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A B S T R A C T

In this paper, wave power extraction from a floating Clam-type wave energy converter is investigated. The
device is mainly composed of a Clam, which is formed from two pieces of floating flaps hinged at a submerged
body. The Clam is closed by a flexible impermeable bag with the two hinged floating flaps kept apart by a
Power Take-Off system. As waves propagate through the device, the Clam motion of the device is excited,
which can be used to drive the Power Take-Off system to capture wave power. To evaluate the response
and also the wave power absorption of the device, a mathematical model is developed based on the linear
potential flow theory, in which a generalised mode method is adopted to model the Clam action. Theoretical
expressions of the maximum wave power absorption and the corresponding optimised Power Take-Off system
and mooring parameters are derived. Good agreement between the present numerical results of the device
response and the physical observations is obtained. The validated model is then applied to do a series of case
studies. It is revealed that the optimised Power Take-Off stiffness and mooring stiffness are independent of the
Power Take-Off damping. The maximum wave power absorption can be achieved when the device is fixed in
heave mode or free-floating without any constraints from the mooring system.
1. Introduction

To capture wave power from ocean waves, a large number of wave
energy conversion concepts have been proposed since the 1790s [1].
In spite of the large variation in concepts and design, most of them are
composed of rigid floats (e.g., see [2–5]). Apart from the traditional
rigid floats based wave energy converters (WECs), a flexible deformable
body can work as a WEC as well. Its mean shape can be changed so as
to adjust its resonant periods, adapting itself to different environmental
conditions, e.g., the sea sites where wave conditions change seasonally
from summer to winter. A flexible deformable structured WEC is also
expected to have a better survivability in extreme wave conditions [6].

The Lancaster Flexible Bag and Circular Clam developed in the early
1980s could be the first flexible WECs [7]. The devices are composed
of a series of inflatable bags filled with air. The air bags would expand
and contract following the oscillatory motion of the incoming waves,
pumping air into a turbine connected to a generator. A similar tech-
nique is also adopted in the mWave WEC developed by the company
Bombora Wave Power [8]. Anaconda and S3 are two attenuator-type
flexible WECs consisting of a long submerged elastic tube filled with
water [9,10]. Bulge waves propagating along the tube can be excited
by the interaction between water waves and the flexible tube. The bulge
waves then derive a power take-off system at the stern or distributed
along the tube, e.g., electro-active polymers, to capture electricity. The
Wave Carpet developed at UC Berkeley in 2012 is composed of a
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flexible elastic plate submerged under the water [11]. The deformation
of the plate drives a series of cylinders installed between the plate and
the sea bed to capture wave power. This concept was later extended to
a floating plate-shaped flexible WECs, the hydrodynamic performance
of which was studied by Michele et al. [12,13] and Zheng et al. [14]
theoretically. A comprehensive overview of the current state of the
flexible structure-based wave energy conversion technology is given
by Collins et al. [6] and Renzi et al. [15].

The floating Clam-type wave energy converter (C-WEC) proposed
by Farley [16] is another typical flexible deformable WEC, which con-
sists of a pair of flaps that are hinged at the bottom. The clam is closed
by inextensible polymer-coated fabric, resulting in a pressurised bag to
hold the hinged clam sides apart, giving a V-shaped cross-section. As
ocean waves propagate through the device, the clam opens and shuts
and, meanwhile, the air is pumped into and out of a second closed
vessel above the clam via a turbine/generator set, achieving wave
power absorption. A preliminary analysis of the hydrodynamic perfor-
mance and cost estimate were presented by Farley [16], demonstrating
a competitive cost (capital cost 3400 GBP per kW) for a machine with
100 kW averaged power output. Since the free floating clam is entirely
sealed, it may have challenges for manufacturing and maintenance.
Later, Phillips et al. [17] and Phillips [18] carried out both physical
tests and numerical investigation of a floating Clam-type WEC equipped
with an alternative mechanical power take-off
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Nomenclature

(𝑥0± , 𝑧0) Positions of the two hinges in the 𝑂𝑥𝑧 plane
([m], [m])

𝑐𝑃𝑇𝑂 , 𝑘̄𝑃𝑇𝑂 , 𝑘̄𝑚 Nondimensionalised PTO damping, PTO
stiffness and mooring stiffness

𝜂 Wave energy capture width ratio (or cap-
ture factor) [–]

𝐂𝐏𝐓𝐎, 𝐊𝐏𝐓𝐎 PTO system associated damping and stiff-
ness matrices, respectively

𝐌𝐚, 𝐂𝐝 Matrices of added-mass and wave radiation
damping coefficients, respectively

𝐌, 𝐊𝐬 Matrices of the device mass and static
stiffness, respectively

𝜔 Angular frequency of incident waves
[rad/s]

𝛷 Total flow velocity potential [m2/s]
𝜙 Spatial flow velocity potential [m2/s]
𝜙𝐷 Velocity potential of diffracted waves

[m2/s]
𝜙𝐼 Velocity potential of undisturbed incident

waves [m2/s]
𝜙𝑗 Velocity potential of radiated waves in-

duced by oscillation of the device in Mode
𝑗 with unit velocity amplitude

𝜌 Density of the water [kg/m3]
𝜃 Opening angle of each flap when the device

is at equilibrium [rad]
𝜃0 Opening angle of each flap when no re-

sistance is provided by the PTO stiffness
[rad]

𝝃, 𝑭 𝒆 Vectors of the device displacement and
wave excitation forces, respectively

𝑛 Unit normal on the wetted surface of
the device directed away from the fluid
domain, 𝑛 = (𝑛𝑥, 𝑛𝑦, 𝑛𝑧)

𝐴 Amplitude of incident waves [m]
𝑏 Width of the device [m]
𝑐𝑖,𝑗 , 𝑚𝑖,𝑗 Radiation damping and added mass, re-

spectively, of Mode 𝑖 due to the motion in
Mode 𝑗

𝑐𝑃𝑇𝑂 , 𝑘𝑃𝑇𝑂 Damping [N m s] and stiffness [N m],
respectively, of the PTO system

𝑑 Submerged depth of the flaps [m]
𝑓3, 𝑓7 Heave excitation force [N] and Clam

excitation moment [N m], respectively
𝐹𝑚,0 Mooring force acting on the device in still

water [N]
𝑔 Gravitational acceleration [m/s2]
ℎ Water depth [m]
𝐼 Rotary inertia of each flap about the hinge

[kg m2]
𝑘 Wave number [m−1]
𝑘𝑚 Stiffness of the mooring system [N/s]
𝑙 Length of the flaps [m]
𝑀0 Constant moment acting on each flap

provided by a constant force spring [N m]
𝑚0 Mass of each flap [kg]
𝑀𝑠 Moment acting on each flap provided by

the PTO spring [N m]
𝑚𝑠 Total mass of the device with the two flaps

excluded [kg]
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𝑂𝑥𝑦𝑧 Cartesian coordinate system
𝑃 Time-averaged wave power captured by the

device [W]
𝑃in Incident wave power per unit width of the

wave front [W]
𝑃𝑀𝐴𝑋 Maximum absorbed wave power when the

PTO damping, PTO stiffness and mooring
stiffness are all optimised [W]

𝑃 𝑐,𝑘
𝑚𝑎𝑥 Maximum absorbed wave power when the

PTO damping and PTO stiffness are both
optimised [W]

𝑃 𝑐,𝑚
𝑚𝑎𝑥 Maximum absorbed wave power when the

PTO damping and mooring stiffness are
both optimised [W]

𝑃 𝑐
𝑚𝑎𝑥, 𝑐𝑜𝑝𝑡 Maximum absorbed wave power [W] and

the corresponding optimised PTO damping
[N m s]

𝑃 𝑘,𝑚
𝑚𝑎𝑥 Maximum absorbed wave power when the

PTO stiffness and mooring stiffness are both
optimised [W]

𝑃 𝑘
𝑚𝑎𝑥, 𝑘𝑜𝑝𝑡 Maximum absorbed wave power [W] and

the corresponding optimised PTO stiffness
[N m]

𝑃𝑚
𝑚𝑎𝑥 Maximum absorbed wave power when the

mooring stiffness is optimised [W]
𝑆 Total area of the cut water-plane [m2]
𝑡 Time [s]
𝑡0 Thickness of the flap [m]
𝑧𝑗 , 𝜉𝑗 Instantaneous displacement and time-

independent amplitude of displacement,
respectively, of each flap in Mode 𝑗

(PTO) system, which is composed of hydraulic rams and tension springs
holding the Clam sides apart. The Clam motion was treated as a
generalised mode in their numerical model. For simplicity, the flap
was assumed to be weightless in the analysis adopted in the frequency
domain. The Clam was found to be most effective when the device
was constrained in heave. More recently, Kurniawan et al. [19] turned
their attention to an axisymmetric version of the floating device, in
which the pair of rigid plates is replaced by a completely flexible
bag. The static and dynamic behaviour of the device was investigated
numerically and experimentally. The results showed that the bag shape
and dynamic response could be changed by varying the amount of air
in the bag. The dynamic response, but not the shape, also depended
on the turbine damping. The resonance period of the device was found
to be larger than that of a rigid device with the same geometry. An
accompanied loss in bandwidth compared to the bandwidth of the rigid
device, albeit not severe, was observed. Kurniawan et al. [20] proposed
another variation of the device by arranging the flexible bag to be fully
submerged and connected to a rigid ballasted float at the top and to
a weighted cylinder at the bottom. Three different equilibrium device
geometries were indicated in their study for the same bag pressure.

Although the wave power extraction of different versions of the
floating clam device have been investigated both numerically and
experimentally, most of them have been focused on examining the
performance of the device with an arbitrarily specified PTO damping,
and the optimisation of their PTO for maximising power absorption
has not been carried out. The aim of the present work is, therefore, to
develop a mathematical model to seek the maximum wave power that
can be captured by a floating clam device, and specify the correspond-
ing optimised PTO/mooring system required theoretically. The model
is then applied to study the performance of the device with different

geometrical parameters.
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Fig. 1. Schematic diagram of a C-WEC: (a) isometric view; (b) side view in still water; (c) definition of heave motion and Clam motion.
The remainder of the paper is structured as follows. The mathemat-
ical model for the wave–structure interaction problem is described in
Section 2. The expressions of the theoretical maximum wave power
absorption, together with the corresponding optimised PTO parameters
can be found in Section 3. The present model is validated by comparing
the present results with measured physical data, and the validated
model is applied to carry out a multi-parameter study on the perfor-
mance of C-WEC, the results of which, together with discussions, are
also presented in Section 4. Finally, conclusions are drawn in Section 5.

2. Mathematical model

Fig. 1 shows the schematic diagram of the problem. The C-WEC
device consists of two rigid flaps, which are flexibly connected to
two hinges at a submerged body and held apart by a PTO system.
The flexible parts of the device are made from waterproof flexible de-
formable membranes, which allow the two flaps to freely rotate about
the hinges. A potential benefit of the flexible parts is the possibility
to integrate an alternative PTO system, e.g., a dielectric elastomer
generator (DEG) [21], into it, helping reduce the amount of mechanical
moving parts and ensure reliability and reduced/simplified mainte-
nance costs of the device. Yet this is out of the scope of the present
paper. The tension and deflection of the membranes are assumed to be
small and neglected in the hydrodynamic problem. However, for the
C-WEC of small width, the tension and deflection of the membranes
may become much more significant and may have to be taken into
account. A Cartesian coordinate system 𝑂𝑥𝑦𝑧 is adopted with the mean
free-surface coinciding with the 𝑂𝑥𝑦-plane, the 𝑂𝑦𝑧-plane coinciding
with symmetric plane of C-WEC, and 𝑧 measured vertically upwards.
Therefore, the fluid bottom (i.e., the sea bed) is at 𝑧 = −ℎ. The
dimension of the device in the 𝑦-direction, i.e., the width, is denoted
by 𝑏. The length and the submerged depth of each flap are denoted by 𝑙
and 𝑑, respectively. The C-WEC is subjected to regular waves of angular
frequency 𝜔 and amplitude 𝐴, propagating along the 𝑂𝑥-axis.

The motion of the C-WEC can be decomposed into 7 modes. The
first 6 modes are the conventional rigid body modes. Modes 1 to 3
describe translational motion in the 𝑥, 𝑦, 𝑧 (surge, sway and heave)
axes, respectively, and Modes 4, 5 and 6 represent rotation about the 𝑥,
𝑦, and 𝑧 axes (roll, pitch and yaw), respectively. Mode 7 is a ‘generalised
mode’, i.e., the Clam mode, and it is defined by the movement of the
PTO ram — the positive direction of movement being shown by the
arrows as shown in Fig. 1c. This definition of the Clam mode is different
from that adopted by Phillips [18], who defined the Clam mode as unit
change of the distance between the two flaps along the line of action of
PTO. Different definitions of the Clam mode would result in different
hydrodynamic coefficients and different Clam mode related generalised
mass and restoring stiffness, and PTO parameters as well.

For regular incident waves propagating along the 𝑂𝑥-axis, only
surge, heave, pitch, and Clam modes are excited provided the 𝑦 = 0
is a plane of symmetry for both geometries and physical properties
of the C-WEC. The present work is focused on the responses in heave
282
Fig. 2. Schematic diagram of static force analysis.

and Clam modes, since the Clam mode is associated with wave power
absorption of the C-WEC and coupled with the heave mode. Although
the motions of the C-WEC in surge and pitch modes do exist, they are
not considered hereinafter because they are decoupled with the heave
and Clam modes.

2.1. Static shape of C-WEC

The static shape of the Clam in terms of 𝜃 (the opening angle
between the two flaps is 2𝜃), together with the device position in terms
of 𝑑 (see Fig. 1b), should be evaluated prior to the hydrodynamic
analysis. Fig. 2 presents a schematic diagram of static force/moment
acting on the device in still water. 𝑀𝑠 denotes the moment acting on
the flap provided by the compressed spring in the PTO system with
𝑀𝑠 = −2𝑘𝑃𝑇𝑂(𝜃 − 𝜃0), in which 𝑘𝑃𝑇𝑂 is the stiffness of the PTO system
and 𝜃0 represents the Clam position (i.e., the opening angle between the
two flaps is 2𝜃0) when no resistance is provided by the PTO stiffness;
𝑚0 is the mass of each flap; 𝑚𝑠 represents the total mass of the device
with the two flaps excluded; 𝐹𝑠 denotes the net vertical buoyancy force
due to the hydrostatic pressure acting on the wetted surface of the
whole device except the two flaps; 𝜌 is the density of the water, and
𝑔 represents the gravitational acceleration. 𝑀0 and 𝐹𝑚,0 represent a
constant moment acting on the flap, which could be provided by using
a constant force spring, and the mooring force acting on the device in
still water, respectively, and they can be used to adjust the static shape
of C-WEC.

For a C-WEC placed at its equilibrium in still water, the following
two relations should be satisfied:

• The overall buoyancy of the device equals the weight of the
device, and the mooring force

𝜌𝑔𝑏𝑑2 tan 𝜃 + 𝐹 − (2𝑚 + 𝑚 )𝑔 − 𝐹 = 0. (1)
𝑠 0 𝑠 𝑚,0
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• The buoyancy-moment acting on the two flaps about the hinges
is equal to two times the moment induced by the PTO system, the
weight of the flap and the constant force spring

2(𝑀𝑠 +𝑀0) + 𝑚0 𝑔𝑙 sin 𝜃 −
𝜌𝑔𝑏(𝑑 + 𝑡0∕2 sin 𝜃)3

3 cos2 𝜃

≈2(𝑀𝑠 +𝑀0) + 𝑚0 𝑔𝑙 sin 𝜃 −
𝜌𝑔𝑏𝑑3

3 cos2 𝜃
= 0,

(2)

where 𝑡0 represents the thickness of the flap, which is assumed to
be much smaller than 𝑑.

It is noted that both 𝜃 and 𝑑 are unknown, nevertheless, they are
ependent on each other, i.e., once one of them is known, the other
ne can be evaluated accordingly. 𝜃 can be evaluated iteratively with a
isection method by assuming an initial value between 0 and 𝜋∕2 and
olving for the corresponding 𝑑, until the computed value of 𝑑 is close
o the target value within a given tolerance.

.2. Dynamic model

All amplitudes are assumed to be small enough that linear theory
pplies, and the fluid is assumed to be inviscid, incompressible and
rrotational. It is further assumed that all motion is time-harmonic
ith angular frequency 𝜔, hence the fluid velocity potential and the
isplacement of the C-WEC about its static equilibrium position may
e expressed by

(𝑥, 𝑦, 𝑧, 𝑡) = Re{𝜙(𝑥, 𝑦, 𝑧)ei𝜔𝑡}, (3)

nd

𝑗 (𝑡) = Re{𝜉𝑗ei𝜔𝑡}, for 𝑗 = 3, 7, (4)

here Re denotes the real part. The functions 𝜙(𝑥, 𝑦, 𝑧) and 𝜉𝑗 represent
the time-independent parts of the complex velocity potential and the
complex displacement of the device in Mode 𝑗, respectively.

Under the assumptions above, the spatial velocity potential satisfies
he Laplace equation in the fluid with the boundary conditions
𝜕𝜙
𝜕𝑧

= 𝜔2

𝑔
𝜙 on 𝑧 = 0, (5)

𝜕𝜙
𝜕𝑧

= 0 on 𝑧 = −ℎ, (6)

𝜕𝜙
𝜕𝑛

= i𝜔(𝜉3𝑛3 + 𝜏𝜉7𝑛7) on the mean wetted surface of the device (7)

here 𝜕∕𝜕𝑛 = 𝑛 ⋅ ▿, in which 𝑛 represents the unit normal on the
oundary curve directed away from the fluid domain. 𝑛3 = 𝑛𝑧 and
7 = (𝑧 − 𝑧0)𝑛𝑥 − (𝑥 − 𝑥0)𝑛𝑧, in which 𝑛𝑥 and 𝑛𝑧 are the components of
𝑛 in 𝑥 and 𝑧 dimensions, respectively; 𝑥0 and 𝑧0 denote the position of
the hinge point of the flaps in 𝑥 and 𝑧 dimensions. For the device with
the two flaps hinged together at an identical hinge, we have 𝑥0 = 0.

therwise, if the flaps are allowed to rotate about two symmetrically
eployed hinges separately rather than about the identical hinge, 𝑥0
ill be split into 𝑥0− and 𝑥0+ , which correspond to the horizontal

position of the two flap hinges, with 𝑥0−+𝑥0+ = 0 and 𝑥0+ > 0. 𝜏 = 1 and
1 for the wetted surface of the right-hand side flap and the left-hand
ide one (see Fig. 1), respectively, and 𝜏 = 0 for the other wetted part
f the device.

.3. Hydrodynamic solutions

The velocity potential in the fluid domain can be further decom-
osed into incident wave, diffracted wave and radiated wave compo-
ents as follows

= 𝜙𝐼 + 𝜙𝐷 + i𝜔𝜉3𝜙3 + i𝜔𝜉7𝜙7, (8)

here 𝜙𝐼 is the velocity potential of undisturbed incident waves; 𝜙𝐷
epresents the velocity potential of the diffracted wave due to the
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existence of the fixed device; 𝜙3 and 𝜙7 are the radiated velocity
potentials induced by oscillation of the device in heave and Clam
modes, respectively, with unit velocity amplitude. 𝜙𝐷, 𝜙3 and 𝜙7 can
be determined with the employment of a boundary element method
(BEM)-based numerical code, e.g., WAMIT [22] and NEMOH [23].

3. Response and wave power absorption of the C-WEC

3.1. Motion response

The motion response matrix equation of the C-WEC may be ex-
pressed as

[−𝜔2(𝐌 +𝐌𝐚) + i𝜔(𝐂𝐝 + 𝐂𝐏𝐓𝐎) +𝐊𝐬 +𝐊𝐏𝐓𝐎 +𝐊𝐦]𝝃 = 𝑭 𝒆, (9)

n which 𝐌 and 𝐊𝐬 are the matrices of the device mass and static stiff-
ess, respectively; 𝐌𝐚 and 𝐂𝐝 represent the matrices of added-mass and
ave radiation damping coefficients, respectively; 𝐂𝐏𝐓𝐎 and 𝐊𝐏𝐓𝐎 are

the PTO system associated damping and stiffness matrices, respectively;
𝐊𝐦 represents the stiffness matrix of the mooring system; 𝝃 = [𝜉3, 𝜉7]𝑇

nd 𝑭 𝒆 = [𝑓3, 𝑓7]𝑇 represent the vector of the displacements of the
evice and the vector of the wave excitation forces acting on the device
n heave mode and Clam mode, respectively. 𝐌𝐚, 𝐂𝐝 and 𝑭 𝒆 can be
btained by using a BEM-based code. The specific expressions of the
atrices at the left-hand side of Eq. (9) are given as follows:

=
⎡

⎢

⎢

⎣

𝑚(0)
3,3 𝑚(0)

3,7

𝑚(0)
7,3 𝑚(0)

7,7

⎤

⎥

⎥

⎦

≈
[

𝑚 −𝑚0𝑙 sin 𝜃
−𝑚0𝑙 sin 𝜃 2𝐼

]

, (10)

𝐬 =
[

𝑘3,3 𝑘3,7
𝑘7,3 𝑘7,7

]

≈
⎡

⎢

⎢

⎣

𝜌𝑔𝑆 − 𝜌𝑔𝑏𝑑2

cos2 𝜃

− 𝜌𝑔𝑏𝑑2

cos2 𝜃
2𝜌𝑔𝑏𝑑3 tan 𝜃

3 cos2 𝜃 − 𝑚0 𝑔𝑙 cos 𝜃

⎤

⎥

⎥

⎦

, (11)

𝐏𝐓𝐎 =
[

𝑐ℎ 0
0 4𝑐𝑃𝑇𝑂

]

, (12)

𝐏𝐓𝐎 =
[

0 0
0 4𝑘𝑃𝑇𝑂

]

, (13)

𝐊𝐦 =
[

𝑘𝑚 0
0 0

]

, (14)

𝐌𝐚 =
[

𝑚3,3 𝑚3,7
𝑚7,3 𝑚7,7

]

, (15)

𝐂𝐝 =
[

𝑐3,3 𝑐3,7
𝑐7,3 𝑐7,7

]

, (16)

in which 𝑆 represents the total area of the cut water-plane; 𝑘𝑚 is
adopted to consider the effect of the stiffness induced by a mooring
system linking the submerged float to the seabed; 𝑚 = 2𝑚0 + 𝑚𝑠,
𝐼 = 𝑚0𝑙2∕3 is the rotary inertia of each flap about the hinge; 𝑐𝑃𝑇𝑂
is the damping coefficient of the PTO system; 𝑐ℎ denotes the external
heave damping coefficient, which vanishes unless otherwise specified;
𝑚𝑖,𝑗 and 𝑐𝑖,𝑗 for 𝑖, 𝑗 = 3, 7 represent the hydrodynamic coefficients of
Mode 𝑖 due to the motion in Mode 𝑗. It should be noted that the
heave and Clam modes are not only coupled in terms of hydrodynamic
coefficient matrices 𝐌𝐚 and 𝐂𝐝, but also with regard to the matrices
of the device mass and static stiffness, i.e., 𝐌 and 𝐊𝐬, the detailed
derivation of the expressions are given in Appendix. The total clam
opening angle change (2𝜉7) may be a natural parameter for a Clam
with a single hinge, but the present device has two separate hinges,
so the individual opening angle change (𝜉7) is used here in defining
the generalised mode. Therefore the PTO damping and PTO stiffness in
Eqs. (12) and (13) read 4𝑐𝑃𝑇𝑂 and 4𝑘𝑃𝑇𝑂, respectively, because they are
related to the rates of change of PTO moment with total clam opening
angle change 2𝜉 .
7
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3

T
b

𝑃

3

i
t
s

a
t
r
[

𝑃 𝑐
𝑚𝑎𝑥 = 1

4
𝜔|(𝐴0 + 𝑘𝑚)𝑓7 − 𝐶0𝑓3|

2

|𝐴0 + 𝑘𝑚||(𝐴0 + 𝑘𝑚)(𝐷0 + 4𝑘𝑃𝑇𝑂) − 𝐵0𝐶0| − Im{(𝐴0 + 𝑘𝑚)[(𝐴0 + 𝑘𝑚)∗𝐷∗
0 − 𝐵∗

0𝐶
∗
0 ]}

. (22)

Box I.
r
m

v

𝑃

.2. Wave power absorption

Wave power is converted by the damping effect of the PTO system.
he time-averaged power that C-WEC captures from regular waves can
e written as

= 1
2
𝑐𝑃𝑇𝑂𝜔

2
|2𝜉7|

2 = 2𝑐𝑃𝑇𝑂𝜔2
|𝜉7|

2. (17)

The wave energy capture width ratio (or capture factor) can be
calculated by

𝜂 = 𝑃
𝑏𝑃in

= 4𝑘𝑃
𝑏𝜌𝑔𝐴2𝜔[1 + 2𝑘ℎ

sinh(2𝑘ℎ) ]
, (18)

where 𝑃in represents the incident wave power per unit width of the
wave front, and 𝑘 denotes the wave number.

.3. Maximum wave power absorption

The subject of this subsection is to study, theoretically, the max-
mum wave power that the C-WEC can capture from regular wa-
er waves. Optimisation of three variables, i.e., PTO damping, PTO
tiffness, and mooring stiffness, are considered.

In order to derive the expressions of the maximum wave power
bsorption, together with the corresponding optimised parameters,
he variables should be separated and the motion equation may be
ewritten as
𝐴0 + 𝑘𝑚 𝐵0

𝐶0 𝐷0 + 4𝑘𝑃𝑇𝑂 + 4i𝜔𝑐𝑃𝑇𝑂

]{

𝜉3
𝜉7

}

=
{

𝑓3
𝑓7

}

, (19)

where the subscript ‘‘0’’ denotes the element is independent of both
the PTO parameters and the stiffness of mooring system, 𝐴0 = 𝑘3,3 −
𝜔2(𝑚 + 𝑚3,3) + i𝜔𝑐3,3, 𝐵0 = 𝑘3,7 − 𝜔2(𝑚3,7 − 𝑚0𝑙 sin 𝜃) + i𝜔𝑐3,7, 𝐶0 =
𝑘7,3 − 𝜔2(𝑚7,3 − 𝑚0𝑙 sin 𝜃) + i𝜔𝑐7,3, 𝐷0 = 𝑘7,7 − 𝜔2(2𝐼 + 𝑚7,7) + i𝜔𝑐7,7.

Correspondingly, the time-averaged wave power absorption can be
expressed as

𝑃 =
2|(𝐴0 + 𝑘𝑚)𝑓7 − 𝐶0𝑓3|

2𝜔2𝑐𝑃𝑇𝑂
|(𝐴0 + 𝑘𝑚)(𝐷0 + 4𝑘𝑃𝑇𝑂 + 4i𝜔𝑐𝑃𝑇𝑂) − 𝐵0𝐶0|

2
. (20)

For the device in a specified sea state, three parameters, i.e., PTO
damping (𝑐𝑃𝑇𝑂), PTO stiffness (𝑘𝑃𝑇𝑂), and mooring stiffness (𝑘𝑚), could
be optimised to improve the performance of the device in wave power
absorption. Hereinafter, three different levels of optimisation principles
are considered, i.e., levels I, II, and III. For level I optimisation, two of
these three parameters are fixed with given values, and the remaining
one is optimised. For the level II optimisation, one of them is fixed
with a specified value, and the remaining two are optimised at the
same time. For the level III optimisation, all these three parameters are
optimised at the same time.

(1) Level I, optimisation of 𝑐𝑃𝑇𝑂
There is a corresponding maximum of absorbed wave power when

𝜕𝑃
𝜕𝑐𝑃𝑇𝑂

= 0, which occurs if

𝑐𝑃𝑇𝑂 =
|(𝐴0 + 𝑘𝑚)(𝐷0 + 4𝑘𝑃𝑇𝑂) − 𝐵0𝐶0|

4|𝐴0 + 𝑘𝑚|𝜔
≡ 𝑐𝑜𝑝𝑡, (21)

where the subscript ‘‘opt’’ denotes optimisation of PTO damping.
The maximum absorbed wave power with 𝑐𝑜𝑝𝑡 can be further ex-

pressed as (see Eq. (22) which is given in Box I).
(2) Level I, optimisation of 𝑘
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𝑃𝑇𝑂
There is a corresponding maximum of absorbed wave power when
𝜕𝑃

𝜕𝑘𝑃𝑇𝑂
= 0, which occurs if

𝑘𝑃𝑇𝑂 = −1
4

Re
{

𝐷0 −
𝐵0𝐶0

𝐴0 + 𝑘𝑚

}

≡ 𝑘𝑜𝑝𝑡, (23)

which indicates that the optimised PTO stiffness is affected by the
stiffness of the mooring system, but independent of the PTO damping
coefficient.

The maximum absorbed wave power with 𝑘𝑜𝑝𝑡 can be further ex-
pressed as

𝑃 𝑘
𝑚𝑎𝑥 =

2|(𝐴0 + 𝑘𝑚)𝑓7 − 𝐶0𝑓3|
2𝜔2𝑐𝑃𝑇𝑂

|𝐴0 + 𝑘𝑚|
2
(

Im
{

𝐷0 −
𝐵0𝐶0
𝐴0+𝑘𝑚

}

+ 4𝜔𝑐𝑃𝑇𝑂
)2

. (24)

A negative-stiffness mechanism is common in some control strate-
gies of WECs, e.g., the reactive phase control strategy (e.g., see [24]).
The negative-stiffness may be achieved by using some well-arranged
classic positive-stiffness springs, e.g., two symmetrical oblique springs
[25,26], or by adopting magnetic springs (e.g., see [27,28]). Neverthe-
less, the application of a negative-stiffness mechanism would increase
the complexity of the device and may affect the stability as well. In the
present work, the PTO stiffness is assumed to be non-negative. Hence,
Eqs. (23) and (24) may be rewritten as:

𝑘𝑜𝑝𝑡 =

⎧

⎪

⎨

⎪

⎩

0, Re
{

𝐷0 −
𝐵0𝐶0
𝐴0+𝑘𝑚

}

≥ 0

− 1
4Re

{

𝐷0 −
𝐵0𝐶0
𝐴0+𝑘𝑚

}

, Re
{

𝐷0 −
𝐵0𝐶0
𝐴0+𝑘𝑚

}

< 0,
(25)

and

𝑃 𝑘
𝑚𝑎𝑥 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

2|(𝐴0+𝑘𝑚)𝑓7−𝐶0𝑓3|2𝜔2𝑐𝑃𝑇𝑂
|(𝐴0+𝑘𝑚)(𝐷0+4i𝜔𝑐𝑃𝑇𝑂 )−𝐵0𝐶0|

2 , Re
{

𝐷0 −
𝐵0𝐶0
𝐴0+𝑘𝑚

}

≥ 0

2|(𝐴0+𝑘𝑚)𝑓7−𝐶0𝑓3|2𝜔2𝑐𝑃𝑇𝑂

|𝐴0+𝑘𝑚|2
(

Im
{

𝐷0−
𝐵0𝐶0
𝐴0+𝑘𝑚

}

+4𝜔𝑐𝑃𝑇𝑂
)2 , Re

{

𝐷0 −
𝐵0𝐶0
𝐴0+𝑘𝑚

}

< 0.
(26)

(3) Level I, optimisation of 𝑘𝑚
The expression of the wave power absorption may be written as

𝑃 =
2|𝑓7|

2 |
|

|

|

𝑘𝑚 + 𝐴0 −
𝐶0𝑓3
𝑓7

|

|

|

|

2
𝜔2𝑐𝑃𝑇𝑂

|𝐷0 + 4𝑘𝑃𝑇𝑂 + 4i𝜔𝑐𝑃𝑇𝑂|
2 |
|

|

|

𝑘𝑚 + 𝐴0 −
𝐵0𝐶0

𝐷0+4𝑘𝑃𝑇𝑂+4i𝜔𝑐𝑃𝑇𝑂

|

|

|

|

2
. (27)

The corresponding positive 𝑘𝑚 that satisfies 𝜕𝑃
𝜕𝑘𝑚

= 0 is [29] (see Eq.
(28) which is given in Box II) where

𝜁1+i𝜁2 = 𝐴0 −
𝐶0𝑓3
𝑓7

, 𝜁3+i𝜁4 = 𝐴0 −
𝐵0𝐶0

𝐷0 + 4𝑘𝑃𝑇𝑂 + 4i𝜔𝑐𝑃𝑇𝑂
. (29)

However, it should be noticed that the 𝑘𝑚 that satisfies 𝜕𝑃
𝜕𝑘𝑚

= 0 here
esults in the minimum of the wave power absorption, rather than the
aximum.

The maximum wave power absorption may be achieved as the larger
alue between the results with 𝑘𝑚 = 0 or 𝑘𝑚 → ∞, i.e.,

𝑚
𝑚𝑎𝑥 = 𝑚𝑎𝑥

{

2|𝐴0𝑓7 − 𝐶0𝑓3|
2𝜔2𝑐𝑃𝑇𝑂

|𝐴0(𝐷0 + 4𝑘𝑃𝑇𝑂 + 4i𝜔𝑐𝑃𝑇𝑂) − 𝐵0𝐶0|
2
,

2|𝑓7|
2𝜔2𝑐𝑃𝑇𝑂

|𝐷0 + 4𝑘𝑃𝑇𝑂 + 4i𝜔𝑐𝑃𝑇𝑂|
2

}

.

(30)
This is in line with the research work reported by Phillips [18].
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=

a

(

𝑘𝑚 =
𝜁21 + 𝜁22 − 𝜁23 − 𝜁24 +

√

(𝜁21 + 𝜁22 − 𝜁23 − 𝜁24 )
2 − 4(𝜁3 − 𝜁1)[𝜁1(𝜁23 + 𝜁24 ) − 𝜁3(𝜁21 + 𝜁22 )]

2(𝜁3 − 𝜁1)
, (28)

Box II.
d

a

(

d

m

𝑃

a

=

a

(

(4) Level II, optimisation of 𝑐𝑃𝑇𝑂 and 𝑘𝑃𝑇𝑂
𝑃 𝑐
𝑚𝑎𝑥 as given in Eq. (22) can be further enlarged with an optimal

𝑘𝑃𝑇𝑂. If 𝑘𝑃𝑇𝑂 and 𝑐𝑃𝑇𝑂 can be chosen such that:
𝜕𝑃

𝜕𝑐𝑃𝑇𝑂
= 0, 𝜕𝑃

𝜕𝑘𝑃𝑇𝑂
= 0, (31)

for which we have
(𝑐𝑃𝑇𝑂 , 𝑘𝑃𝑇𝑂)
(

−
Im{(𝐴0 + 𝑘𝑚)[(𝐴0 + 𝑘𝑚)∗𝐷∗

0 − 𝐵∗
0𝐶

∗
0 ]}

4|𝐴0 + 𝑘𝑚|
2𝜔

,

−
Re{(𝐴0 + 𝑘𝑚)[(𝐴0 + 𝑘𝑚)∗𝐷∗

0 − 𝐵∗
0𝐶

∗
0 ]}

4|𝐴0 + 𝑘𝑚|
2

)

.

(32)

The maximum absorbed wave power under the optimal combination
of 𝑐𝑃𝑇𝑂 and 𝑘𝑃𝑇𝑂 is

𝑃 𝑐,𝑘
𝑚𝑎𝑥 = −𝜔

8
|(𝐴0 + 𝑘𝑚)𝑓7 − 𝐶0𝑓3|

2

Im{(𝐴0 + 𝑘𝑚)[(𝐴0 + 𝑘𝑚)∗𝐷∗
0 − 𝐵∗

0𝐶
∗
0 ]}

. (33)

If 𝑘𝑃𝑇𝑂 < 0 is obtained with the utilisation of Eq. (32), then 𝑐𝑃𝑇𝑂,
𝑘𝑃𝑇𝑂, and 𝑃 𝑐,𝑘

𝑚𝑎𝑥 should be recalculated with

(𝑐𝑃𝑇𝑂 , 𝑘𝑃𝑇𝑂) =
(

|(𝐴0 + 𝑘𝑚)𝐷0 − 𝐵0𝐶0|

4|𝐴0 + 𝑘𝑚|𝜔
, 0
)

, (34)

and

𝑃 𝑐,𝑘
𝑚𝑎𝑥 = 𝑃 𝑐

𝑚𝑎𝑥(𝑘𝑃𝑇𝑂 = 0)

= 1
4

𝜔|(𝐴0 + 𝑘𝑚)𝑓7 − 𝐶0𝑓3|
2

|𝐴0 + 𝑘𝑚||(𝐴0 + 𝑘𝑚)𝐷0 − 𝐵0𝐶0| − Im{(𝐴0 + 𝑘𝑚)[(𝐴0 + 𝑘𝑚)∗𝐷∗
0 − 𝐵∗

0𝐶
∗
0 ]}

.

(35)

(5) Level II, optimisation of 𝑐𝑃𝑇𝑂 and 𝑘𝑚
The maximum wave power absorption and the corresponding opti-

mised 𝑐𝑃𝑇𝑂 and 𝑘𝑚 can be expressed as

𝑃 𝑐,𝑚
𝑚𝑎𝑥 = 𝑚𝑎𝑥

{

1
4

𝜔|𝐴0𝑓7 − 𝐶0𝑓3|
2

|𝐴0||𝐴0(𝐷0 + 4𝑘𝑃𝑇𝑂) − 𝐵0𝐶0| − Im{𝐴0(𝐴∗
0𝐷

∗
0 − 𝐵∗

0𝐶
∗
0 )}

,

1
4

𝜔|𝑓7|
2

|𝐷0 + 4𝑘𝑃𝑇𝑂| − Im{𝐷∗
0}

}

,

(36)

nd

𝑐𝑃𝑇𝑂 , 𝑘𝑚) =
(

|𝐴0(𝐷0 + 4𝑘𝑃𝑇𝑂) − 𝐵0𝐶0|

4|𝐴0|𝜔
, 0
)

or
(

|𝐷0 + 4𝑘𝑃𝑇𝑂|
4𝜔

,∞
)

,

(37)

depending on which term in the brackets of Eq. (36) is larger.
(6) Level II, optimisation of 𝑘𝑃𝑇𝑂 and 𝑘𝑚
The maximum wave power absorption and the corresponding opti-

mised 𝑘𝑃𝑇𝑂 and 𝑘𝑚 may be expressed as

𝑃 𝑘,𝑚
𝑚𝑎𝑥 = 𝑚𝑎𝑥

⎧

⎪

⎨

⎪

⎩

2|𝐴0𝑓7 − 𝐶0𝑓3|
2𝜔2𝑐𝑃𝑇𝑂

|𝐴0|
2
(

Im
{

𝐷0 −
𝐵0𝐶0
𝐴0

}

+ 4𝜔𝑐𝑃𝑇𝑂
)2

,

2|𝑓7|
2𝜔2𝑐𝑃𝑇𝑂

( )2

}

,

(38)
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Im{𝐷0} + 4𝜔𝑐𝑃𝑇𝑂
and

(𝑘𝑃𝑇𝑂 , 𝑘𝑚) =
(

−1
4

Re
{

𝐷0 −
𝐵0𝐶0
𝐴0

}

, 0
)

or
(

−1
4

Re{𝐷0},∞
)

, (39)

epending on which term in the brackets of Eq. (38) is larger.
If 𝑘𝑃𝑇𝑂 < 0 is obtained with the utilisation of Eq. (39), then 𝑘𝑃𝑇𝑂,

𝑘𝑚 and 𝑃 𝑘,𝑚
𝑚𝑎𝑥 should be recalculated with

𝑃 𝑘,𝑚
𝑚𝑎𝑥 = 𝑃𝑚

𝑚𝑎𝑥(𝑘𝑃𝑇𝑂 = 0)

= 𝑚𝑎𝑥

{

2|𝐴0𝑓7 − 𝐶0𝑓3|
2𝜔2𝑐𝑃𝑇𝑂

|𝐴0(𝐷0 + 4i𝜔𝑐𝑃𝑇𝑂) − 𝐵0𝐶0|
2
,

2|𝑓7|
2𝜔2𝑐𝑃𝑇𝑂

|𝐷0 + 4i𝜔𝑐𝑃𝑇𝑂|
2

}

, (40)

nd

𝑘𝑃𝑇𝑂 , 𝑘𝑚) = (0, 0) or (0,∞) , (41)

epending on which term in the brackets of Eq. (40) is larger.
(7) Level III, optimisation of 𝑐𝑃𝑇𝑂, 𝑘𝑃𝑇𝑂, and 𝑘𝑚
The maximum wave power absorption and the corresponding opti-

ised 𝑐𝑃𝑇𝑂, 𝑘𝑃𝑇𝑂, and 𝑘𝑚 may be expressed as

𝑀𝐴𝑋 = 𝑚𝑎𝑥

{

−𝜔
8

|𝐴0𝑓7 − 𝐶0𝑓3|
2

Im{𝐴0(𝐴∗
0𝐷

∗
0 − 𝐵∗

0𝐶
∗
0 )}

,−𝜔
8

|𝑓7|
2

Im{𝐷∗
0}

}

, (42)

nd
(𝑐𝑃𝑇𝑂 , 𝑘𝑃𝑇𝑂 , 𝑘𝑚)
(

−
Im{𝐴0(𝐴∗

0𝐷
∗
0 − 𝐵∗

0𝐶
∗
0 )}

4|𝐴0|
2𝜔

,−
Re{𝐴0(𝐴∗

0𝐷
∗
0 − 𝐵∗

0𝐶
∗
0 )}

4|𝐴0|
2

, 0

)

or
(

−
Im{𝐷∗

0}
4𝜔

,−1
4

Re{𝐷∗
0},∞

)

,

(43)

depending on which term in the brackets of Eq. (42) is larger.
It is noted that when the stiffness of the mooring system 𝑘𝑚 →

∞, this equation becomes 𝑃𝑀𝐴𝑋 = |𝑓7|2

8𝑐7,7
, which coincides with the

maximum absorbed power that a Clam-motion only C-WEC, i.e., no
motion in the heave mode, can achieve in resonant conditions as
expected.

Again, if the value of 𝑘𝑃𝑇𝑂 evaluated with the employment of
Eq. (43) is negative, 𝑐𝑃𝑇𝑂, 𝑘𝑃𝑇𝑂, 𝑘𝑚 and 𝑃𝑀𝐴𝑋 should be recalculated
by

𝑃𝑀𝐴𝑋 = 𝑃 𝑐,𝑚
𝑚𝑎𝑥(𝑘𝑃𝑇𝑂 = 0)

= 𝑚𝑎𝑥

{

1
4

𝜔|𝐴0𝑓7 − 𝐶0𝑓3|
2

|𝐴0||𝐴0𝐷0 − 𝐵0𝐶0| − Im{𝐴0(𝐴∗
0𝐷

∗
0 − 𝐵∗

0𝐶
∗
0 )}

,

1
4

𝜔|𝑓7|
2

|𝐷0| − Im{𝐷∗
0}

}

,

(44)

nd

𝑐𝑃𝑇𝑂 , 𝑘𝑃𝑇𝑂 , 𝑘𝑚) =
(

|𝐴0𝐷0 − 𝐵0𝐶0|

4|𝐴0|𝜔
, 0, 0

)

or
(

|𝐷0|

4𝜔
, 0,∞

)

, (45)

depending on which term in the brackets of Eq. (44) is larger.

4. Results and discussions

The geometry of the C-WEC considered hereinafter and the corre-
sponding mesh arrangements of the wetted surface are presented in
Fig. 3. The uprights connecting the keel to the wedge are thin and have
little impact on hydrodynamics. Hence they are omitted in the hydro-

dynamic simulation. Following Phillips [18]’s work, the hinge point
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𝑐

Fig. 3. (a) Model geometry of the C-WEC [18]; (b) Mesh arrangements of the C-WEC.
Fig. 4. Frequency response of the wave excitation force/moment acting on the C-WEC: (a) amplitude of the heave excitation force, |𝑓3|; (b) phase of the heave excitation force,
𝜑3; (c) amplitude of the Clam excitation moment, |𝑓7|; (d) phase of the Clam excitation moment, 𝜑7.
positions for the right-hand side flap and the left-hand side one are
(𝑥0+ , 𝑧0) = (2.348 m,−12.854 m) and (𝑥0− , 𝑧0) = (−2.348 m,−12.854 m),
respectively (i.e., 𝑑 = 12.854 m). Water depth is ℎ = 100 m unless
otherwise specified. 𝑚 = 5.561 × 106 kg, 𝑚0 = 0, 𝐼 = 0, 𝑘3,3 = 5.6535 ×
106 N∕m. The mass is symmetrically distributed about 𝑥 = 0 and 𝑦 = 0
planes, hence the centre of gravity of the device is located on the 𝑧-axis.

The PTO damping, PTO stiffness, and mooring stiffness may be
nondimensionalised into

̄𝑃𝑇𝑂 =
𝑐𝑃𝑇𝑂

√

𝑔ℎ
; 𝑘̄𝑃𝑇𝑂 =

𝑘𝑃𝑇𝑂 ; 𝑘̄𝑚 =
𝑘𝑚 . (46)
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𝜌𝑔𝑏𝑑4 𝜌𝑔𝑏𝑑3 𝜌𝑔𝑆
Figs. 4 and 5 present the frequency response of the wave excitation
forces and the hydrodynamic coefficients evaluated by WAMIT. As
expected, 𝑚7,3 = 𝑚3,7 and 𝑐7,3 = 𝑐3,7 are satisfied by the numerical
results. To shorten the length of the paper, 𝑚7,3 and 𝑐7,3 are not plotted
in Fig. 5.

4.1. Model validation

Fig. 6 shows a comparison between the present numerical results
of the heave RAO and Clam RAO of the device and the corresponding
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Fig. 5. Frequency response of the hydrodynamic coefficients of the C-WEC (a) 𝑚3,3; (b) 𝑐3,3; (c) 𝑚7,7; (d) 𝑐7,7; (e) 𝑚3,7; (f) 𝑐3,7.
measured physical data, which has been scaled up to the full prototype
from the 1:50 experimental model. The 1:50 scale physical tests were
carried out in the Ocean Basin at the Coastal, Ocean and Sediment
Transport (COAST) laboratory, housed in the Marine Building at the
University of Plymouth [18]. The numerical predictions are generally
in good agreement with the experiment data, although there are some
discrepancies between 𝑇 = 9 and 14 s. Fig. 7 presents the frequency
response of 𝜂𝑐𝑚𝑎𝑥 and 𝑐𝑜𝑝𝑡 obtained by using the present analytical model.
For comparison, the results predicted with the employment of the trial
and error method (i.e., an exhaustive search method), which finds
the optimisation solution by trying a finite number of attempts over
a specified range of the value of a variable (e.g., the PTO damping
coefficient) and then comparatively evaluating the solutions based
upon some predefined set of criteria (e.g., the maximum wave power
absorption), are also displayed. A good agreement of the present results
with the trial and error numerical results is achieved, and it gives us
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confidence in the present model for solving wave diffraction/radiation
problems and evaluating the maximum wave power absorption of the
C-WEC.

Hereinafter, the validated model is adopted to predict the poten-
tial maximum wave power absorption of the device and evaluate the
corresponding optimised PTO system or/and mooring stiffness.

4.2. Optimisation of the PTO damping coefficient

Fig. 8 illustrates the frequency response of 𝜂(𝑐)𝑚𝑎𝑥 and 𝑐(𝑐)𝑜𝑝𝑡 of the C-
WEC with 𝑘̄𝑚 = 0, i.e., the device is free-floating. Different curves
denote the device with different values of PTO stiffness (𝑘̄𝑃𝑇𝑂). For 1
rad/s < 𝜔 < 2 rad/s, in the examined five cases, the larger 𝑘̄𝑃𝑇𝑂, the
smaller 𝜂(𝑐)𝑚𝑎𝑥 and the larger the corresponding 𝑐(𝑐)𝑜𝑝𝑡. At 𝜔 ≈ 0.87 rad/s,
the change in 𝑘̄𝑃𝑇𝑂 has little impact on 𝜂(𝑐)𝑚𝑎𝑥 and 𝑐(𝑐)𝑜𝑝𝑡. This is because
|𝐴 | is rather small at 𝜔 ≈ 0.87 rad/s, making 𝜂(𝑐) and 𝑐(𝑐) insensitive
0 𝑚𝑎𝑥 𝑜𝑝𝑡
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Fig. 6. Comparison between the numerical results and the physical data (a) heave RAO |𝜉3|∕𝐴 of a floating C-WEC with fixed Clam angle for 𝑐ℎ = 106 Ns/m, 𝑘𝑚 = 6 × 105 N∕m;
(b) Clam RAO |𝜉7|∕𝐴 of a C-WEC fixed in heave for 𝑐𝑃𝑇𝑂 = 3.9 × 108 N m s/rad and 𝑘𝑃𝑇𝑂 = 1.6 × 107 N m/rad. lines: numerical results; symbols: measured physical data [18].
Fig. 7. Frequency response of the maximum wave power absorption efficiency and the corresponding optimised PTO damping with 𝑘𝑃𝑇𝑂 = 0 and 𝑘𝑚 = 0, level I, optimisation of
𝑐𝑃𝑇𝑂 : (a) 𝜂(𝑐)𝑚𝑎𝑥; (b) 𝑐(𝑐)𝑜𝑝𝑡.
Fig. 8. Variation of 𝜂(𝑐)𝑚𝑎𝑥 and 𝑐(𝑐)𝑜𝑝𝑡 with 𝜔 for different 𝑘̄𝑃𝑇𝑂 and 𝑘̄𝑚 = 0.
to the change of 𝑘̄𝑃𝑇𝑂 (see Eqs. (21) and (22)). For 𝑘̄𝑃𝑇𝑂 ≥ 0.4, a local
peak of 𝜂(𝑐)𝑚𝑎𝑥 occurs at 𝜔 < 1.0 rad/s, where a local minimum of 𝑐(𝑐)𝑜𝑝𝑡 is
observed. This is because 𝐷0 − 𝐵0𝐶0∕𝐴0 ≈ R− for 𝜔 < 1.0 rad/s. When
𝑘̄𝑃𝑇𝑂 is large enough, say 𝑘̄𝑃𝑇𝑂 ≥ 0.4, |𝐷0 + 4𝑘𝑃𝑇𝑂 − 𝐵0𝐶0∕𝐴0| ≈ 0
can be achieved (see Eqs. (21) and (22)), leading to a local peak and
valley of the frequency responses of 𝜂(𝑐)𝑚𝑎𝑥 and 𝑐(𝑐)𝑜𝑝𝑡, respectively. When
the incident wavelength is large, say 𝜔 < 0.5 rad/s, the free-floating
device moves up and down with the waves and the Clam-mode motion
can be hardly excited to capture wave power.
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We select 𝜔 = 0.5, 1.0, 1.5, 2.0, and 2.5 rad/s as five typical wave
conditions and plot the corresponding 𝜂(𝑐)𝑚𝑎𝑥 − 𝑘̄𝑃𝑇𝑂 and 𝑐(𝑐)𝑜𝑝𝑡 − 𝑘̄𝑃𝑇𝑂 in
Fig. 9. For intermediate wave frequencies in the examined five wave
conditions, 𝜔 = 1.0 and 1.5 rad/s, the largest value of 𝜂(𝑐)𝑚𝑎𝑥 is achieved
without a PTO stiffness. Whereas for the remaining low and high wave
frequencies (i.e., 𝜔 = 0.5, 2.0, and 2.5 rad/s), there is an optimised non-
vanishing 𝑘̄𝑃𝑇𝑂 to maximise 𝜂(𝑐)𝑚𝑎𝑥. For any specified wave condition,
the variation of 𝑐(𝑐)𝑜𝑝𝑡 with 𝑘̄𝑃𝑇𝑂 shows an opposite trend to that of the
𝜂(𝑐)𝑚𝑎𝑥− 𝑘̄𝑃𝑇𝑂. For the lowest wave frequency, 𝜔 = 0.5 rad/s, a sharp peak
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Fig. 9. Variation of 𝜂(𝑐)𝑚𝑎𝑥 and 𝑐(𝑐)𝑜𝑝𝑡 with 𝑘̄𝑃𝑇𝑂 for different 𝜔 and 𝑘̄𝑚 = 0.
Fig. 10. Variation of 𝜂(𝑘)𝑚𝑎𝑥 and 𝑘̄(𝑘)𝑜𝑝𝑡 with 𝜔 for different 𝑘̄𝑚 and 𝑐𝑃𝑇𝑂 = 2.0.
of 𝜂(𝑐)𝑚𝑎𝑥 − 𝑘̄𝑃𝑇𝑂 and a relatively linear 𝑐(𝑐)𝑜𝑝𝑡 − 𝑘̄𝑃𝑇𝑂 are observed. This is
because when 𝜔 → 0, wave radiation damping coefficients → 0, and 𝐴0,
𝐵0, 𝐶0, and 𝐷0 all tend to be real numbers. Hence Eqs. (21) and (22)
tend to be the amplitudes of a linear function and a reciprocal function
of 𝑘𝑃𝑇𝑂, respectively, leading to the results for small wave frequencies,
e.g., 𝜔 = 0.5 rad/s, as plotted in Fig. 9.

4.3. Optimisation of the PTO stiffness coefficient

Fig. 10 displays the frequency response of 𝜂(𝑘)𝑚𝑎𝑥 and 𝑘̄(𝑘)𝑜𝑝𝑡 of the C-
WEC with a specified PTO damping, 𝑐𝑃𝑇𝑂 = 2.0. Different curves
represent the device by applying the mooring system with different
stiffness. When the device is free-floating, i.e., 𝑘̄𝑚 = 0, very little
wave power can be captured by the device for 𝜔 < 0.5 rad/s. As
𝜔 increases from 0.5 rad/s, 𝜂(𝑘)𝑚𝑎𝑥 shows a rapid increase and reaches
the maximum value 0.4 around 𝜔 = 1 rad/s. As 𝜔 keeps increasing,
𝜂(𝑘)𝑚𝑎𝑥 starts decreasing. As 𝑘̄𝑚 increases from 0 to 3, the main peak of
𝜂(𝑘)𝑚𝑎𝑥−𝜔 curve shifts towards large wave frequencies and the bandwidth
becomes smaller and smaller. Meanwhile, the curve for small wave
frequencies, e.g., 𝜔 < 0.5 rad/s, raises up with the increase of 𝑘̄𝑚. It
is noted that for mooring stiffness 𝑘̄𝑚 = 1, 2, and 3, no wave power
can be captured at 𝜔 = 1.1, 1.4, and 1.7 rad/s, respectively. This
is because 𝐴0 − 𝐶0𝑓3∕𝑓7 ≈ R−, and we have |𝑘𝑚 + 𝐴0 − 𝐶0𝑓3∕𝑓7| ≈
0 at specific wave conditions for these three cases, resulting in no
wave power absorption regardless of the values of the PTO damping
and stiffness (see Eq. (20)). When the wave frequencies become large
enough, e.g., 𝜔 > 2.3 rad/s, 𝜂(𝑐)𝑚𝑎𝑥 and 𝑘̄(𝑘)𝑜𝑝𝑡 are found to be insensitive to
the change of 𝑘̄ .
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𝑚

4.4. Optimisation of the mooring stiffness coefficient

Fig. 11 exhibits the frequency response of 𝜂(𝑚)𝑚𝑎𝑥 and 𝑘̄(𝑚)𝑚,𝑜𝑝𝑡, and
different curves represent the cases with different PTO damping. In long
waves, e.g., 𝜔 < 0.7 rad/s, the maximum wave power absorption of the
device is achieved when the mooring stiffness is infinite, i.e., the heave
motion of the device is completely restricted (see Fig. 11b). Whereas
for 1.0 rad/s < 𝜔 < 2.5 rad/s, the free-floating device without any
constraint from the mooring system can capture more wave power than
those with some mooring restraints. In the examined five cases, the
smaller the PTO damping, the larger 𝜂(𝑚)𝑚𝑎𝑥 is obtained for most wave
conditions, except 𝜔 around 1.0 rad/s.

4.5. Optimisation of both PTO damping coefficient and PTO stiffness coef-
ficient

Fig. 12 shows the maximum wave power absorption of the C-WEC
when the PTO damping and PTO stiffness are both optimised. Different
curves denote the cases with different values of mooring stiffness. For
long-wave conditions, e.g., 𝜔 < 0.5 rad/s, the longer the incident waves,
the larger the maximum wave power capture factor, except the two
cases with 𝑘̄𝑚 = 4 and 10 000, for which 𝑘̄(𝑐𝑘)𝑜𝑝𝑡 = 0, and 𝜕𝑃∕𝜕𝑘𝑃𝑇𝑂 = 0 is
not satisfied, meaning the resonance condition is not achieved. For 𝜔 >
0.5 rad/s, the 𝜂(𝑐𝑘)𝑚𝑎𝑥−𝜔 curves for the examined six cases almost overlap
one another, except three steps observed at 1.1, 1.4, and 1.7 rad/s for
𝑘̄𝑚 = 1, 2, and 3, respectively, where we have |𝑘𝑚 + 𝐴0 − 𝐶0𝑓3∕𝑓7| ≈ 0
as reported in Section 4.3. Fig. 12a exhibits that 𝜂(𝑐𝑘)𝑚𝑎𝑥 ≈ 0.5 for 𝜔 >
2.0 rad/s. This may be explained from the two-dimensional point of
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Fig. 11. Variation of 𝜂(𝑚)𝑚𝑎𝑥 and 𝑘̄(𝑚)𝑚,𝑜𝑝𝑡 with 𝜔 for different 𝑐𝑃𝑇𝑂 and 𝑘̄𝑃𝑇𝑂 = 0.
Fig. 12. Variation of 𝜂(𝑐𝑘)𝑚𝑎𝑥, 𝑐(𝑐𝑘)𝑜𝑝𝑡 and 𝑘̄(𝑐𝑘)𝑜𝑝𝑡 with 𝜔 for different 𝑘̄𝑚.
view: when the incident wavelength is much smaller than the width
of the device, the hydrodynamic problem becomes a two-dimensional
case. In the two-dimensional case, because the device is symmetric so
that waves are radiated from the device equally in opposite directions,
meaning that not more than 50% of the incident wave energy can be
captured.

4.6. Optimisation of PTO damping coefficient, PTO stiffness coefficient and
mooring stiffness coefficient

Fig. 13 illustrates the frequency response of the maximum wave
power capture factor of the device when the PTO damping, PTO
stiffness, and the mooring stiffness are all optimised. As 𝜔 increases
from 0.1 rad/s, 𝜂(𝑐𝑘𝑚)𝑚𝑎𝑥 exhibits a rapid decrease first and reaches the
minimum around 𝜔 = 0.9 rad/s. As 𝜔 keeps increasing, 𝜂(𝑐𝑘𝑚)𝑚𝑎𝑥 increases
slightly and remains at 0.5 when 𝜔 > 1.6 rad/s. 𝜂(𝑐𝑘𝑚)𝑚𝑎𝑥 > 1.0 is
obtained for 𝜔 < 0.5 rad/s, and it should be pointed out that the
corresponding 𝑐(𝑐𝑘𝑚)𝑜𝑝𝑡 is rather small, meaning that a large response in
the Clam-mode is required. This, however, may not be achievable in
practical applications since the C-WEC would have physical limitations
placed upon excursions due to restraints such as pump stroke, and what
is more, the present linear theory may not be valid when the device
response is too severe.

4.7. Effect of the width

Wave energy could increase the power generated and reduce the
LCoE (Levelised cost of energy) by increasing the device scale [30]. In
the above subsections, it shows that the maximum wave power capture
factor around 𝜔 = 1.0 rad/s can be achieved with 𝑐𝑃𝑇𝑂 = 2.0, 𝑘̄𝑃𝑇𝑂 = 0
and 𝑘̄𝑚 = 0. In this subsection, we keep adopting these settings and
examine the performance of the device with different width, 𝑏̄ = 0.2,
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0.3, 0.4, 0.5, and 0.6. The frequency response of the wave power
capture factor 𝜂 is displayed in Fig. 14. The effect of device width
on wave power absorption mainly happens at 0.8 rad/s < 𝜔 < 1.7
rad/s. For 𝑏̄ < 0.4, there are two peaks of 𝜂 observed in this range
of wave conditions, and as 𝑏̄ keeps increasing towards 0.6, these two
peaks merge into one single peak with the peak value increasing and
approaching 0.5.

Fig. 15 plots the maximum wave power absorption when the PTO
damping can be optimised. It shows that the smaller width of the C-
WEC, the larger the range of 𝑐(𝑐)𝑜𝑝𝑡 is required around 𝜔 = 1.0 rad/s,
making it more difficult to control in practice.

The maximum wave power absorption of a free-floating C-WEC
when the PTO damping and PTO stiffness can be both optimised is
displayed in Fig. 16. The smaller the width of the device, the larger
𝜂(𝑐𝑘)𝑚𝑎𝑥 is exhibited for 𝜔 < 0.8 rad/s. This is because when the device
width gets small, the device acts as a point absorber. The point absorber
effect (also known as the antenna effect), which is the ability to absorb
power from a larger width than the physical dimension of the device,
becomes stronger with the decrease of the device width. Whereas in
short waves, e.g., 𝜔 > 2.0 rad/s, the performance of the C-WEC in
terms of wave power capture factor remains 0.5 for the examined five
cases with different width. As 𝜔 decreases from 1.0 rad/s to 0.1 rad/s,
𝜂(𝑐𝑘)𝑚𝑎𝑥 shows a more and more rapid increase. For 𝜔 < 0.5 rad/s, the
narrower the device, the higher the 𝜂(𝑐𝑘)𝑚𝑎𝑥. When 𝜔 is small enough,
𝜂(𝑐𝑘)𝑚𝑎𝑥 > 5 can be achieved for all the examined five cases. However,
this may not be achievable in practical applications. To achieve such a
high 𝜂(𝑐𝑘)𝑚𝑎𝑥, a rather large device motion is required, and it could make
the assumptions of linear theory invalid. Moreover, there are physical
limitations to restricting the motion amplitude, e.g., pump stroke and
mooring lines. It would be better to consider the effect of a constraint
on the performance of the device. Similar studies were reported in the

context of point absorbers (e.g., see [31]) and two-hinged-raft devices
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Fig. 13. Variation of 𝜂(𝑐𝑘𝑚)𝑚𝑎𝑥 , 𝑐(𝑐𝑘𝑚)𝑜𝑝𝑡 , 𝑘̄(𝑐𝑘𝑚)𝑜𝑝𝑡 and 𝑘̄(𝑐𝑘𝑚)𝑚,𝑜𝑝𝑡 with 𝜔.
Fig. 14. Variation of 𝜂 with 𝜔 for the devices with different width, 𝑐𝑃𝑇𝑂 = 2.0, 𝑘̄𝑃𝑇𝑂 = 0
and 𝑘̄𝑚 = 0.

(e.g., see [32]). This evaluation is beyond the scope of this paper and,
therefore, is left for future work. It should also be pointed out that the
absorbed wave power is expressed in terms of wave energy capture
width ratio (see Eq. (18)), meaning that plenty of wave power could
be captured by the device with a large width even if the wave energy
capture width ratio is low.

4.8. Effect of the opening angle

The opening angle of the device in still water in terms of 2𝜃 can
be adjusted by changing the initial PTO moment (𝑀0) acting on the
flap in still water. Note that the submergence of the clam (𝑑) at the
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equilibrium would also change accordingly with the change of 𝜃 should
other parameters be fixed.

Fig. 17 presents the variation of 𝑑 of the device with 𝜃 in still water
for the free-floating cases with 𝐹𝑚,0 = 0. The weight of the device
does not change, meaning the displacement volume is fixed, hence the
submergence of the device decreases with the increase of the opening
angle as expected. 𝜃 = 20◦, 25◦, 30◦, 35◦, 40◦, 45◦, 50◦ correspond to
𝑑 = 12.854 m, 11.810 m, 10.941 m, 10.187 m, 9.508 m, 8.878 m,
and 8.276 m, respectively. Fig. 18 presents the frequency responses of
𝜂(𝑐𝑘)𝑚𝑎𝑥 and the optimised PTO damping and stiffness in terms of 𝑐(𝑐𝑘)∗𝑜𝑝𝑡 =
𝑐(𝑐𝑘)𝑜𝑝𝑡

√

𝑔ℎ∕(𝜌𝑔𝑏𝑑40 ) and 𝑘̄(𝑐𝑘)∗𝑜𝑝𝑡 = 𝑘(𝑐𝑘)𝑜𝑝𝑡 ∕(𝜌𝑔𝑏𝑑
3
0 ), respectively, for the device

with different opening angles in still water, where 𝑑0 = 12.854 m.
For 𝜔 < 1.0 rad/s, the 𝜂(𝑐𝑘)𝑚𝑎𝑥 − 𝜔 curves for the examined seven cases
overlap with one other, demonstrating the independence of 𝜂(𝑐𝑘)𝑚𝑎𝑥 on
the opening angle of the device. Whereas for 𝜔 ≈ 2.0 rad/s, as 𝜃
increases from 20◦ to 50◦, less and less wave power can be captured
by the device. This may be because the larger the opening angle, the
smaller the submerged depth, and the smaller both the hydrodynamic
force acting on the flaps and the moment arm about the hinges, leading
to smaller hydrodynamic moments about the hinges and resulting in a
worse performance of the device in wave power absorption. A main
peak of the 𝑐(𝑐𝑘)∗𝑜𝑝𝑡 −𝜔 curve is observed around 𝜔 = 1.0 rad/s regardless
of the values of the device opening angle in still water. The peak value
of 𝑐(𝑐𝑘)∗𝑜𝑝𝑡 is found to be strongly dependent on the value of 𝜃, and the
larger the opening angle, the smaller the peak value. This makes sense
because when the optimum phase condition and optimum amplitude
condition are satisfied simultaneously we have 𝑐(𝑐𝑘)∗𝑜𝑝𝑡 ≈ 𝑐7,7 [33], in
which 𝑐7,7 becomes smaller when the opening angle of the device is
increased, i.e., the submerged depth is decreased, in still water.

To achieve the maximum wave power absorption as plotted in
Fig. 18a, both PTO damping and PTO stiffness need to be adapted, and
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Fig. 15. Variation of 𝜂(𝑐)𝑚𝑎𝑥 and 𝑐(𝑐)𝑜𝑝𝑡 with 𝜔 for the devices with different width, 𝑘̄𝑃𝑇𝑂 = 0 and 𝑘̄𝑚 = 0.
Fig. 16. Variation of 𝜂(𝑐𝑘)𝑚𝑎𝑥, 𝑐(𝑐𝑘)𝑜𝑝𝑡 and 𝑘̄(𝑐𝑘)𝑜𝑝𝑡 with 𝜔 for the devices with different width and 𝑘̄𝑚 = 0.
𝑐

Fig. 17. Variation of the submerged depth of the flaps (𝑑) with 𝜃 (the opening angle
between the two flaps is 2𝜃) in still water.

a large variation range of wave frequency dependent 𝑐(𝑐𝑘)∗𝑜𝑝𝑡 and 𝑘̄(𝑐𝑘)∗𝑜𝑝𝑡
could be required over the examined wave conditions, especially for 𝜃 =
20◦ (see Figs. 18b and c). This may increase the system complexity and
costs of the device. For simplicity, choosing a proper PTO stiffness and
optimising only the PTO damping to improve the power capture ability
of the device may be welcomed. Fig. 19 presents the frequency response
of 𝜂(𝑐)𝑚𝑎𝑥 and 𝑐(𝑐)∗𝑜𝑝𝑡 for seven different opening angles with 𝑘̄∗𝑃𝑇𝑂 = 0.3 and
𝑘̄𝑚 = 0. In the examined seven cases, a spike of the 𝜂(𝑐)𝑚𝑎𝑥 − 𝜔 curve
and a valley of the 𝑐(𝑐)∗𝑜𝑝𝑡 − 𝜔 curve are observed, respectively, between
𝜔 = 0.4 rad/s and 0.8 rad/s. This is because 𝐴0, 𝐵0, 𝐶0, and 𝐷0 all tend
to be real numbers as wave radiation damping → 0 when 𝜔 → 0, and
meanwhile, 𝐴0(𝐷0 +4𝑘𝑃𝑇𝑂 −𝐵0𝐶0) ≈ 0 is satisfied for a specified wave
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frequency between 𝜔 = 0.4 rad/s and 0.8 rad/s for the examined seven
cases. 𝐴0(𝐷0 + 4𝑘𝑃𝑇𝑂 − 𝐵0𝐶0) ≈ 0 is located at the denominator and
numerator in the expressions of the maximum absorbed wave power
and optimised PTO damping, respectively (see Eqs. (21) and (22)),
resulting in a local peak of the 𝜂(𝑐)𝑚𝑎𝑥 − 𝜔 curve and a local valley of
the 𝑐(𝑐)∗𝑜𝑝𝑡 −𝜔 curve between 𝜔 = 0.4 rad/s and 0.8 rad/s. The larger the
𝜃, the larger the heaving stiffness (𝑘3,3) and the clam stiffness (𝑘7,7),
making the local peak of the 𝜂(𝑐)𝑚𝑎𝑥 −𝜔 curve and the local valley of the
̄(𝑐)∗𝑜𝑝𝑡 − 𝜔 curve move towards large wave frequencies.

5. Conclusions

In this paper, a Clam-type wave energy converter (C-WEC), which
consists of a pair of flaps that are hinged at the bottom, is considered.
The relative rotation of the flaps, i.e., the so-called Clam-motion, is
utilised to capture energy from water waves. To investigate the perfor-
mance of the C-WEC, a numerical model based on the linear potential
flow theory is developed. What is more, the maximum wave power that
can be captured by the device when the PTO/mooring system can be
optimised is predicted. Some selected findings are listed below.

• When the incident wavelength is large, the Clam-mode motion of
the free-floating device without any mooring restraints is hardly
excited to capture wave power.

• For some specific mooring stiffness, no wave power could be
captured by the device for particular wave conditions regardless
of the values of the PTO damping and stiffness.

• When the PTO stiffness and mooring stiffness of the device are
both variable, their optimised values are found to be independent
of the PTO damping.

• For the freely floating C-WEC with 𝑐𝑃𝑇𝑂 = 2.0 and 𝑘̄𝑃𝑇𝑂 = 0, there
are two peaks of the frequency response of wave power capture
factor when the device width is small, e.g., 𝑏̄ < 0.4. Whereas when
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Fig. 18. Variation of 𝜂(𝑐𝑘)𝑚𝑎𝑥, 𝑐(𝑐𝑘)∗𝑜𝑝𝑡 and 𝑘̄(𝑐𝑘)∗𝑜𝑝𝑡 with 𝜔 for different values of 𝜃 (the opening angle between the two flaps is 2𝜃) in still water, 𝑘̄𝑚 = 0, and ℎ = 60 m.
Fig. 19. Variation of 𝜂(𝑐)𝑚𝑎𝑥 and 𝑐(𝑐)∗𝑜𝑝𝑡 with 𝜔 for different values of 𝜃 (the opening angle between the two flaps is 2𝜃) in still water, 𝑘̄𝑚 = 0, 𝑘̄∗𝑃𝑇𝑂 = 0.3, and ℎ = 60 m.
the device width is large, there is only one single peak, and the
peak value becomes larger with the increase of the device width.

• A spike of the frequency response of the maximum wave power
capture factor for a free-floating device with a constant PTO
stiffness and an optimised PTO damping is observed. The spike
moves towards large wave frequencies when the opening angle
of the device in still water gets larger.

The present model is developed in the framework of potential flow
theory, hence it may not be suitable for the extreme wave–structure
interactions. A fully nonlinear hydrodynamic numerical model will be
developed in the near future to predict the performance of C-WEC in
extreme wave conditions and study the nonlinear characteristics of the
mooring system and complex PTO system.
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Appendix. Derivation of the expressions of 𝐊𝐬 and 𝐌

Expressions of 𝑘3,3 and 𝑘3,7 can be obtained by taking the partial
derivatives of the left-hand side of Eq. (1) with respect to 𝑑 and −𝜃,
respectively,

𝑘3,3 = 𝜕
[

𝜌𝑔𝑏𝑑2 tan 𝜃 + 𝐹𝑠 − (2𝑚0 + 𝑚𝑠)𝑔
]

∕𝜕𝑑 = 2𝜌𝑔𝑏𝑑 tan 𝜃, (A.1)

𝑘3,7 = −𝜕
[

𝜌𝑔𝑏𝑑2 tan 𝜃 + 𝐹𝑠 − (2𝑚0 + 𝑚𝑠)𝑔
]

∕𝜕𝜃 = −
𝜌𝑔𝑏𝑑2

cos2 𝜃
. (A.2)

Similarly, 𝑘7,3 and 𝑘7,7 can be obtained by taking the partial deriva-
tives of the left-hand side of Eq. (2) with respect to 𝑑 and −𝜃, respec-
tively,

𝑘7,3 ≈ 𝜕
[

2𝑀𝑠 + 𝑚0 𝑔𝑙 sin 𝜃 −
𝜌𝑔𝑏𝑑3

3 cos2 𝜃

]

∕𝜕𝑑 = −
𝜌𝑔𝑏𝑑2

cos2 𝜃
, (A.3)

𝑘7,7 ≈ −𝜕
[

2𝑀𝑠 + 𝑚0 𝑔𝑙 sin 𝜃 −
𝜌𝑔𝑏𝑑3

3 cos2 𝜃

]

∕𝜕𝜃 =
2𝜌𝑔𝑏𝑑3 tan 𝜃

3 cos2 𝜃
− 𝑚0 𝑔𝑙 cos 𝜃.

(A.4)
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Fig. A.20. (a) Inertial force/moment acting on the device due to acceleration in Mode
3; (b) Inertial force/moment acting on the device due to acceleration in Mode 7.

Fig. A.20 illustrates the schematic diagram of inertial force/moment
acting on the C-WEC due to accelerations in Modes 3 and 7. Fig. A.20a
demonstrates

𝑚(0)
3,3 = 𝑚𝑠 + 2𝑚0 = 𝑚, (A.5)

and

𝑚(0)
7,3 = −𝑚0𝑙 sin 𝜃. (A.6)

As indicated in Fig. A.20b, we have

𝑚(0)
7,7 =

2𝑚0𝑙2

3
= 2𝐼, (A.7)

and

𝑚(0)
3,7 = −𝑚0𝑙 sin 𝜃 −

𝑚0𝑙𝑧̇27 cos 𝜃
2𝑧̈7

≈ −𝑚0𝑙 sin 𝜃, (A.8)

in which the 𝑧̇27 associated term is neglected in this paper provided the
motion response is assumed to be small.
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