μπ5gþ
1

3f25
Trf½∂μπ5;π5�½∂μπ5;π5�gþ �� �þ ð11Þ

þ1

2
mfv36TrðΣ6Σ

†
6Þ−

mðfÞv36
f25

Trπ25þ
mfv36
3f45

Trπ45þ�� � ; ð12Þ

where v6 parametrizes the condensate. The matrix of the five PNGBs in the SUð4Þ=Spð4Þ coset can be written as
follows [89]:

π5ðxÞ ¼
1

2
ffiffiffi
2

p

0
BBBBB@

π3ðxÞ π1ðxÞ − iπ2ðxÞ 0 −iπ4ðxÞ þ π5ðxÞ
π1ðxÞ þ iπ2ðxÞ −π3ðxÞ iπ4ðxÞ − π5ðxÞ 0

0 −iπ4ðxÞ − π5ðxÞ π3ðxÞ π1ðxÞ þ iπ2ðxÞ
iπ4ðxÞ þ π5ðxÞ 0 π1ðxÞ − iπ2ðxÞ −π3ðxÞ

1
CCCCCA
: ð13Þ

The expansion for the SUð6Þ=SOð6Þ PNGBs is formally
identical—thanks to the opposite signs we chose in the
definition of the mass matrices, ultimately deriving from
the fact that Ω2 ¼ −14, while ω2 ¼ 16—and one just
replaces v6 → v21, and analogous replacements for
other quantities.2 For instance, the matrix π20 describing
the PNGBs can bewritten as π20ðxÞ¼

P
20
B¼1π

BðxÞtB, where
tB are the aforementioned broken generators of SUð6Þ.
As explained in detail in Ref. [89], one can extend the

EFT description to include the behavior of the lightest
vector and axial-vector states, besides the PNGBs, by
applying the principles of hidden local symmetry (HLS)
[122–126] (see also [118,127–129]). There are well-known
limitations to the applicability of this type of EFT treat-
ment, and while we intend to come back to this topic in
future publications, we will not explore it further in
this study.

1. Coupling to the Standard Model

This paper studies the Spð4Þ gauge dynamics coupled
only to (f) and (as) fermions. Nevertheless, to motivate it
in terms of composite Higgs and partial top compositeness,
we recall briefly how the model can be (weakly) coupled to
the SM gauge fields of the SUð3Þc × SUð2ÞL ×Uð1ÞY
gauge group—details can be found in Refs. [3,10,12,89].
The SUð4Þ=Spð4Þ coset is relevant to EWSB.

The SUð2ÞL×SUð2ÞR∼SOð4Þ symmetry of the SM Higgs
potential is a subgroup of the unbroken Spð4Þ. The
unbroken subgroup SOð4Þ ∼ SUð2ÞL × SUð2ÞR has the
following generators:

T1
L ¼ 1

2

0
BBB@

0 0 1 0

0 0 0 0

1 0 0 0

0 0 0 0

1
CCCA; T2

L ¼ 1

2

0
BBB@

0 0 −i 0

0 0 0 0

i 0 0 0

0 0 0 0

1
CCCA;

T3
L ¼ 1

2

0
BBB@

1 0 0 0

0 0 0 0

0 0 −1 0

0 0 0 0

1
CCCA; ð14Þ

T1
R ¼ 1

2

0
BBB@

0 0 0 0

0 0 0 1

0 0 0 0

0 1 0 0

1
CCCA; T2

R ¼ 1

2

0
BBB@

0 0 0 0

0 0 0 −i
0 0 0 0

0 i 0 0

1
CCCA;

T3
R ¼ 1

2

0
BBB@

0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 −1

1
CCCA: ð15Þ

In decomposing Spð4Þ → SOð4Þ, the PNGBs decompose
as 5 ¼ 1 ⊕ 4, where the 4 ∼ 2C is the Higgs doublet. More
explicitly, the real fields π1, π2, π4, and π5 combine into the
4 of SOð4Þ. The remaining π3 is a SM singlet. The
hypercharge assignments for the five PNGBs correspond
to the action of the T3

R diagonal generator of SUð2ÞR.
The SUð6Þ=Spð6Þ coset plays the important part of

introducing color SUð3Þc, as the diagonal combination of
the natural SUð3ÞL × SUð3ÞR subgroup of SUð6Þ. The
PNGBs decompose as 20 ∼ 8 ⊕ 6C under SUð3Þc. An
additional Uð1ÞX subgroup of SOð6Þ commutes with
SUð3ÞL × SUð3ÞR, so that the SM hypercharge Uð1ÞY is

2The trace of the identity matrix may introduce numerical
factors that differ in the two expansions. In the SUð4Þ=Spð4Þ case
TrΣ6Σ

†
6 ¼ 4, while in the SUð6Þ=SOð6Þ case TrΣ21Σ

†
21 ¼ 6.
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a linear combination of Uð1ÞX and the Uð1Þ group
generated by the aforementioned T3

R.
With these assignments of quantum numbers, composite

fermion operators emerge which combine two (f) fermions
Q [to make a SUð2ÞL doublet] and one (a s) fermion Ψ [a
triplet of SUð3Þc]. The resulting chimera baryon has the
same quantum numbers as a SM quark. These are massive
Dirac fermions. Elementary SM fermions, in particular the
top and bottom quarks, can couple to them. This can be
achieved in two ways: either by coupling an SM bilinear
operator to a meson of the strong coupling theory—
effectively reproducing in the low-energy EFT a Yukawa
coupling—or, alternatively, by coupling a (chiral) SM
fermion to a chimera baryon.
The gauging of the SM gauge group introduces a new

explicit source of breaking of the global symmetries
(besides the mass terms). An analysis of the one-loop
effective potential, along the lines of Ref. [130], yields
additional contributions to the masses of the PNGBs, which
are in general divergent, but controlled by the small,
perturbative couplings of the SM gauge fields circulating
in the loops. Furthermore, they introduce an instability in
the Higgs effective potential: the negative sign of fermion
loops ultimately triggers EWSB. Because of the weakness
of the couplings, these effects can be arranged to be small,
and yield a value for vW that is smaller than the decay
constant of the PNGBs as it would emerge in isolation,
from the strong dynamics sector only. In the literature, the
combination of these phenomena goes under the name of
vacuum misalignment.
If the strongly coupled regime of the underlying dynam-

ics is very different from that of a QCD-like theory—in
particular if the theory has enough fermions to be close to
the conformal window—the emergence of large anomalous
dimensions may enhance the effective couplings at low
energy, hence explaining why the top quark mass is large.
This is one motivation for composite Higgs models with
partial top compositeness, and this model provides the
simplest template. Similar ideas were put forward a long
time ago, in the context of walking technicolor (see for
instance Refs. [131,132]), top compositeness [133], and
warped extra dimensions [134,135]. It would go beyond
our scope to review the rich literature on the subject, and we
refer the interested reader to the discussion in Ref. [136], in
the context of dilaton-Higgs models, and to follow the
references therein.
Lattice studies provide nonperturbative information that

is essential for the program of phenomenological applica-
tions described in this subsection, with potentially trans-
formative reach. As we shall demonstrate in the body of the
paper, our research program has reached the stage at which
we can compute the spectrum of masses and decay
constants of the composite particles (mesons and chimera
baryons). In the future, we will further improve our
numerical studies in order to measure other quantities,

such as the size of the condensates, the scaling dimension
of the operators in the nonperturbative regime, the magni-
tude of nontrivial matrix elements that feed into the
effective potential for the PNGBs, and scattering ampli-
tudes of mesons.

C. Of mesons and chimera baryons

While it is easier to discuss the symmetries of the
system by writing the fermions in the 2-component
notation, we revert to 4-component spinors to prepare
for the lattice numerical studies. In switching to the
4-component spinor notation, it is useful to explicitly write
the charge-conjugated spinors as follows:

Qia
C ≡

�
qNfþi a

−ΩabðC̃qi �Þb

�
; ð16Þ

Ψi ab
C ≡

�
ψnfþi ab

−ΩacΩbdðC̃ψ i �Þcd

�
: ð17Þ

The meson operators sourcing the five PNGBs are the
following:

OPS;1 ¼ ðQ1 aγ5Q2 a þQ2 aγ5Q1 aÞ;
OPS;2 ¼ ið−Q1 aγ5Q2 a þQ2 aγ5Q1 aÞ;
OPS;3 ¼ ðQ1 aγ5Q1 a −Q2 aγ5Q2 aÞ;
OPS;4 ¼ −iðQ1 aQ2 a

C þQ2 a
C Q1 aÞ;

OPS;5 ¼ ið−iQ1 aQ2 a
C þ iQ2 a

C Q1 aÞ: ð18Þ

We expect the lightest states of the theory to appear
in 2-point correlation functions of these operators.
The theory possesses also an anomalous, axial Uð1ÞA,

which is both spontaneously and explicitly broken (by the
mass term, as well as the anomaly). Hence, there are Uð1ÞA
partners to the meson operators, sourcing the counterparts
of the a0 particles of QCD, that can be obtained by
replacing 14 → iγ5 inside the expressions in Eqs. (18),
to yield:

O0
PS;1 ¼ iðQ1 aQ2 a þQ2 aQ1 aÞ;

O0
PS;2 ¼ ðQ1 aQ2 a −Q2 aQ1 aÞ;

O0
PS;3 ¼ iðQ1 aQ1 a −Q2 aQ2 aÞ;

O0
PS;4 ¼ ðQ1 aγ5Q2 a

C þQ2 a
C γ5Q1 aÞ;

O0
PS;5 ¼ iðQ1 aγ5Q2a

C −Q2 a
C γ5Q1 aÞ: ð19Þ

Mesons made of Ψi ab are built in a similar way, and we do
not list them explicitly—details can be found in Ref. [89].
The chimera baryons we are interested in must have the

same quantum numbers as the SM quarks, which transform

ED BENNETT et al. PHYS. REV. D 106, 014501 (2022)

014501-6



as a (2,2) of SUð2ÞL × SUð2ÞR in the standard model.
But they also carry SUð3Þc color, and hence require
inserting Ψi ab, with i ¼ 1; 2; 3 being identified with the
QCD color index. A simple way to achieve this and
build a Spð4Þ singlet is to rewrite, in the first line of
Eqs. (18), Q2 a ¼ Q2 bδab and Q1 a ¼ Q1 bδab, and then
replace δab → PL;RΨk acΩcb, where

PL;R ≡ 1

2
ð14 � γ5Þ: ð20Þ

After performing the same substitution on all the mesons,
we obtain a list of chimera baryon operators OL;R

CB :

OL;R
CB;1 ¼ ðQ1 aγ5Q2 b þQ2 aγ5Q1 bÞΩbcPL;RΨk ca;

OL;R
CB;2 ¼ ið−Q1 aγ5Q2 b þQ2 aγ5Q1 bÞΩbcPL;RΨk ca;

OL;R
CB;3 ¼ ðQ1 aγ5Q1 b −Q2 aγ5Q2 bÞΩbcPL;RΨk ca;

OL;R
CB;4 ¼ −iðQ1 aQ2 b

C þQ2 a
C Q1 bÞΩbcPL;RΨk ca;

OL;R
CB;5 ¼ ið−iQ1 aQ2 b

C þ iQ2 a
C Q1 bÞΩbcPL;RΨk ca: ð21Þ

Analogously, theUð1ÞA partners of the chimera baryons are
the following:

O0L;R
CB;1 ¼ iðQ1 aQ2 b þQ2 aQ1 bÞΩbcPL;RΨk ca;

O0L;R
CB;2 ¼ ðQ1 aQ2 b −Q2 aQ1 bÞΩbcPL;RΨk ca;

O0L;R
CB;3 ¼ iðQ1 aQ1 b −Q2 aQ2 bÞΩbcPL;RΨk ca;

O0L;R
CB;4 ¼ ðQ1 aγ5Q2 b

C þQ2 a
C γ5Q1 bÞΩbcPL;RΨk ca;

O0L;R
CB;5 ¼ iðQ1 aγ5Q2 b

C −Q2 a
C γ5Q1 bÞΩbcPL;RΨk ca: ð22Þ

The O0L;R
CB operators are expected to source heavier par-

ticles, in respect to the OL;R
CB .

III. THE LATTICE THEORY

In this section, we describe in detail the lattice gauge
theory of interest, and the implementation of the numerical
algorithms we adopt. Our software is based upon the HiRep
code, originally developed in the BSM context and pre-
sented in Ref. [137]. In earlier studies of Spð2NÞ lattice
gauge theories [86,91], we both generalized the Cabibbo-
Marinari prescription [138], and implemented an efficient
resymplecticization projection. For the purpose of this
study, we further wrote original code to implement
dynamical calculations in the presence of matter in multiple
representations. It is worth reminding the reader that most
lattice code publicly available has been optimized for QCD
and QCD-like theories, and only a handful of codes
allowing to treat multiple representations exist (see for
instance [69,70,73], for SUð4Þ gauge theories). Hence, we
describe our algorithm in some detail, and we provide a

number of tests, both in this as well as in the subsequent
sections, to demonstrate that our implementation repro-
duces the expected results, in the appropriate limits.

A. Lattice action

We write the Euclidean action, discretized in four
dimensions, of non-Abelian Spð2NÞ gauge theories
coupled to fermionic matter as the sum of the gauge Sg
and fermion Sf actions,

S ¼ Sg þ Sf: ð23Þ

The generic lattice site is denoted by x, while μ̂; ν̂ are unit
displacements in the space-time directions μ, ν, so that the
first term of Eq. (23), the Wilson plaquette action, is

Sg≡β
X
x

X
μ<ν

�
1−

1

2N
ReTrUμðxÞUνðxþ μ̂Þ

×U†
μðxþ ν̂ÞU†

νðxÞ
�
; ð24Þ

where UμðxÞ ∈ Spð2NÞ is the group variable living on the
link ðx; μÞ, and β≡ 4N

g2
0

, with g0 the gauge coupling.

The second term of Eq. (23) is the massive Wilson-Dirac
action:

Sf ≡ a4
XNf

j¼1

X
x

Q̄jðxÞDðfÞ
m QjðxÞ

þ a4
Xnf
j¼1

X
x

Ψ̄jðxÞDðasÞ
m ΨjðxÞ; ð25Þ

where a is the lattice spacing, Qj and Ψj the fermions
(flavor indices are explicitly shown, while color and spinor

indices are understood), and the Dirac operators DðfÞ
m for

the fundamental and DðasÞ
m for the 2-index antisymmetric

representation will be defined shortly. Here and in the
following, we restrict the number of colors to Nc ¼ 4 (or
N ¼ 2), and the number of Dirac flavors to Nf ¼ 2 and
nf ¼ 3 for the fundamental and antisymmetric representa-
tions, respectively. Nevertheless, where possible we leave
explicit the dependence on arbitrary N ≥ 2, as our con-
struction can be applied to all Spð2NÞ gauge theories.
For the (f) fermions, the link variable appearing in the

Dirac operator coincides with UμðxÞ in Eq. (24):

UðfÞ
μ ðxÞ ¼ UμðxÞ ∈ Spð2NÞ: ð26Þ

In the case of the ðasÞ fermions, we construct link

variable UðasÞ
μ ðxÞ, and thus the Dirac operator DðasÞ

m , by
following the prescription in Ref. [137]. We first define an
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orthonormal basis eðabÞðasÞ [the multi-index ðabÞ runs over

ordered pairs with 1 ≤ a < b ≤ 2N] for the appropriate
vector space of 2N × 2N antisymmetric (and Ω-traceless)
matrices. There are Nð2N − 1Þ − 1 such matrices. For b ¼
N þ a and 2 ≤ a ≤ N, they have the following nonvanish-
ing entries:

ðeðabÞðasÞ Þc;Nþc≡−ðeðabÞðasÞ ÞNþc;c≡
8<
:

1ffiffiffiffiffiffiffiffiffiffiffiffi
2aða−1Þ

p ; for c<a;

−ða−1Þffiffiffiffiffiffiffiffiffiffiffiffi
2aða−1Þ

p ; for c¼a;
ð27Þ

and for b ≠ N þ a

ðeðabÞðasÞ Þcd ≡
1ffiffiffi
2

p ðδadδbc − δacδbdÞ: ð28Þ

The Ω-traceless condition can be rewritten explicitly as

ΩdcðeðabÞðasÞ Þcd ¼ 0. Specializing to the Spð4Þ case, the

matrix eð13ÞðasÞ vanishes by construction, and one can verify

that the remaining five nonvanishing matrices satisfy the

orthonormalization condition TreðabÞðasÞe
ðcdÞ
ðasÞ ¼ −δðabÞðcdÞ. The

ordering of pairs ðabÞ in our convention is (12), (23), (14),
(24), and (34). We show their explicit forms in Appendix A

3. The link variables UðasÞ
μ ðxÞ descend from the funda-

mental link variables UμðxÞ and take the form of

ðUðasÞ
μ ÞðabÞðcdÞðxÞ

≡Tr½ðeðabÞðasÞ Þ†UμðxÞeðcdÞðasÞU
T
μðxÞ�; with a<b;c<d: ð29Þ

With all of the above, the massive Wilson-Dirac oper-
ators are defined by

DðfÞ
m QjðxÞ≡ ð4=aþmf

0ÞQjðxÞ

−
1

2a

X
μ

fð1 − γμÞUðfÞ
μ ðxÞQjðxþ μ̂Þ

þ ð1þ γμÞUðfÞ;†
μ ðx − μ̂ÞQjðx − μ̂Þg

for the fundamental representation, and

DðasÞ
m ΨkðxÞ≡ ð4=aþmas

0 ÞΨkðxÞ

−
1

2a

X
μ

fð1 − γμÞUðasÞ
μ ðxÞΨkðxþ μ̂Þ

þ ð1þ γμÞUðasÞ;†
μ ðx − μ̂ÞΨkðx − μ̂Þg; ð30Þ

for the 2-index antisymmetric representation. mf
0 and mas

0

are the (degenerate) bare masses of Q and Ψ, respectively.

B. Numerical implementation

We have extended the HiRep code [137]3 to adapt it to
treat Spð2NÞ [rather than SUðNcÞ] gauge theories and
couple them to fermions in multiple representations of the
group. Ensembles with dynamical fermions can be pro-
duced by combining the hybrid Monte Carlo (HMC)
algorithm, and its extension with rational approximations
for the Dirac matrix with fractional powers—the rational
hybrid Monte Carlo (RHMC). The standard (R)HMC
algorithm consists of the following three main steps.

(i) Generation of new pseudofermion fields from a
heat-bath distribution.

(ii) Molecular dynamics (MD) evolution—dynamical
evolution of the gauge field configuration with a
fictitious Hamiltonian.

(iii) Metropolis test at the end of each MD trajectory to
correct for errors in the numerical integration of the
equations of motion.

Let us provide some more technical details about these
three steps.
As anticipated, the implementation of HMC/RHMC

algorithms for fermions in arbitrary representations of
SUðNcÞ gauge groups is extensively discussed in
Ref. [137], and its generalization to the fundamental
representation of Spð2NÞ in Ref. [89]. We pause here to
discuss in further depth the case of multiple representations,
given the limited extent of the literature on the subject
[69,70,73]. In the rest of this subsection, we follow closely
the discussion in Ref. [137], and refer the reader to this
publication for details, while we highlight the differences
required in our implementation.
The fermion action in Eq. (25) is quadratic in the fermion

fields. It can be explicitly integrated when we compute the
partition function of the theory, a process that results in the
fermion determinant detðDmÞ. If we suppress spin and color
indices, for convenience, and consider a generic number of
flavors n, we can replace this determinant by introducing
complex bosonic fields ϕ and ϕ†, called pseudofermions,
with the generic definition:

ðdetðDmÞÞn ≡ ðdetðQmÞÞn

¼
Z

DϕDϕ†e−a
4
P

x
ϕ†ðxÞðQ2

mÞ−n=2ϕðxÞ: ð31Þ

The Dirac operatorQm ≡ γ5Dm is Hermitian. The square of
Qm is positive definite. In the rest of this section, we set the
lattice spacing a ¼ 1, for notational convenience.
As explained in Ref. [137], one defines theMD evolution

in fictitious time τ to be governed by a Hamiltonian which
receives contributions Hg from gauge fields, and HR

f from

3The code is publicly available, and can be accessed at https://
github.com/claudiopica/HiRep for the main SUðNcÞ version, and
at https://github.com/sa2c/HiRep for the Spð2NÞ fork.
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each species of fermions in representation R of the group—
see Eqs. (15)–(18) in Ref. [137]. If we want to describe nR

degenerate (Dirac) fermions in a given representation R, we
need to be more precise in the definition of the pseudo-
fermions and how they enter the exponent in Eq. (31), and
the Hamiltonian HR

f . We introduce Npf pseudofermions ϕR
k

and ϕR†
k , and their Hamiltonian is determined by the Dirac

operator in the representation R:

HR
f ¼

XNpf

k¼1

X
x

ϕR;†
k ðxÞððQR

mÞ2Þ−lkϕR
k ðxÞ; ð32Þ

subject to the constraint
PNpf

k¼1 lk ¼ nR=2. If the number nR

of species of type R is even, then we can set lk ¼ 1 for all k
and Npf ¼ nR=2, because the inverse of ðQR

mÞ2 can be
computed, Qm being Hermitian.
In the case of odd nR, on the other hand, it is possible to

set Npf ¼ n, and lk ¼ 1=2, by applying the rational
approximation [139] to HR

f—see Sec. IIIB of Ref. [137],
also for the definition of the numerical coefficients appear-
ing in the RHMC approximation.
In the calculation we perform for this paper, we use an

admixture of the above. For the Nf ¼ 2 ¼ nðfÞ Dirac
fermions in the fundamental representation, we set
Npf ¼ 1, and adopt the HMC evolution. As for the nf ¼
3 ¼ nðasÞ Dirac fermions in the antisymmetric representa-
tion, we further split them into nðasÞ − 1 ¼ 2, which requires
Npf ¼ 1 pseudofermions in the HMC evolution, and a third
degenerate ðasÞ fermion, which we describe by one addi-
tional pseudofermion, for which the evolution is ruled by the
RHMCalgorithm—l1 ¼ 1=2 in its Hamiltonian in Eq. (32).4

We hence have four contributions to the MD evolution:
the gauge contribution is supplemented by those coming
from the HMC treatment of the (f) pseudofermion, from
the HMC treatment of one ðasÞ pseudofermion, and from
the RHMC application to the third, ðasÞ pseudofermion.
We illustrate the size of each, by showing in Fig. 1 their
contribution to the force as it enters the Hamiltonian
evolution—see the Hamilton equations governing the
MD evolution, in Eqs. (19) and (20) of Ref. [137]—
averaged over one of the ensembles. The acceptance rate is
in the range of 75%–85%. To accelerate the (computation-
ally demanding) inversion of the Dirac operatorQ2

m, we use
the second-order Omelyan integrator [140] in the MD
evolution and the even-odd preconditioning of the fermion
matrix [141], applied to the (R)HMC algorithm as dis-
cussed in Ref. [137].

C. Symmetry properties of the Dirac operator

The Wilson-Dirac formulation for mass-degenerate
Dirac fermions in Eq. (25) explicitly breaks the global
SUð4Þ × SUð6Þ symmetry to its Spð4Þ × SOð6Þ subgroup,
as in the continuum theory discussed in Sec. II. This is
accompanied by the formation of a nonzero fermion
condensate, which in the massless limit would result in
the spontaneous breaking of the symmetry. This is reflected
in the spectrum of the Dirac operator [142]: universal
features in this spectrum can be modeled by chiral random
matrix theory (chRMT) [143]—see Ref. [144] for a
comprehensive review. In this subsection, following the
discussion in Ref. [73], we summarize the chRMT ana-
lytical predictions. In subsequent sections we will present
our numerical results, obtained by computing explicitly the
spectrum of Dirac eigenvalues, and compare them to
chRMT predictions, hence providing a nontrivial test of
the accuracy of the numerical algorithms.
An antiunitary transformation is an antilinear map

between two complex Hilbert spaces H1 and H2

A∶H1 → H2; ð33Þ

with Aðaxþ byÞ ¼ a�AðxÞ þ b�AðyÞ such that

hAðxÞ;AðyÞi ¼ hx; yi�; ð34Þ

where h·; ·i denotes the inner products in the two spaces.
x, y are elements ofH1, while a, b are complex numbers. If
H1 ¼ H2 or, equivalently, the map is invertible, we call A

Gauge AS (HMC) AS (RHMC) F (HMC)
0

1

2

3

4

M
D
Fo
rc
e

FIG. 1. The relative contribution of gauge and fermion fields to
the molecular dynamics force, averaged over the ensemble with
β ¼ 6.5, amf

0 ¼ −0.7, and amas
0 ¼ −0.9, on lattice of size 84,

chosen for illustration purposes. The fermion force receives three
separate contributions, one for each of the pseudofermion fields:
one HMC pseudofermion for two fundamental flavors, denoted F
(HMC), and one each for the antisymmetric AS (HMC) and AS
(RHMC) pseudofermions making up the three antisymmetric
flavors. The forces are normalized to the one due to the
antisymmetric fermion with the RHMC implementation.

4We made this choice so that the rational approximation is
applied only to one of the pseudofermions. We checked numeri-
cally that, for the range of masses relevant to this paper, had we
treated all three ðasÞ fermions with the RHMC algorithm, with
lk ¼ 1=2 for k ¼ 1; 2; 3, we would have obtained consistent
results.
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an antiunitary operator. Any antiunitary operator can be
written as

A ¼ VK; ð35Þ

where V is a unitary operator and K is the complex-
conjugation operator.
Let us now consider the discretized Dirac operatorDR

m—
generalizing Eq. (30) to arbitrary representations R. If we
find an antiunitary operator AR that obeys the relation

½AR; γ5DR
m� ¼ 0; ð36Þ

then we can use this property to characterize the degen-
eracies in the spectrum of the Dirac operator. There are
actually three possibilities [144], precisely related to the
Dyson index as follows:

(i) ðARÞ2 ¼ 1, in which case the Dyson index is β̄ ¼ 1,
and there exists a basis in which the Dirac operator
is real,

(ii) there exists no such AR, in which case the Dyson
index is β̄ ¼ 2, and the Dirac operator is complex,

(iii) ðARÞ2 ¼ −1, in which case the Dyson index is
β̄ ¼ 4, and there exists a basis in which the Dirac
operator is real quaternionic (pseudoreal).

In the context of chRMT, this classification parallels that
of the ensembles, itself reflected in the chiral symmetry-
breaking pattern for the Nf Dirac fermions of the theory, as
follows.

(i) β̄ ¼ 1: the chRMT ensemble is called chiral Gaus-
sian orthogonal ensemble (chGOE), because of the
real matrix elements, and the breaking pattern
is SUð2NfÞ → Spð2NfÞ.

(ii) β̄ ¼ 2: the chRMTensemble is called chiralGaussian
unitary ensemble (chGUE), because of the complex
elements, and the breaking pattern is SUðNfÞ×
SUðNfÞ → SUðNfÞ.

(iii) β̄ ¼ 4: the chRMT ensemble is called chiral Gaus-
sian symplectic ensemble (chGSE), because of the
quaternionic elements, and the breaking pattern
is SUð2NfÞ → SOð2NfÞ.

Let us first consider the case of fermions in the funda-
mental representation of Spð4Þ. As implied by Eqs. (35) and
(36), and using the facts that Ω−1TA

ðfÞΩ ¼ −TAT
ðfÞ ¼ −TA�

ðfÞ,
that C commutes with γ5 and that C2 ¼ −1 ¼ −γ25, we
see that

AðfÞ ¼ ΩCγ5K ð37Þ

commutes with γ5D
ðfÞ
m , and that (AðfÞÞ2 ¼ 1 and thus

belongs to the class of β̄ ¼ 1. Indeed, the SUð4Þ global
symmetry acting on the (f) fermions breaks to its Spð4Þ
subgroup.

In the case of fermions in the antisymmetric representa-
tion of Spð4Þ, the construction of the antiunitary operator
requires first to generalize the generators to this represen-
tation. We first recall that the color indices of the link

variables ðUðasÞ
μ ÞðabÞðcdÞðxÞ in Eq. (29) are denoted by the

multi-indices (12), (23), (14), (24), and (34). Using this
ordering convention, we find the following 5 × 5 matrix:

W ¼

0
BBBBBB@

0 0 0 0 1

0 0 1 0 0

0 1 0 0 0

0 0 0 1 0

1 0 0 0 0

1
CCCCCCA
; ð38Þ

which is real, symmetric, and unitary, and satisfies

W−1TA
ðasÞW ¼ −TA�

ðasÞ; ð39Þ

where a basis of TðasÞ is shown explicitly in Appendix A 3.
In analogy with Eq. (37), we find the antiunitary operator

AðasÞ ¼ WCγ5K ð40Þ

to commute with γ5D
ðasÞ
m . The square of W is the identity

matrix, hence we conclude that ðAðasÞÞ2 ¼ −1, and β̄ ¼ 4.
The SUð6Þ symmetry acting on the ðasÞ fermions is broken
to its SOð6Þ subgroup.
A noticeable consequence of the fact that ðAðasÞÞ2 ¼ −1

is that the determinant ofDðasÞ
m is real and positive (see, e.g.,

[145]). Therefore, numerical simulations of Sp(4) gauge
theories involving an odd number of antisymmetric Dirac
flavors are not plagued by the sign problem. This enables us
to have controlled numerical results for our systems using
standard Monte Carlo methods.
One of the interesting predictions of chRMT is that the

distribution of the unfolded density of spacings s between
subsequent eigenvalues of γ5DR

m assumes the following
functional dependence (the Wigner surmise):

PðsÞ ¼ Nβ̄s
β̄e−cβ̄s

2

; with Nβ̄ ¼ 2
Γβ̄þ1ðβ̄

2
þ 1Þ

Γβ̄þ2ðβ̄þ1
2
Þ
;

cβ̄ ¼
Γ2ðβ̄

2
þ 1Þ

Γ2ðβ̄þ1
2
Þ
; ð41Þ

where Γ is the Euler gamma function. This prediction can
be tested numerically, as we shall see later in the paper (see
also Ref. [73]).
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IV. LATTICE OBSERVABLES

This section is devoted to defining and discussing the
lattice observables of interest in the numerical study. We
start from the spectrum of the Dirac operator, which as
explained in Sec. III C is closely related to the breaking of
the global symmetry. We then provide details about the
lattice implementation of meson and (chimera) baryon
operators, and refresh for the reader some standard
material about the extraction of masses and (renormal-
ized) decay constants from the appropriate 2-point
functions.
Before proceeding, we pause to make two comments of a

technical nature. In what follows, we express the masses
and decay constants of composite states in units of the
lattice spacing a. The reader might, with some reason, think
that it would be best practice to introduce a nonperturbative
scale-setting procedure that allows one to take the con-
tinuum a → 0 limit without ambiguities. And indeed, in
previous publications our collaboration elected to adopt to
this purpose the Wilson flow [146,147]. Yet, as in this work
we do not attempt the continuum limit extrapolation, but
rather only extract lattice measurements in a small number
of ensembles, this is not necessary. Furthermore, in this
theory the fermions have non-negligible dynamical
effects—see for example Fig. 1—and hence the Wilson
flow observables are expected to be quite sensitive to the
choice of fermion mass, making a future, dedicated study
necessary. We plan to do so when we will have enough
numerical ensembles to perform the continuum and chiral
limit extrapolations.
The second comment is even more dreary. Throughout

this work we use Z2 × Z2 single time slice stochastic
sources [149] in the studies of 2-point correlation functions
for mesons, while we use simple point sources for the
chimera baryon. However, it is a well-known fact among
lattice practitioners that extracting the masses of heavy
composite states, particularly in the case of fermionic
operators such as the chimera baryon, is complicated by
heavy state contamination and numerical noise [148]. And
it is a known fact that such shortfalls can be addressed by
combining (Wuppertal) smeared source and sink operators
[150], by (APE) smearing of the gauge links [151] and by
adopting variational methods in treating the eigenvalue
problems [152,153]. Again, applying these techniques to
our current ensembles would bring us unnecessarily
beyond the scopes of this paper. And yet, as anticipated
in Ref. [120], at the time of editing this manuscript we have
developed most of the necessary processes for our model,
and some of us have been extensively testing them on a
simpler theory: the partially quenched model in which only
the ðasÞ fermions are included in the MD evolution, while
the (f) fermions are treated as external probes. We will
report on this process elsewhere [154], and apply such
techniques to the multirepresentation theory of interest in
future precision studies.

A. Eigenvalues of the lattice Dirac operator

For the tests described in this subsection, we use
ensembles obtained in the quenched approximation. We
denote as λ each eigenvalue of the Hermitian Dirac operator
Qm, defined after Eq. (31). We compute such eigenvalues
via matrix diagonalization, using the Jacobi algorithm,
which is accurate enough to yield all the eigenvalues of the
Dirac matrix with dimension up to ∼5000.5 We then sum
the eigenvalues of Q2

m, and find

TrQ2
m ≡ Xλmax

λ¼λmin

λ2; ð42Þ

which we can compare to the analytical expression

TrQ2
m ¼ 4 × dR × NT × N3

S × ð4þ ðam0 þ 4Þ2Þ; ð43Þ

where the trace is over color and spinor indices, while
dR is the dimension of the representation R, and NT
and NS are the extents of the lattice in the temporal and
spactial directions, respectively. As a first test of the
numerical processes, we calculate the difference between
Eqs. (42) and (43), denoted as ΔTrQ2

m, in Table II. In the
table we report the result of our exercise, for several gauge
groups and matter representations. As can be seen
ΔTrQ2

m=TrQ2
m ∼Oð10−14Þ for all the cases we considered.

In order to make a comparison with the chRMT
prediction in Eq. (41), we need to implement an unfolding
procedure which consists of rescaling of the spacing
between adjacent eigenvalues by the local spectral density.
Because the functional form of the density is not known
a priori, in practice we replace it by the density over many
lattice configurations. To do so, following the prescription
of Ref. [73], we first compute the eigenvalues of Qm for a
set of Nconf different configurations. Each such calculation,

TABLE II. The numerical error in the calculation of TrQ2
m on a

lattice of dimensions 44, for the values of lattice parameters
indicated, and for five different combinations of quenched theory
and fermion representation.

Gauge
group Representation β am0

TrQ2
m from

Eq. (43) ΔTrQ2
m

SUð2Þ (f) 1.8 −1.0 26624 8.7 × 10−11

SUð4Þ (f) 10.0 −0.2 75530.24 5.8 × 10−10

SUð4Þ ðasÞ 10.0 −0.2 113295.36 1.5 × 10−9

Spð4Þ (f) 8.0 −0.2 75530.24 1.9 × 10−9

Spð4Þ ðasÞ 8.0 −0.2 94412.8 3.5 × 10−9

5If we restrict ourselves to the computation of the low-lying
eigenvalues, we can use several techniques for acceleration, such
as the subspace iteration with Chebyshev acceleration and
eigenvalue locking (e.g., see the appendix of Ref. [155]), as
implemented in the HiRep code.
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for c ¼ 1;…; Nconf, yields eigenvalues λ
ðcÞ
i , which we list

in increasing order, discarding degeneracies. We then
combine all the eigenvalues thus computed in one, increas-
ingly ordered long list. And for each c ¼ 1;…; Nconf we

produce a new list, in which instead of λðcÞi we include nðcÞi ,
defined as the positive integer position of the eigenvalue

λðcÞi in the long list. The density of spacing, s, is then

replaced by the sequence of sðcÞi given by

sðcÞi ≡ nðcÞiþ1 − nðcÞi

N
: ð44Þ

The constantN is defined in such a way that hsi ¼ 1, after

averaging sðcÞi over the whole ensemble. We then define the
unfolded density of spacings PðsÞ as the limiting case of
the normalized (and discretized) distribution function

obtained by binning our numerical results for sðcÞi . We will
return in Sec. V to the explicit comparison of the numerical
results with the analytical predictions of chRMT.

B. Of mesons on the lattice

We have already discussed how the interpolating oper-
ators sourcing mesons are defined in the (Minkowski)
continuum theory, in particular for pseudoscalars, in
Sec. II C. We come now to the (Euclidean) lattice formu-
lation. Gauge-invariant operators associated with mesonic
states are generically denoted by

OR
MðxÞ ¼ χ̄ðxÞΓMχ

0ðxÞ; ð45Þ

where χ; χ0 ¼ Q or χ; χ0 ¼ Ψ, for fermions in representa-
tion R ¼ ðfÞ or R ¼ ðasÞ, respectively. We suppress here
color, flavor, and spinor indexes, for notational simplicity,
but we will make them manifest when useful. Adopting
Euclidean signature, and specializing to rest-frame
(zero-momentum) observables, the Dirac structures of
interest are6

ΓM ¼ γ5; 1; γμ; γ5γμ; γ0γμ; γ5γ0γμ ð46Þ

which we label by PS, S, V, AV, T, and AT, corresponding
to the pseudoscalar, scalar, vector, axial-vector, tensor, and
axial-tensor mesons.7 We restrict our attention to flavored
meson states with χ ≠ χ0, so that contributions from
disconnected diagrams to 2-point functions are absent.

As explicitly shown in Eq. (18), mesons and diquarks
combine together to form irreducible representations of
Spð4Þ. For example, masses and decay constants of the five
PNGBs are degenerate (see also Ref. [88]).
The 2-point correlation function for mesons can be

written as follows:

hOR
MðxÞOR†

M0 ðyÞi ¼ hχðxÞΓMχ
0ðxÞχ0ðyÞΓM0χðyÞi

¼ −Tr½ΓMSR0ðx; yÞΓM0SRðy; xÞ�
¼ −Tr½γ5ΓMSR0ðx; yÞΓM0γ5SR†ðx; yÞ�;

ð47Þ

where Γ̄ ¼ γ0Γ†γ0. The fermion propagators are defined by

Si aQb αβðx; yÞ ¼ hQia
αðxÞQib

βðyÞi and

SkabΨ cd αβðx; yÞ ¼ hΨk ab
αðxÞΨk cd

βðyÞi; ð48Þ

where a, b, c, d are color indices, i, k are flavor indices,
and α, β are spinor indices. We also use the γ5-Hermiticity
property, SRðx; yÞ† ¼ γ5SRðy; xÞγ5 (see Appendix A 2), in
the last line of Eq. (47). With the notation x≡ ðt; x⃗Þ and
y≡ ðt0; y⃗Þ, the zero-momentum correlation function is

COR
MM0 ðt− t0Þ¼

X
x⃗ y⃗

hOR
MðxÞOR†

M0 ðyÞi ð49Þ

¼−
X
x⃗y⃗

Tr½γ5ΓMSR0ðx;yÞΓ̄M0γ5S†Rðx;yÞ�: ð50Þ

At large Euclidean time t, the correlation function in
Eq. (49) for M ¼ M0 has the following asymptotic form:

COR
MM

ðtÞ → jh0jOR
MjMij2 1

2mR
M
½e−mR

Mt þ e−m
R
MðT−tÞ�; ð51Þ

where T is the temporal extent of the lattice and mR
M is the

mass of the ground state meson jMi of type M, composed
of fermions in representation R. The overlap of the
interpolating operator OM with the jPSi, jVi, and jAVi
states can be parametrized by

h0jOR
AVjPSi¼

ffiffiffi
2

p
fRPSp

μ; h0jOR
VjVi¼

ffiffiffi
2

p
fRVmVϵ

μ; and

h0jOR
AVjAVi¼

ffiffiffi
2

p
fRAVmAVϵ

μ; ð52Þ

where fRM are the decay constants of the corresponding
three (ground-state) mesons.8 The polarization four-vector
ϵμ obeys the two defining relations pμϵ

μ ¼ 0 and ϵ�μϵμ ¼ 1.
To extract the pseudoscalar decay constant, besides

6As on the lattice one measures correlation functions for zero
momentum, it is convenient to use γ0γμ and γ5γ0γμ, instead of σμν

and γ5σμν, respectively.
7In the continuum limit, after chiral symmetry breaking,

correlation functions involving tensor operator T and vector
operator V mix. Also, we anticipate here that will face numerical
difficulties in extracting masses for the axial-tensor states—for
comparison, these states are called b1 in two-flavor QCD.

8The normalizations of the matrix elements are consistent with
those that for 2-flavor QCD yield the pion decay constant
fπ ≃ 93 MeV.
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COR
PSPS

ðtÞ, we need to extract the additional correlation
function with M ¼ AV and M0 ¼ PS:

COR
AVPS

ðtÞ→ 1ffiffiffi
2

p fRPSh0jOR
PSjPSi�½e−m

R
PSt−e−m

R
PSðT−tÞ�: ð53Þ

The decay constants receive multiplicative renormaliza-
tion. We computed the renormalization factors in lattice
perturbation theory for Wilson fermions at the one-loop
level, with tadpole improvement, following the prescrip-
tions dictated by Refs. [156,157]. The tadpole-improved
gauge coupling is defined as g̃2 ¼ g2=hPi, with hPi the
average plaquette. With the definitions

fRrenPS ≡ZAfRPS; fRrenV ≡ZVfRV; fRrenAV ≡ZAfRAV; ð54Þ

and

ZA;V ¼ 1þ CRðΔΣ1
þ ΔΓÞ

g̃2

16π2
; ð55Þ

one finds the numerical coefficients required by replacing
CðfÞ ¼ 5=4, CðasÞ ¼ 2, ΔΣ1

¼ −12.82, ΔV ¼ −7.75, and
ΔAV ¼ −3.0 [89].

C. Of chimera baryons on the lattice

As discussed in Sec. II, chimera baryons are composed
of two fermions in the fundamental (f) and one in the
antisymmetric ðasÞ representations of Spð4Þ. The operators
which interpolate the would-be top partners [and their
Uð1ÞA counterparts] in a phenomenologically realistic
model are displayed in Eqs. (21) and (22)—for the
purposes of this paper, we can ignore the chiral projection
with PL;R in Eqs. (21) and (22). The operators in Eq. (21)
are similar to the nonflavor singlet spin-1=2 Λ baryon
operators considered in lattice QCD calculations. In general
the interpolating operators of the chimera baryon are

Oα
CBðCCÞðxÞ¼DαβγδΩacΩbdQia

ðCÞβðxÞQjb
ðCÞγðxÞΨkcd

δ ðxÞ;
ð56Þ

where a, b, c, d are color indices, i, j, k are flavor indices,
and α, β, γ, δ are spinor indices.9 The tensor (in spinor
space) Dαβγδ can be written as a combination of gamma
matrices, which projects onto the desired spin state.
We restrict our attention to spin-0 combinations of the

two (f) fermions, introduce the notation ðΓ1;Γ2Þ≡ðCγ5;1Þ,

and restrict Dαβγδ in Eq. (56) to be made of combinations
of Γ1 and Γ2.10 For instance, the linear combination
1
2
ðiOCB;4 −OCB;5Þ can be written as follows:

Q2 a
C Q1 bΩbcΨk ca ¼ −ΩdaΩbcðQ2dTΓ1Q1 bÞΓ2Ψk ca; ð57Þ

where the Dirac adjoint of Q and its charge conjugate QC
are given by

Qa ¼ ðQaÞ†γ0 ¼ −QbT
C ΩbaðCγ5Þ; ð58Þ

Qa
C ¼ −ðQa

CÞ†γ0 ¼ −QbTΩbaðCγ5Þ: ð59Þ

In our numerical studies for the spin-1=2 chimera baryon,
we find it convenient to use the operator in Eq. (57),
rewritten as follows:

Ok γ
CBðxÞ ¼ ðΓ1ÞαβðΓ2ÞγδΩdaΩbcQ2 a

αðxÞQ1 b
βðxÞΨk cd

δðxÞ:
ð60Þ

Its Dirac conjugate operator is

Ok
CB

γðxÞ ¼ ðΓ1ÞαβðΓ2ÞδγΩdaΩbcΨk cd
δðxÞQ2 a

αðxÞQ1 b
βðxÞ:
ð61Þ

After Wick contractions, the propagator for the chimera
baryon with flavor k reads

hOk
CB

γðxÞOk
CB

γ0 ðyÞi
¼ ΩdaΩbcΩd0a0Ωb0c0 ðΓ1ÞαβðΓ1Þα0β0 ðΓ2ÞγδðΓ2Þδ0γ0

× SkcdΨc0d0δδ0 ðx; yÞS2 a
Qa0 αα0 ðx; yÞS1 bQb0 ββ0 ðx; yÞ; ð62Þ

with the fermion propagators in Eq. (48).
If we define, for convenience,

S̃kΨ≡Γ2SkΨΓ
2T; SU≡ΩS2QΩT and S̃D≡Γ1ðΩTS1QΩÞΓ1T;

ð63Þ

with k the flavor index, and color indexes understood (but
notice that SU and SD have lower first and upper second
color index, thanks to the action of Ωab on the left and Ωab

on the right), then the correlation function in Eq. (62),
evaluated at positive Euclidean time t − t0 > 0 and zero
momentum p⃗ ¼ 0, for γ ¼ γ0, takes the more compact form

9The subscript QC denotes the charge conjugate of the
4-component spinor Q: because of the pseudoreal nature of the
two (f) fermions, the global symmetry acting of them is enhanced
from SUð2ÞL × SUð2ÞR × Uð1ÞA ×Uð1ÞB to SUð4Þ ×Uð1ÞA,
and hence the irreducible representations of the global sym-
metry contain what one would naively associate with states with
different Uð1ÞB.

10Extending the basis to include other gamma structures goes
beyond our current purposes. Nevertheless, allowing for redun-
dancies in defining the variational basis might improve the
numerical signal in a precision study.
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Ck
CBðt− t0Þ
¼
X
x⃗ y⃗

TrsS̃
kcd
Ψ c0d0 ðx;yÞTrs½SUd

d0 ðx;yÞðS̃Dc
c0 ðx;yÞÞT�; ð64Þ

with Trs the trace over spinor indexes, and the transposition
only acts on the spinorial indexes. Because of the anti-
symmetric properties of the S̃Ψ indexes, we can rewrite the
color contractions by antisymmetrizing over the color
indices of the fundamental propagators SU and SD, by
defining a new object:

SDQA
Bðx;yÞ≡Trc½ðeAASÞ†SUðx;yÞðeBASÞðSDðx;yÞÞT�; ð65Þ

where Trc is a trace over color, while A;B ¼ 1;…; 5 denote
the ordered pairs of color indices ðabÞ, with the convention
introduced in Sec. III A—see Eqs. (27) and (28). Using
SDQ in Eq. (65), we arrive at

Ck
CBðt − t0Þ ¼

X
x⃗ y⃗

TrsSkAΨ Bðx; yÞTrsSDQA
Bðx; yÞ: ð66Þ

While we have considered the chimera baryon propagators
built out ofOCB;4ð5Þ in the above discussion, in Appendix B
we explicitly show that those built out of OCB;1ð2Þ are
identical to CCBðt − t0Þ in Eq. (66).
As in the case of mesons, at large Euclidean time the

(zero-momentum) 2-point correlation functions involving
chimera baryon are dominated by the contributions of the
lowest states in the given channel. Without loss of general-
ity, we localize the source at the origin y⃗ ¼ 0⃗. As t → ∞,
the asymptotic behavior of the correlator is a textbook
example [158]:

CCBðtÞ≡
X
x⃗

hOCBðxÞŌCBð0Þi

→ Pþ½cþCBe−m
þ
CBt þ c−CBe

−m−
CBðT−tÞ�

− P−½c−CBe−m
−
CBt þ cþCBe

−mþ
CBðT−tÞ�; ð67Þ

where the prefactor P� ≡ ð1� γ0Þ=2 arises from the sum
over spin at zero momentum, which is nothing but the
parity projector in the nonrelativistic limit. (Note that we
impose an antisymmetric boundary condition for fermions
in the temporal extent.) The coefficients c�CB denote the
overlap of the interpolating operator OCB with positive and
negative parity states. Indeed, in the infinite volume lattice
(T → ∞), the second terms in the brackets in Eq. (67)—the
backward propagators—vanish.
In order to extract the masses of both parity even and odd

chimera baryon states we isolate those states as yielded by
Eq. (67). In the nonrelativistic limit, the operator which
interpolates the chimera baryon with definite spin and
parity 1

2
� is defined by

O�
CBðxÞ≡ P�OCBðxÞ; ð68Þ

where the interpolating operatorOCB is defined in Eq. (60).
Accordingly, we define the 2-point correlation function for
O�

CB at zero momentum as

C�
CBðtÞ≡

X
x⃗

hO�
CBðxÞŌ�

CBð0Þi;

¼
X
x⃗

Trs½Γ2P�Γ2SA;BΨ ðx; 0Þ�TrsSA; BDQ ðx; 0Þ; ð69Þ

where SDQ is defined in Eq. (65). At large Euclidean time,
the asymptotic behavior of C�

CB can be written by

C�
CBðtÞ → c�CBe

−m�
CBt þ c∓CBe−m

∓
CBðT−tÞ: ð70Þ

The forward and backward propagators for the parity even
state decay with the masses of mþ

CB and m−
CB, and

conversely for the parity odd state.
Without parity projection, and at finite T but for t large

enough to see the asymptotic behaviors of CCBðtÞ, the
correlation function in Eq. (67) is eventually dominated by
the lightest state, and the forward and backward contribu-
tions have the same coefficients up to opposite sign. As will
be discussed in the next section, it turns out that the lightest
state is parity-even. After taking the trace over the spin,
hence, we find CCBðtÞ at large Euclidean time as

CCBðtÞ → cþCBðe−m
þ
CBt − e−m

þ
CBðT−tÞÞ: ð71Þ

V. NUMERICAL RESULTS

In this section we present our main numerical results for
the Spð4Þ theory of interest. We study the phase space of
the lattice theory, the spectrum of the Dirac operator
(quenched), the spectrum of mesons, and some important
features of the chimera baryon correlation functions. We
also assess the size of finite-volume effects. Our results are
available in machine-readable form in Ref. [159]. The
software workflow used to analyze the data and prepare the
plots and tables are made available in Ref. [160].

A. Phase structure of the lattice theory

In the limit of infinite volume, the lattice action in
Eq. (23) has three tunable parameters: the lattice coupling β
and the two bare masses amf

0 and amas
0 of the (f) and ðasÞ

(Wilson-Dirac) fermions, respectively. The continuum
theory is expected to be recovered at the quantum critical
point of the lattice theory, which is connected to the
(appropriately defined) limit of large β and small lattice
spacing. In practical numerical studies, we work with finite
lattice parameters, and therefore it is important to choose
the lattice parameters in a way that can be smoothly
connected and extrapolated to the desired continuum
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theory. To do so, in this subsection we explore the
parameter space of the lattice theory, identify the phase
boundary between its strong- and weak-coupling regimes,
and investigate the properties of the phase transitions.
Firstly, we recall that the bulk phase structures of Spð4Þ

with and without (Wilson) fermions, either in the funda-
mental or the antisymmetric representations, have already
been studied numerically on the lattice. In the Yang-Mills
case, the study of the standard plaquette action shows that
there is no bulk phase transition [92]. In the presence of
fermionic matter, first-order bulk phase transitions have
been found, for both choices of (f) and ðasÞ (Wilson-Dirac)
fermions [86,87]. Interestingly, by comparing the results
for the theory with Nf ¼ 2 fundamental fermions, against
the theory with nf ¼ 3 antisymmetric fermions, one finds
that the weak-coupling regime extends to different values
of β, reaching to smaller values in the case of ðasÞ fermions
—the critical values of β, demarcating strong and weak
coupling regimes, are βfcr ∼ 6.7 [86] and βascr ∼ 6.5 [87].
Starting from these observations, we sketch in Fig. 2 the

putative bulk phase diagram of the Spð4Þ gauge theory
coupled to mixed representation fermions. The black-
dotted surface represents a surface with boundary of
first-order bulk phase transitions. For illustrative purposes,
we also display three colored lines indicating the first-order
phase transitions for fixed choices of β ¼ 6.2 (red), 6.4
(blue), and 6.6 (green). The red line illustrates how, for
small values of β, we expect that a first-order phase
transition always occurs when we perform a mass scan
in the two-dimensional space of amf

0 and amas
0 . With

moderate β, exemplified by the blue line, the first-order
lines disappear in some central region of parameter space,
in which both species of fermions have small masses. We
expect the first-order surface to be asymmetric with respect
to the exchange of amas

0 and amf
0, as suggested by the

different critical values of β. If we further increase β, one of
the two lines disappears, and the line of first-order
transitions only exists for heavy ðasÞ fermions, regardless
of the treatment of the (f) fermions. Eventually, we expect
even this line to disappear at larger values of β.
To provide numerical support for the conjectured phase

diagram in Fig. 2, we start by performing mass scans for
several representative sections of the parameter space at
fixed β ¼ 6.4, chosen to cut across the phase boundary—
the blue line in the figure. Figure 3 depicts the regions of
parameter space of interest. Numerical results in the five
segments of parameter space denoted by A, B, C, D, and E
are shown in some detail in Fig. 4. We compute the average
plaquette values using ensembles generated on lattice of
size 84, with an initial configuration of either unit (cold) or
random (hot) link variables.
We find strong evidence of hysteresis in cases A, B, and

E, indicating the existence of a first-order phase transition,
in correspondence to the thick blue lines in Fig. 3. By
comparing the behavior in the segments A and B, the wider

mass range over which hysteresis exists in the former case
seems to indicate that the strength of the phase transition
grows as amf

0 increases, so that we expect that the first-
order lines persist all the way to the infinite mass case, for
which either the fundamental or antisymmetric fermions

FIG. 2. A schematic representation of the phase diagram in the
space of bare parameters of the Spð4Þ gauge theory coupled to
Nf ¼ 2 fundamental and nf ¼ 3 two-index antisymmetric Wil-
son-Dirac fermions. The three bare parameters are the lattice
gauge coupling, β, and the bare fermions masses, amf

0 and amas
0 ,

for the fundamental and antisymmetric representations, respec-
tively. The black-dotted surface denotes the location of first-order
bulk phase transitions. On this surface with boundary, we identify
three lines of phase transitions at fixed coupling β: red, blue, and
green denote choices of decreasing coupling. The red line is
continuous, while the blue and green lines are interrupted, as they
cross the boundary of the surface. A critical line of second-order
phase transitions is met at the end of first-order lines, followed by
intervals in the numerical values of the masses for which a
smooth crossover takes place.

FIG. 3. A schematic representation of the phase structure in the
Spð4Þ gauge theory with β ¼ 6.4, concomitantly coupled to
Nf ¼ 2 fundamental and nf ¼ 3 two-index antisymmetric fer-

mions, as a function of the two bare masses amf
0 and amas

0 . The
blue solid line is the same what appears in Fig. 2, and it consists
of first-order bulk phase transitions, while along the light blue a
smooth crossover takes place.
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are nondynamical (quenched). In the heavy mass limits,
this is consistent with recovering earlier results in the
literature [86,87].
In cases C and D, Fig. 4 no longer shows clear evidence

of strong hysteresis. Yet, in proximity of the points with
steepest slope, we find that the fluctuations between two
preferred plaquette values in the Monte Carlo trajectories

display long autocorrelation time. Illustrative examples for
the two cases are shown in Fig. 5. The combination of
weaker transition and longer correlation length are typical
behaviors expected in proximity to the end of first-order
lines, that reach critical points, before giving way to a
crossover region. We illustrate this behavior with the light
blue line in Fig. 3.

FIG. 4. Average value hPi of the plaquette, computed with ensembles that start even from cold (unit, blue squares) and hot (random,
red circles) configurations, for lattice with dimension 84. From top-left to bottom panel, the lattice parameters correspond to the
segments denoted by A, B, C, D, E in Fig. 3.
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To further substantiate these claims, we carry out a
finite-volume analysis of the plaquette susceptibilities at a
fixed value of β and of the mass of the fundamental
fermions amf

0 ¼ −0.6. These choices identify a region
lying between C and D in Fig. 3. The results of this
analysis are shown in Fig. 6: in the upper and lower panels
we plot the average value of the plaquette hPi and the
susceptibilities χplaq, respectively, measured in three
different volumes and for various choices of the mass
of the antisymmetric fermions. The value of the plaquette
interpolates between two values typical of the two phases
of the theory. But we find that the height of the peak of
χplaq is independent of the volume, which is a typical
signature of a smooth crossover.
We next would like to measure the critical coupling βmr

cr ,
at the boundary of the surface of first-order phase
transitions. We are particularly interested to determine
the values of β that are large enough that there is no phase
transition, for finite masses for the both types of fermions.
To exemplify the process, we start by fixing the funda-
mental fermion mass amf

0 ¼ −0.6. We consider a range of
values of β smaller than 6.4, adjust the value of amas

0 in
proximity of the phase transition, and calculate
δhPi ¼ jhPicold − hPihotj, the difference between the aver-
age plaquette value measured in ensembles with cold and
hot initial configurations. The results are shown in Fig. 7.
The strong- and weak-coupling regimes are separated by
the existence of a first-order phase transition for β smaller
than the critical coupling βmr

cr ≃ 6.3. Conversely, for larger
values there are regions of parameter space with δhPi ¼ 0,
signaling a crossover. The final result of this analysis is
that as long as our lattice calculations are performed with
values of β ≳ 6.3, for appropriate choices of fermion
masses the theory is in the weak-coupling phase, and

the results extrapolate smoothly to the continuum theory.
We notice that this numerical result is smaller than the
aforementioned cases where one of the fermion species is
infinitely heavy.
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FIG. 5. Illustrative examples of Monte Carlo trajectories of the plaquette P. The lattice parameters are ðβ; amf
0 ; am

as
0 Þ ¼

ð6.4;−0.8335;−0.9335Þ (left panel) and ð6.4; 0.0;−1.11Þ (right panel). These correspond to two sets of parameters belonging to
segments C and D, respectively, in Fig. 3. We use the lattice with size 84. The diagrams are obtained with ensembles generated from hot
(red) and cold (blue) start. Small but persistent hysteresis effects are clearly visible, with long self-correlation appearing.

FIG. 6. Average plaquette hPi (top panel) and its susceptibility
χplaq (bottom panel), for three choices of lattice volume, as
indicated in the legends. The lattice parameters β ¼ 6.4 and
amf

0 ¼ −0.6 are fixed, and display the dependence on amas
0 .
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The useful fixed point of our lattice theory, bringing it in
contact with the desired continuum theory, is reached in
proximity of amf

0 ¼ amas
0 ¼ β−1 ¼ 0. Our investigation of

the phase structure revealed the existence of a boundary to
the surface of first-order phase transitions, as shown in
Fig. 2. Along this boundary, we collected indications
compatible with the phase transition being of second order.
Although these are bulk properties of the lattice theory, it is
worth analyzing the physical features associated with such
second-order transitions, as these fixed points might be
used to define the continuum limit to alternative theories.
We want to understand whether such theories might be
interesting in themselves.
To this purpose, we carry out an exploratory study in

proximity of the second-order phase transitions. We fix the

lattice coupling slightly above its critical value, β ¼ 6.35,
such that the theory displays a crossover region. We hold
fixed also the mass of the fundamental fermions
amf

0 ¼ −0.6. We then perform a scan over values of
amas

0 to identify the crossover region. In Fig. 8, we show
the results of the average plaquette hPi, and its suscep-
tibility χplaq, adopting a lattice with size 24 × 123. The
critical mass is amas

0;cr ≃ −1.068.
With the same ensembles, we then measure the masses of

pseudoscalar, vector, and scalar mesons, as well as the
decay constant of the pseudoscalar meson, focusing on
bound states with constituents ðasÞ fermions. As shown in
Fig. 9, we find no nontrivial behaviors in these quantities.
In Fig. 10, we also present the masses in units of fasPS, and
the mass ratio between vector and pseudoscalar mesons.
Again, we do not find any interesting features associated
with the fixed points in the meson spectrum. Our findings
are compatible with interpreting the theories living at the
second-order fixed points along the critical boundary in
terms of a noninteracting scalar field theory. A dedicated,
systematic, high-precision study of the theory in proximity
of the critical values of the lattice parameters would be
needed to ascertain whether this is the case, but we do not
find any alluring evidence to the contrary, at the level of
precision of this study.

B. Spectrum of the Dirac operator

As discussed in Sec. III C, the SUð4Þ × SUð6Þ global
symmetry is expected to break to its Spð4Þ × SOð6Þ
subgroup. The symmetry-breaking pattern can be tested
through a comparison with the chRMT predictions, as was
done for example in Ref. [73] for a SUð4Þ theory with
mixed fermion representations. As a preliminary exercise,
which we do not report here, we checked that we could
produce the expected results for the SUð2Þ and SUð4Þ
theories with (quenched) fundamental fermions. We

FIG. 8. Average plaquette value hPi (left panel) and its susceptibility χplaq (right panel), as a function of the mass amas
0 , having fixed

the other lattice parameter to be β ¼ 6.35 and amf
0 ¼ −0.6. The lattice volume is 24 × 123.

FIG. 7. Illustrative example of the difference δhPi between the
average plaquette values obtained from ensembles generated with
cold (unit) and hot (random) initial configurations. The mass of
the fundamental fermions amf

0 ¼ −0.6 is held fixed, and for each
value of β we vary the bare mass of the antisymmetric fermions
amas

0 , until reaching the proximity of the transition—at which
δhPi is maximized. The lattice size is 84 for the three small β
values and 124 for the rest.
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discuss in the following the tests we carried out for the
Spð4Þ gauge theory of interest to this paper.
Following the procedure illustrated in Sec. IVA, we

compute the eigenvalues of the Hermitian Wilson-Dirac
operators, which are real regardless of the fermion repre-
sentation, for fermions in the fundamental and antisym-
metric representations. We then extract the distribution
PðsÞ of the unfolded density of spacings of the eigenvalues,
with the discretized definition of s in Eq. (44). For this
exercise, we use quenched ensembles with coupling β ¼
8.0 and lattice size 44. We fix the masses of the fermions to
be amf

0 ¼ amas
0 ¼ −0.2. We recall that, in the case of ðasÞ

fermions, the eigenvalues of the Hermitian Wilson-Dirac
operator are expected to have degeneracy 2. This property
follows from the fact that the fermionic determinant is
positive definite, as discussed in Sec. III C. As an illus-
tration, we show in Fig. 11 the sequence of the smallest

FIG. 9. Left: masses, in lattice units, of the pseudoscalar (red circles), vector (blue squares), and scalar (green triangles) flavored
mesons composed of fermions in the antisymmetric representation, as a function of amas

0 . Right: decay constant, in lattice units, of the
pseudoscalar meson composed of ðasÞ fermions, as a function of the bare mass amas

0 . The other lattice parameters are fixed by β ¼ 6.35
and amf

0 ¼ −0.6. The lattice volume is 24 × 123.

FIG. 10. Left: masses, in units of the pseudoscalar decay constant, of the pseudoscalar (red circles), vector (blue squares), and scalar
(green triangles) flavored mesons composed of fermions in the antisymmetric representation, as a function of amas

0 . Right: ratio of the
masses of the vector and pseudoscalar meson composed of ðasÞ fermions. The other lattice parameters are fixed by β ¼ 6.35 and
amf

0 ¼ −0.6. The lattice volume is 24 × 123.
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FIG. 11. Numerical results for the smallest (positive) eigen-
values of the Dirac operators for ðasÞ fermions, measured in the
quenched Spð4Þ ensemble with β ¼ 8.0 and the lattice size of 44.
The mass of the fermion in the antisymmetric representation is
amas

0 ¼ −0.2.
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positive eigenvalues of this operator for ðasÞ fermions for
our choice of lattice parameters, which provides support
for the expected double degeneracy. The presence of a
largish mass gap below the lowest eigenvalue in our
measurements is due to the comparatively large value of
the fermion mass.
In the upper and lower panels of Fig. 12, we

show histograms of the unfolded density of the
eigenvalue spacings for fermions in the fundamental
and antisymmetric representations, respectively. The
numerical results are compared to the chiral RMT pre-
dictions for chGOE, chGUE, and chGSE ensembles,
defined in Eq. (41) with β̄ ¼ 1; 2; 4—for convenience,
in the legend we label the predictions by the associated
symmetry-breaking pattern. As shown in the figures, we
find that the distributions are in good agreement with the
chRMT predictions.

While the agreement is very convincing for ðasÞ fer-
mions (bottom panel), one can detect a slight mismatch
between the chRMT prediction and the numerical results in
the case of (f) fermions (top panel). By inspecting the
details provided in Fig. 13, one sees that such a discrepancy
is associated with some abnormally large spacings for the
smallest and largest eigenvalues. We interpret this as an
artifact due to the finiteness of the size of the matrices. We
hence expect the distortion of the distribution to becomes
less pronounced as the size of Dirac matrix increases, i.e.,
by going towards larger N, larger lattices, and higher
representations R. For instance, the results of the same
calculations for the (f) fermions, but on a smaller lattice
volume of 34, is shown in Fig. 14. The deviations with the
chRMT predictions are larger, compared to the 44 lattice.
Notice in particular that the total numbers of eigenvalues
are 4096 and 5120 for the fundamental and antisymmetric
representations of Spð4Þ with the 44 lattice, respectively,
while for the (f) fermions with lattice volume of 34 such
number is 1296.
To further support this interpretation, we recalculate the

unfolded density for the same theories, but excluding small
and large eigenvalues. By doing so we aim at demonstrat-
ing that our action and algorithms yield a theory that
reproduces the expected symmetry-breaking patterns.
We find that, to do so, it suffices to exclude a few

hundred eigenvalues at the extrema of the spectrum. The
resulting density distributions for fermions in the funda-
mental representation measured on lattices of sizes 44 and
34 are shown in the upper and lower panels of Fig. 15,
respectively. As expected, in this case the difference
between the numerical results and chRMT predictions is
no longer visible to the naked eye. We remind the reader
that these are quite small lattices, compared to what one
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FIG. 12. Histogram (black solid lines) of the distribution of
unfolded density of spacing PðsÞ between subsequent Dirac
eigenvalues in the Spð4Þ lattice gauge theory in the quenched
approximation, with coupling β ¼ 8.0, fermion masses
amf

0 ¼ amas
0 ¼ −0.2, and lattice of size 44. The number of

configurations is 192, while the number of eigenvalues in each
configuration used for the (f) fermions (top panel) is 4096, while
for the ðasÞ fermions (bottom panel) it is 5120. The curves depict,
for different symmetry-breaking patterns, the predictions from
matrix theory, Eq. (41).
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FIG. 13. The unfolded density of spacing between subsequent
Dirac eigenvalues sn, as defined in Eq. (44), at the position of the
nth eigenvalue for the Spð4Þ gauge theory in the quenched
approximation, with β ¼ 8.0, for fermions in the fundamental
representation. with bare mass of amf

0 ¼ −0.2. For this illus-
trative plot, we randomly chose 20 out of the 192 configurations.
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normally considers for dynamical lattice calculations.
We can hence conclude that the HiRep code correctly
implements also Dirac fermions transforming in the fun-
damental and antisymmetric representations of the Spð4Þ
gauge group.

C. Finite volume effects

In this section, we show the results of our numerical
investigations of finite-volume effects in our measure-
ments. Following lattice QCD lore, we start by studying
the volume dependence of the mass of pseudoscalar
mesons, the lightest states in the spectrum of composite
objects. In the upper and lower panels of Fig. 16 we
show our results for the masses (in lattice units) of
pseudoscalar mesons with (f) and ðasÞ fermion
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FIG. 15. Histograms of the unfolded density of spacing between
subsequent Dirac eigenvalues for the Spð4Þ gauge theory in the
quenched approximation, with coupling β ¼ 8.0 and with (f)
fermions with mass amf

0 ¼ −0.2, on lattices of size 44 (top panel)
and34 (bottompanel). Thecalculated eigenvaluesl are the sameused
in Figs. 12 and 14 with the notable exception that a few hundred
spacings at the smallest and largest eigenvalues have been discarded.

FIG. 16. Masses (in lattice units) of pseudoscalar mesons
composed of constituent fermions transforming in the funda-
mental (top panel) and antisymmetric (bottom panel) representa-
tions, as a function of the combination mf;inf

PS L. We denote by
mf;inf

PS a the mass of the pseudoscalar extracted from the largest
available lattice, with lattice of volume 54 × 283. The lattice
parameters β ¼ 6.5, amf

0 ¼ −0.71, amas
0 ¼ −1.01 are held fixed,

and repeat the measurement of the mass of the pseudoscalar while
we vary the size of the lattice. The smaller inset plots display a
detail of the enclosing figures, with the range on the vertical axis
restricted to highlight the plateaux in the rightmost points.
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FIG. 14. Histogram of the distribution of unfolded density of the
spacing between subsequent Dirac eigenvalues for fermions trans-
forming in the fundamental representation ofSpð4Þ, in the quenched
approximation, with β ¼ 8.0, mass of the (f) fermion amf

0 ¼ −0.2,
and on a lattice with size 34. The number of configurations is 196,
while the number of eigenvalues in each configuration is 1296.
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constituents, respectively, for varying mf;inf
PS L. We

use seven different lattice sizes, six of them have
timelike extent Nt ¼ T=a ¼ 48 and spacelike extent
Ns ¼ L=a ¼ 8, 12, 16, 18, 20, 24; the largest lattice has
size 54 × 283. Details and numerical results are displayed
in Appendix C, and are also available in machine-readable
form in Ref. [159]. The mass measured from the largest
lattice has been identified with mf;inf

PS . We fix the lattice
coupling to β ¼ 6.5, so that the data points are well inside
the weak coupling regime. The bare masses are amf

0 ¼
−0.71 and amas

0 ¼ −1.01. The pseudoscalar composed of
(f) fermions are lighter than those composed of ðasÞ
fermions. As shown in the lower panel of Fig. 16,
we find that finite-volume corrections to the mass of the
pseudoscalar mesons composed of ðasÞ fermions can be
neglected, compared to statistical fluctuations, for
mf;inf

PS L≳ 7. In the case of fundamental fermion constitu-
ents, the convergence is rather slow, and the size of
finite-volume effects becomes less than one percent and
compatible with the statistical errors only when

mf;inf
PS L≳ 8.5. Achieving higher precision would require

one to restrict the analysis to even larger valuesmf;inf
PS L, yet,

given the precision goals of this paper, this is a sufficient
threshold to allow us to safely ignore finite-volume effects.
We repeat the same exercise for the following observ-

ables: the masses of the chimera baryons, the vector meson
masses, the decay constants of the pseudoscalar mesons,
and the average plaquette values for the fundamental gauge
links. We display the results in Fig. 17. For all of these
observables we find that finite-volume corrections can be
safely neglected, if we constrain the lattice size by impos-
ing the constraintmf;inf

PS L≳ 7. We could therefore conclude
that our conservative estimate of the minimum size of the
lattice, such that the finite-volume effects are well under
control, corresponds to mf;inf

PS L ≃ 8.5.
For pseudoscalar and vector meson masses, we observe

that the finite-volume corrections have opposite signs,
depending on the constituent fermions: the difference
amFV

M − aminf
M between finite- and infinite-volume mea-

surements is positive with (f) fermion constituents and
negative with ðasÞ fermion constituents. This behavior can

FIG. 17. Volume dependence of numerical observables: the mass of the Chimera baryon (top left), the vector meson masses (top right),
the decay constants of pseudoscalar mesons (bottom left), and the average value of plaquettes for the fundamental gauge links (top
right). In the cases of meson masses, red and blue colors denote the mesons composed of constituent fermions in the antisymmetric and
fundamental representations, respectively. We denote bymf;inf

PS a the mass of the pseudoscalar extracted from the largest available lattice,
with the lattice volume 54 × 283, as in Fig. 16. The lattice parameters are β ¼ 6.5, amf

0 ¼ −0.71, amas
0 ¼ −1.01.
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be explained in the context of chiral perturbation theory
(χPT), as the finite-volume corrections arise from pseudo-
scalar states wrapping around each spatial extent of the
lattice. In particular, the next-to-leading order (NLO)
expression of the pseudoscalar mass at finite volume is
given by

m2
PS¼M2

�
1þaM

AðMÞþAFVðMÞ
F2

þbMðμÞ
M2

F2
þOðM4Þ

�
;

ð72Þ

where M and F are the mass and decay constant of the
pseudoscalar meson in the massless limit, obtained by
replacing the one-loop integrals with finite sums. AðMÞ is
the one-loop contribution at infinite volume, known as the
chiral logarithm, AðMÞ ¼ − M2

16π2
logM2

μ2
with μ the renorm-

alization scale. The finite-volume contribution AFVðMÞ
arises from a finite sum on a cubic box of size L with
periodic boundary condition (see, e.g., the Appendix of
Ref. [161]). At the leading order, the difference between the
sums and the integrals is

AFVðMÞ !ML≫1 −
3

4π2

�
Mπ

2L3

�
1=2

exp½−ML�: ð73Þ

The coefficients AðMÞ and AFVðMÞ in Eq. (72) are
independent of the details of the theory, which are solely
encoded in their coefficient aM [162]:

aM ¼

8>>><
>>>:

− 1
2
− 1

Nf
; for SUð2NfÞ → Spð2NfÞ;

− 1
Nf

; for SUðNfÞ × SUðNfÞ → SUðNfÞ;
1
2
− 1

2Nf
; for SUð2NfÞ → SOð2NfÞ:

ð74Þ

The first and third classes are particularly relevant to our
study: the coefficients aM for two fundamental and three
antisymmetric Dirac flavors are −1 andþ1=3, respectively.
Together with the fact that AFVðMÞ is negative, on the basis
of these analytical expressions we expect the pseudoscalar
mass to receive positive (negative) finite-volume correc-
tions for constituents in the fundamental (antisymmetric)
representation, respectively. This is consistent with our

FIG. 18. Top panels: real (top left) and imaginary (top right) parts of the 2-point correlation function of chimera baryons. Bottom left
panel: logarithm of the absolute value of the real part of the same correlator. Bottom-right panel: the corresponding effective mass plot.
The errors denote for 1σ deviation estimated by using 200 bootstrap samples. The gauge configurations used for the computation are
generated by using the lattice parameters β ¼ 6.5, amas

0 ¼ −1.01 and amf
0 ¼ −0.71 on a lattice with size 48 × 243.
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numerical findings as displayed in Fig. 16, though, in the
light of the comparatively large mass of the fermions, one
should take a conservative view towards this interpretation.

D. Correlation functions of chimera baryon

We perform the first numerical calculation of the mass
spectrum of chimera baryons in the Spð4Þ gauge theory
with two (f) and three ðasÞDirac fermions in the sea. Since
this type of calculation has never been done before for
Spð2NÞ gauge theories, we carry out several nontrivial tests
using interpolating operators with and without parity
projection, as in Eqs. (60) and (68). We notice from the
outset the comparatively large values of the ratios
mf

PS=m
f
V ≃ 0.9 and mas

PS=m
as
V ≃ 0.93.

We first present the numerical results without projection
in Fig. 18. We focus on one of the gauge ensembles already
used for the study of finite-volume effects in Sec. V C. We
find that the real part of the correlation function shows a
clear signal of exponential decay, while the imaginary part
shows large statistical fluctuations, being of the order of the

machine numerical precision and consistent with zero at
every Euclidean time t. A symmetry is visible, in the top-
left and bottom-left panels, between forward and backward
propagation, that differs by having opposite sign at late
Euclidean times. This is consistent with our expectations
for the asymptotic behavior of the 2-point correlation
function in Eq. (71). As is customary, we also define the
effective mass as

meff ¼ arcosh

�
CCBðtþ 1Þ þ CCBðt − 1Þ

2CCBðtÞ
�
: ð75Þ

An example of the resulting effective mass plot is shown in
the bottom-right panel of Fig. 18. The plateau over several
time slices centered in the middle of the temporal extent,
whose average value is smaller than the effective mass at
earlier time, indicates that the exponential decay of the
correlator is dominated by the ground state, as expected.
We present in Fig. 19 the numerical results for chimera

baryon correlators defined with even and odd parity

FIG. 19. Top panels: real (top left) and imaginary (top right) parts of the 2-point correlation function of chimera baryon after positive-
parity projection. Bottom-left panel: logarithm of the absolute value of the real part of the same correlator. Bottom-right panel: the
corresponding effective mass plot. In the bottom panels, blue empty circles denote the results with positive-parity projection, while red
empty circles are obtained with odd-parity projection. The errors denote for 1σ deviation estimated by using 200 bootstrap samples. The
gauge configurations used for the computation are generated by using the lattice parameters β ¼ 6.5, amas

0 ¼ −1.01, and amf
0 ¼ −0.71

on a lattice with size 48 × 243.
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projections. In the top-left and top-right panels, we show
the real and imaginary parts of the correlation function
obtained from the interpolating operator projected onto its
positive parity component. Again, the former shows a clear
signal of exponential decay, while the latter is dominated by
statistical noise, and is consistent with zero. In contrast with
the results without the parity projection, however, we find
that the real part is negative and asymmetric in time, which
is further evidenced by the logarithmic plot in the bottom-
left panel.
This result is consistent with the analytical expression

for the asymptotic behavior in Eq. (70): the forward and
backward propagators at late time result in a single
exponential decay whose decay rates are the masses of
the lightest parity even and odd states, respectively. Also,
when we apply the negative parity projection, which
yields the results denoted by red empty circles in the
bottom-left and bottom-right panels, we find that the
forward and backward propagators exchange their roles,
again as expected. Up to half of the temporal extent,
furthermore, we find that the signal is stable even at later
time for the positive parity case, while we lose it at
relatively earlier time, after a faster decay, in the negative
parity case.
When looking at the effective mass plots, we cannot

identify a clear plateau for the negative parity case. Yet,
the combination of all of these results indicates unambig-
uously that the positive parity state is lighter than the
negative one. We conclude that the ground state found in
the case without parity projection corresponds to the
chimera baryon with positive parity, as we find that the
masses associated with the plateaux in the effective mass
plots in Figs. 18 and 19 agree with each other. For the
purposes of this paper, the discussion of the chimera
baryon stops here, yet we will follow up with more
thorough investigations of the spectrum in forthcoming
publications.

E. Spectrum of composite states

In Fig. 20, we finally present the mass spectrum of
composite states, for an illustrative choice of parameters,
in the fully dynamical Spð4Þ lattice gauge theory with
Nf ¼ 2 fundamental and nf ¼ 3 antisymmetric Dirac
fermions, which improves a similar, preliminary plot, in
Refs. [119,120]. The lattice parameters are the same
adopted earlier on, for the study of finite-volume effects,
restricted to the available largest volume. Following the
discussions in Secs. IV B and IV C, we compute the masses
of flavored spin-0 and spin-1 mesons with fermion con-
stituents in the fundamental and antisymmetric representa-
tion, as well as the mass of the chimera baryon with positive
parity. The numerical values of the results displayed in
Fig. 20 can be found in Appendix C.
We observe that, at least for these choices of parameters,

the overall behavior of the masses of the lightest states

sourced by meson operators with different quantum num-
bers (PS, V, T, AV, AT) is quite similar, when comparing
mesons composed of (f) and ðasÞ fermions. Yet, at least in
this region of parameter space, the masses of the latter are
much heavier than those in the former. The lightest chimera
baryon is not light, yet its mass is slightly smaller than that
of the scalar meson composed of constituent fermions in
the antisymmetric representation, which is encouraging, in
view of future extensions of this study and possible
phenomenological applications.

VI. DISCUSSION AND OUTLOOK

This paper reports on a major step in the development of
the extensive program of exploration of the dynamics of
Spð2NÞ gauge theories on the lattice [86,88–91,154]. We
considered the lattice field theory with gauge group Spð4Þ,
with matter field content consisting of two Wilson-Dirac
fermions transforming in the fundamental representation,
together with three transforming in the 2-index antisym-
metric representation. Due to the odd number of fermions,
the contribution of matter fields to the nonperturbative
dynamics is included by implementing a combination of
HMC and RHMC algorithms, both of which are supported
by the HiRep code [137], which we adapted to the
treatment of Spð2NÞ groups and to the simultaneous
handling of fermions in multiple representations. The
continuum limit is the minimal theory—amenable to lattice
numerical studies [3]—that provides a UV completion for
the strongly coupled sector of extensions of the standard
model which combine composite Higgs and partial top
compositeness.

FIG. 20. Masses am, in lattice units, of the lightest composite
states in the Spð4Þ gauge theory coupled to Nf ¼ 2 fundamental
and nf ¼ 3 antisymmetric fermions. The blue and red colors
denote the mesons for which the fermion constituents are in the
fundamental and antisymmetric representations, respectively.
The magenta color denotes the chimera baryon (CB), for which
the constituents are two fermions in the fundamental and one
in the antisymmetric representation. The lattice parameters used
are β ¼ 6.5, amas

0 ¼ −1.01, amf
0 ¼ −0.71, while the lattice

volume is Nt × N3
s ¼ 54 × 283.
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We performed the first scan of the three-dimensional
parameter space of the lattice theory, finding evidence of
the existence of a surface with boundaries separating the
strong and weak phases. The theory admits first- as well
as second-order (bulk) phase transitions, and we identi-
fied values of the lattice parameter space (the coupling β

and the masses of the two species of fermions amf
0 and

amas
0 ) that safely ensure that the lattice theory is con-

nected to the correct continuum one. We tested our
algorithms, verifying explicitly that the spectrum of the
Dirac operator reproduces the expectations for the
chiral symmetry-breaking pattern predicted by (chiral)
random matrix theory, as done in Ref. [73] for a SUð4Þ
theory. We assessed the size of finite-volume effects in
low-lying composite state masses, and identified criteria
that can be imposed to ensure that such lattice artifacts are
negligibly small, in comparison with statistical uncer-
tainties. For one choice of lattice parameters, we com-
puted the mass spectra of the lightest mesons with
different quantum numbers, as well as those of chimera
baryons—see Fig. 20.
The combination of all of the above demonstrates that

our lattice program is now ready to start an intensive
process of numerical studies focused on the spectra of
mesons and chimera baryons in this theory, making contact
with the model-building literature. While for the purposes
of this publication we used pointlike and stochastic Z2 wall
sources for the measurements of the 2-point correlation
functions, to improve the signal to noise ratio in the
numerical studies we will use smearing techniques, both
for the sources and for the dynamical configurations, and
both of which have been tested successfully on this model
[119,120]. By further combining these techniques with the
implementation of an appropriate basis for the variational
problem, and of a scale-setting process based on the Wilson
flow, such studies will provide access also to some of the
excited states in the theory, and we will be able, by varying
the lattice parameters, to extrapolate our spectroscopy
results towards the continuum limit, in the large region
of parameter space with intermediate fermion masses that is
of direct interest for models of composite Higgs and partial
top compositeness.

The supporting data for this article are openly available
from Zenodo [159].
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APPENDIX A: NOTATION AND CONVENTIONS

In this appendix, we summarize some of the conventions
adopted in the construction of the continuum and lattice
theories. We display some technical relations which are
used in the main text. In particular, we present the chiral
representation of the gamma matrices, both in Minkowski
and Euclidean space-time, and a choice of generators for
the fundamental and antisymmetric representations of
Spð4Þ, which are required to compute the MD forces in
the HMC/RHMC algorithms.

1. Gamma matrices in Minkowski space

In Sec. II, the continuum model relevant for phenom-
enological applications is presented in Minkowski space-
time. The metric ημν is given by
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η ¼

0
BBB@

1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

1
CCCA; ðA1Þ

where μ; ν ¼ 0;…; 3 are space-time indexes. The Dirac
gamma matrices satisfy the anticommutation relations,11

fγμM; γνMg ¼ 2ημν14; ðA2Þ
where 14 is the unit matrix δαβ in spinor space,
with α; β ¼ 1;…; 4. Hence, γ0M ¼ γ0†M , while γiM ¼ −γi†M
for i ¼ 1, 2, 3, and the Hermiticity condition γμ†M ¼
γ0Mγ

μ
Mγ

0
M holds. We adopt the chiral basis, and write

explicitly the matrices as follows:

γ0M ¼
�
02 12
12 02

�
; γiM ¼

�
02 −τi

τi 02

�
; ðA3Þ

with the Pauli matrices τi read as

τ1¼
�
0 1

1 0

�
; τ2¼

�
0 −i
i 0

�
; τ3¼

�
1 0

0 −1
�
: ðA4Þ

With this choice, the γ5M matrix and the charge-conjugation
matrix CM are defined as

γ5M ¼ iγ0Mγ
1
Mγ

2
Mγ

3
M ¼

�
12 02
02 −12

�
;

CM ¼ iγ2Mγ
0
M ¼

�
−iτ2 02
02 iτ2

�
; ðA5Þ

where the former defines the chirality as in Eq. (20) and
satisfies fγμM; γ5Mg ¼ 0, while the latter obeys the defining
relations CγμMC

−1 ¼ −γμTM and CC† ¼ 14 ¼ −C2.

2. Gamma matrices in Euclidean space

Spð2NÞ lattice gauge theories are defined in four-
dimensional Euclidean space-time. The anticommutators
of the (Hermitian) Euclidean gamma matrices satisfy the
relations

fγμE; γνEg ¼ 2δμν14: ðA6Þ

The chiral representation of the gamma matrices has the
following explicit form12:

γ0E ¼
�

02 −12
−12 02

�
; γiE ¼

�
02 −iτi

iτi 02

�
: ðA7Þ

In this basis, the γ5E and the charge-conjugation CE matrices
are

γ5E ¼ γ0Eγ
1
Eγ

2
Eγ

3
E ¼

�
12 02
02 −12

�
;

CE ¼ γ0Eγ
2
E ¼

�
iτ2 02
02 −iτ2

�
: ðA8Þ

The following relations are used in the algebraic manip-
ulations of Secs. III and IV:

fγμE; γ5Eg ¼ 0; ðA9Þ
γ5†E ¼ γ5E; ðA10Þ

C†
E ¼ C−1

E ¼ CT
E ¼ −CE; ðA11Þ

γ0EC
†
Eγ

0
E ¼ CE; ðA12Þ

γ5Eγ
μ†
E γ5E ¼ −γμE; ðA13Þ

C−1
E γμECE ¼ −γμ�E ¼ −γμTE ; ðA14Þ
ðγ5EÞ2 ¼ −C2

E ¼ 1 ðA15Þ
In particular, by using Eq. (A13) and Eq. (30)—or

Eq. (B5)—one can prove the γ5 Hermiticity of the Wilson-
Dirac operator D, or equivalently the γ5 Hermiticity of the
fermion propagator Sðx; yÞ, as follows:

γ5ED
R;†
xy γ5E¼ γ5EðSRðx;yÞ−1Þ†γ5E

¼ð4þamR
0 Þδxy−

1

2

X
μ

ðð1þ γEμÞUðRÞ;†
μ ðxÞδxþμ;y

þð1− γEμÞUðRÞ
μ ðyÞδx;yþμÞ

¼ SRðy;xÞ−1¼DR
y;x: ðA16Þ

For the combinations of gamma matrices ðΓ1;Γ2Þ ¼
ðCγ5; 14Þ, that appear in Sec. IV, the following useful
relation, which enters the derivation of Eq. (61), holds:

ðγ0EΓ1�γ0EÞαβðγ0EΓ2†γ0EÞγδ ¼ ðΓ1ÞαβðΓ2Þγδ; ðA17Þ

which descends from the fact that γ0E, γ
2
E, and γ

5
E are real and

Hermitian.

3. A basis of generators for (f ) and
ðasÞ representations of Spð4Þ

In the HMC/RHMC algorithms it is necessary to have an
explicit expression for the generators for a given repre-
sentation R of Spð4Þ in order to compute the MD forces

11In this appendix, we denote with a subscript M or E the
gamma matrices in Minkowski or Euclidean space, respectively.
We suppress this subscript in the main body of the paper, hence,
in Sec. II, we write γμ ≡ γμM. Similarly, in Sec. II we denote γ5 ≡
γ5M and C≡ CM.

12In Secs. III and IV, we omit the subscription E, and denote
γμ ≡ γμE, γ

5 ≡ γ5E, and C≡ CE.
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associated with the HMC/RHMC Hamiltonian. We make
an explicit choice of basis, and report it here, for com-
pleteness. For the fundamental representation TA

ðfÞ, with
A ¼ 1; 2;…; 10, our choice is the following:

T1
ðfÞ ¼

1

2

0
BBB@
1 0 0 0

0 0 0 0

0 0 −1 0

0 0 0 0

1
CCCA; T2

ðfÞ ¼
1

2

0
BBB@
0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 −1

1
CCCA;

T3
ðfÞ ¼

1

2
ffiffiffi
2

p

0
BBB@

0 i 0 0

−i 0 0 0

0 0 0 i

0 0 −i 0

1
CCCA; T4

ðfÞ ¼
1

2
ffiffiffi
2

p

0
BBB@
0 1 0 0

1 0 0 0

0 0 0 −1
0 0 −1 0

1
CCCA;

T5
ðfÞ ¼

1

2

0
BBB@
0 0 1 0

0 0 0 0

1 0 0 0

0 0 0 0

1
CCCA; T6

ðfÞ ¼
1

2

0
BBB@

0 0 i 0

0 0 0 0

−i 0 0 0

0 0 0 0

1
CCCA;

T7
ðfÞ ¼

1

2

0
BBB@
0 0 0 0

0 0 0 1

0 0 0 0

0 1 0 0

1
CCCA; T8

ðfÞ ¼
1

2

0
BBB@
0 0 0 0

0 0 0 i

0 0 0 0

0 −i 0 0

1
CCCA;

T9
ðfÞ ¼

1

2
ffiffiffi
2

p

0
BBB@

0 0 0 i

0 0 i 0

0 −i 0 0

−i 0 0 0

1
CCCA; T10

ðfÞ ¼
1

2
ffiffiffi
2

p

0
BBB@
0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

1
CCCA:

ðA18Þ
As discussed in Sec. III A, the generators for the

antisymmetric representation of Spð4Þ appear in the infini-
tesimal transformation of the antisymmetric link variable in
Eq. (29). We adopt the conventional basis of matrices eðasÞ
given by

eð12ÞðasÞ ¼
1ffiffiffi
2

p

0
BBB@
0 −1 0 0

1 0 0 0

0 0 0 0

0 0 0 0

1
CCCA; eð23ÞðasÞ ¼

1ffiffiffi
2

p

0
BBB@
0 0 0 0

0 0 −1 0

0 1 0 0

0 0 0 0

1
CCCA;

eð14ÞðasÞ ¼
1ffiffiffi
2

p

0
BBB@
0 0 0 −1
0 0 0 0

0 0 0 0

1 0 0 0

1
CCCA; eð24ÞðasÞ ¼

1

2

0
BBB@

0 0 1 0

0 0 0 −1
−1 0 0 0

0 1 0 0

1
CCCA;

eð34ÞðasÞ ¼
1ffiffiffi
2

p

0
BBB@
0 0 0 0

0 0 0 0

0 0 0 −1
0 0 1 0

1
CCCA; ðA19Þ

With this convention we find the following expressions of
the generators for the antisymmetric representation of
Spð4Þ:

T1
ðasÞ ¼

1

2

0
BBBBBB@

1 0 0 0 0

0 −1 0 0 0

0 0 1 0 0

0 0 0 0 0

0 0 0 0 −1

1
CCCCCCA
; T2

ðasÞ ¼
1

2

0
BBBBBB@

1 0 0 0 0

0 1 0 0 0

0 0 −1 0 0

0 0 0 0 0

0 0 0 0 −1

1
CCCCCCA
;

T3
ðasÞ ¼

−i
2

0
BBBBBB@

0 0 0 0 0

0 0 0 −1 0

0 0 0 −1 0

0 1 1 0 0

0 0 0 0 0

1
CCCCCCA
; T4

ðasÞ ¼
1

2

0
BBBBBB@

0 0 0 0 0

0 0 0 −1 0

0 0 0 1 0

0 −1 1 0 0

0 0 0 0 0

1
CCCCCCA
;

T5
ðasÞ ¼

1

2

0
BBBBBB@

0 −1 0 0 0

−1 0 0 0 0

0 0 0 0 1

0 0 0 0 0

0 0 1 0 0

1
CCCCCCA
; T6

ðasÞ ¼
−i
2

0
BBBBBB@

0 1 0 0 0

−1 0 0 0 0

0 0 0 0 −1
0 0 0 0 0

0 0 1 0 0

1
CCCCCCA
;

T7
ðasÞ ¼

1

2

0
BBBBBB@

0 0 1 0 0

0 0 0 0 −1
1 0 0 0 0

0 0 0 0 0

0 −1 0 0 0

1
CCCCCCA
; T8

ðasÞ ¼
−i
2

0
BBBBBB@

0 0 −1 0 0

0 0 0 0 1

1 0 0 0 0

0 0 0 0 0

0 −1 0 0 0

1
CCCCCCA
;

T9
ðasÞ ¼

−i
2

0
BBBBBB@

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

−1 0 0 0 −1
0 0 0 1 0

1
CCCCCCA
; T10

ðasÞ ¼
1

2

0
BBBBBB@

0 0 0 −1 0

0 0 0 0 0

0 0 0 0 0

−1 0 0 0 1

0 0 0 1 0

1
CCCCCCA
:

ðA20Þ

APPENDIX B: MORE ABOUT CHIMERA
BARYONS ON THE LATTICE

In the discussion in the main text, we wrote the
correlation function CCBðt − t0Þ involving the chimera
baryon operator appearing in OCB;4 and OCB;5 in
Eq. (21). It is worth checking that CCBðt − t0Þ built from
a different choice of element of OCB ∼ 4 of the global
Spð4Þ symmetry gives rise to the same results. To this
purpose, let us consider the combination of the interpolat-
ing operators 1

2
ðOCB;1 þ iOCB;2Þ:

Okγ
CBðxÞ ¼ ðQ1 aðxÞγ5Q2 bðxÞÞΩbcδ

γδΨk ca
δ ðxÞ; ðB1Þ
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and its Dirac conjugate

Ok
CB

γðxÞ ¼ δγδΨk ca
δðxÞΩcbðQ2 bðxÞγ5Q1 aðxÞÞ: ðB2Þ

Then, the corresponding 2-point correlation function is

hOk γ
CBðxÞOk

CB
γ0 ðyÞi

¼ −ΩbcΩc0b0δγδδγ
0δ0SkcaΨc0 a0 δδ0 ðx; yÞS2 bQb0 ββ0 ðx; yÞγ5β

0α0

× S1 a
0

Qaα0αðy; xÞγ5αβ: ðB3Þ

To see the equivalence between Eqs. (B3) and (62) with the
choice of ðΓ1;Γ2Þ ¼ ðCγ5; 1Þ, we will use the following
properties. First of all, for a symplectic unitary matrix
U ∈ Spð4Þ:

Ω−1UΩ ¼ U�: ðB4Þ

We next consider the inverse of the fermion propagator in
the Wilson-Dirac formalism

SQðx; yÞ−1 ¼ hQðxÞQ̄ðyÞi−1

¼ ð4þ amf
0Þδxy −

1

2

X
μ

ðð1 − γμÞUðfÞ
μ ðxÞδxþμ;y

þ ð1þ γμÞUðfÞ;†
μ ðyÞδx;yþμÞ: ðB5Þ

By applying the transpose and the charge conjugation
operator to S−1Q , we have

CTðSQðx; yÞ−1ÞTC

¼ ð4þ amf
0Þδxy −

1

2

X
μ

ðð1þ γμÞUðfÞ;T
μ ðxÞδxþμ;y

þ ð1 − γμÞUðfÞ;�
μ ðyÞδx;yþμÞ: ðB6Þ

Using Eq. (B4), we arrive at

Ω−1CTðSQðx; yÞ−1ÞTCΩ

¼ ð4þ amf
0Þδxy −

1

2

X
μ

ðð1þ γμÞUðfÞ;†
μ ðxÞδxþμ;y

þ ð1 − γμÞUðfÞ
μ ðyÞδx;yþμÞ

¼ SQðy; xÞ−1; ðB7Þ

which in turn implies that

Ω−1CTSTQðx; yÞCΩ ¼ SQðy; xÞ: ðB8Þ

Using this result, with Γ1 ¼ Cγ5 and Γ2 ¼ 1, we can
rewrite Eq. (62) as

hOk
CB

γðxÞOk
CB

γ0 ðyÞi
¼ ΩdaΩd0a0δγδδγ

0δ0SkcdΨc0d0 δδ0 ðx; yÞ
× Trs½S2 aQa0 ðx; yÞγ5ðΩ−1CTðS1Qðx; yÞÞTCΩÞc0cγ5�

¼ ΩdaΩd0a0δγδδγ
0δ0SkcdΨc0d0δδ0 ðx; yÞ

× Trs½S2 aQa0 ðx; yÞγ5S1 c
0

Qc ðy; xÞγ5�: ðB9Þ

Comparing Eqs. (B3) and (B9), we conclude that the
chimera propagators built out of OCB;1ð2Þ and OCB;4ð5Þ
are identical to one another.

APPENDIX C: TABLES OF
NUMERICAL RESULTS

In this appendix, we tabulate some numerical informa-
tion relevant to the discussions in Secs. V C–VE.
The parameters of the lattice theory are β ¼ 6.5, amas

0 ¼
−1.01 and amf

0 ¼ −0.71. The baryonic and mesonic
observables are measured using point and stochastic wall
sources, respectively. The numerical results are presented in
lattice units.

TABLE III. Ensembles generated for the numerical study of
finite-volume effects reported in Sec. V C. Nt and Ns are the
temporal and spatial extents of the lattice, while Nconf and δtraj
denote the number of configurations and the length of the
Monte Carlo trajectory between adjacent configurations. In the
last column, we show the average plaquette value hPi.
Ensemble Nt × N3

s Nconf δtraj hPi
E1 36 × 83 160 24 0.585758(87)
E2 48 × 123 130 24 0.585447(51)
E3 48 × 163 140 20 0.585233(34)
E4 48 × 183 180 12 0.585234(22)
E5 48 × 203 130 12 0.585137(20)
E6 48 × 243 165 8 0.585148(13)
E7 54 × 283 180 12 0.585144(11)

TABLE IV. Numerical results for the masses and decay con-
stants of pseudoscalar mesons (PS), and the masses of vector
mesons (V), used to investigate finite-volume effects in Sec. V C.
The constituent fermions are in the fundamental representation.
The pseudoscalar mass at infinite volume, amf;inf

PS , is the one
extracted from the ensemble with the largest volume, 54 × 283.

Ensemble amf
PS amf

V affPS mf;inf
PS L

E1 0.7488(64) 0.7982(72) 0.0349(20) 2.8783(76)
E2 0.5171(48) 0.5685(51) 0.0419(17) 4.317(11)
E3 0.3849(45) 0.4238(58) 0.0427(14) 5.757(15)
E4 0.3778(22) 0.4290(24) 0.0461(11) 6.476(17)
E5 0.3702(16) 0.4142(22) 0.05151(88) 7.196(19)
E6 0.3640(19) 0.4067(20) 0.04992(87) 8.635(23)
E7 0.35979(95) 0.4009(11) 0.05058(61) 10.074(27)
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In Table III, we list the details characterizing the
ensembles used for our investigations of finite-volume
effects. The ensembles denoted by E6 and E7 are also
used for numerical studies of the chimera baryon and the
combined spectrum, respectively. We save configurations
separated by δtraj trajectories, after discarding a sufficiently
large number of initial trajectories to allow for the thermal-
ization, so that those are independent to each other. We
determine δtraj by monitoring the average plaquette values
hPi, and chose it to be comparable to one autocorrelation
length.
In Tables IV and V, we present the results of the

measurements of the masses of the pseudoscalar (PS)
and vector (V) mesons composed of fermionic constituents

in the fundamental and antisymmetric representations,
and the decay constant of the pseudoscalar meson. We
also show the mass of the chimera baryon (CB) with
positive parity, and mf;inf

PS L—amf;inf
PS is extracted from

the measurement on the ensemble with the largest avail-
able lattice.
In Table VI, we present the numerical results for the

masses of the other mesons in the spin-0 and spin-1
channels, besides the ones we have already presented in
Tables IVand V. These are sourced by the tensor (T), axial-
vector (AV), axial-tensor (AT), and scalar (S) interpolating
operators defined with the gamma structures in Eq. (46).
These measurements have been carried out by using
ensemble E7, the one that has the largest volume.
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