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v i i i 

Notes on Symbols 

A l l symbols a r e d e f i n e d a t the p l a c e s where they a r e f i r s t used. 

The motion o f the f l u i d i s d e s c r i b e d w i t h respec'c to a C a r t e s i a n 

c o o r d i n a t e system w i t h o r i g i n a t the p o i n t where the drop f i r s t 

s t r i k e s the s o l i d . . A f l u i d p a r t i c l e has c o o r d i n a t e s x and y» where x 

i s measured a l o n g the s u r f a c e o f the s o l i d and y i s measured 

p e r p e n d i c u l a r to i t . Time t i s reckoned from the i n s t a n t o f c o n t a c t . 

Symbols t h a t appear f r e q u e n t l y i n the book a r e a s f o l l o w s : 

p p r e s s u r e 

V impact v e l o c i t y 

Vj v e l o c i t y o f j e t s t h a t flow out from under a drop 

R drop r a d i u s 

^ €ingle subtended a t c e n t r e o f drop by h a l f - w i d t h o f 

c o n t a c t a r e a 

magnitude o f a t which compression wave i s r e l e a s e d 

f r o a edges o f drop 

\t magnitude of ^ at which flow appears from under drop e 
x^ p o s i t i o n o f edge when compression wave r e l e a s e d 

t ^ time a f t e r impact a t which compression wave r e l e a s e d 

p o s i t i o n o f edge when j e t s f i r s t appear from under drop 
e 

t ^ time a f t e r impact a t which j e t s f i r s t appear from under 

drop 

pQ f l u i d d e n s i t y 

C Q sound speed i n f l u i d 

|i f l u i d v i s c o s i t y 

I n Chapter 3 i s used i n p l a c e o f x and t ^ i n p l a c e o f t ; x 

and t a r e then used to s p e c i f y the edge o f the drop. The f o l l o w i n g 



i x 

non-dimensional v a r i a b l e s appear: 

x' = x/x^. t ' = t / t ^ , x^ = x^/x^ and = t ^ / t ^ . 

I n Chapter 6 the s u b s c r i p t s a r e dropped from the symbols f o r 

d e n s i t y and sound speed. 

Footnotes a r e denoted by r a i s e d l e t t e r s and n o t e s appended to 

the c h a p t e r s by r a i s e d numbers.. 



CHAPTER 1 

INTRODUCTION 

Why a r e s e a - w a l l s damaged by b r e a k i n g waves? V/hat i s t h e lo a d 

on the bottom o f a s h i p when i t slams down onto t h e s u r f a c e o f the 

sea? How ar e the l e a d i n g edges o f steam t u r b i n e b l a d e s damaged by 

water d r o p l e t s ? I s i t s a f e to f l y an a i r c r a f t through a r a i n s t o r m ? 

These q u e s t i o n s have one t h i n g i n common - they c o n c e r n impact 

between a l i q u i d and a s o l i d . I n the l a s t f i f t y y e a r s o r so they 

have i n s p i r e d a l a r g e number o f i n v e s t i g a t i o n s . 

1.1 Wave Impa c t s 

Model s t u d i e s o f wave im p a c t s a g a i n s t s e a - w a l l s have been c a r r i e d 

out by Bagnold (1939) and Denny ( 1951) . They measured wave l o a d s 

and t r i e d to r e l a t e them to the beh a v i o u r o f the wave on impact• 

R e s u l t s of experiments to measure wave l o a d s on s e a - w a l l s a t p o r t s 

a l o n g the c o a s t s o f the M e d i t e r r a n e a n Sea and the E n g l i s h Channel 

have been g a t h e r e d t o g e t h e r by M i n i k i n (19/ f6) . The most s i g n i f i c a n t 

f a c t t h a t emerges from t h e s e s t u d i e s i s t h a t t h e r e i s l i t t l e 

c o r r e l a t i o n between the l a b o r a t o r y r e s u l t s and the f i e l d 

measurements. Even today a s a t i s f a c t o r y theory t h a t can be t e s t e d 

i n an independent s e r i e s o f experiments has not been developed. 

N e v e r t h e l e s s , i n a work t h a t i s r e f e r r e d to by e n g i n e e r s who de s i g n 

s e a - w a l l s , i t has been s t a t e d t h a t water-hammer p r e s s u r e s , which 

a r i s e when a moving l i q u i d i s suddenly stopped and compressed, a r e 

u n l i k e l y to o c c u r i n these i m p a c t s . (See Ippen ( I 9 6 6 ) . ) Although 

t h i s c o n c l u s i o n does not c o n f l i c t w i t h e x p e r i m e n t a l r e s u l t s t h a t 

have been c o l l e c t e d so f a r , s e v e r e c o r r o s i o n damage to the l e g s o f 



g a s - p r o d u c t i o n p l a t f o r m s i n the North Sea s u g g e s t s t h a t p r e s s u r e s 

o f t h i s magnitude may o c c u r i n wave i m p a c t s * (The damage has been 

d e s c r i b e d by C o t t r i l l (1975).) At the time o f w r i t i n g e x p e r i m e n t s 

to measure wave slamming l o a d s on t h i s type o f s t r u c t u r e a r e b e i n g 

c a r r i e d out by a group sponsored by the Department o f the Environment 

(See the anonymous a r t i c l e i n the New C i v i l E n g i n e e r ( 1975)» ) The 

problems here a r e v e r y s i m i l a r to those t h a t o c c u r when s h i p s and 

m i s s i l e s slam i n t o the s u r f a c e o f the s e a , s u b j e c t s t h a t have been 

s t u d i e d for many y e a r s . 

1 . 2 Ship Slamming and R e l a t e d Problems 

The slamming problem has been i n v e s t i g a t e d by von Karman ( 1 9 2 9 ) 

and Wagner ( 1 9 3 2 ) ( s e a p l a n e f l o a t s ) , Shiffman and Spencer ( 1 9 4 5 ) , 

Nisewanger ( 1 9 5 2 ) and Deragarabedian ( 1 9 5 5 ) ( m i s s i l e s ) , Chu and 

Abramson ( I 9 6 I ) and O g i l v i e ( I 9 6 3 ) ( s h i p s ) and S k a l a k and F e i t ( I 9 6 6 ) 

( m i s s i l e s ) , to mention only, a few. Some o f t h e s e were t h e o r e t i c a l 

s t u d i e s ( f o r example, t h a t o f D e r a g a r a b e d i a n ) , whereas o t h e r s were 

e x p e r i m e n t a l ( f o r example, t h a t o f N i s e w a n g e r ) . The c o r r e l a t i o n 

between experiment and theory i s v e r y poor. For example, 

Deragarabedian p r e d i c t e d t h a t the water-hammer p r e s s u r e i s g e n e r a t e d 

a t the c e n t r e of the l i q u i d / s o l i d i n t e r f a c e when a r i g i d sphere 

s t r i k e s the s u r f a c e o f a l i q u i d , but t h i s i s c o n s i d e r a b l y g r e a t e r 

than the p r e s s u r e t h a t was measured by Nisewanger when he f i r e d 

s p h e r e s c o n t a i n i n g s m a l l p r e s s u r e t r a n s d u c e r s i n t o a b a s i n o f water. 

Over the y e a r s s i n c e t h i s work was done t h e r e has been l i t t l e e f f o r t 

to improve e x p e r i m e n t a l t e c h n i q u e s o r to modify the t h e o r y to c r e a t e 

a more comprehensive e x p l a n a t i o n o f the impact p r o c e s s . 



1..3 T u r b i n e Blade E r o s i o n and R&in E r o s i o n o f A i r c r a f t 

S y s t e m a t i c i n v e s t i g a t i o n s o f l i q u i d impact e r o s i o n were begun 

i n the e a r l y 1920's a f t e r i t was n o t i c e d t h a t r o t o r b l a d e s i n the 

low p r e s s u r e s t a g e s o f steam t u r b i n e s had been deeply p i t t e d by 

imp a c t s w i t h water d r o p l e t s . Over the y e a r s s o l u t i o n s to the problem 

have more o r l e s s kept pace w i t h new developments such a s the mercury 

steam t u r b i n e ( H a t f i e l d (19/f8)) and the me t a l vapour t u r b i n e 

(Pouchot (1968)).. By the end o f World War 11 m i l i t a r y a i r c r a f t were 

f l y i n g f a s t enough to be damaged by r a i n , and from the e a r l y 1960'3 

to the p r e s e n t day both problems have been s t u d i e d t o g e t h e r by the 

same groups of people, who have kept i n c l o s e touch w i t h one another 

through c o n f e r e n c e s and symposia. ̂  

These s t u d i e s have shown t h a t e r o s i o n i n c r e a s e s a s a hi g h power 

of the Impact v e l o c i t y , and t h a t h a r d n e s s and s t r a i n energy to 

f r a c t u r e p r o v i d e the b e s t measures o f e r o s i o n r e s i s t a n c e . ( S e e , f o r 

example, Honneger (1927) ( t u r b i n e s ) and F y a l l e t a l (1962) and 
Busch e t a l (I966) ( a i r c r a f t ) . ) They have made i t p o s s i b l e f o r 

e r o s i o n r e s i s t a n t m a t e r i a l s to be s e l e c t e d f o r s p e c i f i c a p p l i c a t i o n s , 

even though the r e a s o n s f o r t h i s r e s i s t a n c e were not understood; t h u s 

s t e l l i t e s h i e l d s have been forged on the l e a d i n g edges o f t u r b i n e 

b l a d e s to reduce the amount o f p i t t i n g , and neoprene c o a t i n g s have 

been glued to radomes on a i r c r a f t to reduce c a t a s t r o p h i c f a i l u r e s o f 

the s t r u c t u r e s . 

The r e s u l t s o f these I n v e s t i g a t i o n s v;ere d i f f i c u l t t o i n t e r p r e t 

because the l o a d s generated i n the I m p a c t s were not known. T h i s i s 

common to a l l the t o p i c s d i s c u s s e d above. I t i s the main l i q u i d 

Impact problem today. 



1.4 The Main Problem 

What i s the impact p r e s s u r e when a l i q u i d and a s o l i d c o l l i d e ? 

T h i s I s the c r u c i a l q u e s t i o n t h a t must be answered b e f o r e the problems 

d i s c u s s e d above can be understood more c l e a r l y . . D e s p i t e t h e 

s i m i l a r i t i e s between t h e s e problems they were s t u d i e d i n I s o l a t i o n 

from one a n o t h e r , so t h a t a f r u i t f u l approach i n one f i e l d was never 

used i n a n o t h e r . Thus the p r e s s u r e d i s t r i b u t i o n under a s p h e r i c a l 

water drop when i t c o l l i d e s w i t h a s o l i d c o u l d have been worked out 

as long ago a s 1955 w i t h a technique t h a t was d i s c u s s e d by 

Deragarabedian, but h i s work seems to have gone u n n o t i c e d by the 

people who were s t u d y i n g a i r c r a f t and steam t u r b i n e b l a d e e r o s i o n . 

Furthermore, mathematical methods t h a t had been developed to s o l v e 

analogous problems - the p r e s s u r e d i s t r i b u t i o n on wings i n s u p e r s o n i c 

flow - were not a p p l i e d to the Impact problem a t a l l . I n f a c t i t i s 

an analogue t e c h n i q u e t h a t h o l d s the key to the impact problem 

examined i n t h i s work. The method i s o u t l i n e d I n Chapter 3 . 

1.5 The P r e s e n t Study 

I t i s p o s s i b l e t h a t a r e a l i s t i c t h e o r y o f drop Impingement e r o s i o n 

could be developed i f the magnitude and d i s t r i b u t i o n o f t h e p r e s s u r e 

d u r i n g Impact were known. With t h i s i n mind, the f o l l o w i n g work needs 

to be done. 

(1) Develop a theory f o r the impact o f a l i q u i d drop a g a i n s t a 

r i g i d s u r f a c e . The theory should g i v e a t l e a s t an e s t i m a t e o f the 

f o l l o w i n g q u a n t i t i e s : ( a ) the magnitude and d u r a t i o n o f the mean 

impact p r e s s u r e , ( b ) the p r e s s u r e d i s t r i b u t i o n under the drop a t 

d i f f e r e n t p o s i t i o n s and times, and ( c ) the outward flow v e l o c i t y i n 

the e a r l y s t a g e s o f Impact. The theory s h o u l d be f o r m u l a t e d so t h a t 



i t can be a p p l i e d to any l i q u i d / s o l i d geometry. 

(1 1 ) Measure the Impact p r e s s u r e d i s t r i b u t i o n over a range o f 

impact v e l o c i t i e s f o r a number o f d i f f e r e n t l i q u i d s and a number o f 

s o l i d s u r f a c e p r o f i l e s . 

( i l l ) Compare the r e s u l t s o f ( 1 1 ) w i t h the p r e d i c t i o n s o f ( 1 ) , 

( I v ) Develop a theory o f e r o s i o n t h a t i n c l u d e s l i q u i d p r o p e r t i e s 

and compare the p r e d i c t i o n s o f t h i s t h e o r y w i t h the r e s u l t s o f 

e r o s i o n experiments c a r r i e d out w i t h a s e l e c t i o n o f l i q u i d s . 

These t o p i c s a r e examined i n the p r e s e n t work. A t h e o r y f o r the 

impact o f a c y l i n d r i c a l l i q u i d drop a g a i n s t a p l a n e r i g i d s o l i d i s 

worked out i n d e t a i l ; e s t i m a t e s o f the mean p r e s s u r e and mean flow 

v e l o c i t i e s a r e g i v e n as w e l l a s e s t i m a t e s o f the p r e s s u r e 

d i s t r i b u t i o n under the drop a t d i f f e r e n t p o s i t i o n s and t i m e s . The 

r e s u l t s a r e compared w i t h measurements o f the Impact p r e s s u r e 

d i s t r i b u t i o n made over a range of impact v e l o c i t i e s w i t h a v a r i e t y 

o f l i q u i d s . Measurements of the s h e a r s t r e s s d i s t r i b u t i o n under the 

drop and measurements of the p r e s s u r e d i s t r i b u t i o n w i t h i n the drop 

ar e a l s o p r e s e n t e d . The c a l c u l a t i o n s and measurements a r e r e l a t e d 

to e v e n t s observed i n photographs o f t h e I mpact. Other r e s u l t s , 

showing the e f f e c t o f drop s i z e , drop shape, s u r f a c e p r o f i l e , l i q u i d 

p r o p e r t i e s and a c c e l e r a t i o n o f the s o l i d on the p r e s s u r e d i s t r i b u t i o n , 

a r e g i v e n . 

E x p e r i m e n t s a r e d e s c r i b e d on the e r o s i o n o f n i c k e l by ten 

d i f f e r e n t l i q u i d s chosen so t h a t the e f f e c t s o f d e n s i t y , a c o u s t i c 

impedance and v i s c o s i t y could be i n v e s t i g a t e d s e p a r a t e l y . D e f i n i t e 

t r e n d s emerge from t h i s work, and a d i m e n s i o n a l a n a l y s i s o f the 

r e s u l t s l e a d s to a g e n e r a l e q u a t i o n f o r the r a t e o f e r o s i o n o f the 



m a t e r i a l . An energy a n a l y s i s o f thft e r o s i o n p r o c e s s i s g i v e n , and 

an e x p r e s s i o n f o r the r a t o o f e r o s i o n t h a t i s i n r e a s o n a b l e 

agreement w i t h experiment i e developed. 



Notes on Chapter 1 

( 1 ) Some o f these have been r e p o r t e d i n the documents l i s t e d 

below. 

( i ) Symposium on Er o s i o n and C a v i t a t i o n , ASTM STP 3 0 ? , American 

Society f o r T e s t i n g and M a t e r i a l s , 1962 . 

( i l ) E r o s i o n by C a v i t a t i o n o r Impingement, ASTM STP 4 0 8 , American 

Society f o r T e s t i n g and M a t e r i a l s , 1967• 

( i i i ) C h a r a c t e r i s a t i o n and De t e r m i n a t i o n o f E r o s i o n R e s i s t a n c e , 

ASTM STP k7ky American Society f o r T e s t i n g and M a t e r i a l s , 1970 . 

( i v ) E r o s i o n , V/ear, and I n t e r f a c e s w i t h C o r r o s i o n , ASTM STP 567 , 

American Society f o r T e s t i n g and M a t e r i a l s , 197/^. 

( v ) A d i s c u s s i o n on deformation o f s o l i d s by the impact o f l i q u i d s , 

and i t s r e l a t i o n t o r a i n damage i n s i i r c r a f t and m i s s i l e s , t o blade 

e r o s i o n i n steam t u r b i n e s and t o c a v i t a t i o n e r o s i o n . P h i l o s o p h i c a l 

T r a n s a c t i o n s o f the Royal Society (London), S e r i e s A, P a r t Number 

1110, Volume 260 , pp. 73 - 3 1 5 , 1966. 

( v i ) Proceedings o f the i n t e r n a t i o n a l conferences on r a i n e r o s i o n 

and a l l i e d phenomena, 1 ~ 1965 , 2 - 1967 , 3 - 1970 and k - 197k* 

Copies can be o b t a i n e d from the Royal A i r c r a f t E s t a b l i s h m e n t , 

Farnborough. 
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CHAPTER 2 

A REVIEW OF PREVIOUS WORK 

D e t a i l e d reviews o f l i q u i d impact e r o s i o n have been w r i t t e n 

( s ee, f o r example, the one by Heymann ( 1 9 6 8 a ) ) , and work t h a t has 

been done i n rec e n t years has been r e p o r t e d i n documents t h a t are 

e a s i l y o b t a i n e d (see the l i s t i n Note 1 , Chapter 1 ) . For these 

reasons t h i s review i s b r i e f and i s l a r g e l y c u l l e d from a r e p o r t 

by Rochester (1977a). 

2.1 Erosi o n 

L i q u i d impact e r o s i o n has been s t u d i e d i n m u l t i p l e impact machines 

t h a t s i m u l a t e c o n d i t i o n s i n r a i n or i n steam t u r b i n e s (Honneger (1927) 

( t u r b i n e s ) and Busch e t a l (I966) ( a i r c r a f t ) ) . T h i s work has been 

done t o ev a l u a t e m a t e r i a l s , t o determine the v a r i a t i o n o f e r o s i o n 

w i t h impact v e l o c i t y , to e s t a b l i s h the e f f e c t o f impact angle on 

e r o s i o n , and t o examine the e f f e c t on e r o s i o n o f a number o f o t h e r 

v a r i a b l e s , such as the s i z e o f the l i q u i d drop and the shape o f the 

s o l i d s u r f a c e . 

2.1.1 The P a t t e r n o f Erosion 

E r o s i o n has been found t o f o l l o w t h r e e w e l l - d e f i n e d stages 

(Hancox and Brunton ( I 9 6 6 ) ) . These are ( i ) an i n c u b a t i o n p e r i o d , 

d u r i n g which no mass l o s s occurs (Stage 1 ) ; the s u r f a c e o f the 

m a t e r i a l i s covered w i t h a random d i s t r i b u t i o n o f s h a l l o w depressions 

w i t h diameters i n the range from 1.0 t o 20 ^Lm; t h e r e i s s u b s t a n t i a l 

evidence t h a t these are caused when c a v i t a t i o n bubbles, formed a t 

o r near the l i q u i d / s o l i d i n t e r f a c e d u r i n g the e a r l y stages o f impact. 



c o l l a p s e onto the surface o f the s o l i d (Camus ( 1 9 7 1 ) ) ; < i l ) a p e r i o d 

d u r i n g which mass l o s s occurs a t a more o r l e s s constant r a t e 

(Stage 2 ) ; m a t e r i a l i s removed from t h e p i t s formed d u r i n g t h e 

i n c u b a t i o n p e r i o d ; the p i t s grow as e r o s i o n proceeds, and towards 

the end o f t h i s stage they have j o i n e d up w i t h one another^ so t h a t 

the e n t i r e surface i s roughened; t h e r e i s some evidence t h a t e r o s i o n 

damage d u r i n g Stages 1 and 2 i s caused by a f a t i g u e mechanism 

(Thomas and Brunton ( 1 9 7 0 ) ) ; ( i i i ) a p e r i o d d u r i n g which mass l o s s 

occurs a t a lower constant r a t e than t h a t d u r i n g the p r e v i o u s stage 

(Stage 3 ) ; t h e r e i s some evidence t h a t e r o s i o n occurs a t a lower 

r a t e d u r i n g t h i s stage because l i q u i d r e t a i n e d i n the bottom o f the 

p i t s cushions the surface a g a i n s t the impacts (Brunton ( 1 9 6 7 ) ) . 

2 . 1 . 2 Measurement o f Erosion Damage 

The e r o s i o n r a t e d u r i n g Stage 2 and the r e c i p r o c a l o f the d u r a t i o n 

o f Stage 1 have been suggested as measures o f e r o s i o n damage f o r 

e i t h e r grouping m a t e r i a l s or d e t e r m i n i n g r e l a t i o n s between e r o s i o n 

damage and o t h e r v a r i a b l e s (Heymann ( 1 9 6 7 a ) ) . 

2 . 1 . 3 The E f f e c t o f Impingement C o n d i t i o n s on Er o s i o n 

2 . 1 . 3 . 1 Impact V e l o c i t y 

The e r o s i o n r a t e d u r i n g Stage 2 can be expressed as e i t h e r 

E (V - V ^ ) " l , 2 . 1 

where V i s the impact v e l o c i t y , i s the impact v e l o c i t y below 

which no mass l o s s occurs and n^ i s about 2 . 5 (see, f o r example, 

Baker e t a l ( 1 9 6 6 ) ), or 



10 

E V ° 2 , 2 . 2 

where n2 i s about 5 (see, f o r example, H o f f e t a l ( 1 9 6 7 ) )• These 

r e l a t i o n s do not h o l d f o r very b r i t t l e m a t e r i a l s such as g l a s s e s , 

i n which c a t a s t r o p h i c f a i l u r e s can occur above c e r t a i n v e l o c i t i e s . 

They can u s u a l l y be f i t t e d to a set o f r e s u l t s over d i f f e r e n t p a r t s 

o f the v e l o c i t y range; the f i r s t g e n e r a l l y f i t s r e s u l t s near the 

t h r e s h o l d v e l o c i t y , whereas the second has been found to h o l d a t 

v e l o c i t i e s w e l l above the t h r e s h o l d . There are no grounds f o r 

e x t r a p o l a t i n g e i t h e r o f these expressions o u t s i d e the v e l o c i t y range 

examined* 

2 . . 1 , 5 » 2 Impact An^le 
*• 

The e r o s i o n r a t e d u r i n g Stage 2 has been found to f i t the 

r e l a t i o n 
> 

E - (VCOS-& - V ^ ) ' ^ l , 2*3 

where d i s the angle o f impact ( F V a l l e t a l ( 1 9 6 2 ) ) . 

2 . 1 . 3 . 3 Drop Size 

There i s s t i l l much d i s p u t e on the e f f e c t o f drop s i z e . I t 

would appear t h a t the d u r a t i o n o f Stage 1 i n c r e a s e s as drop s i z e 

decreases f o r drops w i t h diameters l e s s than about 2 . 5 nnn, but t h a t 

the r a t e o f e r o s i o n d u r i n g Stage 2 i s not a f f e c t e d ^ b y drop s i z e . The 

t h r e s h o l d v e l o c i t y below which e r o s i o n does not occur v a r i e s w i t h 

drop s i z e a c c o r d i n g to 

V^d = c o n s t a n t , 2.if c 

where d i s the diameter o f the drop (Heymann ( 1 9 6 7 a ) ) . 
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2.-1. .3.^ Drop Shape " 

Erosion i n c r e a s e s w i t h the r a d i u s o f c u r v a t u r e o f the s i d e o f 

the drop which s t r i k e s the s o l i d (de H a l l e r ( 1 9 3 3 and 1 9 4 0 ) ) . T h i s 

e f f e c t I s tho same as t h a t due t o drop s i z e . 

2 . 1 . 3 . 5 Surface Shape 

Erosion has been found t o Increase on concave s u r f a c e s 

(de H a l l e r ( 1933 and 1 9 4 0 ) ) . Surface f i n i s h has been found to have 

no e f f e c t on e r o s i o n f o r s c r a t c h depths g r e a t e r than 12 \im 

(Hancox and Brunton ( I 9 6 6 ) ) . 

2 . 1 . 3 . 6 L i q u i d Layer 

I t has been demonstrated t h a t a l i q u i d l a y e r can reduce both t h e 

t o t a l impact l o a d and the damage caused by the o u t f l o w i n g f l u i d 

( Brunton ( 1 9 6 7 ) ) . To be e f f e c t i v e i n t h i s way the depth o f the l i q u i d 

l a y e r must be s i m i l a r t o the diameter o f the drop. There i s some 

evidence t h a t l i q u i d r e t a i n e d i n the p i t s i s r e s p o n s i b l e f o r the f a l l 

i n e r o s i o n r a t e t h a t marks the end o f Stage 2 . 

2,J.lf The E f f e c t o f M a t e r i a l P r o p e r t i e s on E r o s i o n 

I n general the e r o s i o n r e s i s t a n c e o f m a t e r i a l s has been found t o 

inc r e a s e w i t h hardness and s t r a i n energy t o f r a c t u r e (Honneger ( 1 9 2 7 ) 

(hardness) and Thomas and Brunton ( 1 9 7 0 ) ( s t r a i n energy t o 

f r a c t u r e ) ) . However, t h e r e are n o t a b l e e x c e p t i o n s t o b o t h t r e n d s , and 

a t the moment t h e r e does not appear t o be a s a t i s f a c t o r y m a t e r i a l 

p r o p e r t y t h a t d e s c r i b e s the e r o s i o n r e s i s t a n c e o f a m a t e r i a l * 
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2.1.5 The E f f e c t o f L i q u i d P r o p e r t i e s on E r o s i o n 

I t has been found t h a t the r a t e o f e r o s i o n d u r i n g Stage 2 

I n c r e a s e s w i t h d e n s i t y and decreases w i t h v i s c o s i t y (Hancox and 

Brunton (1966) ( d e n s i t y ) and Canavelis (1966 and I968) ( v i s c o s i t y ) ) . 

2 .1 .6 Theories o f Erosio n 

At present t h e r e i s no r e l i a b l e t h e o r y o f e r o s i o n t h a t r e l a t e s 

r a t e o f e r o s i o n t o e i t h e r m a t e r i a l p r o p e r t i e s o r p r o p e r t i e s o f the 

l i q u i d and the impingement c o n d i t i o n s ( d e s p i t e many a t t e m p t s t o 

develop one - see Heymann (1967b)) . 

2.2 S i n g l e Impact Damage 

D e t a i l e d d e s c r i p t i o n s o f damage caused by s i n g l e impacts have 

been g i v e n , and atte m p t s have been made t o r e l a t e these f i n d i n g s 

t o the behaviour o f the drop on impact (Bowden and Brunton ( I 9 6 I ) , 

Hancox and Brunton (1966) and Thomas and Brunton ( 1 9 7 0 ) ) . T h i s work 

has shown t h a t the damage i s caused b o t h by the i n i t i a l h i g h impact 

pressures t h a t l a s t f o r o n l y a sma l l f r a c t i o n o f t h e t o t a l impact 

time and by the e r o s i v e a c t i o n o f the l i q u i d as i t f l o w s out a t 

h i g h speed from the ce n t r e o f impact across the s u r f a c e o f the s o l i d . 

2-3 The Impact Pressure D i s t r i b u t i o n 

There have been a few measurements o f the average impact pressure 

d u r i n g the i n i t i a l stage o f impact (Engel ( 1 9 5 5 ) » Bowden and 

Brunton ( I 9 6 I ) and Hancox £uid Brunton ( I 9 6 6 ) ) , a d e t a i l e d 

d e s c r i p t i o n o f the i n i t i a l stages o f flo w ( B r u n t o n and Camus ( 1 9 7 0 ) ) , 

some atte m p t s to measure the impact pressure d i s t r i b u t i o n over t h e 
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impact s u r f a c e ( V i c k e r s and Johnson (1973) and Rochester and 

Srunton (197'fa, b ) ) , and e few c a l c u l a t i o n s o f the pre s s u r e 

d i s t r i b u t i o n (Engel (1955), Savic and B o u l t (1957), Bowden and 

F i e l d (196/+), Skalak and F e i t (1966), Heymann (1969), Huang e t 

a l (1971) and Lesser (1973)), "but much controversy s t i l l surrounds 

the r e s u l t s and conclusions o f t h i s work (Heymann (1974))* The 

h i s t o r y o f the problem i s summarised i n Table 2 .1. The l a s t i t e m 

marks the s t a r t i n g p o i n t o f the present study. 
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Table 2.1 

Impact Pressure D i s t r i b u t i o n a t the L i q u i d / S o l i d I n t e r f a c e when 
L i q u i d Drop S t r i k e s a Plane R i g i d S o l i d 

Approach 

En^el (1953) 

Theory and 
experiment. 

Drop Shape 

S p h e r i c a l drop 

Bowden and F i e l d (1964) 

Theory. S p h e r i c a l drop. 

Heymann (1969) 

Theory - wedge C y l i n d r i c a l drop 
analogy. 

Camus (1971) 

Theory - wedge C y l i n d r i c a l drop 
analogy. 

Huang e t a l (1971) 

Theory* P i n - c u s h i o n drop 

Lesser (1973) 

Theory. Rectangular s l u g 

Johnson and V i c k e r s (1973) 

Experiment. C y l i n d r i c a l j e t . 

Rochester and Brunton (1974a) 

Experiment* C y l i n d r i c a l drop. 

Pressure D i s t r i b u t i o n 

I l o n - u n i f o r m . Maximum pressure 
not g i v e n , but assumed to be i n 
r i n g around c e n t r e o f impact* 
Mean pressure a t t h i s time 
0.5POCQV. 

Uniform* Equal t o p^c^V. 

Non-uniform. Maximum pressure 
about 3PQC^V a t edge o f co n t a c t 
r e g i o n j u s t b e f o r e f l o w occurs. 

Non-uniform. Maximum pressure 
many times PQC^V a t edge o f 
co n t a c t r e g i o n j u s t a f t e r f l o w 
s t a r t s . 

Non-uniform. Maximum pressure 
about 0 
impact. 
about O.Sp^c^V a t c e n t r e o f 

Non-uniform. Maximum pressure 
PQC^V a t cen t r e o f impact* 

Non-uniform. Maximun; pressure 
1 . 5PQCQV a t edge o f j e t . 

Non-uniform. Maximum pressure 
about 0.7PQCQV a t c e n t r e o f 
impact. 
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CHAPTER 3 

THE THEORY OF DROP IMPACT 

When a l i q u i d drop s t r i k e s a s o l i d s u r f a c e , i t i s known t h a t 

very h i g h pressures are generated a t the b e g i n n i n g o f impact due t o 

the c o m p r e s s i b i l i t y o f the f l u i d . A lthough d e t a i l e d d e s c r i p t i o n s o f 

the impact process have been g i v e n , s a t i s f a c t o r y e x p l a n a t i o n s o f 

both the v a r i a t i o n o f the impact pressure and the f l o w o f the drop 

d u r i n g impact have not been developed. I n t h i s chapter a th e o r y f o r 

the impact o f a c y l i n d r i c a l l i q u i d drop a g a i n s t a r i g i d s o l i d i s 

presented. Estimates o f the mean impact pressure over t h e s u r f a c e 

o f c o n t a c t between the l i q u i d and the s o l i d and the mean f l o w 

v e l o c i t y from under the surface o f the drop are g i v e n , as w e l l as 

estimates o f the pressure d i s t r i b u t i o n under the drop a t d i f f e r e n t 

p o s i t i o n s and ti m e s . 

3.1 The Mean Impact Pressure 

Bowden and F i e l d (196^) were abl e t o show t h a t the mean impact 

pressure over the co n t a c t surface up t o the time v/hen t h e pressure 

wave detaches from the edge o f the drop i s the water-hammer pres s u r e . 

However, t h e i r argument was based on the u n l i k e l y s u p p o s i t i o n t h a t 

the f l u i d p a r t i c l e v e l o c i t y throughout the compressed r e g i o n i s 

constant and equal t o the impact v e l o c i t y . Skalak and F e i t (I966) 
o b t a i n e d t h e same r e s u l t f o r the impact o f a r i g i d s o l i d w i t h a 

plane l i q u i d s u r f a c e by u s i n g r e t a r d e d p o t e n t i a l s . A lthough t h e i r 

a n a l y s i s i s c o r r e c t , and could be a p p l i e d t o the problem considered 

here, i t i s a complicated way to o b t a i n a s o l u t i o n , s i n c e they b e g i n 

by s e t t i n g up an eq u a t i o n f o r the v e l o c i t y p o t e n t i a l w i t h i n the 
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r e g i o n o f the d i s t u r b a n c e . The simple r e s u l t e s t a b l i e l i e d t h r o u g h 
these c a l c u l a t i o n s suggests t h a t a more s t r a i g h t f o r w a r d method e x i s t s . 
I n f a c t the problem i s e a s i l y solved by s e t t i n g up a moving c o n t r o l 
volume around the f l o w ; i n t h i s s o l u t i o n knowledge o f what i s 
happening i n s i d e the space occupied by the f l u i d I s not r e q u i r e d . 

The problem t h a t i s considered here i s i l l u s t r a t e d i n F i g . 3.1. 

A c y l i n d r i c a l l i q u i d drop w i t h a r a d i u s R i s s t r u c k by a plane r i g i d 

s o l i d a t v e l o c i t y V. A f t e r a time t the p o s i t i o n o f the edge o f the 

drop i s given by 

X = [Vt(2R - V t ) ] - ^ / ^ . 3 * l a 

I f Vt<<2R, t h i s reduces t o 

X = ( 2 R V t ) ^ / ^ . 3.1b 

The v e l o c i t y w i t h which the edge o f the drop t r a v e l s o u t across the 

surface o f the s o l i d i s 

dx/dt = [ R V / ( 2 t ) ] ^ / ^ = RV/x, 3.2 

and the angle subtended a t the centre o f the drop by the h a l f - w i d t h 

o f the area o f c o n t a c t between the l i q u i d and the s o l i d i s given by 

s i n - ^ =x/R = (2Vt/R)-'"^^. 3*3 

The d e r i v a t i o n o f these equations i s based on the assumption t h a t 

f l o w from under the edges o f the drop does not begin a t t h e i n s t a n t 

o f f i r s t c o n t a c t between l i q u i d and s o l i d . T h i s i s reasonable, since 

the edge o f the drop i s i n i t i a l l y moving out across the s u r f a c e o f 

the s o l i d f a s t e r than the pressure waves generated i n the impact. 

Since the edge i s d e c e l e r a t i n g as i t t r a v e l s out across the s o l i d . 



F i g . 3.1 The c y l i n d r i c a l l i q u i d drop befor e outward f l o w begins. 

F i g . 3.2 Expanding volumes used to e s t i m a t e the f o r c e e x e r t e d on 

the drop by the s o l i d , 

y y 

1 
1 

^ \ 1 — ' 
\ 1 

0 

a 

F i g . 3.3 Expanding volumes used t o e s t i m a t e the f o r c e e x e r t e d on 

the r i g h t hand side o f the drop by the l e f t hand s i d e . 
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a place v / i l l be reached a t which the wave v e l o c i t y exceeds the edge 

v e l o c i t y , the pressure i n s i d e the c e n t r a l compressed r e g i o n w i l l be 

released and the f l u i d w i l l be f r e e t o move out across t h e su r f a c e 

o f the s o l i d beyond t h e edge o f the drop. T h i s w i l l o ccur when 

dx/dt = CQ = [RV / ( 2 t ^ ) ] ^ / 2 = RV/x^. 3.4a 

Here c^ i s the sound speed i n the l i q u i d , and x_ and t are the edge u c c 
p o s i t i o n and time a f t e r impact r e s p e c t i v e l y a t which the pressure 

wave overtakes the edge o f the drop. Equation 3»4a i s e a s i l y 

rearranged to g i v e 

x^ = RV/CQ, and t ^ = RV / ( 2 c ^ ) . 3.4b 

I t f o l l o w s from Equation 3.3 t h a t the flo w angle a t v/hich t h i s occurs 

i s g i ven by 

The a n a l y s i s g i v e n below makes use o f the f o l l o w i n g g e n e r a l 

r e s u l t . The f o r c e F ( t ) on a f l u i d w i t h i n a closed r e g i o n w i t h 

volume v ( t ) and su r f a c e area S ( t ) i s 

F ( t ) = p^d/dt J qdv + PQ ya(as.n)dS, 3.5a 

v ( t ) S<t) 

where £ i s the f l u i d v e l o c i t y a t any p o s i t i o n and t i m e , 

v e l o c i t y o f the surface and n i s a u n i t v e c t o r normal t o the s u r f a c e 

( p o s i t i v e i n w a r d s ) . (See, f o r example, J e f f r e y ( I 9 6 6 ) . ) I f an 

average f l o w v e l o c i t y i s d e f i u e d 

^av = [ / a d v ] / [ / d v ] , 
v ( t ) v ( t ) 
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t h i s e q u a t i o n can be w r i t t e n 

F ( t ) = PoCi/dt[£^^v(t)] + PQ ya(a3.n)dS. 3.5b 

S ( t ) 

Consider the expanding c o n t r o l volumes i l l u s t r a t e d i n F i g . 3»2. 

They show the p a r t o f the f l u i d t h a t c o n t a i n s the bow-shaped pressur 

wave generated a t the b e g i n n i n g o f the impact. I n F i g . 3«2a the 

surface o f the c o n t r o l volume t h a t i s normal t o the y - a x i s i s 

s t a t i o n a r y a t a d i s t a n c e c ^ t ^ above t h e x - a x i s , and the s i d e s a r 

moving out w i t h the edges o f the drop, t o which t he p r e s s u r e wave 

remains a t t a c h e d . I n F i g . 3.2b the s i d e s normal t o t h e x - a x i s are 

s t a t i o n a r y , and the upper s u r f a c e o f t h e c o n t r o l volume i s moving up 

the drop w i t h the head o f the pressure wave. The w i d t h o f the c o n t r o l 

volume has been chosen so t h a t the head o f the wave w i l l have 

t r a v e l l e d a d i s t a n c e c ^ t ^ alo n g the y - a x i s when the edges o f the drop 

reach the s t a t i o n a r y boundaries o f the c o n t r o l volume. At t h i s time 

the f o r c e s on the c o n t r o l volumes w i l l be the same because they w i l l 

have the same shape. However, they have reached t h i s shape i n 

d i f f e r e n t ways, and t h i s means t h a t the equations f o r the f o r c e s w i l l 

not have the same form. T h i s leads t o an expreesion f o r the f o r c e , 

as shown below. 

Refer t o F i g . 3.2a. At any time t the volume o f the expanding 

c o n t r o l volume i s 

v = 2(2RVt)^/^c^t3^, 

t h e r e f o r e 
dv/dt = (2RV/t)^/^CQt^. 

These terms can now be s u b s t i t u t e d i n t o Equation 3-5^, which becomes 
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F y ( t ) = P o [ V a v ( 2 R V / t ) ^ / % t ^ + 2 ( 2 R V t ) ^ / % t ^ d v ^ / d t ] , 3-6a 

where F y ( t ) i s the f o r c e e x e r t e d by the s o l i d on t he l i q u i d , and 

V i s the average f l u i d p a r t i c l e v e l o c i t y i n s i d e t h e c o n t r o l volume av 
i n the y - d i r e c t i o n . 

Refer to F i g . 3.2b. At any time t the volume o f the expanding 

c o n t r o l volume i s 

V = 2(2RVt3^)^/^CQt, 

t h e r e f o r e 

dv/dt = 2(2RVt3^)^/^CQ. 

These terras can now be s u b s t i t u t e d i n t o Equation 3.5b, which becomes 

F y ( t ) = Po[Vav2(2RVt^)^/2^Q + 2( 2RVt3^)^/^c^tdv^ydt ] 

+ 2p^c^V(2RVt^)^/2. 3.6b 

When t = t ^ , Equations 3.6a and 3.6b g i v e the same f o r c e . 

T herefore 

from which 

^av = - 2V. 5.7 

Equation 3.7 can now be s u b s t i t u t e d i n t o e i t h e r E q u a t i o n 3.6a o r 

Equation 3.6b t o give 

F y ( t ) = - PQCQV2(2RVt)^/2. 3.8a 

T h i s can be w r i t t e n 
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F y ( t ) = - PQCQVA, ^ 3.8b 

where A i s the area o f c o n t a c t between the l i q u i d and t h e s o l i d . 

The average pressure e x e r t e d on the s o l i d by the f l u i d i s t h e r e f o r e 

Pav = - Fy(*)/A = PQCQV. 5.9 

The average pressure on t h e s u r f a c e o f the s o l i d d u r i n g the 

p e r i o d t h a t the edge i s t r a v e l l i n g outwards f a s t e r than the pressure 

wave generated i n the impact i s t h e r e f o r e the water-hammer p r e s s u r e . 

I f the pressure i s equal t o PQC^V a t the c e n t r e o f the c o n t a c t area 

a t the i n n t a n t o f impact and t h e r e a f t e r f a l l s , i t f o l l o w s from 

Equation 3*9 t h a t the pressure a t the edge o f the c o n t a c t r e g i o n 

increases as the impact proceeds. 

Consider the c o n t r o l volumes i l l u s t r a t e d i n F i g . 3 .5 , i n which 

the c e n t r a l plane o f the drop i s p a r t o f the s u r f a c e . A d i s c u s s i o n 

s i m i l a r t o t h a t g iven above leads t o an exp r e s s i o n f o r t h e f o r c e 

e x e r t e d on the r i g h t hand s i d e o f the drop by the l e f t hand s i d e . 

Refer t o F i g . 3 .3a. The f o r c e on the f l u i d w i t h i n t h e c o n t r o l 

volume i n the x - d i r e c t i o n i s 

F ^ ( t ) = ( l / 2 ) P o [ u ^ ^ ( 2 R V / t ) ^ / 2 c Q t ^ + 2{2mt)^^^CQt^dM^ydt], 3.10a 

where u^^ i s the average f l u i d p a r t i c l e v e l o c i t y i n s i d e the c o n t r o l 

volume i n the x - d i r e c t i o n . 

Refer t o F i g . 3.3b. The f o r c e on the f l u i d w i t h i n t h e c o n t r o l 

volume i n the x - d i r e c t i o n i s 

F ^ ( t ) = (l/2)PQ[u^^2(2RVt3^)^/^CQ + 2 ( 2 R V t ^ ) ^ / 2 ^ Q t d u ^ y d t ] . 3.10b 

When t = t ^ . Equations 3.10a and 3.10b gi v e the same f o r c e , 
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t h e r e f o r e 

u^^ = 0 . 3.11 

Equation 3.11 can now be s u b s t i t u t e d i n t o e i t h e r E q u a t i o n 3.10a o r 

Equation 3.10b to give 

F ^ ( t ) = 0. 3.12 

I f the pressure i s equal t o PQCQV a t the centre o f t h e c o n t a c t 

area a t the i n s t a n t o f impact and t h e r e a f t e r f a l l s , i t f o l l o w s from 

Equation 3-12 t h a t the pressure a t some places along the c e n t r a l 

plane o f the drop w i l l be n e g a t i v e . T h e r e f o r e c a v i t a t i o n i s l i k e l y 

t o occur j u s t above the surface o f the s o l i d i n the c e n t r a l r e g i o n 

o f the drop. 

V/hen the pressure wave overtakes the edge o f the drop, the f l u i d 

w i l l be f r e e t o move out across the s u r f a c e o f the s o l i d . I t i s 

p o s s i b l e t h a t the edge o f the drop w i l l s t i l l be moving o u t a t a 

hig h e r v e l o c i t y than t h a t i m parted t o the f l u i d p a r t i c l e s by the 

r e l e a s e wave, so t h a t a Jet o f f l u i d w i l l n ot appear beyond the edge 

o f t h e drop immediately. The edge p o s i t i o n w i l l s t i l l be g i v e n by 

Equation 3 - l t and the a n a l y s i s o f the f l o w presented above w i l l s t i l l 

h o l d . However, i n the c o n t r o l volume i l l u s t r a t e d i n F i g * 3 .2a, t h e r e 

w i l l now be a c o n t r i b u t i o n to the e x p r e s s i o n f o r ̂ ^ ( t ) from the 

momentum f l u x across the s i d e s . I f the v e l o c i t i e s o f t h e p a r t i c l e s 

along the boundaries o f the c o n t r o l volume p a r a l l e l to t h e y - a x i s 

are n e g l e c t e d , t h i s term w i l l be zero, and the average pressure 

e x e r t e d on the s o l i d by the f l u i d w i l l s t i l l be given by 

Equation 3 .9. When flow beyond the edge o f the drop o c c u r s , the edge 

p o s i t i o n w i l l no longer be determined by the geometry o f the impact, 

but w i l l depend on the dynamics o f the f l o w . Since the p o s i t i o n o f 
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the edge i s not known beforehand, i t does not seem p o s s i b l e t h a t 

an a n a l y t i c a l s o l u t i o n w i l l be o b t a i n e d t o t h i s p a r t o f the problem, 

3.2 Outward Flow V e l o c i t y and Flow Anp:le 

As discussed above, i t does not f o l l o w t h a t outward f l o w w i l l 

occur from under the drop Just because the edge i s f r e e . Since the 

average pressure over the c o n t a c t area a t the time when outward f l o w 

i s able t o occur i s the water-hammer p r e s s u r e , i t i s reasonable to 

suppose t h a t f l u i d i s d r i v e n out across the s u r f a c e o f the s o l i d by 

t h i s p r e s s u r e . From the momentum e q u a t i o n the outward f l o w v e l o c i t y 

should t h e r e f o r e be given by 

(1/2)P(^V^ = PQV- ^-^^^ 

(The unsteady terra has been o m i t t e d . ) The j e t v e l o c i t y i s t h e r e f o r e 

= ( 2 C Q V ) ^ / ^ . 3.13b 

T h i s expression can be w r i t t e n as e i t h e r 

V J / C Q = (2V/CQ)^/2 3 3̂ 3̂  

o r 

Vj/V = (2CQ/V)^/2. 3.13d 

As the impact v e l o c i t y i s i n c r e a s e d , the sound speed i n the l i q u i d 

i n c r e a s e s a c c o r d i n g to the r e l a t i o n 

c = CQ + kV, 3.1^ 

where k i s a constant f o r a p a r t i c u l a r l i q u i d (Heyraann (1968b). 

For water k = 2, so t h a t Equations 3.13c and 3.15d become 
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and 

Vj/V = [2(2 + C Q / V ) ] ^ / 2 ^ 3^3^5^ 

Graphs o f V ^ / C Q and Vj/V versus V/c^ are shown i n F i g s . 3.if 

and 3.5 r e s p e c t i v e l y . Note t h a t when V > > C Q , ^^^Q ~^ ^^^^0 ( 

Equation 3.15a), and V j / V 2 (from Equation 3-15b). 

Flow v ; i l l appear beyond the edge o f the drop when the edge 

v e l o c i t y f a l l s t o My T h i s w i l l occur when 

dx/dt = = [ R V / ( 2 t g ) ] ^ / ^ = J^V/Xg. 3.16a 

Here and t ^ are the edge p o s i t i o n and time a f t e r impact 

r e s p e c t i v e l y a t which the j e t overtakes the edge o f the drop. 

Therefore 

slnO^ = x^/R = V/Vj = ( V / ( 2 C Q ) ] ^ / 2 . 3.l6b 

Also 

V^c = [ V / ( 2 C Q ) ] ^ / 2 / ( V / C Q ) = [ C Q / ( 2 V ) ] ^ / 2 ^ 3^3^^^ 

and 

V^c = V ( 2 V ) . ^ 3. l 6 d 

When tho eq u a t i o n o f s t a t e i s used, Equations 3«l6b and 3.16c 

become 

a Note t h a t x^ = [ C Q / ( 2V) ] ^ / ^ R V / C Q = R [ V / ( 2CQ) ] and 

= [ C Q / ( 2 V ) ] [ R V / ( 2 C Q ) ] = R / ( Z f C Q ) . These r e l a t i o n s are used i n 

Chapter 6. 
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x^/R = 1 / [ 2 { ( C Q A ) + 2)]^/2, 3.17a 

and 

V ^ c = + CQ/(2V)]^/2. 3.17b 

Graphs o f x^/R and ^^/^^ versus V/c^ are shov/n i n F i g s . 3.6 and 

3.7 r e s p e c t i v e l y . Note t h a t when V » c ^ , x / R 1 / 2 ( f r o m 
u e 

Equation 3.17a), and x^/x^-^ 1 ( f r o m Equation 3.17b). 

3.3 The Impact Pressure D i s t r i b u t i o n 

The pressure d i s t r i b u t i o n under the drop d u r i n g the impact can 

be o b t a i n e d by s o l v i n g the d i f f e r e n t i a l equations o f f l u i d f l o w 

t o g e t h e r w i t h an eq u a t i o n o f s t a t e and the a p p r o p r i a t e i n i t i a l and 

boundary conditions.. I t happens t h a t b o t h the e q u a t i o n s o f motion 

and the boundary c o n d i t i o n s are n o n - l i n e a r , and i n the present s t a t e 

o f the a r t can only be solved by a numerical procedure. I n the 

f o l l o w i n g s e c t i o n s the basic equations are w r i t t e n down and reduced 

to a s i n g l e equation i n terms o f the v e l o c i t y p o t e n t i a l , the 

boundary and i n i t i a l c o n d i t i o n s are e s t a b l i s h e d f o r the p a r t i c u l a r 

problem t h a t i s i n v e s t i g a t e d here and the equa t i o n s are l i n e a r i s e d . 

The pressure d i s t r i b u t i o n i s then c a l c u l a t e d by an a n a l y t i c a l 

technique t h a t was used to solve an analogous problem i n steady 

supersonic f l o w . 

3.3.1 The Fundamental Equations 

Consider the unsteady tv/o-diraensional f l o w o f an i n v i s c i d , 

non-heat conducting, compressible f l u i d . 

The c o n t i n u i t y e q uation i s 
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• + ( pu )^ + ( p v ) ^ = 0, 3.18 

where p i s the d e n s i t y o f the f l u i d and u and v are the p a r t i c l e 

v e l o c i t y components i n the x- and y - d i r e c t i o n s r e s p e c t i v e l y a t any 

time t . 

The momentum equations are 

^ t ^^x ^ y " " (1/P)P3^, 3.19a 

^ t ^^x •*• ̂ y " (l/P)Py» 3.19b 

where p i s the pressure i n the f l u i d a t any p o s i t i o n and t i m e . 

The energy e q u a t i o n i s 

®t ^®x "*" ̂ ®y " ^'^^ 

where s i s the s p e c i f i c entropy o f the f l u i d a t any p o s i t i o n and 

time. 

The equation o f s t a t e i s 

p = p ( p,s). 3.21a 

I f the flow i s homentropic ( s constant everywhere), t h i s becomes 

p = p ( p ) . 3.21b 

The pressure and d e n s i t y are r e l a t e d t o the sound speed c by 

the equation 

dp/rlp = c^, 3.22 

so t h a t 

P̂  = ( l / c 2 ) p ^ , p^ = ( l / c 2 ) p ^ and py = ( l / c 2 ) P y . 3.23 
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When these r e l a t i o n s are s u b s t i t u t e d i n t o E q u a t i o n 3 , l 8 , i t 

becomes 

2 2 Pt + pc + up^ + pc Vy + vpy = 0^ 3.24 

Equations 3.19a, 3.19b and 3.2/f are t h r e e n o n - l i n e a r p a r t i a l 

d i f f e r e n t i a l e quations i n t h r e e independent v a r i a b l e s x, y and t , 

and t h r e e unknowns u, v and p. 

Since the f l o w i s homentropic, i t must a l s o be i r r o t a t i o n a l , 

so t h a t the v e l o c i t i e s can be d e r i v e d from a p o t e n t i a l vp. Thus 

u = vp^, V = vpy. 3.25 

Equation 3-25 can be s u b s t i t u t e d i n t o E q u a t i o n 3.19a, which 

becomes 

^ t x •*" ̂ y " " ^^/P^Px* ^'^^ 

Since the flo w i s i r r o t a t i o n a l , u = v , so t h a t vu = vv , and 
y X y x 

Equation 3.26 can now be i n t e g r a t e d w i t h r e s p e c t t o x t o become 

ip^ + ( l / 2 ) ( u ^ + v^) + y ( l / p ) d p = 0 . 3.27a 

T h i s i s B e r n o u l l i ' s e q u a t i o n . I t should be s e t equal to an a r b i t r a r y 

f u n c t i o n o f t and y, K ( t , y ) say. I f Equation 3.25 i s s u b s t i t u t e d i n t o 

Equation 5.19b and the r e s u l t i n g e q u a t i o n i n t e g r a t e d w i t h r e s p e c t t o 

y, the sam3 expression i s o b t a i n e d set equal t o an a r b i t r a r y f u n c t i o n 

o f t and X, K«(t,x) say. C l e a r l y K ( t , y ) = K«(t,x) = C ( t ) , where C ( t ) 

i s an a r b i t r a r y f u n c t i o n o f t . Since the a d d i t i o n o f a f u n c t i o n o f 

time t o does not a f f e c t the flo w v e l o c i t i e s c a l c u a l t e d v / i t h 

Equation 3.25, C ( t ) can be absorbed i n t o ^>^, and the l e f t hand s i d e 

o f Equation 3.27a can be set equal t o zero. 
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When Equation 3.27a i s d i f f e r e n t i a t e d w i t h r e s p e c t t o t , i t 
becomes 

^ t t * ( V 2 ) ( u ^ + v ^ ) ^ + (1/P)p^ = O. 3.28 

T h i s gives an expre s s i o n f o r p^. 

Equation 3*25 can be s u b s t i t u t e d i n t o E quation 3»19a and the 

r e s u l t m u l t i p l i e d by u t o become 

uu^ + u^^p^^ + " ^ ^ x - " (^/P)^Px' 3.29a 

Th i s gives an expression f o r up . 

Equation 3.25 can be s u b s t i t u t e d i n t o E quation 3.19b and the 

r e s u l t m u l t i p l i e d by v t o become 

^^^xy ^^^yy " " ^^/P^^Py* 3.29b 

T h i s g i v e s an expre s s i o n f o r vp^. 

When Equations 3.28, 3.29a and 3.29b are s u b s t i t u t e d i n t o 

Equation 3.2^, i t becomes 

T h i s i s a second o r d e r n o n - l i n e a r p a r t i a l d i f f e r e n t i a l e q u a t i o n i n 

t h r e e independent v a r i a b l e s x, y and t , and one unknown vp, (The 

v e l o c i t y components u and v are r e l a t e d t o th r o u g h Equation 3*25.) 

I n p r i n c i p l e a s o l u t i o n f o r vp can be o b t a i n e d once t h e i n i t i a l and 

boundary c o n d i t i o n s on the f l o w are known. 

3.3.2 Boundary and I n i t i a l C o n d i t i o n s 

The general two-dimensional problem to be conside r e d here i s 
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i l l u 3 t r a t e d i n F i g . 3.8. 

The k i n e m a t i c a l boundary c o n d i t i o n along the s u r f a c e o f c o n t a c t 

between the s o l i d and the l i q u i d i s 

9n = l-Hf 3.31a 

where V i s the impact v e l o c i t y and n i s a u n i t v e c t o r normal t o the 

surface o f the s o l i d . T h i s means t h a t the v e l o c i t y o f a f l u i d p a r t i c l e 

a t a p o i n t i n conta c t w i t h the s o l i d i s equal t o the r e s o l v e d 

component o f the v e l o c i t y o f the s o l i d normal t o the c o n t a c t s u r f a c e 

a t the p o i n t . Since the f l u i d i s assumed i n v i s c i d , the s o l i d i s 

unable to impose a v e l o c i t y component on i t t a n g e n t i a l t o the c o n t a c t 

s u r f a c e . The f l u i d i s f r e e t o s l i d e over the s o l i d ( f r e e - s l i p 

boundary c o n d i t i o n ) . I f i t i s assumed t h a t f i r s t c o n t a c t between 

l i q u i d and s o l i d occurs a t t = 0, Equation 3.31a holds f o r t > O. 

Before contact occurs, the equation o f the f r e e s u r f a c e i s 

y = y ( x ) . 3.32a 

I f the surface i s very s h a l l o w , t h i s i s a p p r o x i m a t e l y 

y = 0. 3.32b 

A f t e r c o n t a c t occurs, the eq u a t i o n o f the f r e e s u r f a c e i s 

y - Y ( x , t ) = 0. 3.32c 

Equation 3.32c holds f o r t > O and l x | > l ( t ) , where l ( t ) i s the 

h a l f - w i d t h o f the s o l i d a t the l e v e l a t which the s o l i d s u r f a c e 

i n t e r s e c t s the f r e e s u r f a c e o f the l i q u i d . I t i s assumed t h a t the 

s o l i d i s symmetrical about the y - a x i s . 



L i q u i d l ( t ) 
U n d i s t u r b e d r^ree 

Surface o f L i q u i d 

0 N̂,̂ ^̂ ^̂ ^̂ ^̂  

V R i g i d S o l i d 

Fig» 3.8 The gene r a l impact problem. 

y 

1 \ 
- I ' 

in = V 
^y 

D i s t u r b e d Free 

Surface o f 

L i q u i d 

F i g . 3.9 C o n d i t i o n s a t the i n t e r f a c e between the l i q u i d and the 

s o l i d . 



29 

The k i n e m a t i c a l boundary c o n d i t i o n on the f r e e s u r f a c e i s 

D/Dt[(y - Y ) ] = 0 a t y = y, 

or 

^ - Vx n = 0. 3.33 y 

T h i s means t h a t a f l u i d p a r t i c l e i n t h e f r e e s u r f a c e must remain 

t h e r e . 

B e r n o u l l i ' s e q uation ( E q u a t i o n 3.27a) a t the f r e e s u r f a c e 

becomes 

ip^ + ( l / 2 ) ( u ^ + v^) = 0, 3.3̂ 1 

since the pressure i s constant and n e g l i g i b l y s m a l l a t t h e f r e e 

s u r f a c e . 

I n s t e a d o f the boundary c o n d i t i o n s p e c i f i e d by Equation 3.31a, 

assume t h a t the e f f e c t o f the s o l i d on the f l u i d can be s p e c i f i e d 

by 

= V ( t ) , 3.31b 

f o r t > 0 and |x| < ( t ) . T h i s i s i l l u s t r a t e d i n F i g . 3.9. The 

f l u i d has a v e l o c i t y component on a s e c t i o n o f the x - a x i s , r a t h e r 

than on the a c t u a l s o l i d , and t h i s component i s normal t o the 

X - a x i s , not t o the s o l i d . 

Equation 3.31b i s l i n e a r i n ̂P, but the d i f f e r e n t i a l e q u a t i o n 

3.30a and the boundary c o n d i t i o n s g i v e n by Equations 3.33 and 3.3*+ 

are n o n - l i n e a r , and the f r e e s u r f a c e i s s p e c i f i e d by an unknown 

f u n c t i o n which i s al s o non-linear.. 
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3.3.-3 L i n e a r i s a t i o n and F i n a l Statement o f the Problem 

I n Equations 3.27a and 5 .3Ca the n o n - l i n e a r terms are those t h a t 

c o n t a i n products o f the v e l o c i t y components. I n the problem s t u d i e d 

here these components change from zero t o o r d e r V i n the tim e t h a t 

i t takes a disturbance' to reach the p o i n t under c o n s i d e r a t i o n . 

Consequently Au/Ax = o [ V / ( c t ) ] a n d Au/At = 0 [ v / t ] , o r (Au/Ax)/(Au/At) 

= 0 [ l / c ] , so t h a t u^<<u^. I f u<< c, i t f o l l o w s t h a t u ^ » u u ^ » 

S i m i l a r l y u. » v u , . v. > > u v and v. » w „ . T h e r e f o r e the term ( u ^ + v^) t y t X ^ y 
i n Equation 3.27a i s sma l l compared w i t h and may be n e g l e c t e d , and 

2 2 2 2 the terra ( u + v ) ^ and those t h a t c o n t a i n u , v and uv i n 

Equation 3 , 3 0 a are s m a l l compared w i t h yp^^ and may be n e g l e c t e d . 

When u and v are much l e s s than c, the change i n d e n s i t y i s s m a l l , 

so t h a t p — PQ. Equation 3.22 may t h e r e f o r e be expanded as a T a y l o r 

s e r i e s about the p o i n t on the p versus p curve a t which p = p^. Thus 

dp / dp = c^ = (dp / d p ) ^ + (p - p Q ) ( d V d p ^ ) Q 

+ h i g h e r o r d e r terms =: c^. 

The d e n s i t y p i n Equation 3.27a and the sound speed c i n E q u a t i o n 

3 . 3 0 a may t h e r e f o r e be replaced by t h e i r u n d i s t u r b e d v a l u e s p^ and 

CQ r e s p e c t i v e l y . 

Equation 3.27a t h e r e f o r e becomes 

P = - pQ^t' ^'^"^^ 

and Equation 3 . 3 0 a 

- <=0<^xx-^ ^ y y ) = ° - ^ - ^ ^ ^ 

The boundary c o n d i t i o n s on the l i n e a r e q u a t i o n 3 . 3 0 b are 
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P̂y = V, 3.31c 

f o r t > 0 and |x| < l ( t ) , and 

= 0, 3.35 

f o r t > 0 and |x| > l ( t ) . 

Equation 3-31c comes from Equation 3-31b by assuming t h a t the 

v e l o c i t y o f the c o n t a c t surface i s co n s t a n t throughout t h e impact, 

and Equation 3-35 comes from Equation 3.3^ by n e g l e c t i n g the 

n o n - l i n e a r terras. 

I n Equation 3.33 vp and Y are o f the same o r d e r as vp , and they 
X X y 

are a l l much s m a l l e r than Y^, so t h a t the eq u a t i o n reduces t o 

Y^ = 0, from which 
Y ( x , t ) = 0 3*36 

on i n t e g r a t i o n . The f r e e surface i s t h e r e f o r e u n d i s t u r b e d d u r i n g 

the impact. 

The pressure i s zero b e f o r e the impa c t , so t h a t the i n i t i a l 

c o n d i t i o n s are 

0) = 0 and vp̂  = 0. 3.37 

The problem i s t o solve Equation 3.30b w i t h the boundary c o n d i t i o n s 

3.31c and 3.35 and i n i t i a l c o n d i t i o n s 3*37 assuming no f r e e s u r f a c e 

d i s t u r b a n c e 3*36. The v e l o c i t y components can then be o b t a i n e d from 

Equation 3,25 and the pressure from Equation 3.27b. 

3*3.'* The Supersonic Flov/ Analogy 

W r i t e 



t = Z/ICQ(M^ - 1)^^''], 
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1/2 

where M > 1. T h i s can be s u b s t i t u t e d i n t o E quation 3.30b, which 
becomes 

0) + - (M^ - l)vp = 0. ^xx ^yy •̂ ''̂ zz 

T h i s i s the l i n e a r i s e d e q uation f o r steady h i g h speed f l o w over an 

a e r o f o i l , w i t h f l o w a t i n f i n i t y i n the p o s i t i v e z - d i r e c t i o n ; M i s 

the Mach number o f the f l o w . I f the a e r o f o i l i s f l a t , the normal 

component o f f l o w v e l o c i t y a t the s u r f a c e o f the wing i s constant 

and equal to Ua, where U i s the f l o w v e l o c i t y a l o n g way from the 

wing and Ct i s the angle o f a t t a c k . The method o f s o l v i n g t h i s 

problem i s discussed i n d e t a i l by Ward (1955)* ^ Since the wing i s 

t h i n ( i n the l i n e a r i s e d t h e o r y ) , the boundary data are g i v e n i n the 

plane y = 0. Thus = Ua on the wing and vp = O o f f the wing. I n 

the impact problem the boundary data are a l s o g i v e n i n the plane 

y = 0. T h i s i s i l l u s t r a t e d i n F i g . 3.10. The r e g i o n i n s i d e the 

con t a c t edge corresponds to the p l a n f o r m o f the wing. There i s thus 

a complete analogy between the impact o f a l i q u i d mass w i t h a s o l i d 

and the supersonic f l o w o f a i r over an a e r o f o i l . From t h i s i t 

f o l l o w s t h a t i f the s o l u t i o n f o r one o f these problems i s knovm 

the s o l u t i o n f o r the o t h e r can be w r i t t e n down a t once. U n f o r t u n a t e l y , 

the s o l u t i o n o f the supersonic f l o w problem f o r the pressure 

d i s t r i b u t i o n over the surface o f an a e r o f o i l which has a planform 

w i t h the same boundary shape as the c o n t a c t edge i n the impact 

problem t h a t i s s t u d i e d here has not been worked o u t , so t h a t the 

a A l u c i d d i s c u s s i o n o f the problem i s g i v e n by Heaslet and 

Lomax ( 1 9 ^ ) . I t i s a l s o discussed i n many c u r r e n t t e x t - b o o k s on 

compressible flov/. (See, f o r example. Curie and Davies (1971).) 



= 0 

Edge o f 

Contact 

F i g . 3.10 The impact problem i n the x - y - t space 

^ I ' ^ l ' ^ l 

F i g , 3.11 The domain o f dependence o f the p o i n t X j ^ t y ^ ^ * ^ ] ^ 1^ ^be 

x - y - t space. 
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analogy cannot be used d i r e c t l y . However, the g e n e r a l method t h a t 
i s used to solve the supersonic f l o w problem i s e a s i l y adapted to 
solve the impact problem, as shov/n below, 

3.3.-5 S o l u t i o n f o r the Impact Pressure D i s t r i b u t i o n 

The problem i s to determine the p o t e n t i a l a t any p o i n t ^ c ^ j y ^ ^ f ^ l 

i n the x - y - t space. (See F i g . 3-11.) From the g e n e r a l t h e o r y o f 

h y p e r b o l i c e q u a t i o n s , i t i s known t h a t t h e value o f any q u a n t i t y a t 

^1*^1**1 ^^P®"^^ o n l y on the values t h a t i t has a t p o i n t s w i t h i n 

the c h a r a c t e r i s t i c cone 

V ^ V i - - ^1^^ - y i ) ^ ] ^ ' ^ ^ . 

Since n o t h i n g happens i n the f l u i d f o r t < 0, the cone i s the 

f i n i t e r e g i o n shown i n F i g . 5.11. T h i s c o n i c a l r e g i o n i s known as 

the domain o f dependence o f the p o i n t through which i t passes. 

I t can be shown t h a t the p o t e n t i a l a t any p o i n t ^ ^ ^ y ^ j ^ ^ . 

x - y - t space can be expressed as an i n t e g r a l o f e i t h e r ip^ o r »p 

over the r e g i o n I i n the y = 0 plane (Ward (1955)). ( T h i s r e g i o n 

i s shown shaded i n F i g . 3.11.) Since ip^ i s known over p a r t o f E, 

the f o r m u l a t i o n i n terms o f ̂ p̂  v / i l l be used here. I t i s 

q>(x-^,y-L,t^) = 

I 

Since o n l y the pressure d i s t r i b u t i o n over the c o n t a c t r e g i o n 

between l i q u i d and s o l i d i s r e q u i r e d , i t i s s u f f i c i e n t t o 

determine the p o t e n t i a l a t p o i n t s i n the y = 0 p l a n e , f o r which 

Equation 3.38 reduces to 
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I 

where I i s the t r i a n g u l a r area i n y = 0 f o r which 

0 < c ^ t < c ^ t ^ - (X - x^). 

The i n t e g r a n d has a s i m p l e r form i n c h a r a c t e r i s t i c coordinates.. 

L e t 

and 

I = c ^ t - X + K, -q = c ^ t + X + K, 

I I 

where K i s a cons t a n t ; g ,7] are c h a r a c t e r i s t i c c o o r d i n a t e s i n the 

x - t plane; the c h a r a c t e r i s t i c l i n e s | = c o n s t a n t and i\ = constant 

make the Mach angle w i t h the t - a x i s . 

The Jacobian o f the t r a n s f o r m a t i o n i s 

a ( t , x ) / 9 ( g ' , T i ' ) = 1 / ( 2 C Q ) . 

Y/rite 
N(g',Tl*) = - (^Py)y ^ o / ( 2 T i ) , and ^ ( ^ , 7 ] ) = ^(x^^.O, t^^) , 

60 t h a t Equation 3»39 becomes 

^ ( E , ^ ) = //N(g',Tl')d^'d7iV[(e - g')(nri - T l ' ) ] ^ / ^ , 3.40 
I 

where I i s the r e g i o n ^ ^ bt '1 ^ "H* 



55 

The problem i n the v - t plane i s i l l u s t r a t e d i n F i g . 3 » 1 2 . The 

o r i g i n o f the c h a r a c t e r i s t i c c o o r d i n a t e s i s a t the p o i n t 0 , so 

t h a t 

A ( 0 , T i ^ ) , G (^0,0), 

and the equation o f the c o n t a c t edge i s e i t h e r 

GAC E' = H^(-ri'), JG I = H2 ( i r i ' ) , 

o r 

JGA Ti' = F ^ ( ^ ' ) , AC Ti' = F2^^*^* 

Expressions are now o b t a i n e d f o r the p o t e n t i a l i n the r e g i o n s 

o f the x - t plane shown i n F i g . 3 . 1 2 . 

P o t e n t i a l i n Region 1 

T h i s r e g i o n i s shown i s o l a t e d i n F i g . 3 . 13a . The boundary 

c o n d i t i o n s are 

N ( l ' , T l ' ) = O f o r < 0, in' < 0» 

and 

N ( ^ ' , T i ' ) = - V/(2n) f o r > 0, 71* > O. 

From Equation 3.i+0 the i n t e g r a t i o n over the shaded p a r t I i s 

t h e r e f o r e 

^il,-^) = - (V/(2TI)) / dOil - l)^^^ f dTiV(in - i r i ' ) ^ / ^ . 

(See F i g . 3 . 1 3 b . ) 



F i g . 3 .12 C h a r a c t e r i s t i c s i n the x - t plane 



Tl = 0 

o' y 

\ V = ^0 \ 

F i g . 3 .13a Domain o f i n t e g r a t i o n f o r i n Region 1 . 

7 1 = 0 

^ ' i g . 3.13t) L i m i t s o f i n t e g r a t i o n f o r ^,Tfl i n Region 1, 
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The f i r s t p a r t i s e a s i l y i n t e g r a t e d 

2 h - F ^ ( r ) ] ^ / ^ 

F^it ) 

The exp r e s s i o n f o r the p o t e n t i a l i n Region 1 t h e r e f o r e becomes 

= - (V / T i ) J [(71 - F^{t'))/(l - ^ ' ) ] ^ / ^ d ^ \ 3-41a 

The s o l u t i o n i s continued below 

P o t e n t i a l i n Region A 

T h i s r e g i o n i s shown i n F i g . 3 . 1 ^ . Note t h a t 

( i ) N(|',Tl') = 0 f o r I* < 0, 7)' < O; 
t I t I 

( i i ) N(^ ,7) ) i s unknown i n Region A; c a l l i t g ( ^ ,7) ) ; and 
( i i i ) = 0 i n Region A. 

From Equation 3.40 and ( i i i ) above the i n t e g r a t i o n over the shaded 

p a r t I i s t h e r e f o r e 

0 FgC I ) 

- (V/(2TI)) 1 dV/(Tl - ] = O. 3.'t2 

T h i s i s s a t i s f i e d i f the p a r t between the second b r a c k e t s i s zero*. 

Since g ( 5 ' » ^ * ) 1® needed here, t h e r e i s no need t o o b t a i n an 

expr e s s i o n f o r it» 



7 1 = 0 

I = 0 

F i g . 3.1/+ Domain o f i n t e g r a t i o n f o r | , T I i n Region A 
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P o t e n t i a l i n Re/?;ion 2 

T h i s r e g i o n i s shown i n F i g . 3.15* From Equation 3*^0 the 

i n t e g r a t i o n over the shaded areas I and I i s 

= - (V / ( 2 n ) ) / d t / A t - l ' ) ^ ^ ^ I d V / ( T l -

H^(Tl) Tl 
+ 

0 F^d) 

C') 

- (V/(2TI)) y d V / ( T l - Tl ' ) ^ ' ^ ^ ] = 0 . 

F̂ C ) 

The l a s t p a r t o f t h i s expression i s zero from Equation 3*42, 

t h e r e f o r e 

>p(5.-n) = - ( v / ( 2 n ) ) / diAi - g ' ) ! / ^ I ^ Y / ( T l - T l ' ) ^ / 2 . 

T h i s i s the same as the r e l a t i o n found f o r Region 1 , so t h a t 

^ ( I . T l ) = - (V/K) / [(•<]- F^(l'))/a - . 3 . i f 3 a 

The s o l u t i o n i s continued below. 

P o t e n t i a l i n Region 3 

T h i s r e g i o n i s shown i n F i g s . 3 . l 6 a and 3 . l 6 b . A r e s u l t can be 

found i n Region B s i m i l a r to t h a t found i n Region A, so t h a t the 



T1 = 0 

Hj^,(Tl) 

I = 0 

F i g . 3.15 Domain o f i n t e g r a t i o n f o r ^ , T I i n Region 2, 



^ H,(T1) 

F i g . 3,l6a Domain o f i n t e g r a t i o n f o r i n Region 3. 



F i g . 5.16b Domain o f i n t e g r a t i o n f o r i n Region 3 
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e x p r e s s i o n f o r the p o t e n t i a l i n Region 3 becomes 

«?(E.^) = - ( v / ( 2 n ) ) / d^VcE - t)^^^ J d V / ( ^ - - n ' ) ^ / ^ 

H i [ F ^ ( E ) ] F^(S') 

t h e r e f o r e 

= - ( v / T i ) / [(Ti - F ^ ( E ' ) ) / ( E - g ' ) ] ^ / 2 d P ' 

+ (V/n) / [ ( F j ^ d ) - F ^ ( | ' ) ) / ( i - E')]^/^dE'. 3 . ' t ' f a 

The s o l u t i o n i s continued below. 

The s o l u t i o n can be continued beyond Region 3« However, g ( ^ ,"n ) 

must now be determined by s o l v i n g the i n t e g r a l e q u a t i o n between 

the second b r a c k e t s i n Equation 3 » ^ 2 . T h i s leads t o a complex 
I I 

expression f o r N(| ,7] ) i n Region A. The c a l c u l a t i o n s w i l l be 

te r m i n a t e d a t p o i n t s along the upper boundary o f Region 3» 

The i n t e g r a l s i n the expressions f o r p o t e n t i a l t h r oughout the 

x - t plane can only be evaluated i f the f u n c t i o n s t h a t d e s c r i b e the 

con t a c t edge are s p e c i f i e d . These f u n c t i o n s are i l l u s t r a t e d i n 

F i g s . 3.17a and 3.17b. I t can be seen t h a t they are s i n g l e - v a l u e d 

f u n c t i o n s o f the c h a r a c t e r i s t i c c o o r d i n a t e s ^ ^ T ) ' . At t h e p o i n t s 



= 2RVt 

I = H ^ ( V ) 

Tl' = F^Cg') 

F i g . 3.17 The c o n t a c t edge as a f u n c t i o n o f the c h a r a c t e r i s t i c 

c o o r d i n a t e s . 
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s p e c i f i e d by the c o o r d i n a t e s S Q,0 and 0,11^, where t h e 
I f 

c h a r a c t e r i s t i c l i n e s T] = 0 and ^ = 0 r e s p e c t i v e l y are tangent 

t o the curve t h a t d e f i n e s the c o n t a c t edge, the pressure waves 

generated i n the impact overtake the edges o f the c o n t a c t r e g i o n 

between the l i q u i d and the s o l i d . The f r o n t s o f the r e f l e c t e d 

waves t h a t are i n c o n t a c t w i t h the s o l i d propagate i n t o t h e l i q u i d 

a long the c h a r a c t e r i s t i c l i n e s ^ = and t = b^. 

The problem t h a t i s considered here i s the impact o f a 

c y l i n d r i c a l l i q u i d drop w i t h a plane r i g i d s o l i d (see F i g , 3«i).-

Since the f r e e s u rface o f the l i q u i d remains u n d i s t u r b e d d u r i n g 

the impact ( E q u a t i o n 3*36) , the e q u a t i o n o f the c o n t a c t edge as a 

f u n c t i o n o f x and t i s given by Equation 3 .1b ^. The c o o r d i n a t e s 

o f the p o i n t s i n the x - t plane t h a t correspond to the edge 

p o s i t i o n s a t which pressure waves generated i n the impact are 

Just able t o o v e r t a k e s the edges o f the drop are g i v e n by 

Equation 3 . 4 b . These c o o r d i n a t e s can be used t o determine the v a l u e 

o f the constant K i n the t r a n s f o r m a t i o n e q u a t i o n s . ( T h i s c o n s t a n t , 

which determines the p o s i t i o n o f the o r i g i n 0 o f the 

c h a r a c t e r i s t i c c o o r d i n a t e s , can o n l y be f i x e d when the e q u a t i o n o f 

the c o n t a c t edge i s s p e c i f i e d . ) Thus = 0, T] = when 

X = x^ = R V / C Q , t = t ^ = R V / ( 2 C Q ) , t h e r e f o r e K = R V / ( 2 C Q ) 

and = (by symmetry) = 2 R V / C Q = The t r a n s f o r m a t i o n 

equations t h e r e f o r e become 

a At some time d u r i n g the impact j e t s o f l i q u i d s q u i r t o u t from 

under the edges o f the drop, a f t e r which the c o n t a c t edge i s no 

longer d e f i n e d by Equation 3 . 1 b . I t t u r n s out t h a t t h i s o c c u r s a t 

times which correspond t o p o i n t s on the c o n t a c t edge beyond Region 3 

(see b e l o w ) , 
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and 

^' = c ^ t - X + RV/c^, 7]' = c-.t + X + RV/c^. 

The second p a i r o f equations are e a s i l y r e a r r a n g e d t o g i v e x 

and t as f u n c t i o n s o f ^' and Ti » Thus 

X = ( T l ' - | * ) / 2 , t = (^' + 7 l')/(2c-,) - RV/(2c^). 

These r e l a t i o n s can then be s u b s t i t u t e d i n t o the e q u a t i o n t h a t 

d e f i n e s the c o n t a c t edge (Equation 3 . 1 b ) t o g i v e 

en' - g')^A 2RV[(^' + ^')/(^c^) - R V / ( 2 c ^ ) ] . 

T h i s i s e a s i l y s i m p l i f i e d to g i v e an e x p l i c i t e xpression f o r T\ 

i n terms o f ^' and v i c e v e r s a . Thus 

and 

The equations t h a t d e f i n e the co n t a c t edge are t h e r e f o r e e i t h e r 

I = H^(Tl ' ) = V >'^o - 2(^%o^^''^» 5 -^5^ 

t = H2 ( i l ' ) •= Tl ' + \ + 2 ( 7 1 % Q ) ^ / 2 ^ 3^^5^ 

or 



Also 

F^d) - F^it) = ^ - t' - 2 ^ 1 / 2 ( ^ 1 / 2 _ ^'1/2^^ 3^^^^ 

\ ( - ( \ ) = Tl + T 1Q - 2(T I T1Q)1/2^ 

and 

H i l F j ^ d ) ] = F^il) + T 1 Q - 2[F3^(g ) T l Q]l/2^ 

Equation 3.'fla f o r the p o t e n t i a l i n Region 1 t h e r e f o r e becomes 

<p(g ,T i ) = - ( v / K ) / [(n - a' + ^0 - 2 ( g ' ^ Q ) i / 2 ) ) / ( ^ - ̂ ' U ^ / ^ d g ' . 
Hi ( T l ) 

3 . ' l i b 

Since Equation 3 . ' t3a f o r the p o t e n t i a l i n Region 2 i s the sane 

as Equation 3.'fla, Equation 3 . ' f i b a l s o g i v e s the p o t e n t i a l i n 

Region 2. 

Equation ^.kka f o r the p o t e n t i a l i n Region 3 becomes 

I 

•PCg.Ti) = . (V/n) J [ ( ^ _ ( g ' ̂  1^ _ 2 { S % ) l / 2 ) ) ^ . ( ^ „ §')]l/2dg' 

. (V/n) / [(t - I' - 2 g , l / 2 ( g l / 2 . . ) j l / 2 , , ; 

H i [ F i ( U ] 

5 . ' f4b 

The u l t i m a t e aim o f the a n a l y s i s i s t o o b t a i n an e x p r e s s i o n 

f o r the pressure d i s t r i b u t i o n across the s u r f a c e o f c o n t a c t between 

the l i q u i d and the s o l i d . I n p r i n c i p l e t h i s can be c a r r i e d o ut by 
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e v a l u a t i n g the i n t e g r a l s f o r the p o t e n t i a l i n the v a r i o u s r e g i o n s , 

t r a n s f o r m i n g the r e s u l t i n g expressions back i n t o the o r i g i n a l 

v a r i a b l e s x^ and t ^ , and u s i n g Equation 3.27b t o o b t a i n the pressure 

d i s t r i b u t i o n . However, i t i s s i m p l e r t o t r a n s f o r m Equation 3.27b 

from x ^ f t ^ t o d i f f e r e n t i a t e the i n t e g r a l s f o r ^ > ( ^ , r | ) under the 

i n t e g r a l s i g n w i t h r e s p e c t to ̂  and 7 ] , then e v a l u a t e the r e s u l t i n g 

expressions to get the pressure d i s t r i b u t i o n d i r e c t l y . 

Since the p o t e n t i a l i s a f u n c t i o n o f ̂  and 7] and both ^ and T) 

are f u n c t i o n s o f x^ and t ^ , = ^ | ^ t * *^'n^t * '̂ ^̂  t r a n s f o r m a t i o n 

equations then g i v e 

so t h a t the pressure a t any p o i n t ^ , 7 ) i s 

p = - 9QC^(^^ + 3.27c 

from Equation 3.27b. 

Pressure D i s t r i b u t i o n i n Regions 1 and 2 

Equations 3 .41b and 3.27c g i v e 

p = ( P Q C O V / U ) [ ( T I - _ g ^ l / 2 ) 2 j l / 2 / ( ^ _ H^(T,))l/2 

- (Tl - ( ( H ^ ( 7 l ) ) ^ / 2 - § 0^/2)2 ) 1/2 ( 1 _ ( T l o / T l ) l/2 ) / ( g _ H ^ ( T l ) ) l/2 

M l / 2 ) / d g V [ ( . - (§'^/2- E o ' ^ ^ ) ^ ) ( E - g ' ) ] ^ / ^ 

t 

- (1/2) / [ h - ( E ' ^ / ^ - i o ' / ^ ) ^ ) ^ / ^ / ( E - I ' l ^ / ^ l d g ' 



+ ( 1 / 2 ) / [(T, - _ g ^ l / 2 ) 2 ) / ( g _ | ' ) 3 / 2 j ^ ^ ' j ^ a, b 3 . 

The i n t e g r a l s can be s i m p l i f i e d by making the s u b s t i t u t i o n s 

They become 

| u d u / [ ( a - u ) ( b + u ) ( k 2 - u ^ ) ] ^ / ^ 
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if7a 

b2 

k ^ 

- / [((a - u ) ( b + u ) ) ^ / 2 / ( j ^ 2 _ u 2 , 3 / 2 j ^ ^ ^ 

b^ 

k 2 

+ / [((a - k ) ( b + k ) ) ^ / 2 / ( j ^ 2 _ ^ i 2 p / 2 j ^ ^ ^ 

2 b 

a The term ^' + - 2(g'|Q)-'-^^ has been w r i t t e n {l^^^ - l^^^)^ 

b The gen e r a l r e s u l t 

a / 9 a / f ( x ) d x / ( a - x ) ^ / ^ = - ( 1 / 2 ) / [ f ( x ) - f ( a ) ] d x / ( a - x ) ^ / ^ 

b b 

+ f ( a ) / ( a - b ) ^ / 2 

has been used, since the i n t e g r a n d approaches i n f i n i t y a t the 

upper l i m i t . (See Ward ( 1 9 5 5 ) . ) 



The l a s t two i n t e g r a l s are e a s i l y i n t e g r a t e d by p a r t s t o become 

- [((a - u ) ( b + u ) ) ^ / 2 _ _ ^ ^ j ) l / 2 ] / ( ^ 2 _ ^ 2 ) 1 / 2 

+ ( 1 / 2 ) / ( a - b - 2 u ) d u / [ ( a - u ) ( b + u X k ^ . u ^ ) ] ^ / ^ , 

Therefore the integraJ^s reduce t o 

- [((a - u ) ( b + u ) ) ^ / 2 _ _ ^ j ^ j j x / ^ j / ^ j ^ ^ _ 1 / 2 , , , , 2 . . 2 , 1 / 2 

+ ((a - b ) / 2 ) / d u / [ ( a - u ) ( b + n)(.k^ - u^)]^^^ 

V/hen the l i m i t s are i n s e r t e d i n t o t h e f i r s t p a r t o f Equation 3. 't8 

and i t i s transformed back i n t o t,"^, i t becomes 

(Tl - ((H^Cn ) ) ^ / 2 _ ^^1 /2 )2 j l / 2 / ( ^ _ 1 /2 

.(Tl _ ( | l / 2 _ g ^ l / 2 ) 2 , l / 2 / ( ^ _ H^(T,))-/-, 1 /2 

cince i t i s zero a t the upper l i m i t . 

The n o n - i n t e g r a l p a r t s i n Equation 3'k7a t h e r e f o r e reduce t o 

(Tl - ( ( H ^ ( T l ) ) ^ / 2 _ g ^ l / 2 ) 2 j l / 2 ( ^ ^ / ^ j . / . / ( g _ H ^ ( T i ) ) - ' - . 

and the i n t e g r a l p a r t s t o the i n t e g r a l i n Equation 5 . ^ 8 . . 

1 / 2 1 / 2 3 - 4 9 

The i n t e g r a l i n Equation 3 . 4 8 i s an e l l i p t i c i n t e g r a l o f the 

f i r s t k i n d . (See the d e t a i l e d d i s c u s s i o n o f e l l i p t i c i n t e g r a l s i n 
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Sairnov ( 1 9 6 ^ ) » ) I t i s e v a l u a t e d as f o l l o w s . 

L et 

u = a + 1 / t . 

When t h i s i s s u b s t i t u t e d i n t o the i n t e g r a l i n Equation 3 . ^ 8 , i t 
gi v e s 

- / d t / [ ( ( b + a ) t + l l ( ( a - k ) t + l l { ( k + a ) t + l}]^^^. 

(The l i m i t s o f the i n t e g r a l and the f a c t o r ( a - b)/2 have been 

omitted») The r o o t s o f the cubic i n t h e denominator o f t h e 

i n t e g r a n d are 

a = - l / ( b + a ) , p = - l / ( a - k ) , y = - + a ) , 

where y > a > p» ^ Now l e t 

t = p + (a - p ) s i n ^ d . 

V/hen t h i s i s s u b s t i t u t e d i n t o the above i n t e g r a l , i t g i v e s 

2(c:pY/(p - Y ) ) ^ ^ ^ / d d / ( l - k j s i n ^ d ) ^ / ^ ^ 

where i 

k f = (a - p)/(Y - p ) . 

T h i s i s an e l l i p t i c i n t e g r a l o f t he f i r s t k i n d w i t h modulus k^. 

a The expressions (b + a) = 2^/^, ( a - k ) = (7)^/^+ ^ Q * * " ^ ^ ) - ^ " ^ ^ ^ 

and (k + a) = ^^^^ + (7,^/2 + l^^^^) are p o s i t i v e . But 

( k + a) > ( a - k ) , t h e r e f o r e y > p, (b + a) > ( a - k ) , t h e r e f o r e 

a > p, and ( b + a) < ( k + a ) , t h e r e f o r e Y > ex. Therefore y > a > p. 



Therefore i n terms c f ^,r\ the i n t e g r a l i n Equation 3 . ' t8 becomes 

0 

where 

1,2 _ //..1/2 l/2v2 p w// t:V2 1/2. ^ 

3.52 

^2 = s i n - ^ [ 2 ^ ^ / 2 ( ( H ^ ( 7 i ) ) ^ / 2 . g V 2 ) ^ 
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Equation 3 . 5 0 a can be w r i t t e n 

(%^^^/(^ I 0̂ ) , 0^), 3.50b 

where F(k^,-&2) incomplete e l l i p t i c i n t e g r a l o f the f i r s t k i n d , 

modulus and amplitude 

V/hen Equations 3./+9 and 3«50b are s u b s t i t u t e d i n t o E q u a t i o n 3 » ^ 7 a , 

the expression f o r the pressure d i s t r i b u t i o n i n Regions 1 and 2 

becomes 

p = ( P p C o V A ) [ ( T i - ( ( H ^ ( T l ) ) ^ / 2 _ ^ ^ l / 2 ) 2 j l / 2 ( T ^ ^ / ^ ) l / 2 / ( g _ H ^ ( T l ) ) l / 2 

+ { ^ 0 ^ / 2 / ( g ^ ) l A ) j , ( , ^ ^ .5^) ^^^^^ 
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I n Region 1 T i < ^ Q # and since ( H j ^ ( " n ) ) ' ^ ^ i s always p o s i t i v e , 

i t must be w r i t t e n ( ^ Q ^ ' ^ - '0^' '^)» from Equation 3 » ^ 6 b . T h e r e f o r e 

the f i r s t p a r t o f Equation 5»47b reduces t o zero and, from 

Equation 3 . 5 3 1 t h e amplitude o f the e l l i p t i c i n t e g r a l becomes TT:/2. 

The e x p r e s s i o n f o r the pressure d i s t r i b u t i o n i n Region 1 i s 

t h e r e f o r e 

where F(k^,Ti/2) i s a complete e l l i p t i c i n t e g r a l o f the f i r s t k i n d 

v/lth modulus 

Pressure D i s t r i b u t i o n i n Region 3 

Equations 3.^^b and 3.27c g i v e 

p = (P(^c^V/Ti)( Equation 3.^7b - ( ( ^ ^ ^ ^ . ^^1/2^/^1/2)1/2 

+ ( H ^ [ F 3 ^ ( ^ ) ] ) ^ / 2 - 2 ^ ^ / 2 j / ( ^ l / 2 _̂  ( j ^ ^ [ ^ ^ ( ^ j p l / 2 j j l / 2 

/ ( l / 2 ) ( V P ^ / 2 d ^ V ( ( ^ ^ / 2 . 2 ^ 1 / 2 ) V 2 , 

I n Region 3 F^(^) < ^ I Q, and since (H^ F ^ C ^ ) )"*'Z^ i s always 

p o s i t i v e , i t must be w r i t t e n ['^^^^^ - ( F ^ ( | ) ) ' ^ Z ^ ) , from 

Equation 3 . 4 6 c . But ( F ^ ( ^ ) ) - ^ ' ^ ^ i s always p o s i t i v e , and s i n c e ^ > IQ 

a The i n t e g r a n d i n the second i n t e g r a l i n Equation 3 .44b has 
been w r i t t e n (i^^^ . |' _ ^ ̂ l / 2 j / ( ^1/2 , g ' l / 2 ) ) l / 2 . 
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i n t h i s r e g i o n , i t . must be w r i t t e n k"^^^ - ^0^^^^» 

Equation 5 . 4 5 c , where % has been p u t equal t o \. T h e r e f o r e the 

t h i r d term i n Equation 3 . 5 5 a reduces t o zero. 

The i n t e g r a l can be s i m p l i f i e d by making the s u b s t i t u t i o n s 

u = k = | V 2 ^ ^ , ^ 1 / 2 ^ ^^1/2^ , __ ^ 1 / 2 _ g ^ l / 2 . 

I t becomes 

| 2 u d u / [ ( k - (a - b) + u ) ^ / 2 ( k + u p / ^ ] . 

(The f a c t o r - il/Z^iX^/X^^^^ and the l i m i t s have been o m i t t e d , ) 

T h i s can be s i m p l i f i e d f u r t h e r v/ith the s u b s t i t u t i o n 

u = - k + 1 / t . 

I t becomes 

j " 2 ( k t - l ) d t / [ t ( ( b . a ) t + 1 ) ^ / ^ ] . 

The two p a r t s o f t h i s i n t e g r a l are e a s i l y i n t e g r a t e d t o g i v e 

( 4 k/(b - a ) ] ( ( b - a ) t + 1 ) ^ ^ ^ + 4 t a n h " ^ ( ( b - a ) t + 1 ) ^ ^ ^ . 

(The second p a r t i s i n t e g r a t e d by means o f the s u b s t i t u t i o n 

= ( b - a ) t + 1 . ) V/hen t h i s e x p r e s s i o n i s transformed back i n t o 

c o o r d i n a t e s and t h e l i m i t s are i n s e r t e d , t h e i n t e g r a l term i n 

Equation 5 . 5 5 a becor.es 

( ( ^ 1 / 2 . ^ ^ l / 2 ) / g l / 2 ) l / 2 

- ( ( ^ ^ ' ' ^ • ^ ( H i [ F ^ ( g ) ] ) ^ / ^ - 2gol/2)/(^^-/2 . ( H ^ [ F ^ ( E ) j ) ^ / 2 j j l / 2 

- 2 ( | , / ^ ) ^ / 2 t a n h - ^ ( ^ ^ / 2 . ^ ^ 1 / 2 ^ / ^ 1 / 2 , 1 / 2 
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( ( 1 ^ / 2 ^ ( j j ^ j p ^ ( ^ j p l / 2 _ ^ ^ ^ l / 2 j / j ^ l / 2 ^ ( j . ^ j j , _ ^ ^ ^ ) j ) l / 2 j ) l / 2 

I n t h i s e x p r e s s i o n the second and f o u r t h terms are zero, as 

discussed above, the f i r s t t e r n cancels w i t h the second term i n 

Equation 3-55a, so t h a t f i n a l l y the pressure d i s t r i b u t i o n i n 

Region 3 i s g i v e n by 

p = (PQC^V/n)[ Equation 3.H7b 

- 2 ( E o / g ) ' / " t a n h - M ( ^ ^ / ^ -

3* 55b 

The equations f o r the pressure d i s t r i b u t i o n can be s i m p l i f i e d 

by i n t r o d u c i n g the non-dimensional q u a n t i t i e s 

I n terms o f these v a r i a b l e s the pressure d i s t r i b u t i o n i n Region 1 

i s 

P = ( l / T l ) { l / ( X Y ) ^ / ^ ) F ( k ^ , V 2 ) , 3-56a 

the pressure d i s t r i b u t i o n i n Region 2 i s 

P = ( l / T i ) [ ( / f ( Y ^ / 2 - 1)/(X - Y - 1 + 2Y^/^))^/^(lA-*-^-) 

+ .(l/(XY)^/^)F(k3^,-&2) ] , 3 .57a 

and the pressure d i s t r i b u t i o n i n Region 3 i s 

P = ( 1 / T l ) [ Equation 3 .57a - (2/X^/^) t a n h " ^ ( l - ( l / X ^ ^ ^ ) ) "̂ '̂ ^ ] , 

3.58a 
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where 

= (1 / 2 ) + Y^ / 2 ) 2 _ ^ ) / ( ^ l / 2 y l / 2 , j l / 2 ^ 3^5^^ 

= s i n - l [ Y l / 2 ( l . _ Y1 / 2 ) / (X1 / 2 ^ ,1 /2 , j l / 2 ^ 3 ^ ^ ^ 

I f the non-dimensional q u a n t i t i e s and t ^ are d e f i n e d 

x[ = x^/x^ = X ^ / ( R V / C Q ) , t[ = t ^ / t ^ = t ^ / [ R V / ( 2 c ^ ) ] , 

the t r a n s f o r m a t i o n equations become 

X = ( i A ) ( t J ^ + 1 - 2xJ^), y = ( i A ) ( t J ^ + 1 + 2xJ^). 

The equations f o r the pressure d i s t r i b u t i o n i n the t h r e e r e g i o n s , 

w r i t t e n i n terms o f x^ and t ^ , are shown i n Table 3«1. Graphs o f P 
I t I 

versus x̂ ^ a t v a r i o u s t ^ are shown i n F i g . 3.18, and o f P versus t ^ 
I 

at v a r i o u s x^ i n F i g . 3.19. (The e l l i p t i c i n t e g r a l was evaluated 

from t a b l e s i n the book by Abramowitz and Stegun (1965).) Before these 

r e s u l t s are discussed, the geometry o f the impact w i l l be examined 

i n more d e t a i l . 

The equation o f the conta c t edge and the eq u a t i o n s o f the 

c h a r a c t e r i s t i c l i n e s between the v a r i o u s r e g i o n s i n the x - t plane 

can be w r i t t e n i n terras o f e i t h e r X = & /bQ» Y = ^ o r 

x' = x/x^ = X / ( R V / C Q ) , t ' = t / t ^ = t/[RV/(2cQ)] . These equ a t i o n s 

are l i s t e d i n Table 3.2 and i l l u s t r a t e d i n F i g . 3.20. 

• t I t 

A graph o f dx / d t versus x i s shov;n i n F i g . 3.21. When x > 2 , 

t h a t i s when the edge o f the drop i s almost h a l f way across 

Region 2 , i t can be seen t h a t the edge o f the drop i s moving out 

across the su r f a c e o f the s o l i d a t an almost c o n s t a n t v e l o c i t y . The 

fl o w should t h e r e f o r e begin to approach a steady s t a t e i n t h i s r e g i o n . 
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Table 3 . 1 

The Impact Pressure D l s t r i b n t j . o n 

P = P/(Po"=0^^' ''l = V ' ^ c = *1 = * l / * c = ti/{RV / ( 2 c 2 ) ) . 

Region 1 

P = ( l / T i ) ( 2 / { ( t ^ + 1 ) 2 - ( 2 x ^ ) 2 ) l / ' ^ ) F ( k 3 ^ , V 2 ) . 3 .56b 

Region 2 

P = ( l / r . ) [ ( 2 ( 2 - ( t ^ + 1 + 2x[)^^^]/(x[ + 1 - ( t ^ + 1 + 2x]^)^/2 

X 2/(tJ^ + 1 + 2xJ^)^/2 

+ ( 2 / ( ( t ^ + 1 ) 2 _ ( 2 x J [ ) 2)l/'t)F(k^,-a2) ] . 3 .57b 

Region 3 

P = ( 1 / T i ) [ E q u a t i o n 3.57b -

{k/(t[ + 1 - Zx[)^^^]tanh-^(1 - 2 / ( t ^ + 1 - 2xJ^) j l / 2 

3.58b 

I n these equations 

= [ ( 1 / 2 ) { 1 + (.t[ - l)/[(.t[ + 1 ) 2 - ( 2 x ^ ) 2 ) 1 / 2 } ] V 2 ^ 3^5g^^ 

-92 = Gin"-"-

[ ( 1 / 2 ) ( ( t j ^ + 1 + 2 x ^ ) ^ / 2 ( 2 ^ ( t ^ + 1 _ 2 x [ ) ^ / 2 . ( t j [ + 1 + 2 x ^ ) ^ / 2 ) ) 

X l / ( ( t j _ + 1 - 2xJ^)^/2 ^ ^ ^ ^ 2x]^)^/2 _ 2 ) ] l / 2 ^ ^^^^^^ 



2 . 2 5 

2 . 0 0 H 

1 .75 h 

1.50 \ -

1 .25 h 

1 .00 h 

0 . 7 5 U 

0 . 5 0 L 

0 . 2 5 

0 . 5 1 .0 1 . 5 

= X ^ / ( R V / C Q ) 

2 . 0 2 . 5 3 . 0 

F i g . 3 . l 8 Impact pressure d i s t r i b u t i o n under a c y l i n d r i c a l l i q u i d drop 
a t s e v e r a l t i n e s a f t e r impact. 



2 . 2 5 r-

2 . 0 0 h 

1^75 h 

1.50 r 

1 .25 

1 .00 

0 . 7 5 h 

0 . 5 0 

0 . 2 5 \ -

= X J ^ / ( R V / C Q ) 

t ^ = t ^ / [ R V / ( 2 c ^ ) ] 

F i g , 3 . 1 9 Impact pressure under a c y l i n d r i c a l l i q u i d drop a t s e v e r a l 
p l a c e s on the c o n t a c t s u r f a c e . 



X = X / ( R V / C Q ) 

t = ( 1 , ^ ) A / 3 , 9 t / [ R V / ( 2 c ^ ) ] 

F i g . 3 . 2 0 C h a r a c t e r i s t i c s i n the x - t plane. The c o o r d i n a t e s o f 

p o i n t s where the c h a r a c t e r i s t i c s i n t e r s e c t the curve d e s c r i b i n g the 
I t 

l i q u i d - s o l i d boundary are given w i t h r e s p e c t t o both x , t and the 
non-dimensional c h a r a c t e r i s t i c c o o r d i n a t e s X , Y ( i n b r a c k e t s ) . 



dx / d t 

P i g . 5.21 I I I 
dx / d t versus x 
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Table 3 . 2 

Equations o f the Contact Edge and the C h a r a c t e r i s t i c L i n e s 
I I I I 

X , t X ,Y 

Contact Edge 

x'^ = t ' x ' = ( i . y ' ^ / 2 ) 2 

L i n e between Regions 1 and 2 ( 1 ) 

X * = ( l / 2 ) ( 5 - t ' ) , = 1 

L i n e between Regions 2 and 3 ( 2 ) 

x' = ( l / 2 ) ( t * - 5 ) x' = 1 

L i n e between Regions 5 and 4 ( 3 ) 

x' = ( 1 / 2 ) ( 1 5 - t * ) l ' = 4 

Line between Regions 4 and 5 ( 4 ) 

x' = ( l / 2 ) ( t ' - 15) x' = 4 

The numbers i n b r a c k e t s r e f e r t o the l i n e s i n F i g . 3 . 2 0 . 

3 . 3 . 6 Discussion on the Impact Pressure D i s t r i b u t i o n 

F i g s . 5 . 1 2 and 5 . 2 0 show what i s happening a l o n g t h e s u r f a c e o f 

c o n t a c t a t any time d u r i n g the i m p a c t . Disturbances t r a v e l a l o n g 

c h a r a c t e r i s t i c l i n e s p a r a l l e l t o OA and OG. I n Region 1 t h e v e l o c i t y 

a t a p o i n t on the edge o f con t a c t i s g r e a t e r than the v e l o c i t y a t 

which d i s t u r b a n c e s are propagated a l o n g the c h a r a c t e r i s t i c s . An 

observer t r a v e l l i n g w i t h a disturbsince a l o n g a c h a r a c t e r i s t i c l i n e 

would t h i n k t h a t t h i s r e g i o n was unbounded. However, the edge o f 

c o n t a c t i s d e c e l e r a t i n g and a t p o i n t A, where the c h a r a c t e r i s t i c 
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OA i s tangent to the path o f the edge o f c o n t a c t , i t s v e l o c i t y i s 

equal to the v e l o c i t y a t which d i s t u r b a n c e s are propagated t h r o u g h 

the f l u i d . A r e l i e f wave t r a v e l s along AJ, i n f o r m i n g the f l u i d t h a t 

an edge has been reached. At the same time a wave s t a r t s o u t from 

the o t h e r edge a t p o i n t G and t r a v e l s a l o n g GO. Region 2 i s bounded 

by these l i n e s and the path o f the c o n t a c t edge; i t d e s c r i b e s 

c o n d i t i o n s a t any p o i n t along the s u r f a c e o f c o n t a c t between the 

edge o f the drop and the f r o n t o f the advancing r e l i e f wave before 

the a r r i v a l o f the wave from the o p p o s i t e edge o f the drop. The 

wave i n i t i a t e d a t A reaches the o p p o s i t e edge a t J and i s r e f l e c t e d 

back i n t o the drop along the c h a r a c t e r i s t i c JM. At the same time 

the wave i n i t i a t e d a t G reaches C and i s r e f l e c t e d along t h e 

c h a r a c t e r i s t i c CI^. Region 3 i s bounded by the path o f the r e l i e f 

wave and the path o f i t s r e f l e c t i o n i n the edge o f the drop. At any 

p o i n t along the c o n t a c t surface the c a l c u l a t i o n s have been 

t e r m i n a t e d when the r e l i e f wave r e t u r n s a f t e r r e f l e c t i o n i n the 

edge o f the drop. 

To f i x i d e a s i n the p h y s i c a l space, the wave geometry w i t h i n a 

drop a t t h r e e times a f t e r impact i s i l l u s t r a t e d i n F i g . 3 * 2 2 . The 

drawing r e p r e s e n t s a 5 . 0 mm diameter water drop t h a t s t r i k e s a 

r i g i d plane surface a t a v e l o c i t y o f 100 m/s. The wave-fronts are 

the envelopes o f wavelets centred on the place where they were 

i n i t i a t e d , ( T h i s i s Huyghens' c o n s t r u c t i o n . ) I n ( a ) t ^ = t ^ and the 

compression wave i s about to detach from the edge o f the drop. 

I n ( b ) t ^ = 3 t and the r e l i e f wave from the edge has j u s t reached 
X c 

the c e n t r e o f the drop. I n ( c ) t , = 6 t^ and the r e l i e f wave has 

passed through the centre o f the drop, where i t began t o i n t e r f e r e 

w i t h the r e l i e f wave from the o p p o s i t e edge. The r e l i e f wave w i l l 

reach the edge o f the drop at a time t ^ = 9 t ^ . (See F i g . 3 . 2 0 . ) 



t ^ = (0.057 l i s ) 

* 1 = (0*17 ^is) 

F i g . 3.22 Pressure wave geometry when a 5.0 mm diameter water drop 
s t r i k e s a plane r i g i d surface a t IOC m/s. ( I t i s 250 times a c t u a l s i z e . ) 
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Since i t I s a t e n s i l e pulse i t w i l l r e f l e c t i n the free edge of 
the drop as a pulse of compression. As i t passes back i n t o the drop 
i t w i l l increase the pressure at any p o s i t i o n behind i t above that 
to which i t has f a l l e n . Therefore the pressure at any p o s i t i o n on 
the contact surface tha t corresponds to p o i n t s i n the x-t plane 
that l i e beyond the boundary between Regions 3 and if probably 
'fluctuates about a slowly-decreasing low l e v e l . This i s discussed 
f u r t h e r below. 

I n the c a l c u l a t i o n s presented above i t was assumed t h a t the 
p o s i t i o n of the edge of the drop during the impact v;as f i x e d by the 
geometry of the flow and was given by Equation 3.1b. But i t has 
been argued tha t flow from under the edge of the drop w i l l overtake 
the contact edge at positions and times given by Equations 3»l6c 
and 3.l6d r e s p e c t i v e l y . For a water drop i t follows from 
Equation 3»6d t h a t t ^ w i l l be greater than 9 t ^ when the impact 

e c 
v e l o c i t y i s less than about 80 m/s. At higher impact v e l o c i t i e s 
than t h i s t w i l l be less than 9t , but i t can never be less than e c 
t ^ - see the discussion at the end of Section 3.2. The appearance 
of a j e t from under the edge of the drop would obviously upset the 
cal c u l a t i o n s f o r the impact pressure d i s t r i b u t i o n and i t was p a r t l y 
for t h i s reason tha t the analysis v;as concluded at points i n the 
x-t plane tha t l i e along the c h a r a c t e r i s t i c that divides Regions 3 
and /+. 

Refer now to Fig. 3.l8. The pressure at the centre of the contact 
surface at the i n s t a n t of impact i s equal to P. As the impact 
proceeds the pressure r i s e s at the contact edge and f a l l s at the 
centre. These p r o f i l e s have s i m i l a r shapes to those o f b l a s t waves 
i n a i r tha t move out across the ground from the centre of an 
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explosion. The main difference between these waves and b l a s t waves 
i s that the magnitude of the pressure at the f r o n t of the wave 
increases as the wave t r a v e l s through the f l u i d s The reason f o r 
t h i s i s that energy i s continuously supplied to the fluj.d as 
d i f f e r e n t parts of i t are brought i n t o contact w i t h the luoving 
s o l i d . The waves are thus generated as though by a series of 
explosions set o f f one a f t e r another along the path of the wave. 
The magnitude of the pulses add together as the wave proceeds through 
the f l u i d . At t ^ = 1 the pressure i s i n f i n i t e at the edge, and 
remains so f o r the r e s t of the impact. An i n f i n i t e pressure v / i l l 
not occur i n an actual impact, since gross y i e l d i n g of any r e a l 
material w i l l occur long before t h i s i s reached. The i n f i n i t y i n 
the pressure i s a d i r e c t r e s u l t of the l i n e a r i s a t i o n of the equations 
of motion, and i s analogous to the leading edge s i n g u l a r i t y t h a t 
occurs i n the theory of t h i n a e r o f o i l s i n subsonic flov/. I n 
a e r o f o i l theory the s i n g u l a r i t y i s removed by rounding the edge 
of the wing.. The boundary conditions must then be applied o f f the 
plane of the wing to give a f i n i t e pressure at the leading edge 
stagnation p o i n t . However, the l i n e a r i s e d equations cannot be used 
to obtain the s o l u t i o n i n t h i s region because the p e r t u r b a t i o n i n 
the mean v e l o c i t y of the flow near the stagnation poi n t cannot be 
small i n comparison with the mean flow v e l o c i t y . 

I n the impact problem studied here the expressions f o r the 
pressure d i s t r i b u t i o n depicted i n the above graph were derived 
by assuming that the p a r t i c l e v e l o c i t i e s imposed on the f l u i d by 

a I t i s not quite as simple as t h i s i n two dimensions, since 
Huyghens p r i n c i p l e of superposition does not apply. (See Courant 
and H i l b e r t (1962).) 
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the motion of the boundary were small compared w i t h the v e l o c i t y 
of sound i n the f l u i d , and changes i n both f l u i d density and sound 
speed could be neglected. This made i t possible to l i n e a r i s e the 
equation of motion, which v;as then solved a n a l y t i c a l l y . Since the 
x-component of p a r t i c l e v e l o c i t y at the centre of impact i s alv/ayc 
zero (from symmetry) and the average v e l o c i t y i n the x - d i r e c t i o n 
i s zero up to the time when the i n i t i a l compression wave i s 
released (Section 3.1), i t i s reasonable to assume t h a t the 
x-component of p a r t i c l e v e l o c i t y at any point on the contact surface 
i s zero u n t i l that point i s reached by the f r o n t of the r e l i e f wave, 
which propagates i n t o the drop from the free edge. From the equation 
of state (Equation 3.21b), i t follows t h a t very large changes of 
pressure mean very large changes of density, which v i o l a t e s one o f 
the assumptions on which the c a l c u l a t i o n s of the impact pressure 
d i s t r i b u t i o n were based. (The variable sound speed term would have 
to be retained i n the equation f o r (Equation 3.30a), and the 

i n t e g r a l would have to be retained i n B e r n o u l l i ' s equation 
(Equation 3.27a).) As the r e l i e f wave passes through the f l u i d , the 
f l u i d behind i t w i l l be free to move out across the surface of the 
s o l i d , and even a t quite low impact v e l o c i t i e s p a r t i c l e v e l o c i t i e s 
of a s i m i l a r magnitude to the sound speed w i l l occur (Section 3.2). 
Therefore near the edge of the drop high pressures imply e i t h e r 
large density changes i n the drop or large p a r t i c l e v e l o c i t i e s 
p a r a l l e l to the surface of the s o l i d , so that i n t h i s zone the 
f u l l non-linear equations must be solved to get the correct 
pressure d i s t r i b u t i o n . As mentioned previously, there does not 
appear to be an a n a l y t i c a l method of so l v i n g the non-linear equations, 
and the numerical methods that have been t r i e d give pressure 
d i s t r i b u t i o n s that decrease towards the edge of the drop 
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(Huang et a l (1971))., i n contrast to those given by the l i n e a r i s e d 
s o l u t i o n above. Such a trend i s not expected and im p l i e s t h a t a 
mistake was made when the numerical scheme was set up, (This i s 
discussed i n d e t a i l by Rochester (1977a).) 

I n Fig. 3* 19, P versus t^^ curves are shov/n f o r four p o s i t i o n s 
under the drop. Changes of slope occur at times which correspond to 
points i n the x - t plane v/hich l i e on the c h a r a c t e r i s t i c l i n e s . 
Towards the end of the period f o r which r e s u l t s have been obtained, 
the pressure i s more or less the same at v a i l p o s i t i o n s under the 
drop - about O.IP. This i s also shown very c l e a r l y i n Fig. 3.18, 

where the curves f o r times towards the end of the period studied are 
I t 

almost p a r a l l e l to the x^-axis over most of t h e i r width. At x^ = 0 
there i s only one change of slope; i t occurs v/hen the r e l i e f waves 
from the edges of the contact surface reach the centre of the drop. 
At x^ = 0.75 there are two changes of slope; they occur v/hen the 
r e l i e f waves from the edges a r r i v e , the f i r s t from the near edge 
and the second from the fa r edge of the drop. The change o f slope 
i n curves f o r points on the contact surface beyond x^ = 1 occurs 
when the r e l i e f v/ave from the edge f a r t h e s t away from the point 
a r r i v e s . As discussed above, i t i s probable t h a t the pressure begins 
to r i s e again at times beyond those calculated f o r here. The 
pressure pulses villi therefore have o s c i l l a t i n g t a i l s . 

More det a i l e d discussion of these curves w i l l be deferred u n t i l 
the r e s u l t s of experiments to measure the impact pressure 
d i s t r i b u t i o n have been presented, 

3.3.7 Impact Pressure D i s t r i b u t i o n on Curved Surfaces 

I n a number of p r a c t i c a l problems impact takes place not against 
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a plane surface but against one that i s curved. I f the surface of 
the s o l i d over the region of contact between l i q u i d and s o l i d can 
be assumed to have a constant radius, the impact can be t r e a t e d as 
though the s o l i d surface i s plane and the radius of the drop i s 
changed from R ̂  to 

R = R[Ra/(^l + ^Q^* 5.61 

where R i s the radius of the s o l i d . (Convex surfaces i n both 
8 

l i q u i d and s o l i d are p o s i t i v e . ) 

3.5.8 Impact Pressure D i s t r i b u t i o n when the Flow i s Incompressible 

As the impact proceeds the s o l u t i o n f o r compressible flow should 
approach that f o r incompressible flow, since the pressure v/aves 
r e f l e c t back and f o r t h v/ithin the drop as time passes, evening out 
any s l i g h t changes of density v/ithin the f l u i d . I t can be shown t h a t 
there i s l i t t l e d ifference between the s o l u t i o n s f o r times a f t e r 

I 1 
impact greater than about 5t . An i n t e r e s t i n g a p p l i c a t i o n o f 
incompressible flow theory to the problem of wave impacts against 
sea-walls i s given i n Appendix 1. 

3.1+ Summary 

A de t a i l e d discussion of the impact of a c y l i n d r i c a l l i q u i d 
drop against a r i g i d s o l i d has been given. I t has been shown that 
the mean impact pressure under the drop during the early stage of 
impact i s given by the water-hammer equation, and tha t the duration 
of the stages of impact at any point increase w i t h the radius of 
the drop and the impact v e l o c i t y but decrease w i t h the sound speed 
i n the f l u i d . Equations f o r the impact pressure d i s t r i b u t i o n under 
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the drop have been developed. I t has been shown that the pressure 
at the i n s t a n t of impact i s equal to the water-hammer pressure, 
and that as the impact proceeds the pressure at the edge o f the 
diop increases above t h i s value and the pressure at the centre 
f a l l s below i t . The shape of the pressure pulses have been r e l a t e d 
to changes of the wave geometry v/ithin the drop. A p i c t o r i a l 
summary of the r e s u l t s i s given i n Fig. 3.23. I t remains now to 
compare the p r e d i c t i o n s of the theory w i t h experimental r e s u l t s on 
drop impact. 
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F i g . 3 .23 T h e i m p a c t of a c y l i n d r i c a l l i q u i d d r o p w i t h a p l a n e r i g i d s o l i d 
- s u m m a ry . 
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Notes on Chapter 3 

(1) When the flow i s incompressible, the v e l o c i t y p o t e n t i a l 
s a t i s f i e s Laplace's equation. The boundary and i n i t i a l conditions 
are the same as before. I n t h i s note an expression f o r the pressure 
at the centre of the contact area i s developed. This s o l u t i o n i s 
then compared w i t h the one f o r compressible flow given above. 

For incompressible flow i t can be shown that the v e l o c i t y 
p o t e n t i a l at the centre of the contact area i s given by 

ip = (1/n) ^ l n ( l / r ) q ) ^ d s , 3 . ( i ) 

where s i s the distance around the edge of the drop, vp̂  i s the 
v e l o c i t y normal to the edge of the drop ( p o s i t i v e outwards) and r 
i s the distance from the centre of the contact area to a point on 
the edge of the drop. (This r e s u l t follows from an a p p l i c a t i o n of 
Green's theorem - see e i t h e r Courant and H i l b e r t (1962) or 
Copson (1975). I t i s double that given i n these works because the 
impact point l i e s on the boundary of the drop.) 

Outside the contact edge i f ^ i s zero and over the contact surface 
i t i s constant and equal to the impact v e l o c i t y V, so t h a t 
Equation 3 . ( i ) becomes 

(2RVt)-*-/^ 
ip =: - (V/Ti) f l n ( l / x ) d x . 3 . ( i i ) 

- (2RVt)^/^ 

Equation 3 - ( i i ) i s e a s i l y i n t e g r a t e d to give 

ip = - (2V/Tt)(2RVt)^/2. 3 . ( i i i ) 
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Nov; p = - P Q ^ ^ . V/hen ^ P ^ i s evaluated from Equation 3 * ( i i i ) and 
subs t i t u t e d i n t o t h i s expression, an equation f o r the pressure at 
the centre of the contact area i s obtained. I t i s 

P A P Q C Q V ) = ( 2 / u ) ( l / t ' ^ / 2 ) . 3 . ( i v ) 

Equation 3 . ( i v ) i s p l o t t e d i n Fig. 3 . ( i ) , together w i t h the 
previous r e s u l t for compressible flow. For incompressible flov/ the 
pressure at the i n s t a n t of f i r s t contact i s i n f i n i t e , since 
deceleration of a f i n i t e mass of f l u i d i s assumed to have occurred 
over an i n f i n i t e s s i m a l l y small area. I t can bo seen that the two 
solutions are very close to one another f o r times a f t e r impact 
longer than about 5t'. 



1.5 r-

1.0 

0.5 

0 

X = x/(RV/c^^) = 0 

1 Incompressible Flov/ 
(Equation 3 . ( i v ) ) 

2 Compressible Flov/ 

8 10 12 Ik 

t = t/[RV/(2c^)] 

Fig* 3»(i) Impact pressure under a c y l i n d r i c a l l i q u i d drop at the 
centre of the contact area. 
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CHAPTER k 

EXPERIMENTAL TECHNIQUES USED IN THE STUDY OF DROP IMPACT 

One of the p r i n c i p a l aims of the experimental work was to 
measure the impact pressure d i s t r i b u t i o n under a l i q u i d drop when 
i t c o l l i d e s w i t h a s o l i d . At the s t a r t of the p r o j e c t i t was hoped 
that t h i s could be done by f i r i n g a l i q u i d j e t at a s o l i d which 
contained a pressure transducer, since a simple technique f o r 
producing high v e l o c i t y l i q u i d j e t s had already been developed by 
Brunton ( 1 9 5 9 ) and Bowden and Brunton ( I 9 6 I ) . This proved to be 
unfeasible and a new technique, i n which a s o l i d containing a small 
pressure transducer was f i r e d at a st a t i o n a r y l i q u i d crop, had to 
be developed. Before t h i s method i s described the reasons why i t 
was not possible to use the high v e l o c i t y l i q u i d j e t s to do the 
v/ork w i l l be examined. 

/ • . I Hip:h Velocity Liquid Jets 

The p r i n c i p l e of the method that was used by Bowden and Brunton 
to produce high v e l o c i t y l i q u i d j e t s i s i l l u s t r a t e d i n F i g . i f . l . 
The l i q u i d i s contained i n a small s t e e l chamber which i s closed 
at the back w i t h a t h i n neoprene disc. A slug from an airgun i s 
f i r e d i n t o the back of the chamber whereupon the l i q u i d s q u i r t s 
out of the nozzle at high v e l o c i t y . (The j e t v e l o c i t y i s usually 
about four times the slug v e l o c i t y - see Brunton ( 1 9 5 9 ) • ) A 
cross-sectional view of a t y p i c a l chamber i s shown i n F i g . 4 . 2 , 

and a photograph of the apparatus i s shown i n Fig. 4 . 3 * 

A shadow p i c t u r e of a 1 . 0 mm diameter j e t produced by t h i s 
method i s shown i n Fig. The j e t i s moving to the r i g h t at 
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Fig. /*.l P r i n c i p l e of the method used to produce high v e l o c i t y 
l i q u i d j e t s . 
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Fig. /f.2 Cross-sectional view of a chamber used i n the production 
of high v e l o c i t y l i q u i d j e t s . 



Fig. ^.3 (Opposite page, top.) Gun used f o r the production 
of high v e l o c i t y l i q u i d j e t s . 

Fig. k^k (Opposite page, middle.) Shadow p i c t u r e of a 1.0 mm 
diameter v/ater j e t moving through a i r at 600 m/s. 

Fig.. ^.5 (Opposite page, bottom.) Shadow p i c t u r e s of a 1,0 mm 
diameter water j e t s t r i k i n g a t h i c k perspex block at 600 m/s. 
The time between the frames i s ̂ .2 |is. The water i s flowing 
out across the surface of the block at about 700 m/s. 



T 
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about 600 m/s.. (This p i c t u r e i s one o f a sequence of s i x * The 
average time between the francos was 1.8 |j.s. The v e l o c i t y was 
determined by measuring the displacement of the j e t head between the 
f i r s t and the f o u r t h frames and d i v i d i n g the r e s u l t by the time 
i n t e r v a l . ) The core of the j e t i s v i s i b l e at the nozzle o u t l e t . 
Other p i c t u r e s have shown that the core remains coherent f o r very 
large distances from the nozzle. (For a 1.0 nm diameter water j e t 
stable cores have been photographed at distances greater than 
200 mm from the nozzle.) I t can be seen that the head of the j e t 
has an i r r e g u l a r shape. This i s observed to change as the j e t 
drives through the a i r , and, at any p a r t i c u l a r distance from the 
nozzle, i t i s found to vary from one j e t to another. For these 
reasons, and also because the flov/ i n the j e t head i s not knov/n, 
i t was decided that these j e t s could not be used i n experiments 
to measure the impact pressure d i s t r i b u t i o n . 

One f u r t h e r point - the high v e l o c i t y j e t s damaged the materials 
from which the gauges were to be made ( t u f n o l , perspex, quartz 
and various p i e z o e l e c t r i c ceramics) i n a single impact. This 
point i s i l l u s t r a t e d i n Fig. ^.5. This shows two shadow p i c t u r e s 
of a 1.0 mm diameter water j e t s t r i k i n g the edge of a 6.0 mm 
t h i c k perspex block at about 6OO m/s. The deep p i t which was cut 
i n the top surface of the block i n the early stages of the impact 
i s c l e a r l y v i s i b l e . A complex system of stress waves can also be 
seen. The one moving across the block from the r i g h t has an average 
v e l o c i t y of about 2,100 m/s. I t i s a l o n g i t u d i n a l wave t h a t has 
been been r e f l e c t e d from the corner of the block. (See 
Kolsky (1963).) 

I t was therefore not feasible to measure the pressure 
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d i s t r i b u t i o n under a drop by f i r i n g a Jet at a st a t i o n a r y t a r g e t 
f o r the f o l l o w i n g reasons: ( i ) low v e l o c i t y j e t s could not be 
produced e a s i l y ; ( i i ) c o n t r o l o f the j e t v e l o c i t y was not 
possible; ( i i i ) the shape of the j e t head was very i r r e g u l a r and 
varied from one j e t to another; ( i v ) the flow i n the j e t head was 
not known; and ( v ) high v e l o c i t y j e t s damaged gauge mate r i a l s i n 
a single impact. 

There was now only one other way i n which the work could be 
done - the s o l i d would have to be f i r e d at the l i q u i d . This method 
has been used by a number of i n v e s t i g a t o r s to study the way i n 
which the drop behaves during the impact. F y a l l (1967) f i r e d 
p r o j e c t i l e s from a gas-powered gun against 2.0 mm diameter water 
drops at v e l o c i t i e s up to 500 m/s; from a series o f photographs 
of the impacts he was able to determine the stage at which flow 
from under the drop began and to measure the v e l o c i t i e s at which 
the water flowed out across the surface o f the s o l i d * Brunton and 
Camus (1970) and Camus (1971) developed a technique f o r 
studying d e t a i l s of the pressure wave st r u c t u r e v/ithin a drop 
during an impact. A c y l i n d r i c a l drop about 5.0 ram i n diameter 
was held between two glass plates and an aluminium p r o j e c t i l e was 
f i r e d between the plates at the drop w i t h detonators. The impact 
was photographed w i t h a high-speed camera.. This method had four 
l i m i t a t i o n s : ( i ) i t was d i f f i c u l t to c o n t r o l the v e l o c i t y o f the 
p r o j e c t i l e ( t h e maximum v e l o c i t y was about 100 m/s); ( i i ) both 
the p r o j e c t i l e and the impact chanber v/ere damaged i n the impact, 
p a r t i c u l a r l y the back of the p l a t e ; ( i i i ) d e t a i l s of the flow 
were hidden behind the meniscus; and ( i v ) each experiment took 
a long time to complete. However i t had one advantage over the 
method that was used by f ^ a l l - the drop could be placed i n any 
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d e s i r e d p o s i t i o n r e l a t i v e to a p o i n t on the s u r f a c e o f the 

p r o j e c t i l e . For t h i s r e a s o n i t was d e c i d e d to develop the t e c h n i q u e 

f u r t h e r , to use i t to measure the p r e s s u r e d i s t r i b u t i o n under a 

drop, and, i n a p a r a l l e l s e r i e s of e x p e r i m e n t s , to take shadow and 

s c h l i e r e n photographs of the impact w i t h a high-speed camera. 

^ . 2 The B a s i c E x p e r i m e n t a l Method 

if.2 . 1 P r i n c i p l e of the Method 

The method i s i l l u s t r a t e d i n F i g . /f.6a. A t h i n , o b l o n g - s e c t i o n e d 

b u l l e t , 20 mm l o n g , 15 mm wide and 1 .5 mm deep, v/as f i r e d from a 

s p e c i a l gas-powered gun a t a s t a t i o n a r y l i q u i d drop h e l d between 

two perspex windows. A p i e z o e l e c t r i c c e r a m i c , about 0 . 3 mm wide 

and 0.5-mm deep, v/as mounted a t the f r o n t s u r f a c e o f the b u l l e t . The 

s i g n a l g enerated i n the impact was fed i n t o an o s c i l l o s c o p e through 

an arrangement o f s l i d i n g c o n t a c t s between the b u l l e t and the i n s i d e 

s u r f a c e o f one o f the windows. The b u l l e t v e l o c i t y was measured v/ith 

a p h o t o e l e c t r i c system. Two photodiodes were mounted 20 mm a p a r t i n 

the s i d e of the b a r r e l about 30 mm i n f r o n t o f the drop. They were 

i l l u m i n a t e d by l i g h t beams from s m a l l h o l e s i n the o p p o s i t e s i d e o f 

the b a r r e l . S i g n a l s produced i n the photodiodes when the beams were 

cut by the l e a d i n g edge of the b u l l e t o p e r a t e d a d i g i t a l c o u n t e r 

through an a m p l i f i e r . A photograph o f the impact r e g i o n i s shown i n 

F i g . it.6b. 

The s h e a r s t r e s s d i s t r i b u t i o n under the drop was measured w i t h 

an o b l o n g - s e c t i o n e d gauge i n which the ceramic was e l e c t r o d e d i n 

such a way t h a t i t responded to s h e a r s t r e s s o n l y . 

The p r e s s u r e w i t h i n the drop was measured v/ith a p i e z o e l e c t r i c 



Contac t on B u l l e t D i a p h r a g m 

Window 

Drop 

P i e z o e l e c t r i c 
Ceram ic 

B u l l e t 

B a r r e l 

C o n t a c t on Window Photod iodes 

F i g . A.6a ( A b o v e . ) P r i n c i p l e of the me thod used to m e a s u r e t h e i m p a c t 
p r e s s u r e a n d s h e a r s t r e s s d i s t r i b u t i o n s under a d r o p . 

F i g . ^ . 6 b ( B e l o w . ) D e t a i l of t h e i m p a c t r e g i o n i n the v / o r k i ng sec t ion 
of t h e 0 b I 0 ng - sec t i 0 n ed b a r r e l . 
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ceramic mounted i n the middle o f the i n s i d e f a c e o f an i n s u l a t i n g 

b l o c k . The b l o c k r e p l a c e d one o f the wirdows i n t h e working s e c t i o n 

o f the gun. 

D e s c r i p t i o n s o f the gun and the pickup arrangement a r e g i v e n i n 

R o c h e s t e r (1977b) and R o c h e s t e r e t a l ( 1 9 7 7 ) . The gauges a r e 

d e s c r i b e d i n R o c h e s t e r (1977c), 

^«2«£ C a l i b r a t i o n o f the Gauges 

The p r e s s u r e gauges were c a l i b r a t e d by a method s i m i l a r to t h a t 

developed by Crook ( 1 9 5 2 ) » The ^auge was h e l d t i g h t l y i n a heavy 

clarap and a s t e e l b a l l was p l a c e d i n c o n t a c t w i t h the c e r a m i c . 

Another s t e e l b a l l was swung a g a i n s t t h i s arrangement from a known 

h e i g h t and the output from the gauge was d i s p l a y e d on an o s c i l l o s c o p e . 

I t can be shov/n t h a t 

M [2g(h^ + h ^ ) ] ^ ^ ^ = ( 2 / 3 ) ( C / d ) V ^ ^ ^ t , 4 . 1 

where M i s the mass o f the b a l l , ĥ ^ i s the h e i g h t from which i t f a l l s , 

h^ i s the h e i g h t to which i t rebounds, g i s the a c c e l e r a t i o n due to 

g r a v i t y , V i s the maximum output o f the gauge, t i s t h e d u r a t i o n max, 

o f the impact, d i s the e f f e c t i v e p i e z o e l e c t r i c c o n s t a n t o f the 

ceramic^ and C i s the combined c a p a c i t a n c e o f the c e r a m i c , the 

pickup, the l e a d s and the o s c i l l o s c o p e i n p u t , 

M and C were measured and h-, V and t were noted f o r a range 
£. max 

o f h^. A graph o f M [2g(h^ + h^)]^^^ v e r s u s ( 2 / 5 ) V ^ ^ t was p l o t t e d , 

from which the e f f e c t i v e p i e z o e l e c t r i c c o n s t a n t o f the c e r a m i c v/as 

c a l c u l a t e d . 

The above procedure was c a r r i e d out f o r a l l the p r e s s u r e gauges 

t h a t were used i n the experiments. I t was r e p e a t e d a f t e r a broken 
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gauge had been r e p a i r e d and a t the end o f a l o n g s e r i e s o f 

e x p e r i m e n t s . The e f f e c t i v e p i e z o e l e c t r i c c o n s t a n t was about 

260 X 10"^^ C/N. 

I t can be shown t h a t the p r e s s u r e on the gauge d u r i n g an impact 

i s 

p = CV/(dA), 4 . 2 

where V i s the output o f the gauge and A i s the a r e a o f t h e c e r a m i c . 

The a r e a o f the ceramic i n each gauge was measured and 

s u b s t i t u t e d i n t o E q u a t i o n if.2 w i t h the v a l u e s o f C and d o b t a i n e d 

i n the above exp e r i m e n t s . The c a l i b r a t i o n c o n s t a n t s f o r the gauges 

used i n the work, t o g e t h e r w i t h the dimensions and s u r f a c e a r e a s 

o f the c e r a m i c s , a r e g i v e n i n T a b l e / f . l . (The c a l i b r a t i o n c o n s t a n t 

i s C/(dA).) 

The s h e a r gauge was c a l i b r a t e d w i t h the same a p p a r a t u s , but t h i s 

time the impulse was a p p l i e d to the ceramic a s a s h e a r l o a d - a 

p i e c e o f copper, glued to the s u r f a c e o f the c e r a m i c , v/as s t r u c k 

from the s i d e by the s t e e l b a l l . The e f f e c t i v e p i e z o e l e c t r i c c o n s t a n t 

was c a l c u l a t e d i n a s i m i l a r way to t h a t d e s c r i b e d above. The s h e a r 

s t r e s s on the gauge was found to be 

T = 1 . 3 ± o. iv m/m^. k.3 

The s t r e s s e s measured i n the experiments were d e r i v e d s o l e l y 

from f o r c e s on the f a c e o f the c e r a m i c . T l i i s was e s t a b l i h e d by 

a p p l y i n g a l a r g e f o r c e to the s u r f a c e o f the gauge a d j a c e n t to the 

c e r a m i c . The output was only a s m a l l f r a c t i o n o f t h a t o b t a i n e d 

when the ceramic was loaded d i r e c t l y . 
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T a b l e />.l 

S p e c i f i c a t i o n o f the P r e s s u r e Gauges Used i n the Di-op Impact 

E x p e r i m e n t s w i t h the Oblong-Sectioned Gun 

Number Dimensions o f 

Ceramic 

Length Width 

mm 

S u r f a c e Area o f 

Ceramic 

C a l i b r a t i o n 

C o n s t a n t 

MN 

F l a t B u l l e t Gauges 

6 ( L a r g e 

h o l e . ) 

7 ( S m a l l 

12 

15 

h o l e . ) 

0. i f2 

1.17 

1.17 

O.ifG 

0 . 5 2 

0 . 8 8 

0 . 2 9 

0 . 2 9 

0 . 3 3 

0 . 3 1 

0.46 

0.34 

0.34 

0 . 1 5 

0.16 

2 . 1 ± 0 . 2 

2»9 ± 0 . 3 

2 . 9 ± 0 . 3 

6-4 ± 0 . 6 

6 ± 1 

S i d e w a l l Gauge 

0 . 4 2 0 . 2 9 0 . 1 2 8 ± 2 

The gauges marked w i t h an a s t e r i k c o n t a i n a copper b a c k i n g b a r . 

I n a l l gauges the ceramic was PZT - 4 , manufactured by B r u s h 

C l e v i t e . The b u l l e t s and the housing f o r the s i d e w a l l gauge were 

made from t u f n o l , a c l o t h - l a m i n a t e d p l a s t i c manufactured by T u f n o l 

The numbers r e f e r to a more comprehensive l i s t o f gauges i n 

R o c h e s t e r ( 1 9 7 7 c ) . Number 15 f l a t b u l l e t gauge was made by 

sandwiching a s h e e t o f duralumin between two s h e e t s o f t u f n o l . 

The gauges had a r i s e - t i m e o f about 0 .1 \is» 
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Experiments w i t h a p r e s s u r e gauge mounted i n the e n d - w a l l o f 

a shock tube showed t h a t t h e r e was some o v e r s h o o t to a s t e p change 

i n p r e s s u r e . The output s i g n a l c o n t a i n e d s m a l l a m p l i t u d e 

o s c i l l a t i o n s w i t h a frequency o f about 5 MHz due to l o n g i t u d i n a l 

v i b r a t i o n o f the ceramic p l a t e and v e r y s m a l l a m p l i t u d e 

o s c i l l a t i o n s w i t h a frequency o f about 10 MHz due to the r a d i a l 

v i b r a t i o n o f the p l a t e ^ I t was concluded from t h i s t h a t o s c i l l a t i o n s 

on a t y p i c a l p r e s s u r e p u l s e from a drop impact c o u l d not have been 

caused by v i b r a t i o n s o f the c e r a m i c , but had to r e p r e s e n t changes 

t h a t had o c c u r r e d i n the l i q u i d d u r i n g the i m p a c t . (See 

R o c h e s t e r ( 1 9 7 7 c ) . ) 

I f . 2 . 3 Procedure for Doing the Experiments 

A photograph o f the e x p e r i m e n t a l set-up i s shown i n F i g . ^+.7. 

The measurements o f peak impact p r e s s u r e and peak s h e a r s t r e s s 

under the drop were made as follows.. The gun was clamped on i t s 

s i d e and a drop was i n s e r t e d between the windows a t some 

predetermined p o s i t i o n a g a i n s t a g r a t i c u l e . (The gun v/as clamped 

on i t s s i d e to stop the drop s l i d i n g about i n the impact chamber.) 

An e l a s t i c diaphragm was p l a c e d a c r o s s the b a r r e l through a s l i t 

behind the working s e c t i o n to p r e v e n t the a i r b l a s t from d i s t u r b i n g 

the drop before the b u l l e t a r r i v e d . The s i g n a l g e n e r a t e d i n the 

impact was r e c o r d e d on the o s c i l l o s c o p e and the time t h a t the 

b u l l e t took to p a s s between the photodiodes was r e g i s t e r e d on the 

coun t e r . (The t r a c e on the o s c i l l o s c o p e was photographed w i t h a 

camera mounted i n f r o n t o f the tube.) Four f i r i n g s were made a t 

each p o s i t i o n . The p u l s e h e i g h t s were measured and the s t r e s s e s 

were c a l c u l a t e d . Measurements were made a c r o s s the drop from 

- 2 , 0 mm to 3 . 5 mm. Between - 0 . 7 5 ram and 0 . 7 5 mm t h e s e were made 



F ig . 4.7 E x p e r i m e n t a l a r r a n g e m e n t f o r m e a s u r i n g t h e i m p a c t 
p r e s s u r e d ist r i b ut i o n under a drop u s i n g t he g a s - p o w e r e d gun 
f i t t e d w i t h the o b l o n g - s e c t i o n e d b a r r e l . 
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i n 0 . 2 5 i'iS3 s t e p s , and o u t s i d e t h i s r e g i o n they were made i n 0 . 5 ma. 

s t e p s . 

The measurements o f peak p r e s s u r e w i t h i n the drop were made i n 

a s i r a i a l r way. They were made tilor»5 the c e n t r a l a x i s o f t h e drop 

i n 0 . 5 mm s t e p s . 

^ • 2 . i f Photographs o f the Impact 

The impact was photographed i n a s e p a r a t e s e r i e s o f e x p e r i m e n t s 

w i t h a C r a n z - S c h a r d i n high-speed camera.. A drawing of the o p t i c a l 

arrangement t h a t was used i n the work i s shown i n F i g . 4 . 8 , and a 

photograph of the e x p e r i m e n t a l set-up i s shown i n F i g . k*9* A 

d e t a i l e d d e s c r i p t i o n o f the camera i s g i v e n i n R o c h e s t e r ( 1 9 7 7 d ) . 

/f .5 F u r t h e r E x p e r i m e n t a l Methods 

I t was e s s e n t i a l to be a b l e to measure the impact p r e s s u r e 

d i s t r i b u t i o n i n o t h e r ways.. F or t h i s purpose two independent 

t e c h n i q u e s were developed.. The f i r s t i s i l l u s t r a t e d i n F i g s . 4 . 1 0 , 

U . l l a and i f . l i b . A c y l i n d r i c a l b u l l e t , 50 mm long and 15 mm i n 

diameter, was f i r e d i n t o the s i d e o f a v e r t i c a l j e t o f w a t e r . A 

s m a l l p i e z o e l e c t r i c ceramic was mounted a t the f r o n t s u r f a c e o f the 

b u l l e t . . As b e f o r e the s i g n a l g e n e r a t e d i n the impact was p i c k e d up 

by an arrangement o f s l i d i n g c o n t a c t s . The p r e s s u r e was c a l c u l a t e d 

from 

p = 6 . 0 ± 0.6V MN/m^o k.k 

The second technique i s i l l u s t r a t e d i n F i g s . k.12. and i f . l 3 . 

The gauge was b o l t e d to the r i a o f a r o t a t i n g d i s c and d r i v e n 

i n t o the s i d e o f a v e r t i c a l j o t o f wa t e r . The s i g n a l g e n e r a t e d i n 



M i r r o r s 

Images 

W o r k i n g Sec t i on ^1 
Camera Pho tog raph ic 

P l a t e 

Spark S o u r c e s F ie l d Lens 
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Fig» 4 . 9 ( O p p o s i t e page, top.) The C r a n z - S c h a r d i n high-speed 

camera s e t up f o r photographing drop i m p a c t . 

F i g . 4 . 1 4 ( O p p o s i t e page, bottom.) A t y p i c a l sequence of 

shadow p i c t u r e s taken w i t h the high-speed camera. The average 

time between the frames i s 2 . 6 t i s . 
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Fig. A.10 E x p e r i m e n t a l a r r a n g e m e n t f o r m e a s u r i n g tine i m p a c t 

p r e s s u r e d i s t r i b u t i o n under a d rop u s i n g t he g a s - p o w e r e d gun 

f i t t e d w i t h t h e c y l i n d r i c a l b a r r e l . 
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F i g . A.11a (Above . ) P r i n c i p l e of t h e second m e t h o d u s e d t o r n e a s u r e t h e 
i m p a c t p r e s s u r e d i s t r i b u t i o n under a d r o p . 

F i g . / ; . 1 1 b ( B e l o w . ) D e t a i l o f t h e i m p a c t r e g i o n a t t h e end of t h e 
c y l i n d r i c a l h n r r P 1 
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F i g . f | , 1 2 E x p e r i m e n t a l arrangement f o r measuring the impact 

p r e s s u r e d i s t r i b u t i o n under a drop u s i n g the r o t a t i n g r i g . 





Fig . z;.13 D e t a i l of t he i m p a c t r e g i o n in t h e r o t a t i n g r i g 
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the irapact was p i c k e d o f f the gauge through mercury s l i p - r i n g s , 

and the p r e s s u r e was c a l c u l a t e d from 

p = 6.it ± 0 . 6 V MT̂ /m̂ . 

Some T y p i c a l R e s u l t s ^» ^ 

A t y p i c a l sequence of shadow p i c t u r e s i s shown i n F i g . ^ t . l ^ . 

I t shov/s a b u l l e t s t r i k i n g a 5 . 0 ram diameter v/ater drop a t 96 m/s. 

I n ( c ) flow i s about to s t a r t and a s l i g h t f u z z i n e s s can be seen 

i n the c o r n e r s o f the drop. (The system was thrown out o f f o c u s 

to a c c e n t u a t e any p r e s s u r e changes, and a 6 . 0 ma d i a m e t e r s t o p was 

i n s e r t e d i n f r o n t o f each l e n s to a v o i d double e x p o s u r e s , so t h a t 

some f e a t u r e s of t h e s e p i c t u r e s a r e s i m i l a r to those o b t a i n e d w i t h 

a s c h l i e r e n system.) The f u z z i n e s s i s a r e g i o n of i n t e n s e p r e s s u r e 

change, which remains a t the edge a s t h e drop b e g i n s to flow out 

a c r o s s the s u r f a c e o f the s o l i d . ( S ee ( d ) and ( e ) , ) I n ( e ) a 

p r e s s u r e wave can be seen r e t u r n i n g to the impact f a c e a f t e r 

r e f l e c t i o n i n the top s u r f a c e o f the drop. Shock waves can be seen 

i n the a i r ahead o f the outward f l o w i n g j e t s . The outward flow 

v e l o c i t y i s about 600 m/s, and the an g l e t h a t the edge o f the drop 

makes v/ith the s o l i d s u r f a c e when l a t e r a l flow b e g i n s i s about 

10^.. These p o i n t s w i l l be d i s c u s s e d i n more d e t a i l i n Chap t e r 5* 

Some t y p i c a l p r e s s u r e p u l s e s a r e shown i n F i g . / f . l 5 * Numbers 

( a ) , ( b ) and ( c ) were o b t a i n e d w i t h an o b l o n g - s e c t i o n e d b u l l e t , 

and (d) was o b t a i n e d i n an experiment w i t h the r o t a t i n g d i s c . A 

few comments on each of these p u l s e s a r e g i v e n belov/.. The matter 

v / i l l be d i s c u s s e d i n more d e t a i l i n Chapter 5 . 

F i g . ^ . 1 5 a T h i s p u l s e was produced when a 5*0 mm d i a m e t e r water 



a A 5 . 0 mm diameter water drop was s t r u c k by a f l a t b u l l e t 

gauge a t an impact v e l o c i t y o f 121 m/s. The peolc p r e s s u r e i s 

a p p r o x i m a t e l y 270 MR/m^. 

b A 5 . 0 rara diameter water drop was s t r u c k by a f l a t b u l l e t 

gauge a t an impact v e l o c i t y o f 101 m/s. The pealt p r e s s u r e i s 

a p p r o x i m a t e l y 40 MN/m^» 

c A 5 . 0 mm diameter water drop was s t r u c k by a b u l l e t a t an 

impact v e l o c i t y o f 100 m/s. The peak p r e s s u r e i s a p p r o x i m a t e l y 

MN/m^. 

d A 6 , 0 ram diameter water j e t was s t r u c k from the s i d e a t an 

impact v e l o c i t y of 20 ra/s by the gauge used i n the r o t a t i n g r i g 

The peak p r e s s u r e i s a p p r o x i m a t e l y 10 MN/m̂ : 

F i g , ^ . 1 5 A s e l e c t i o n of p r e s s u r e p u l s e s o b t a i n e d i n the drop 

impact e x p e r i m e n t s . . 



2 us 

y = 1 .0 mm 

d 13 M N / m 2 • 
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drop was s t r u c k by a f l a t b u l l e t gauge a t 121 m/s. I t shows the 

p r e s s u r e changes t h a t o c c u r r e d a t a p o s i t i o n 0.5 mm from t h e c e n t r e 

o f impact. The peak p r e s s u r e was about 270 MN/m^. The curved s t e p 

a t the foot o f the p u l s e b u i l t up a s t h e b u l l e t p assed through the 

meniscus, ( F o r a water drop the width o f the meniscus i s about 

0.1 mm, so t h a t the b u l l e t should t a k e a l i t t l e l e s s than a 

microsecond to p a s s through i t - t h i s i s the same as the d u r a t i o n 

o f the step..) The maximum p r e s s u r e was a t t a i n e d about 0.25 ^ i s 

l a t e r . T h i s was about the time t h a t the drop took to r o l l o v e r 

the c e r a m i c . ( S i n c e the ceramic i s O .3I mm wide the time r e q u i r e d 

f o r the drop to r o l l o ver i t a t a p o s i t i o n 0.5 mm from the c e n t r e 

o f impact i s a p p r o x i m a t e l y 0.2 j i s . The r i s e - t i r r . e o f the gauge i s 

about 0.1 l i s , so t h a t the d u r a t i o n o f the l e a d i n g edge o f the 

p u l s e should be about 0.3 i L S . T h i s i s i n good agreement w i t h the 

measured v a l u e . ) The p r e s s u r e f e l l from the peak to a lower l e v e l 

i n two s t a g e s b e f o r e i t r o s e a g a i n to a second peak. The f i r s t 

change took p l a c e between 0.5 M-s and 0.75 l i s a f t e r the peak, and 

the second change o c c u r r e d about 1.0 \is l a t e r . . The f i r s t change o f 

s l o p e o c c u r r e d when a r e l e a s e wave from the edge o f the drop 

reached the p o s i t i o n o f the gauge. (See d i s c u s s i o n i n Chapter 5.) 

The t o t a l d u r a t i o n o f the p r e s s u r e was about 8.0 ^ i s . At t h e end 

o f t h i s p e r i o d the p r e s s u r e f e l l to a l e v e l beyond the r e s o l u t i o n 

o f the system. 

F i g . ^.15b T h i s p u l s e v/as produced when a 5»0 mm d i a m e t e r water 

drop was s t r u c k by a f l a t b u l l e t gauge a t 101 m/s. I t shows the 

p r e s s u r e changes t h a t o c c u r r e d a t a p o s i t i o n 1.5 nim from t h e c e n t r e 

o f impact. The peak p r e s s u r e was about kO MN/ni^. The t r a c e was 

t r i g g e r e d when the b u l l e t s t r u c k the drop. (A s w i t c h , s i m i l a r to 

t h a t used f o r examining the e f f e c t i v e n e s s o f the p i c k u p arrangement, 
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was used to t r i g g e r ' the o s c i l l o s c o p e a s soon a s the b u l l e t touched 

the drop. See R o c h e s t e r ( i y 7 7 b ) , ) T h i s t e c h n i q u e was e x t r e m e l y 

d i f f i c u l t to use and was never s u c c e s s f u l l y a p p l i e d to a wide range 

o f problems. The p r e s s u r e began to b u i l d up about 5.^ l i s a f t e r 

c o n t a c t * T h i s was about the time t h a t the edge o f the drop took to 

r e a c h a p o i n t 1.5 mm from the c e n t r e o f i m p a c t . ( I t t a k e s about 

1.0 ^is f o r the b u l l e t to c u t through the meniscus and /f.5 \X8 f o r 

the edge of the drop to flow out a c r o s s the s u r f a c e o f the b u l l e t 

to the c e n t r e o f the gauge.) The t o t a l d u r a t i o n o f the p r e s s u r e 

was about 10 

F i g . ^.15c T h i s p u l s e was produced when a 5.0 mm d i a m e t e r water 

drop was s t r u c k by a b u l l e t a t 100 ro/s.. I t shows the p r e s s u r e 

changes t h a t o c c u r r e d a t a p o s i t i o n 1.0 mm from the c e n t r e o f 

impact along the c e n t r a l a x i s o f the drop. The p r e s s u r e b u i l t up 

s l o w l y because the d i s t u r b a n c e v/as d i s p e r s e d a s i t t r a v e l l e d through 

the drop. 

F i g . ^.15d These p u l s e s were produced when a gauge b o l t e d to t h e 

rim o f a r o t a t i n g d i s c was d r i v e n through the s i d e o f a 6.0 r.ira 

diameter water j e t a t 20 m/s. They show the p r e s s u r e changes t h a t 

o c c u r r e d i n thee c o n s e c u t i v e r u n s a t a p o s i t i o n 1.0 mm from the 

c e n t r e o f impact. Note t h a t the p u l s e s have more o r l e s s t h e same 

magnitude and shape. 



7k 

Notes on Chapter k 

( 1 ) For t a k i n g s c h l i e r e n p i c t u r e s 1 , 5 mm diameter s t o p s were 

p l a c e d i n f r o n t o f the camera l e n s e s and the l i g h t from t h e spark 

s o u r c e s was f o c u s s e d i n the plane o f the s t o p s . The images o f a l l 

r e g i o n s of d e n s i t y g r a d i e n t then appeared d a r k e r than the background, 

s i n c e any d i s p l a c e m e n t of the source image, r e s u l t e d i n d e c r e a s e d 

i l l u m i n a t i o n . Note t h a t the d i r e c t i o n o f the d e n s i t y g r a d i e n t 

could not be found by t h i s method. ( S e e Howarth ( 1 9 5 3 ) , 

Ladenburg e t a l ( 1 9 5 5 ) , Liepmann and Roshko ( 1 9 5 7 ) and Holder and 

North ( 1 9 6 3 ) f*or more d e t a i l s of s c h l i e r e n methods.) No attempt 

was made to d e s i g n the system. A p i e c e of s t r e s s e d p e r s p e x was 

simply i n t r o d u c e d i n t o the f i e l d o f view to e n s u r e t h a t r e a s o n a b l e 

s c h l i e r e n images co u l d be o b t a i n e d . The s e n s i t i v i t y o f the system 

was i n c r e a s e d by moving the s t o p s to one s i d e thereby c o v e r i n g 

up p a r t of the images of the s o u r c e s . T h i s was done i n such a v/ay 

t h a t the p l a t e r e c e i v e d adequate i l l u m i n a t i o n when t h e r e was no 

d e f l e c t i o n o f the beam. 

( 2 ) E r r o r s t h a t o c c u r when photographs o f drop impact a r e 

a n a l y s e d - ( i ) measurements from the n e g a t i v e s (± 0 . 0 5 mm), 

( i i ) e s t i m a t i o n o f the frame i n t e r v a l s (± 0 . 1 |.LS), ( i i i ) e s t i m a t i o n 

o f the m a g n i f i c a t i o n (± 0 . 0 1 ) , ( i v ) e s t i m a t i o n o f the impact 

v e l o c i t y (± 2 m/s), and ( v ) i n t e r p r e t a t i o n o f ( a ) , ( b ) , ( c ) and 

( d ) below. 

( a ) The width of the meniscus i n a water drop i s 0 . 1 ram. I n 

o t h e r l i q u i d s i t i s approximately 0 . 8 mm. 

( b ) The double images t h a t can be seen on some frames were 

caused by i n t e r n a l r e f l e c t i o n of l i g h t i n the windows o f the gun. 
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( c ) I n some frames the f r o n t of the drop i s hidden by the edge 

of the b u l l e t (Frames 3 and k) ̂  T h i s v/as caused by r e f r a c t i o n o f 

l i g h t through the windov/s of the gun. 

(d) The d e p r e s s i o n s t h a t can be s e e n i n most o f the frames were 

caused by r e f r a c t i o n of l i g h t through the l i q u i d . 

As a r e s u l t o f t h e s e e r r o r s drop d i a m e t e r s a r e g i v e n to the 

n e a r e s t 0.1 mm, impact v e l o c i t i e s to the n e a r e s t 10 m/s, outward 

flow v e l o c i t i e s to the n e a r e s t 100 m/s and flow a n g l e s to the 

n e a r e s t degree. 

(3) E r r o r s t h a t o c c u r when photographs o f s t r e s s p u l s e s a r e 

a n a l y s e d - ( i ) c a l c u l a t i o n s w i t h the gauge ( t y p i c a l l y about 10 

p e r c e n t ) , and ( i i ) e s t i m a t i o n of the p o s i t i o n o f the drop (± 0.05 

from - 1.0 mm to 1.0 mm and t 0.1 mm o u t s i d e t h i s r e g i o n ) . These 

e r r o r s a re not i n d i c a t e d on the photographs of the p u l s e s . The 

e r r o r i n the peak p r e s s u r e a t any p a r t i c u l a r p o s i t i o n was 

computed from a number of o b s e r v a t i o n s i n the u s u a l v/ay. (See 

B r a d d i c k (1963), Ch. 2.) 

mru 
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CHAPTER 5 

EXPERIMENTS ON DROP IMPACT 

The e x p e r i m e n t a l t e c h n i q u e s d e s c r i b e d i n the p r e v i o u s c h a p t e r 

have been used to study the irapact o f a l i q u i d drop w i t h a s o l i d 

s u r f a c e . The main aim o f the experiments was e i t h e r to c o n f i r m o r 

to determine the l i m i t a t i o n s o f the theory t h a t was p r e s e n t e d i n 

Chapter 3, I n t h i s c h a p t e r a d e s c r i p t i o n o f the flow o f a drop 

when i t s t r i k e s a s o l i d s u r f a c e i s g i v e n , based upon sequences o f 

photographs taken w i t h the high-speed camera. Measured v a l u e s o f 

flow angle and outward flow v e l o c i t y a r e then compared v/ith the 

v a l u e s p r e d i c t e d w i t h the formulae developed i n Chapter 3-

Measurements of the p r e s s u r e d i s t r i b u t i o n under a drop a r e 

p r e s e n t e d and compared w i t h theory, and a comprehensive view o f 

the impact o f a l i q u i d drop w i t h a s o l i d i s developed, based upon 

both the r e s u l t s o f these experiments and the theory d i s c u s s e d above 

E x p e r i m e n t a l r e s u l t s f o r the s h e a r s t r e s s d i s t r i b u t i o n under a 

drop and the p r e s s u r e d i s t r i b u t i o n w i t h i n a drop, both o f which 

have not been examined t h e o r e t i c a l l y , a r e a l s o p r e s e n t e d and 

d i s c u s s e d . 

5.1 The Flow o f a Drop d u r i n g Impact 

The p r i n c i p a l aims o f the v/ork were to o b s e r v e the development 

and propagation of p r e s s u r e waves v / i t h i n the drop, to determine 

the angle t h a t the edge o f the drop makes w i t h the s o l i d s u r f a c e 

when l a t e r a l flow b e g i n s , and to measure the outward flow v e l o c i t y . 

These problems were s t u d i e d a t impact v e l o c i t i e s i n the range from 

about 60 m/s to about 160 m/s. 
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5»1.1 D e s c r i p t i o n o f the Impact - Change i n Drop Shape, P r e s s u r e 

V/ave Geometry and C a v i t a t i o n Bubbles 

A sequence of shadow/ p i c t u r e s taken w i t h the high-speed camera 

i s shown i n F i g . 5.1. I t shows a b u l l e t s t r i k i n g a 5.1 mm diameter 

water drop a t 66 m/s. The average time between the frames i s 1.0 |j.s, 

C o ntact w i t h the s o l i d has been made i n ( a ) , and flow from under 

the edges o f the drop has a l r e a d y begun i n ( b ) , 1.2 ^LS l a t e r . The 

angle t h a t the edge o f the drop makes w i t h the s o l i d s u r f a c e when 

l a t e r a l flow b e g i n s i s about 9*̂ , and the j e t s i n ( f ) a r e moving out 

a c r o s s the s u r f a c e o f the s o l i d a t about kOO m/s. Too much l i g h t 

r eached the photographic p l a t e i n t h i s sequence, so t h a t d e t a i l s 

o f the p r e s s u r e wave geometry w i t h i n the drop were o b l i t e r a t e d . 

A fuzzy b l a c k dot can be seen i n the base o f the drop i n c o n t a c t 

w i t h the s u r f a c e o f the s o l i d . I t has a maximum v;idth o f about 

0.2 mm (Frame ( a ) ) . As the impact proceeds, i t changes i n both 

shape and volume. T h i s i s p a r t i c u l a r l y c l e a r i n Frames ( d ) , ( e ) 

and ( f ) . I n ( d ) the dot i s much s m a l l e r than i t was i n ( a ) , and i t 

no l o n g e r seems to be r e s t i n g on the s u r f a c e o f the s o l i d . I n 

( e ) i t has i n c r e a s e d i n volume, and i n ( f ) i t has i n c r e a s e d i n 

volume even more and i s nov/ about the same s i z e t h a t i t was a t the 

beginning o f the impact.. The time between Frames ( a ) and ( f ) i s 

if. 6 M-S, so t h a t the dot appears to c o l l a p s e and grow a g a i n i n thj.s 

p e r i o d o f time. I t c o u l d be a c a v i t a t i o n bubble. These bubbles 

ar e expected to appear a l o n g the c e n t r a l a x i s o f the drop j u s t 

above the s u r f a c e o f the s o l i d , a s d i s c u s s e d i n S e c t i o n 3«1» I f 

c a v i t a t i o n bubbles were formed when the p r e s s u r e i n t h i s r e g i o n 

f e l l belov/ ze r o , they would c o l l a p s e a g a i n i n the p r e s s u r e f i e l d 

s e t up around them, g e n e r a t i n g very h i g h p r e s s u r e s n e a r the 



F i g . 5.1 Shadow p i c t u r e s of a b u l l e t s t r i k i n g a 5»1 nim diameter 

v/ater drop a t 66 m/s. The i n t e r v a l s between the frames a r e ( a ) 

and ( b ) 1.2 p,s, ( b ) and ( c ) 0.8 |IG, ( C ) and (d) 0.8 ^ i s , ( d ) and 

( e ) 1.0 |is and ( e ) and ( f ) 0.8 [ i s . C o n t a c t i s f i r s t made i n ( a ) , 

and flow from under the edges o f the drop has a l r e a d y begun i n 

( b ) . The a n g l e t h a t the edge o f the drop malces w i t h the s o l i d 

s u r f a c e when l a t e r a l flow b e g i n s i s about 9 ° . The j e t s i n ( f ) 

a r e moving out a c r o s s the s u r f a c e o f the s o l i d a t about ifOO m/s. 



.Q 
H H 

2 mm 



78 

collapse p o i n t . A nymber of people (see, f o r example, Benjajnin 
and E l l i s ( I 9 6 6 ) , Brunton (1970) and Camus (1971)) have shown that 
when t h i s happens the bubble can o s c i l l a t e i n and out several times, 
u n t i l i t eventually collapses completely, a f t e r breaking up i n t o 
smaller and smaller volumes. I t i s also possible tha t the dot i s 
a pocket of a i r trapped between the drop and the surface o f the 
s o l i d i n the early stage o f the impact. This could easily occur 
here, since the drop has a large meniscus, which could collapse 
inv;ards onto the surface of the s o l i d and trap the a i r t h a t l i e s 
between the two sides o f the drop.. 

Whether the dot i s a pocket of trapped a i r or a c a v i t a t i o n 
bubble f i l l e d w ith saturated water vapour, i t w i l l s t i l l collapse 
and rebound i n the pressure f i e l d i n s i d e the drop. I f i t has a i r 
inside i t , i t v / i l l collapse more slowly than when i t i s f i l l e d 
w i th the saturated water vapour only, and the a i r v / i l l reduce the 
very high pressures tha t can be generated i n the l a t e r stages of 
collapse. 

These bubbles can also be seen i n the sequence o f shadow 
picture s shown i n Fig. k.lk* Here the e n t i r e surface o f the s o l i d 
under the drop i s covered with them, p a r t i c u l a r l y i n Frames ( d ) , 
(e) and ( f ) . This was a common feature o f most o f the impacts. 

Three consecutive frames from a sequence of shadow p i c t u r e s 
are shown i n Fig. 5 . 2 . They show a b u l l e t s t r i k i n g a 5.0 mm 
diameter water drop at 97 m/s. The time between (a) and (b) i s 
3.2 [iS, and the time between (b) and (c) i s 2.0 ^is. The system v/as 
thrown out of focus to accentuate any pressure changes w i t h i n the 
drop. I n (a) flow from under the drop has not begun, and there 
are tv/o d i s t i n c t dark regions i n the edges. These are regions o f 



Fig. 5 .2 Shadow p i c t u r e s of a b u l l e t s t r i k i n g a 5 .0 diameter 
water drop at 97 m/s. The i n t e r v a l between (a) and (b) i s ? . 2 p.s, 
and the i n t e r v a l betv/een (b) and (c) i s 2.0 [ i s . The camera was 
thrown out o f focus so that the pressure gradients w i t h i n the drop 
would be accentuated. I n (a) intense pressure gradients can be 
seen near the edges of the drop. 

Pig. 5 .3 Shadow p i c t u r e s of a b u l l e t s t r i k i n g a 4 .7 mm dia^ieter 
water drop at 137 m/s. The i n t e r v a l between (a) and (b) i s 1.0 p,s, 
and the i n t e r v a l betv/een (b) and (c) i s 0 .8 ^is. The j e t s i n (c) 
are moving out across the surface of the s o l i d at about 800 m/s.. 

Fig. 5.4 Schlieren p i c t u r e s of a b u l l e t s t r i k i n g a 5.0 mm 
diameter water drop at 97 ra/s. The time between the frames i s 
2 .4 Intense pressure gradients e x i s t i n the edges of the drop 
even a f t e r outv/ard flow of the l i q u i d i s w e l l established. The 
d i r e c t i o n of the pressure gradients could not be determined 
from the photographs because c i r c u l a r stops had been used. 

F i g . 5 .5 Schlieren p i c t u r e of a b u l l e t s t r i k i n g a 5.0 mm 
diameter water drop at 100 ra/s. There i s a region of intense 
pressure change near the free surface of the drop. Trapped 
pockets o f a i r can be seen i n the drop on the surface of the 
s o l i d . 
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intense pressure change. This was to be expected from the analysis; 
i n Chapter 3i where i t was shov/n that the pressure, and hence the 
pressure gradient, increases tov/ards the edge of the drop as the 
impact proceeds. However, larg*? pressure gradients would also e x i s t 
i n the edges of the drop i f the prer^sure d i s t r i b u t i o n were 
bov/-shaped, so that these pict u r e s cannot be taken as evidence f o r 
a pressure d i s t r i b u t i o n i n which the pressure i s lov/er at the centre 
o f impact than at the edge of the contact surface* The region i s 
not j u s t r e s t r i c t e d to the surface of the drop i n contact with the 
s o l i d , but occurs both inside the drop away from the edges as well 
as along the free surface. I n (b) outv/ard flow has s t a r t e d , and the 
region of intense pressure change has remained w i t h the edges of 
the drop as they have moved out across the surface of the s o l i d . 
The pressure wave can be seen near the top of the drop, ( I n the 
3 .2 [is between (a) and (b) the leading edge of the wave should 
have covered about 4.7 mm, as observed here.) I n (c) t h i s v/ave 
can be seen re t u r n i n g to the impact face a f t e r r e f l e c t i o n i n the 
top surface of the drop. 

Three consecutive frames from a sequence of shadov; p i c t u r e s 
are shown i n Fig. 5 . 3 . They show a b u l l e t s t r i k i n g a 4 .7 ram diameter 
water drop at 137 m/s. The time between (a) and (b) i s 1.0 | i s , and 
the time between (b) and (c) i s 0.8 \is. Tv/o pockets of trapped 
a i r can be" seen i n (a) and these change shape as the impact proceeds 
Flow has already begun i n ( a ) , and regions o f intense pressure 
change can be seen i n the edges of the drop. As before they p e r s i s t 
even a f t e r outward flow has become established. I n (c) the fr o n t of 
a crescent-shaped pressure wave can be seen about h a l f way across 
the drop on i t s way to the top surface. 
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The pressure v/ave • geometry i s more pronounced i n the schlieren 
p i c t u r e s shov/n i n Fig- 5 .^^ They are tv/o consecutive frames from a 
sequence of s i x . The diameter of the drop i s 5«0 nun, the impact 
v e l o c i t y i s 97 m/s and the time between the frames i s 2./f ^ls• I n 
(a) a crescent-shaped pressure wave ins i d e the drop and regions of 
intense pressure change i n the edges o f the drop can be seen. A 
l i t t l e water can j u s t be seen on the right-hand side about to flov; 
outwards from under the drop. In (b) outv/ard flow has been established, 
and regions of intense pressure change s t i l l e x i s t i n the edges. 
The surface of the s o l i d inside the drop away from the edges i s 
uneven, covered with e i t h e r c a v i t a t i o n bubbles or pockets o f a i r 
trapped during the impact. These d e t a i l s can be seen even more 
cl e a r l y i n the single schlieren p i c t u r e i n Fig. 5 - 5 . 

Despite many attempts, shadow pi c t u r e s of the impact before 
the pressure wave was released from the edges o f the drop v/ere not 
obtained, so tha t i t was not possible to estimate the flow angle 
at which t h i s occurred and so check the v a l i d i t y o f Equation 3.^c, 
However, i t i s clear from the photographs described above t h a t 
outv/ard flow from under the drop does not occur u n t i l the pressure 
wave i n i t i a t e d i n the beginning o f the impact has detached from the 
edges and has moved some distance i n t o the drop. I t remains to 
determine whether the outward flow v e l o c i t i e s and the flow angles 
predicted w i t h the equations i n Chapter 3 agree w i t h the 
experimental values estimated from both the sequences o f photographs 
described above and others l i k e them. 

5 . 1 . 2 Outward Flow Velocity and Flow Angle 

The outward flow v e l o c i t i e s and flow angles were estimated from 
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measurements on the Negatives. Impact v e l o c i t i e s v/ere i n the range 
from about 60 m/s to about 160 n/s, and a l l drop difuneters v/ere 
about 5.0 mm. A graph of Vj/c^ versus V/c^ i s shown i n Fig. 5 . 6 , and 
a graph o f x^/R (= sin^^) versus V/c^ i s shown i n Fig. 5 . 7 . The 
points (a) were obtained from the sequence of p i c t u r e s shov;n i n 
FLg. 5 . 1 , the points (b) were obtained from a sequence o f p i c t u r e s 
not shown here, the points ( c ) v.ere obtained from the sequence shown 
i n Fig. 4 . 14 , and the points (d) were obtained from the sequence from 
which the pictu r e s shown i n Fig. 5 .3 v/ere selected. The other points 
were obtained from sequences of p i c t u r e s i n which only one o f the 
two q u a n t i t i e s could be determined. I n both figures the t h e o r e t i c a l 
r e s u l t s derived i n Section 3 .2 are shown as dashed l i n e s . I n Fig. 5 .6 

a r e s u l t from the work of F y a l l ( 1 9 6 7 ) , who f i r e d perspex b u l l e t s 
at 2.0 mm diameter water drops, and another from the work o f 
Camus (1971) , who f i r e d duralumin b u l l e t s at 5.0 mm diameter water 
drops, are shown. I t can be seen that the experimental r e s u l t s are 
very close to the t h e o r e t i c a l ones over a wide v e l o c i t y range, so 
that confidence can be placed i n the simple theoi^y developed i n 
Section 3 . 2 , where the formulae f o r flow v e l o c i t i e s and flow angles 
were derived without knowing any d e t a i l s of the flov/ w i t h i n the drop. 

The flow v e l o c i t i e s at (b) and (d) are higher than the predicted 
ones. I n both cases the flow v e l o c i t y was obtained from measurements 
on the l a s t two frames of the sequence, j u s t a f t e r flov/ had s t a r t e d . 
I n the early stages of flow there i s some evidence tha t outward flow 
v e l o c i t i e s are higher than those given by the equations developed i n 
Section 3 . 2 . For example, the poin t (e) was obtained from a sequence 
of photographs i n which outward flow v/as v i s i b l e on a l l frames 
except the f i r s t one; the impact v e l o c i t y v/as 96 m/s and the outv/ard 
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flow v e l o c i t y decreased from about 700 m/a to about 400 m/s over a 
period of 9.8 ^is; the average flow v e l o c i t y i n t h i s i n t e r v a l , which 
was used to p l o t the point i n Fig. 5.6, was 500 m/s. 

An. outward flow v e l o c i t y at a much higher impact v e l o c i t y than 
those that were studied here has been measured by Brunton (1961). 

He f i r e d a 2.2 mm diameter water j e t against a f l a t perspex block 
a t 68o m/s, and from a sequence of photographs of the impact ho 
estimated t h a t the outward flow v e l o c i t y was 1,560 m/s (about 2,3 

times the impact v e l o c i t y ) , . Thus Vj/c^ = 1.05 when V/c^ = 0 .46. 

Equation 3.13c gives V^/c^ = 0.96, and Equation 3«15a gives 
VJ/CQ = 1.33. Therefore the experimental r e s u l t l i e s between the 
predicted values. This i s to be expected, since the perspex deforms 
during the impact and t h i s causes a reduction i n the impact v e l o c i t y 
with respect to the s o l i d surface, 

5.2 The Mean Impact Pressure under a Drop 

The mean Impact pressure under a 5.0 mm diameter water drop 
was measured with a gauge i n which the sensing element had a large 
surface width, (This was Number 1 f l a t b u l l e t gauge - when the 
impact v e l o c i t y was 100 m/s the width of the sensing element was 
about the same as the width of the drop i n contact v;lth the s o l i d 
at the time when outv/ard flow began.) The pressure pulses obtained 
i n t h i s experiment were s i m i l a r to those t h a t were described i n 
the previous chapter. (See Fig. 4 .15.) At a p a r t i c u l a r impact 
v e l o c i t y the peak pressure obtained when the drop was placed 
eymmetrically w i t h respect to the sensing element was taken to be 
the average pressure over the contact surface i n the early stage of 
impact. ( I t was also the greatest pressure measured w i t h t h i s gauge, 
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no matter where the. drop v;as placed i n r e l a t i o n to the p o s i t i o n 
of the sensing elements) A graph of average pressure versus impact 
v e l o c i t y i s shown i n Fig. 5 . 8 . I t can be seen t h a t the average 
pressure varies l i n e a r l y with impact v e l o c i t y i n the range from 
60 ra/s to 11+0 m/s. I t has a magnitude o f about 0.7PQCQV, smaller 
than the water-hammer pressure deduced i n Section 3,1 (Equation 3 * 9 ) • 

What i s the reason f o r the difference between these r e s u l t s and 
the values given by the water-hammer equation? The impact surface 
must deform s l i g h t l y v/hen i t s t r i k e s the drop (otherwise i t v/ould 
not be possible to measure the pressure) and t h i s v / i l l reduce the 
impact v e l o c i t y with respect to the s o l i d * The impact v e l o c i t y w i l l 
be reduced from V to V / [ l + Pf.^r./(9 c ) ] ̂  where i s the density of 

u u s s c 
the s o l i d and c^ i s the sound speed i n the s o l i d . (The impact has 
been treated as equivalent to the c o l l i s i o n o f two e l a s t i c rods -
see Gardner (1932) and de Haller ( 1935 ) . ) Therefore the average 
impact pressure w i l l become 

Pav = PoV ' / I ^ ^ PoV^Ps^sH- 5 .1a 

For t u f n o l the density i s 1.35 x 10*̂  kg/m^ and the sound speed i s 
2,500 m/s, and for water the density i s 1.00 x 10^ kg/m"' and the 
sound speed i s l , / f 8 3 m/s. ^ When these values are s u b s t i t u t e d i n t o 
Equation 5 . 1 a , i t becomes 

Pav = o-7opo*^o^- 5.1b 

Q The density of t u f n o l was taken from an anonymous report 
published by Tufnol L t d . (195^^)1 and the sound speed was measured 
i n the laboratory. The physical properties o f water and other l i q u i d s 
used i n the work are given i n Chapter 6. (See Table 6 . 1 . ) 
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This i s the same as the r e s u l t obtained i n the experiment. 

5.3 The Pressure D i s t r i b u t i o n under a Drop 

5.3 .1 Peak Pressure D i s t r i b u t i o n under a Drop 

A graph showing the v a r i a t i o n of peak impact pressure w i t h 
p o s i t i o n under a 5.0 ram diameter water drop when i t i s struck by 
a b u l l e t at 100 m/s i s shown i n Fig. 5 . 9 . (Number 12 f l a t b u l l e t 
gauge was used to obtain one set of r e s u l t s ( d i s c ) . The other set 
( c y l i n d e r ) was obtained w i t h the c y l i n d r i c a l b u l l e t gauge.) The 
pressure d i s t r i b u t i o n i s symmetrical about the centre o f impact. 
The maximum pressures during the impact occur at p o s i t i o n s 0 .5 lam 
e i t h e r side of the centre. The pressure at the centre i s 
approximately 110 HN/m̂  (0.7PQCQV). At the edges i t i s approximately 
260 MN/ra^ (1.8PQCQV). 

The r e s u l t s f o r p o s i t i o n s x > 0 are shown p l o t t e d to a l a r g e r 
scale i n Fig. 5 .10. Two dashed l i n e s are shown i n the scune f i g u r e . 
Line 1 i s the locus of peak pressures under the drop based on the 
calculations i n Chapter 3 . (See Fig. 3 . 1 8 . ) Line 2 comes from a 
theory developed by Camus (1971) . ^ This theory goes somewhat as 
follows. When flow from under the drop has begun the edge region at 
any i n s t a n t i s equivalent to a sheet of l i q u i d s t r i k i n g the s o l i d 
w ith v e l o c i t y V at an angle Flow takes place from a poi n t t h a t 
i s moving across the surface o f the s o l i d v/ith v e l o c i t y VcotO. I n 
a coordinate system moving w i t h the edge of the drop the flow i s 
steady, so that the steady form of B e r n o u l l i ' s equation can be used 

a The development follows an idea of Taylor ( I 9 6 6 ) . See Appendix 1 
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to determine the pressure. When t h i s i s done, the pressure at the 
edge (a stagnation point i n the moving system) turns out to be 

At any i n s t a n t t h i s i s the greatest pressure on the surface of the 
s o l i d , since i t i s a stagnation pressure. The flow angle emd the 
po s i t i o n of the edge of the drop are r e l a t e d through Equation 3»3» 

Equations 3 .3 and 5.2 were used to p l o t Line 2 i n Fig. 5 . 1 0 . 

Although the deceleration of the edge o f the drop has been neglected 
i n t h i s analysis and the flow has been assumed incompressible, the 
agreement between experiment and theory i n the l a t e r stages o f flow 
i s quite good. (At distances from the centre of impact greater than 
say 1,0 mm.) 

In Chapter 3 i t was shown that the peak pressure at the centre 
of impact i s equal to PQCQV; as the impact proceeds the peak pressures 
at the edges of the drop r i s e u n t i l they become i n f i n i t e a t the places 
where the edges are overtaken by the pressure v/aves generated i n the 
impact. When a 5.0 mm diameter v;ater drop i s struck by a r i g i d s o l i d 
at 100 m/s t h i s should occur at distances o f approximately 0.17 ran 
from the centre of impact ( a t x^ - see Fig. 3.20 and Equation 3.^h). 
I n fact the greatest peak pressures occur at distances of 0 . 5 inm 
from the centre, and the peak pressure at the centre i s only 
0.7PQC^V ( F i g . 5 . 9 ) . As discussed i n Section 5 .2 above, the pressure 
i s reduced at the centre of impact because the surface of the b u l l e t 
deforms s l i g h t l y during the impact. The i m p l i c a t i o n of t h i s here i s 
that the pressures i n the early stages of impact f o r impact against 
a r i g i d surface would be approximately l.k times those measured i n 
the experiments. Therefore i n an impact against a r i g i d surface 
(a metal i s more or less r i g i d i n impacts at the v e l o c i t i e s used 
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here) the pressure at the centre would be PQCQV and the pressures 
at distances of 0 .5 mm from the centre would be 2.5PQCQV, I t i s 
clear that the l i n e a r theory does not give the pressures t h a t occur 
close to the edges of the drop. This i s i l l u s t r a t e d f u r t h e r below, 
where the high pressure regions are examined i n more d e t a i l . 

5•3.2 Shape of the Pref^sure Pulses. V a r i a t i o n of Pressure under a 
Drop with Position and Time 

A t y p i c a l set o f pressure pulses obtained i n an experiment w i t h 
a water drop i s shown i n Figs. 5.11a and 5.11b. These pulses (and 
others) were used to p l o t the points i n Fig. 5 .9. I t can be seen 
that the majority of them consist o f an i n i t i a l pulse, t y p i c a l l y 
about a microsecond wide, followed by a number of o s c i l l a t i o n s . 
(The curved step at the f r o n t of a pulse b u i l t up as the b u l l e t 
passed through the meniscus, and the slope of the leading edge 
was formed as the drop r o l l e d over the ceramic - see Chapter /f») 
The height of the f i r s t pulse i n d i c a t e s the pressure under the edge 
of the drop at the i n s t a n t the water reaches the p o s i t i o n of the 
gauge. I t may be i n f e r r e d that changes i n pulse shape a f t e r t h i s 
time occur when waves r e f l e c t e d i n the edges of the drop pass over 
the gauge. Evidence f o r t h i s idea i s given below. 

When a 5.0 ram diameter water drop i s struck by a b u l l e t at 
100 m/s flow from under the drop begins at distances o f 0./+6 mm 
eit h e r side of the centre of impact 0./+2 ^Ls a f t e r contact (see 
Equations 5.^b, 3.16c and 3 . l6d) , Pressures have been calculated 
up to distances of 0.51 mm from the centre of impact (3x^ - see 
Fig. 3.20 and Equation 3.^b). Measurements have only been made a t 



Fig. 5»lla A se l e c t i o n of pressure pulses obtained i n an 
impact experiment w i t h a v/ater drop. (Number 12 f l a t b u l l e t 
gauge v/as used*) The diameter of the drop v;as 5.0 mm and the 
impact v e l o c i t y was 100 m/s. The tifne scale i s 5 ^As a 
d i v i s i o n and the pressure scale i s 64 MW/n̂  a d i v i s i o n . The 
p o s i t i o n s at which the pulses occurred and the magnitudes of 
the peak pressures are shown below. 

L e t t e r P o s i t i o n x Peak Pressure p^ 

mm MN/m̂  

a , f 0, 0 110, 101 

b, g 0.25, - 0.25 165, 165 

c, h 0 .5 , - 0.5 261, 220 

d, i 0.75, - 0.75 128, 141 

e, j 1.0, - 1.0 64, 55 

These pulses (and others) were used to p l o t the p o i n t s i n 

^'±S. 5 .9 . 





F i g . 5.11b AE f o r F i g . 5.11a. The m a g n i t u d e s o f t h e peak 

p r e s s u r e s a r e ( a ) 50 MN/m^, ( b ) 32 MN/m^, ( c ) l 8 MN/m^ and 

( d ) 22 MN/m^. 



a 3 2 M N / n n 2 

d 13 M N / m 2 | ^ 

X = 1 5 mm 

X = 2.0 mm 

X =2.5 mm 

X = 3.0 mm 
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f i v e p l a c e s i n s i d e t h i s r e g i o n - a t x = 0 mm, 0.25 nun,. - 0.25 mm, 

0,5 mni and - 0.5 mm.. Only a s m a l l p a r t o f t h e p u l s e a t x = 0.5 nun 

(a n d o f t h e one a t x - - 0.5 mm) has been c a l c u l a t e d , s i n c e t h e 

p o s i t i o n i s c r o s s e d by t h e f r o n t o f a c o m p r e s s i o n wave f r o m t h e edge 

o f t h e d r o p soon a f t e r t h e p u l s e i s f o r m e d . F u r t h e r m o r e , t h e edges 

o f t h e d r o p w i l l have been o v e r t a k e n by t h e o u t f l o w i n g j e t s v;hen t h i s 

p o s i t i o n i s r e a c h e d . T h e r e f o r e o n l y t h e p r e s s u r e p u l s e s a t t h e c e n t r e 

o f i m p a c t and t h o s e a t p o s i t i o : ; 3 0.25 ram e i t h e r s i d e o f t h e c e n t r e 

o f i m p a c t may be compared w i t h t h e t h e o r y d e v e l o p e d i n C h a p t e r 5. 

I n F i g . 5.12a t h e c a l c u l a t e d shape o f t h e p u l s e t h a t o c c u r s a t 

t h e c e n t r e o f i m p a c t i s shown as a dashed l i n e . The f i r s t change 

o f s l o p e o c c u r s 0.17 l i s ( 3 t ^ ) a f t e r i m p a c t when t h e r e l e a s e waves 

f r o m t h e edges o f t h e d r o p r e a c h t h e c e n t r e o f t h e c o n t a c t a r e a . 

On t h e same g r a p h t h r e e p o i n t s measured f r o m P u l s e ( f ) i n 

F i g . 5.11a a r e p l o t t e d . Times have been measured f r o m a l i n e t h r o u g h 

t h e t o p o f t h e f i r s t p u l s e s i n c e t h e l e a d i n g edge shows o n l y what 

i s h a p p e n i n g as t h e b u l l e t p e n e t r a t e s t h e m e n i s c u s and r o l l s o v e r 

t h e c e r a m i c . The f i r s t p o i n t i s t h e maximum p r e s s u r e measured a t t h e 

c e n t r e o f i m p a c t , t h e second p o i n t o c c u r s a b o u t 0./+ ^is l a t e r a t a 

l e v e l where t h e r e i s a change i n t h e s l o p e o f t h e f a l l i n g edge o f 

t h e f i r s t p a r t o f t h e p u l s e , and t h e t h i r d p o i n t o c c u r s a b o u t 0.5 t^s 

a f t e r i m p a c t a t t h e base o f t h e f i r s t p u l s e . T h e r e i s q u i t e good 

agreement bet-.veen e x p e r i m e n t and theo^-y. The maximum p r e s s u r e a t t h e 

c e n t r e o f i m p a c t i s l o w e r t h a n t h a t c a l c u l a t e d w i t h t h e e q u a t i o n 

i n C h a p t e r 3 because t h e s u r f a c e o f t h e gauge d e f o r m s d u r i n g t h e 

i m p a c t . (See d i s c u s s i o n above.) 

The t o p o f t h e second peak ( i n P u l s e ( f ) ) i s r e a c h e d a b o u t 

1.0. ^is a f t e r c o n t a c t , t h e t o p o f t h e t h i r d peak i s r e a c h e d a b o u t 
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2.2 a f t e r c o n t a c t , and i h e t o p o f t h e f o u r t h peak i s r e a c h e d 

a b o u t 5.6 ^is a f t e r c o n t a c t . I n C h a p t e r 3 i t was s u n n i s e d t h a t 

o s c i l l a t i o n s w o u l d o c c u r as a r e s u l t o f wave r e f l e c t i o n s i n t h e 

d r o p ; i t was shown t h a t t h e p r e s s u r e a t any p o i n t w i l l b e g i n t o 

i n c r e a s e r a t h e r t h a n c o n t i n u e t o d e c r e a s e when a c o m p r e s s i o n wave 

fr o m t h e edge a r r i v e s . A l t h o u g h t h e m a g n i t u d e s o f t h e p e a k s c a n n o t 

be e s t i m a t e d w i t h t h e t h e o r y d e v e l o p e d i n t h i s w o r k , t h e t i m e s a t 

w h i c h t h e y o c c u r can be d e t e r m i n e d f r o m t h e g e o m e t r y o f t h e p r e s s u r e 

v/aves w i t h i n t h e d r o p and t h e p o s i t i o n s o f t h e f r e e s u r f a c e o f t h e 

d r o p . 

T h ere i s , however, a c o m p l i c a t i o n h e r e . By t h e t i m e t h e f i r s t 

c o m p r e s s i o n waves have been i n i t i a t e d t h e j e t s w i l l have been formed 

and t h e edge p o s i t i o n s w i l l no l o n g e r be g i v e n by E q u a t i o n 3.1b -

t h e p a r t i c l e f l o w b e h i n d t h e j e t s w i l l have t a k e n t h e edges o f t h e 

d r o p o u t a c r o s s t h e s u r f a c e o f t h e s o l i d t o g r e a t e r d i s t a n c e s f r o m 

t h e c e n t r e o f i m p a c t t h a n t h o s e e s t i m a t e d v ; i t h t h i s e q u a t i o n . 

N e v e r t h e l e s s , i n a f i r s t a p p r o x i m a t i o n t h i s may be n e g l e c t e d , s i n c e 

t h e p h o t o g r a p h s o f t h e i m p a c t show q u i t e c l e a r l y t h a t t h e j e t s 

t r a v e l o u t much f a s t e r t h a n t h e edges - t h e d i s t a n c e s b etween t h e 

f r o n t s o f t h e j e t s and t h e i n s i d e edges o f t h e d r o p i n c r e a s e as t h e 

i m p a c t p r o c e e d s r a t h e r t h a n s t a y c o n s t a n t . (See, f o r e x a m p l e , t h e 

sequence o f p i c t u r e s shov/n i n F i g . i f . l i f . . ) Thus t h e p o s i t i o n s o f 

t h e f r e e s u r f a c e s seen by t h e p r e s s u r e waves as t h e y a p p r o a c h t h e 

edges o f t h e d r o p w i l l s t i l l be g i v e n by E q u a t i o n 3.1b. 

The f i r s t c o m p r e s s i o n waves w i l l r e a c h t h e c e n t r e o f t h e d r o p 

0.85 [IB (15t^) a f t e r c o n t a c t . They w i l l r e a c h t h e f a r edges o f t h e 

d r o p l . / t 2 |is (25t^) a f t e r i m p a c t , where t h e y w i l l r e f l e c t as waves 

o f t e n s i o n . These waves w i l l r e a c h t h e c e n t r e o f t h e d r o p a b o u t 
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2,0 ^LS (35t^) a f t e r , i m p a c t . T h i s i s v e r y c l o s e t o t h e t i m e t h a t t h e 

t o p o f t h e t h i r d peak ( i n P u l s e ( f ) ) i s r e a c h e d . 

I t can be seen, t h e n , t h a t p r e s s u r e s Pleasured a t t h e c e n t r e o f 

t h e d r o p up t o t h e t i m e t h e c o m p r e s s i o n waves f r o m t h e edges a r r i v e 

i s i n r e a s o n a b l e agreement v / i t h t h e o r y , and t h a t t h e f r e q u e n c y o f 

t h e p r e s s u r e o s c i l l a t i o n s a f t e r t h i s p e r i o d can be e s t i m a t e d by 

assuming t h a t p o s i t i o n s o f t h e edges o f t h e d r o p b e h i n d t h e j e t s 

c o n t i n u e t o be g i v e n by E q u a t i o n 3.1b. 

I n F i g . 5.12b t h e c a l c u l a t e d shape o f t h e p u l s e t h a t o c c u r s a t 

p o s i t i o n s C.25 msi e i t h e r s i d e o f t h e c e n t r e o f i m p a c t i s shown as 

a dashed l i n e . . The edges o f t h e d r o p r e a c h t h e s e p o i n t s 0.125 [is 

a f t e r c o n t a c t . The change o f s l o p e o c c u r s a b o u t 0.34 \is a f t e r i m p a c t 

when t h e r e l e a s e wave from t h e edge o f t h e d r o p on t h e s i d e o p p o s i t e 

t o t h e gauge a r r i v e s . The p o i n t s p l o t t e d on t h e g r a p h a r e t a k e n f r o m 

t h e f a l l i n g edge o f t h e l e a d i n g p u l s e i n F i g . 5.11a ( b ) . I t can be 

seen t h a t t h e r e i s q u i t e good agreement between e x p e r i m e n t and 

t h e o r y once t h e edge o f t h e d r o p has passed a- l i t t l e way beyond t h e 

p o i n t . As e x p e c t e d , t h e p r e s s u r e a t t h e edge i s n o t i n f i n i t e . 

I n F i g . 5.13a a g r a p h shov/ing t h e v a r i a t i o n o f p r e s s u r e w i t h 

p o s i t i o n u n d e r t h e d r o p a t a t i m e o f 0,125 ns a f t e r i m p a c t (v/hen 

t h e edge i s a t a p o s i t i o n 0.25 mm fr o m t h e c e n t r e o f c o n t a c t ) i s 

shown. The dashed l i n e i s t a k e n f r o m t h e t h e o r y d e v e l o p e d i n 

Ch a p t e r 3. The p o i n t a t t h e c e n t r e i s t a k e n f r o m P u l s e ( f ) i n 

F i g . 5.11a 0*125 l-LS f r o m t h e t o p , and t h e second p o i n t i s t h e peak 

p r e s s u r e a t a p o s i t i o n 0.25 mm I'rom t h e c e n t r e o f c o n t a c t g i v e n by 

P u l s e ( b ) i n F i g . 5.11a. I f i t had been p o s s i b l e t o measure p r e s s u r e s 

a t p o i n t s w i t h i n t h i s r e g i o n i t i s r e a s o n a b l e t o suppose t h a t t h e y 

w o u l d have i n c r e a s e d outv/ards w i t h d i s t a n c e f r o m t h e c e n t r e , so t h a t 



F i g . 5.13a ( O p p o s i t e page, t o p . ) P r e s s u r e d i s t r i b u t i o n u n d e r 

a 5.0 mm d i a m e t e r w a t e r d r o p 0.125 [ i s a f t e r i m p a c t . The i m p a c t 

v e l o c i t y was 100 m/s. 

F i g . 5.13b ( O p p o s i t e page, b o t t o m . ) P r e s s u r e d i s t r i b u t i o n u n d e r 

a 5.0 mm d i a m e t e r v/ater d r o p 0.5 l i s a f t e r i m p a c t . The i m p a c t 

v e l o c i t y was 100 m/s. 
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i t may be c o n c l u d e d t h a t e x p e r i m e n t and t h e o r y a r e i n good 

agreement u n t i l v e r y c l o s e t o t h e edge o f t h e d r o p . * T h i s p a t t e r n 

I s i l l u s t r a t e d even more c l e a r l y i n F i g . 5.13t», w h i c h shows t h e 

v a r i a t i o n o f p r e s s u r e u n d e r t h e dr o p when t h e edge i s a t a p o s i t i o n 

0.5 mm from t h e c e n t r e o f i m p a c t . ( T h i s o c c u r s 0.50 |j.s a f t e r 

c o n t a c t . ) The c e n t r e p o i n t i s t a k e n f r o m P u l s e ( f ) 0.50 \i8 a f t e r 

c o n t a c t , t h e second p o i n t i s t a k e n f r o m P u l s e ( b ) and t h e t h i r d 

p o i n t i s t h e peak p r e s s u r e a t a p o s i t i o n 0.5 mm f r o m t h e c e n t r e o f 

i m p a c t g i v e n by P u l s e ( c ) . The agreement between e x p e r i m e n t and 

t h e o r y i s v e r y s t r i k i n g . I t i s c l e a r t h a t s i g n i f i c a n t d i f f e r e n c e s 

between e x p e r i m e n t and t h e o r y v / i l l o n l y o c c u r v e r y c l o s e t o t h e 

edge o f t h e d r o p . ( A t d i s t a n c e s l e s s t h a n a b o u t 0.01 mm f r o m t h e 

edge, say - see F i g . 5.13b.) 

At d i s t a n c e s f r o m t h e c e n t r e o f i m p a c t g r e a t e r t h a n 1.0 mm 

th e f i r s t p u l s e o f p r e s s u r e i s s m a l l e r t h a n some o f t h e f o l l o w i n g 

ones. T h i s happens because t h e p o i n t s where t h e s e p u l s e s were t a k e n 

a r e r e a c h e d when t h e p r e s s u r e w i t h i n t h e r e g i o n i s f a l l i n g , t h a t i s 

t h e p o i n t l i e s b e h i n d a t e n s i o n f r o n t . For example, t h e p o i n t 

X = 1.5 ram i s r e a c h e d j u s t b e f o r e a wave o f t e n s i o n a r r i v e s f r o m 

t h e f a r edge o f t h e d r o p . T h i s wave i s r e f l e c t e d i n t h e edge c l o s e 

t o t h e p o i n t and r e t u r n s as a wave o f c o m p r e s s i o n ; t h e second p u l s e 

( a f t e r t h e r e f l e c t i o n ) i s t h e r e f o r e g r e a t e r t h a n t h e f i r s t . (See 

P u l s e ( a ) i n F i g . 5.11b») I t i s t o be n o t e d t h a t n e g a t i v e p r e s s u r e s 

do n o t o c c u r anywhere on t h e c o n t a c t s u r f a c e , a l t h o u g h a t some 

p l a c e s t h e p r e s s u r e a l m o s t f a l l s t o z e r o . (See, f o r e x a m p l e , ( b ) 

and ( c ) i n F i g . 5.11b.) 
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5.H The P r e s s u r e D i s t r i b u t i o n w i t h i n a Drop 

5.'+»l Peak P r e s s u r e D i s t r i b u t i o n a l o n g t h e C e n t r a l A x i s o f a Drop 

A g r a p h showing t h e v a r i a t i o n o f peak p r e s s u r e w i t h p o s i t i o n 

a l o n g t h e c e n t r a l a x i s o f a 5.0 mm d i a m e t e r w a t e r d r o p when i t i s 

s t r u c k by a b u l l e t a t 100 m/s i s shown i n F i g . 5.1^. A s e l e c t i o n o f 

p r e s s u r e p u l s e s , upon w h i c h t h i s g r a p h i s based, i s shown i n 

F i g . 5.15. The maximum p r e s s u r e t h a t i t was p o s s i b l e t o measure i n 

t h e e x p e r i m e n t o c c u r s a t a d i s t a n c e o f 1.5 nun above t h e i m p a c t p o i n t . 

I t v/as n o t p o s s i b l e t o measure t h e p r e s s u r e c l o s e t o t h e i m p a c t 

s u r f a c e , b u t a t a p o i n t o n l y 0.5 mm above i t t h e p r e s s u r e was o n l y 

Ik MN/ra , compared w i t h a b o u t kO MN/m 1.0 ram above t h i s a n d , 

from F i g . 5.9, a b o u t 110 MN/m^ a t t h e i m p a c t s u r f a c e i t s e l f . 

T h ere i s c l e a r l y a s t e e p d i p I n t h e peak p r e s s u r e j u s t above t h e 

i m p a c t s u r f a c e , beyond t h e r e s o l u t i o n o f t h e gauge. The f r o n t o f t h e 

i n i t i a l c o m p r e s s i o n wave w i l l have r e a c h e d a p o s i t i o n 0.5 mm above 

t h e s u r f a c e a b o u t 0.34 | i s a f t e r c o n t a c t . A t t h i s t i m e t h e r e l e a s e 

waves v / i l l have begun t o t r a v e l i n t o t h e d r o p and w i l l have passed 

t h r o u g h t h e c e n t r e o f t h e c o n t a c t a r e a . The j e t s v ; i l l n o t have 

appeared f r o m u n d e r t h e edges o f t h e d r o p . The d i p i n t h e peak 

p r e s s u r e t h e r e f o r e I m p l i e s t h a t a v e r y l o w , p o s s i b l y even a n e g a t i v e , 

p r e s s u r e i s g e n e r a t e d a l o n g t h e c e n t r a l a x i s o f t h e d r o p c l o s e t o 

t h e s u r f a c e o f t h e s o l i d . T h i s was deduced f r o m g e n e r a l 

c o n s i d e r a t i o n s i n S e c t i o n 3.1, and t h e above e v i d e n c e s u p p o r t s t h e 

argument p r e s e n t e d t h e r e . A t t e m p t s were made t o e x p l o r e t h e r e g i o n 

c l o s e t o t h e c o n t a c t p o i n t , b u t e i t h e r v e r y s m a l l s i g n a l s o r no 

s i g n a l s a t a l l were o b t a i n e d . More d e t a i l e d s t u d y o f t h i s r e g i o n 

w o u l d r e q u i r e a gauge w i t h a s m a l l e r s e n s i t i v e a r e a t h a n t h e one 
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water drop, p„ v e r s u s p o s i t i o n , y. y max 



F i g . 5.15 A s e l e c t i o n o f p r e s s u r e p u l s e s o b t a i n e d a t p o s i t i o n s 

a l o n g t h e c e n t r a l a x i s o f a 5.0 mm d i a m e t e r w a t e r d r o p when i t 

v/as s t r u c k by a b u l l e t a t 100 m/s. The m a g n i t u d e s o f t h e peak 

p r e s s u r e s a r e ( a ) kl MN/m^, ( b ) 43 MN/m^, ( c ) 16 I-5K/m^, ( d ) 8 MN/m^ 

and ( e ) 7 MN/m^. These p u l s e s ( a n d o t h e r s ) wore used t o p l o t t h e 

p o i n t s i n F i g . 5.14. I n ( e ) n e g a t i v e p r e s s u r e s o c c u r . They were 

p r o d u c e d when t h e p r e s s u r e wave i n i t i a t e d a t t h e i m p a c t s u r f a c e 

was r e f l e c t e d i n t h e t o p s u r f a c e o f t h e d r o p . (See F i g . 5.2.) 

B o t h t h i s p u l s e and t h e one a t ( d ) c o n t a i n h i g h f r e q u e n c y 

o s c i l l a t i o n s . They c o u l d have been caused by t h e c o l l a p s e and 

e x p a n s i o n o f c a v i t a t i o n b u b b l e s , w h i c h w o u l d have been f o r m e d i n 

a n e g a t i v e p r e s s u r e zone. I n ( e ) t h e n e g a t i v e p r e s s u r e i s 4 MN/m^, 

q u i t e s u f f i c i e n t f o r t h i s t o have happened. 
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used h e r e . 

N e g a t i v e p r e s s u r e s o c c u r c l o s e t o t h e t o p s u r f a c e o f t h e d r o p . 

(See P u l s e ( e ) i n F i g . 5.15.) They were p r o d u c e d when t h e p r e s s u r e 

wave i n i t i a t e d a t t h e i m p a c t s u r f a c e was r e f l e c t e d as a wave o f 

t e n s i o n i n t h e t o p s u r f a c e o f t h e d r o p . (See, f o r e x a m p l e . Frame 

( c ) i n F i g . 5.2.) Very h i g h f r e q u e n c y o s c i l l a t i o n s can be seen 

s u p e r i m p o s e d on t h e p u l s e s . They c o u l d have been caused by t h e 

c o l l a p s e and e x p a n s i o n o f c a v i t a t i o n b u b b l e s , w h i c h w o u l d have been 

formed i n a n e g a t i v e p r e s s u r e zone. I n ( e ) t h e n e g a t i v e p r e s s u r e 

i s a p p r o x i m a t e l y k MN/ra^, q u i t e s u f f i c i e n t f o r t h i s t o have 

happened. U n f o r t u n a t e l y , i n t h i s s t u d y c a v i t a t i o n b u b b l e s have n o t 

been o b s e r v e d i n t h e upper p a r t o f t h e d r o p . However, Camus (1971) 

has photog^apl^ed c a v i t a t i o n b u b b l e s i n t h i s r e g i o n a t l o w e r i m p a c t 

v e l o c i t i e s t h a n t h o s e t h a t were used h e r e , 

5.^.2 Peali P r e s s u r e D i s t r i b u t i o n a c r o s s a Drop 

A g r a p h shov/ing t h e v a r i a t i o n o f peak p r e s s u r e w i t h p o s i t i o n 

a c r o s s a 5-0 mm d i a m e t e r w a t e r d r o p a t a d i s t a n c e o f 1.0 mm above 

t h e c o n t a c t s u r f a c e when i t i s s t r u c k by a b u l l e t a t 100 m/s i s 

shown i n F i g . 5.16. The i n t e r e s t i n g p o i n t t o o b s e r v e h e r e i s t h a t 

t h e peak p r e s s u r e d i s t r i b u t i o n a c r o s s t h e c o n t a c t a r e a r e t a i n s i t s 

shape a t s e c t i o n s above t h e i m p a c t p o i n t , 

5.5 The Shear S t r e s s D i s t r i b u t i o n u n d e r a Drop 

A g r a p h s h o w i n g t h e v a r i a t i o n o f peak s h e a r s t r e s s w i t h p o s i t i o n 

u n d e r a 5,0 mm d i a m e t e r w a t e r d r o p when i t i s s t r u c k by a b u l l e t a t 

100 m/s i s shown i n F i g . 5.17. A s e l e c t i o n o f s h e a r s t r e s s p u l s e s 

i s shown i n F i g . 5.18. The s h e a r s t r e s s d i s t r i b u t i o n i s s y m m e t r i c a l 
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Fi.g. 5-l8 A s e l e c t i o n o f shear s t r e s s p u l s e s o b t a i n e d i n 

an experiment w i t h a v/ater drop. The diameter o f the drop 

was 5.0 mn and the impact v e l o c i t y was 100 m/s. The peak 

s t r e s s e s a r e ( a ) 2.0 MN/m^» ( b ) 3.0 MN/m̂  and ( c ) 7MN/m^, 

These p u l s e s (and o t h e r s ) were used to p l o t the p o i n t s i n 

F i g . 5.17. 
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about the c e n t r e of" impact. (Only r e s u l t s f o r one s i d e o f the c o n t a c t 

r e g i o n a r e given hero.) The s t r e s s a t the c e n t r e i s z e r o . I t r i s e s to 

a peak of about 6.0 MK/m^ a t a d i s t a n c e o f 2^0 mm from the c e n t r e o f 

impact. I t then f a l l s to a more or l e s s c o n s t a n t l e v e l of about 

2.0 MN/m̂ . 

The s h e a r s t r e s s e s develop a s flow from under the drop i s 

e s t a b l i s h e d . The maximum s h e a r s t r e s s e s o c c u r i n the edges o f the 

drop when the c o n t a c t r e g i o n has expanded to about a w i d t h equal to 

the diameter o f the drop.. They a r e a s s o c i a t e d w i t h the v e r y high 

v e l o c i t y g r a d i e n t s t h a t e x i s t t h e r e . (Over a v e r y s h o r t d i s t a n c e -

o f the order o f the h a l f - w i d t h of the c o n t a c t a r e a a t the most -

p a r t i c l e s o f water a r e a c c e l e r a t e d from r e s t to v e l o c i t i e s o f about 

the same magnitudes a s those o f the j e t s . ) The g r a d i e n t s o n l y e x i s t 

f o r a s h o r t time, s i n c e the p u l s e s only l a s t about 5 M-s. (See 

F i g . 5.18.) 

5.6 The E f f e c t o f L i q u i d P r o p e r t i e s on the Peak P r e s s u r e D i s t r i b u t i o n 

under a Drop 

R e s u l t s f o r tv;o l i q u i d s - bromobenzene w i t h a d e n s i t y 1.5 time s 

t h a t o f water and o i l 2 w i t h a v i s c o s i t y about 16 t i m e s t h a t o f 

water - have been o b t a i n e d , ^ r a p hs o f peak p r e s s u r e v e r s u s p o s i t i o n 

under the drops a r e shown i n F i g s . 5 .19 and 5.20 and some t y p i c a l 

p r e s s u r e p u l s e s a r e shown i n F i g s . 5.21 and 5.22. Both r e s u l t s a r e 

f o r an impact v e l o c i t y o f 100 m/s» Those f o r bromobenzene ( F i g s . 5 .19 

and 5.21) were o b t a i n e d w i t h Number 15 f l a t b u l l e t gauge (and need 

not be c o r r e c t e d to g i v e the p r e s s u r e t h a t would have been g e n e r a t e d 

i n an impact a g a i n s t a r i g i d s u r f a c e ) and those f o r o i l 2 ( F i g s . 5«20 

and 5.22) were o b t a i n e d w i t h Number 12 f l a t b u l l e t gauge (and must 
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F i g . 5.20 Peak p r e s s u r e under a c y l i n d r i c a l drop o f o i l 2, 

v e r s u s p o s i t i o n , x. 



Fig^- 5 .21 A 5 .0 mm dieimeter drop o f broraobenzene was s t r u c k 

by a f l a t b u l l e t gauge a t an impact v e l o c i t y o f 100 m/s. The 

peak p r e s s u r e s are ( a ) l80 MN/m̂  and ( b ) 257 MN/m̂ . 

F i g . 5.22 A 5.0 mm diameter drop o f o i l 2 was s t r u c k by a 

f l a t b u l l e t gauge a t an impact v e l o c i t y o f 100 m/s. The peak 

p r e s s u r e i s 211 riN/ra^. 
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be c o r r e c t e d ) . 

I t can be seen t h a t the p u l s e shapes and the p a t t e r n o f the 

p r e s s u r e d i s t r i b u t i o n c u r v e s a r e the same a s they were w i t h a v/ater 

drop.. The maximum p r e s s u r e s d u r i n g the impact o c c u r a t p o s i t i o n s 

0.5 mm e i t h e r s i d e o f the c e n t r e of impact.. F or bromobenzene the 

p r e s s u r e a t the c e n t r e i s approximately 180 MN/m^ ( I O I P Q C ^ V ) , and 

the maximum p r e s s u r e s a r e approximately 300 MN/ra^ ( 1 . 9 P Q C Q V ) . For 

o i l 2 the p r e s s u r e a t the c e n t r e i s a p p r o x i m a t e l y 90 Mli/m^ 

( 0 . 7PQCQV), and the maximum p r e s s u r e s a r e a p p r o x i m a t e l y 200 MN/m̂  

( 1 . 6PQCQV); when t h e s e a r e c o r r e c t e d to g i v e the magnitudes t h a t 

they would have i n an impact a g a i n s t a r i g i d s o l i d they become PQCQV 

a t the c e n t r e o f impact and about 2 . 2PQCQV a t the edges. 

I n the form p ^(Pn*^r^^) magnitudes o f both the p r e s s u r e s X max o u 
a t the c e n t r e o f impact and the maximum p r e s s u r e s a t the edges o f 

the drop appear to be much the same f o r the t h r e e l i q u i d s s t u d i e d 

h e r e . I t seems r e a s o n a b l e to i n f e r t h a t t h i s v / i l l be t r u e f o r a l l 

l i q u i d s . (Note t h a t the maximum p r e s s u r e s observed i n the edges o f 

the drop a r e not n e c e s s a r i l y the maximum p r e s s u r e s g e n e r a t e d i n 

the impact, s i n c e the p r e s s u r e s could o n l y be measured a t s p e c i f i c 

p l a c e s on the impact s u r f a c e . ) 

Some shadow p i c t u r e s a r e shown i n F i g s . 5»23 and 5»2if.. One 

important p o i n t here - the very high v i s c o s i t y o f o i l k (more than 

60 times t h a t o f water) has no i n f l u e n c e on the flow o f the drop 

d u r i n g the e a r l y s t a g e s o f impact. 

5.7 F u r t h e r R e s u l t s 

The e f f e c t s on the p r e s s u r e d i s t r i b u t i o n o f drop s i z e , drop 



F i g . 5.23 (Opposite page, top.) Shadow p i c t u r e s o f a b u l l e t 

s t r i k i n g a 6.3 ram diameter drop o f o i l k a t 93 m/s.. The i n t e r v a l s 

betv/een the frames a r e ( a ) and ( b ) 3.2 [ i s and ( b ) emd ( c ) 2.0 j i s . 

The j e t s i n ( c ) a r e moving out a c r o s s the s u r f a c e o f the s o l i d 

a t about 700 m/s. A bow-shaped p r e s s u r e wave can be seen i n ( a ) , 

about h a l f way a c r o s s the drop. I t has detached from the edges, 

where a s l i g h t f u z z i n e s s can be seen* i n d i c a t i n g l a r g e p r e s s u r e 

g r a d i e n t s t h e r e . I n ( a ) i t i s probable t h a t flow i s hidden behind 

the meniscus, so t h a t the flow a n g l e cannot be e s t i m a t e d . V/ith 

= 700 m/s and V = 93 n/s, V ^ / c ^ i s about 0 . 8 , r a t h e r h i g h e r 

than the v a l u e of about 0 . 5 g i v e n by E q u a t i o n 3.13c.. T h i s i s i n 

k e e p i n g w i t h the remarks made e a r l i e r i n the t e x t t h a t outward 

flow v e l o c i t i e s near the b e g i n n i n g o f flow a r e l a r g e r than those 

t h a t o c c u r l a t e r . I n ( c ) a g l o b u l e o f a i r i n the r i g h t hand top 

c o r n e r o f the drop has s t a r t e d to c o l l a p s e under the p r e s s u r e s 

s e t up around i t when the p r e s s u r e wave pa s s e d by. 

F i g . 5.24 ( O p p o s i t e page, bottom.) Shadow p i c t u r e s o f a b u l l e t 

s t r i k i n g a 5.0 mm diameter drop o f bromobenzene a t 9/+ m/s. The 

i n t e r v a l s between the frames a r e ( a ) and ( b ) 3*2 j i s and ( b ) and 

( c ) 2.0 ^ s . The j e t s i n ( c ) are moving out a c r o s s the s u r f a c e 

o f the s o l i d a t about 6OO m/s. T h i s i s s l i g h t l y l a r g e r than the 

v a l u e g i v e n by E q u a t i o n 3.13c (about 450 m/s). 
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shape, s u r f a c e p r o f i l e , a c c e l e r a t i o n of the s u r f a c e d u r i n g impact 
and impact v e l o c i t y have been s t u d i e d . The main t r e n d s a r e d e s c r i b e d 
below. 

5.7.1 Drop S i z e 

E xperiments were c a r r i e d out with 2.0 mm and 10 . 0 mm diameter 

water drops.. (Number 15 f l a t b u l l e t gauge was used.) The i r i p a c t 

v e l o c i t y was 100 ra/s. V/ith 2.0 mm diameter drops the h i g h e s t p r e s s u r e s 

o c c u r r e d a t d i s t a n c e s o f 0.25 mra e i t h e r s i d e o f the c e n t r e o f impact.. 

They were about /+50 MN/m^ ^^Po*^0^^* '̂--̂ ^ 10 . 0 mm diameter drops 

the h i g h e s t p r e s s u r e s were observed a t d i s t a n c e s o f 1.0 mm e i t h e r 

s i d e o f the c e n t r e o f impact. The p r e s s u r e a t the c e n t r e was 

about 170 MN/m̂  ( l . l p ^ c ^ V ) and the p r e s s u r e s a t the edges were 

about 200 MN/ra^ ( 1 . / +PQCQV). 

5.7.2 Drop Shape 

Experiments were c a r r i e d out v/ith an o v a l water drop i n which 

the major a x i s was 6.0 mm long and the minor a x i s v/as 3,0 mm l o n g , 

(Kumber 15 f l a t b u l l e t gauge was used.) The impact v e l o c i t y was 

100 m/s. When the major a x i s v/as p e r p e n d i c u l a r to the impact s u r f a c e 

p r e s s u r e s o f about k60 MN/ci^ ( 3 . 1PQCQV) were obse r v e d a t p o s i t i o n s 

0.25 mm e i t h e r s i d e o f the c e n t r e o f im p a c t . When the minor a x i s 

was p e r p e n d i c u l a r to the impact s u r f a c e the h i g h e s t p r e s s u r e s 

o c c u r r e d a t p o s i t i o n s 1.0 mm e i t h e r s i d e o f the c e n t r e o f impact 

and were about 210 m/m^ ( l . / f P ^ c ^ V ) . 

5.7*3 S u r f a c e P r o f i l e 

When f l a t b u l l e t gauges w i t h e i t h e r 5.0 mm o r 1.0 mm di a m e t e r 
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h o l e s i n the Impact, face were f i r e d a g a i n s t 5.0 mm d i a m e t e r water 

drops a t 100 m/s the maximi;m p r e s s u r e s a t the c e n t r e o f i r i p a c t were 

about 100 MN/m^. On a r i g i d s u r f a c e t h i s would have been about PQCQV* 

I n the experiments w i t h the 5.0 mm diameter hole n e g a t i v e p r e s s u r e s 

were o f t e n observed about 5 [J-S a f t e r c o n t a c t . Why s h o u l d t h i s have 

happened? The impact i s e q u i v a l e n t to a f l a t - b o t t o m e d drop s t r i k i n g 

a plane s u r f a c e . I t i s known i n t h i s c a s e t h a t the p r e s s u r e goes 

n e g a t i v e a t p o i n t s on the s u r f a c e r e a c h e d by the second r e f l e c t i o n 

o f the r e l e a s e wave ( O g i l v i e (1963) ^ ) . T h i s wave v / i l l r e a c h the 

c e n t r e o f impact a f t e r a time g i v e n by 5R/CQ; i n the p r e s e n t problem 

t h i s i s about 5 M-S, a s obs e r v e d . I t i s s i g n i f i c a n t t h a t no 

c o n c e n t r a t i o n o f the impact p r e s s u r e o c c u r s a t the base o f the h o l e s , 

so t h a t t h i s cannot be used to e x p l a i n the I n c r e a s e i n e r o s i o n r a t e 

t h a t i s o f t e n observed on p i t t e d s u r f a c e s . ( T h i s i d e a has been 

used by many people - see, f o r example, Heymann (1968a).,) 

5 . 7 . A c c e l e r a t i o n o f the S u r f a c e d u r i n g Impact 

P r e s s u r e measurements were made i n a r i g s i m i l a r to t h a t used i n 

a number o f e r o s i o n e x p e r i m e n t s . (The a p p a r a t u s i s d e s c r i b e d i n 

Chapter k») The gauge was a t t a c h e d to a r o t a t i n g d i s c and s t r u c k the 

s i d e o f a j e t of water once every r e v o l u t i o n . There was t h e r e f o r e 

a l a r g e a c c e l e r a t i o n p e r p e n d i c u l a r to the d i r e c t i o n o f i m p a c t . 

No high edge p r e s s u r e s were observed below 10 m/s, p o s s i b l y on 

account o f the l a r g e s i z e o f the c e r a m i c , but a s the impa c t v e l o c i t y 

was i n c e a s e d a zone o f high edge p r e s s u r e appeared t h a t was a 

maximum on the edge away from the c e n t r e o f r o t a t i o n . At 30 m/s 

a p r e s s u r e o f about 170 MN/m̂  ( 3 . 8PQCQV) was o b s e r v e d . 

a O g i l v i e s t u d i e d the impact o f a f l a t - b o t t o m e d s o l i d v/ith a pl a n e 

l i q u i d s u r f a c e . T h i s i s s i m i l a r to the p r e s e n t problem a t the 

beginning o f impact. 
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5^7.5 Impact V e l o c i t y 
* 

Experiments were c a r r i e d out w i t h 5.0 mm diameter w a t e r drops 

a t impact v e l o c i t i e s i n the range from 80 m/s to 120 m/s.. 

(Number 15 f l a t b u l l e t gauge was used.) P r e s s u r e s a t the c e n t r e o f 

impact were about PQCQV and those a t the edges were about 1 , 6PQCQV. 

At 80 m/s maximum p r e s s u r e s o c c u r r e d a t p o s i t i o n s somewhere between 

0.25 mm and 0.5 mm from the c e n t r e o f impact; a t 120 m/s they moved 

out to p o s i t i o n s about 0.75 mm from the c e n t r e , 

5.8 The Hip:h Ed^e P r e s s u r e s 

The agreement between experiment and theory i s good a p a r t from 

the f a c t t h a t the l a r g e s t impact p r e s s u r e s under a drop do not o c c u r 

a t the p o s i t i o n s on the s u r f a c e where the r e l e a s e waves a r e formed. 

I n the above paragraphs r e s u l t s f o r water drops a t impact v e l o c i t i e s 

i n the range from 80 ci/s to 120 m/s and r e s u l t s f o r two d i f f e r e n t 

l i q u i d s a t 100 m/s have been g i v e n , so t h a t i t should be p o s s i b l e 

to determine where t h e s e high p r e s s u r e s o c c u r i n r e l a t i o n to the 

wave geometry i n the drop and the flow from under i t a c r o s s the 

s u r f a c e o f the s o l i d . 

C o n s i d e r f i r s t the r e s u l t s o f the e x p e r i m e n t s w i t h v/ater drops.. 

For a 5-0 mm diameter water drop s t r u c k by a b u l l e t a t 100 m/s 

t h e s e p r e s s u r e s occur about 0.5 mm e i t h e r s i d e o f the c e n t r e o f 

impact, A very s h o r t d i s t a n c e beyond t h i s , a t a p o s i t i o n 0.51 

from the c e n t r e , reached only about 0,01 |is l a t e r , the r e l e a s e wave 

r e f l e c t s a s a wave o f compression i n the edge o f the drop - c o u l d 

t h i s be the p l a c e where the h i g h e s t p r e s s u r e s o c c u r ? They cannot 

be a s s o c i a t e d w i t h the j e t s s i n c e t h e s e f i r s t moved out beyond the 

edges o f the drop when the edges were about 0,/|6 mm from the c e n t r e 
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o f impact, about 0.2 ^is e a r l i e r . 

The p l a c e s where the high edge p r e s s u r e s were o b s e r v e d i n the 

above experiments a r e shown i n T a b l e 5 .1 | t o g e t h e r w i t h the p o s i t i o n s 

of the edges when the r e l e a s e waves a r e i n i t i a t e d ( x ^ ) , t h e p o s i t i o n s 

of the edges when the r e l e a s e v/aves c a t c h up w i t h them (3x^) and 
c 

the p o s i t i o n s o f the edges when the j e t s a r e formed ( x ^ ) . . 

L i q u i d 

T a b l e 5.1 

Geometry o f the Impact 

Observed P o s i t i o n 

o f High Edge 

P r e s s u r e 

mm mm mm 

R = 2.5 mm, V = 100 m/s 

V/ater 0.17 0 .51 0.46 0.5 

Bromobenzene 0 .23 0.70 0.54 0.5 

O i l 2 0 .18 0 .53 0./t7 0.5 

R = 1.0 mm, V - 100 m/s 

Water 0.07 0.20 0.18 0.25 

R = 2,5 mm. V = 80 m/s 

Water 0.13 Between 0.25 and 0,5 

R = 2.5 mm, V = 120 m/s 

Water 0.20 0.61 0.50 About 0.75 

On the ev i d e n c e p r e s e n t e d i n t h i s t a b l e i t i s d i f f i c u l t to d e c i d e 
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whether the high p r e s s u r e s are a s s o c i a t e d w i t h the j e t s or w i t h the 

r e l e a s e waves. I n f a c t i t l o o k s a s though the high edge p r e s s u r e s 

a r e not a s s o c i a t e d w i t h e i t h e r o f them. F o r the moment, then, i t 

must remain a mystery, to be c l e a r e d up when the f u l l e q u a t i o n s 

d e s c r i b i n g the impact a r e s o l v e d . One s m a l l d e d u c t i o n can, however, 

be made. I f the j e t s have a l r e a d y formed b e f o r e the r e l e a s e waves 

have caught up w i t h the edges ( a s they have f o r a l l the i m p a c t s 

i n Table 5.1 except f o r the one a t 80 ra/s) the j e t s w i l l be g i v e n 

a boost soon a f t e r the waves a r e r e f l e c t e d i n the edges because o f 

the sudden i n c r e a s e i n p r e s s u r e t h e r e . There i s some e v i d e n c e t h a t 

t h i s happens; i n F i g . ^ . l i f the j e t s i n Frame ( e ) have a v e l o c i t y 

of about 500 m/s, but i n Frame ( f ) 2 . 0 \LS l a t e r , they have i n c r e a s e d 

to 600 m/s. 

5,9 S i g n i f i c a n c e o f the R e s u l t s i n R e l a t i o n to the E r o s i o n o f S o l i d s 

I t has been shown t h a t the p r e s s u r e s g e n e r a t e d d u r i n g drop 

impingement a r e a s high a s J P Q ^ O ^ - T h i s i s much l a r g e r t han 

p r e v i o u s l y r e a l i s e d . Even a t moderate im p a c t v e l o c i t i e s ( s a y about 

200 m/s) t h i s p r e s s u r e would be g r e a t e r than the y i e l d s t r e s s o f 

some of the toughest m a t e r i a l s . Furthermore, the v e r y h i g h v e l o c i t y 

j e t s t h a t flow out from under the drop w i l l s t r i k e any g r a i n 

b oundaries exposed by the impact. Very h i g h s t r e s s e s t a n g e n t i a l to 

the s u r f a c e w i l l a r i s e i n these i m p a c t s , and i t i s l i k e l y t h a t they 

w i l l be s u f f i c i e n t to t e a r l a r g e p i e c e s of the m a t e r i a l o u t o f the 

s u r f a c e , perhaps i n an undamaged c o n d i t i o n . 

The presence o f c a v i t i a t i o n bubbles on the s u r f a c e o f a s o l i d 

c ould l e a d to very high l o c a l p r e s s u r e s , which c o u l d be r e s p o n s i b l e 

for. the t i n y i n d e n t a t i o n s t h a t mark the o n s e t o f e r o s i o n . 
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5»10 Summary 

The peak pressure d i s t r i b u t i o n s under 5.0 ram diameter drops o f 

water, bromobenzene and o i l 2 f o r an Impact v e l o c i t y o f 100 m/s 

have been presented. They were symmetrical about the c e n t r e o f 

impact. The maximum pressures occurred 0.5 mm e i t h e r s ide o f the 

c e n t r e . The pressures a t the ce n t r e were about PQC^V, and the 

pressures a t the edges were as h i g h as 2 . 5P^CQV ( a f t e r allowance 

f o r deformation o f the gauge). 

The peak shear s t r e s s d i s t r i b u t i o n under a 5.0 mm diameter water 

drop and the peak pressure a l o n g the c e n t r a l a x i s o f a 5*0 mm 

diameter water drop f o r impact v e l o c i t i e s o f 100 m/s have been 

presented. The shear s t r e s s d i s t r i b u t i o n was symmetrical about t h e 

centre o f impact. The s t r e s s a t the c e n t r e was zero. I t rose t o 

peaks o f about 6.0 HN/m^ a t d i s t a n c e s o f 2.0 mm e i t h e r s i d e o f the 

c e n t r e , and f e l l to a constant l e v e l o f about 2.0 MN/m^ beyond t h i s 

r e g i o n . The peak pressure close to the s u r f a c e o f the s o l i d was 

very smalls I t was thought t h a t n e g a t i v e pressures may have o c c u r r e d 

there.. 

Other r e s u l t s , showing the e f f e c t on the pressure d i s t r i b u t i o n 

o f drop s i z e , drop shape, surface p r o f i l e , impact v e l o c i t y and the 

a c c e l e r a t i o n o f the surface d u r i n g impact, have a l s o been p r e s e n t e d . 

On r o t a t i n g s u r f a c e s , such as occur i n many r a i n e r o s i o n s i m u l a t o r s , 

very high pressures were observed a t the edge o f the drop away from 

the centre o f r o t a t i o n . 

The r e s u l t s were r e l a t e d t o the th e o r y developed i n the work 

and to events observed i n photographs o f the impact. The p o s i t i o n s 

o f the high edge pressures were not c o r r e c t l y e s t i m a t e d w i t h the 
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t h e o r y ; they could not be r e l a t e d to the geometry o f the impact* 

The s i g n i f i c a n c e o f the r e s u l t s i n r e l a t i o n t o the mechanism o f 
e r o s i o n damage was discussed. 
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CHAPTER 6 

THE INFLUENCE OF THE PtlYSICAL PROPERTIES OF THE LIv7UID OK 

THE EROSION OF SOLIDS 

There have been very few i n v e s t i g a t i o n s o f the e f f e c t o f l i q u i d 

p r o p e r t i e s on e r o s i o n , not on l y because the e r o d i n g f l u i d has u s u a l l y 

been water, but al s o because t h e o r i e s o f e r o s i o n t h a t I n v o l v e l i q u i d 

p r o p e r t i e s have o n l y been proposed i n r e c e n t y e a r s . Froia the r e s u l t s 

o f the work t h a t has been done i t may be concluded t h a t e r o s i o n 

damage increases as the d e n s i t y of the e r o d i n g l i q u i d i s i n c r e a s e d , 

and t h a t i t decreases as v i s c o s i t y i s i n c r e a s e d . There i s not enough 

i n f o r m a t i o n here t o a s s i s t the engineer w o r k i n g on the design o f 

t u r b i n e s , so t h a t a more d e t a i l e d study o f the problem i s needed. I n 

t h i s chapter experiments are described on the e r o s i o n o f a t y p i c a l 

d u c t i l e metal by a number o f l i q u i d s chosen so t h a t the e f f e c t s o f 

d e n s i t y , a c o u s t i c impedance and v i s c o s i t y c o u l d be i n v e s t i g a t e d 

s e p a r a t e l y . D e f i n i t e t r e n d s emerge from t h i s work, and a dim e n s i o n a l 

a n a l y s i s o f the r e s u l t s leads to a gen e r a l e q u a t i o n f o r t h e r a t e o f 

er o s i o n o f the metal d u r i n g Stage 2. An energy a n a l y s i s o f the e r o s i o n 

process i s gi v e n , and an expression f o r the r a t e o f e r o s i o n d u r i n g 

Stage 2 t h a t i s i n reasonable agreement w i t h experiment i s developed, 

6.1 The Erosion Experiments 

N i c k e l specimens were eroded by s e v e r a l l i q u i d s i n a whe e l - a n d - j e t 

machine. The l i q u i d s t h a t were used i n the work are l i s t e d i n 

Table 6,1, t o g e t h e r w i t h t h e i r r e l e v a n t p h y s i c a l p r o p e r t i e s . They 

are d i v i d e d i n t o two groups, ^n the f i r s t group t h e d e n s i t i e s and 

sound speeds vary but the v i s c o s i t i e s have more o r l e s s t h e same low 
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v a l u e s . I n the second group the d e n s i t i e s and sound speeds are almost 

the same but the x ' l s c o s i t i e s vary over a wide range. 

Table 6.1 

P h y s i c a l P r o p e r t i e s o f L i q u i d s Used i n Er o s i o n ExBoriments 

L i q u i d Density Sound Speed A c o u s t i c V i s c o s i t y 

Impedance 
kg/m^ ra/ s kg/ra^-s Ns/m^ 

Group 1 ̂  

E t h y l a l c o h o l 0.79 >̂  10 ̂ 1,162 0.92 X 10^ 1.20 X 10 

P a r a f f i n 0.80 1»525 1.06 1.56 
Water 1.00 1,/|85 1.48 1.00 

Broraobenzene 1.50 1,07V50 1.61 1.49 
Carbon 1.65 958 1.53 0.97 
t e t r a c h l o r i d e 

Mercury 15.5 19.7 1.55 

Group 2 ^ 

O i l 1 0.825 1,^50 1.25 5.5 ± 0.1 

O i l 2 0.870 l,if20 1.25 16 .5 ± 0.5 
O i l 5 0.870 l.WO 1.25 2if i 1 
O i l /+ 0.870 1,^60 1.27 
« 

A l l values measured a t rooi a temperature u n l e s s o t h e r w i s e i n d i c a t e d . 

a Kaye and ; Laby (1966). 

b Alexander Duckham L t d . 

The n i c k e l specimens, 20 i nra l o n g , 6 mm v/ide and 5 nni deep, were 
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machined from c o l d - r o l l e d bar s t o c k . They were annealed i n a vacuum 

furnace a t 900°C f o r one n.our. The t a r g e t s u r f a c e s ^vere p o l i s h e d on 

a range o f s i l i c o n c a r b i d a papers and a diamond-impregnated c l o t h to 

giv e a CLA surface roughness o f the o r d e r o f 1 p.m. The mean hardness 

o f the p o l i s h e d face was measured and from t h i s f i g u r e the 

approximate t e n s i l e s t r e n g t h o f the m a t e r i a l was c a l c u l a t e d . These 

val u e s , and ot h e r r e l e v a n t p h y s i c a l p r o p e r t i e s o f n i c k e l , are 

c o l l e c t e d t o g e t h e r i n Table 6.2, 

Table 6.2 

P h y s i c a l P r o p e r t i e s o f N i c k e l Specimens Used i n E r o s i o n Experiments 

Composition Density ^ Sound A c o u s t i c Hardness T e n s i l e 

Speed ^ Impedance S t r e n g t h 

( a p p r o X . ) 

% kg/m^ m/s kg/m^-s kg/mm^ MN/m̂  

99.995 8.9 ^10^ k,97k 4^.3 x 10^ 66 ± 4 220 

a Kaye and Laby (1966). 
c-

In. a standard t e n s i l e t e s t the 0.29^ pr o o f s t r e n g t h o f the n i c k e l 

was found to be about 120 MN/m̂ , and the t e n s i l e s t r e n g t h (UTS) about 

290 MN/m̂ . 

The wheel-and-jet machine was a m o d i f i e d v e r s i o n o f an e a r l i e r 

design (Thomas and Brunton (1970)). A photograph o f the r i g i s shown 

i n F i g . 6.1. Two specimens wero b o l t e d o p p o s i t e one anoth e r to the 

r i m o f a duralumin d i s c , which was r o t a t e d a t h i g h speed by an 

e l e c t r i c motor. The d i s c was enclosed i n a heavy s t e e l t a n k . A view 

i n s i d e the tank i s shown i n F i g . 6.2. Once every r e v o l u t i o n the 
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Co o l i n g Water 

F i g . 6,1 The r i g used i n t h e e r o s i o n experiments 





F i g . 6.2 View i n s i d e the e r o s i o n chamber showing the n o z z l e , 

the l i q u i d j e t and a duralumin d i s c v ; i t h tv;o specimens b o l t e d 

i n p l a c e . 
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t a r g e t faces o f the specimens cut across a steady j e t o f l i q u i d 

which issued from a nozzle screwed i n t o the side o f the t a n k . The 

nozzle was cast i n a r a l d i t e i n s i d e a brass s h i e l d , which p r o t e c t e d 

the j e t from the a i r flow set up by the r o t a t i n g d i s c . There was a 

small clearance between the edge o f t h ^ s h i e l d and the s i d e s o f the 

specimens (about 7 mm). I t was found t h a t the j e t was deformed i f 

t h i s gap were too l a r g e and t h a t t h i s had a s i g n i f i c a n t e f f e c t on 

the e r o s i o n o f the m a t e r i a l . The impact frequency was measured w i t h 

a p h o t o t r a n s i s t o r system and a d i g i t a l c o u n t e r . The frequency c o u l d 

be v a r i e d between 80 and 600 Hz and the impact v e l o c i t y between 50 

and 280 ra/s. 

The l i q u i d was pumped through the system. The temperature was 

measured w i t h a thermocouple placed i n the l i n e upstream from t h e 

nozzle. Good temperature c o n t r o l was e s s e n t i a l when the o i l s were 

used because t h e i r v i s c o s i t i e s changed r a p i d l y w i t h temperature. For 

t h i s purpose the o i l r e s e r v o i r i n the c i r c u i t was wa t e r - c o o l e d . 

Throughout the experiments the temperature was 20 t l^C. 

The j e t v e l o c i t y was maintained a t a speed s u f f i c i e n t t o ensure 

t h a t the j e t a x i s remained p a r a l l e l t o the a x i s o f r o t a t i o n o f t he 

di s c and t h a t the j e t re-formed between impacts. These t h i n g s were 

checked w i t h a stroboscope. 

When mercury was used as the e r o d i n g f l u i d the pump and r e s e r v o i r 

were re p l a c e d by a s t e e l tube from v/hich t h e mercury was f o r c e d by 

a stream o f compressed a i r . The d i s c which c a r r i e d the specimens 

and a l l o t h e r components w i t h i n the tank were made o f s t e e l . 

During an experiment the e r o s i o n chamber was purged w i t h n i t r o g e n 

T h i s reduced any danger o f e x p l o s i o n s and c a r r i e d t o x i c fumes o u t o f 
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the l a b o r a t o r y . The l i d was sealed w i t h a neoprene wt^sher and the 
axlft w i t h a f e l t washer soaked i n o i l . 

Experiments a t an impact v e l o c i t y o f 100 m/s were c a r r i e d o ut 

w i t h a l l the l i q u i d s and a t impact v e l o c i t i e s i n the range from 

100 m/s to 210 m/s w i t h water and carbon t e t r a c h l o r i d e . E x p e r i m e n t a l 

d e t a i l s are given i n Table 6.3. 

Table 6.5 

Impact V e l o c i t y 

ra/s 

, 1 0 0 + 2 

140 + 2 

180 ± k 

210 + 4 

The Ero s i o n Experiments 

Impact Frequency J e t Diameter Specimen 

Width 

Hz 

166 ± 4 

232 ± 4 

188 ± 4 

217 ± 4 

mm 

1.5 

1.5 

1.5 

1.5 

mm 

5.0 

5.0 

5.0 

5.0 

Two specimens were eroded i n each experiment, d u r i n g which mass l o s s 

measurements were made a t r e g u l a r i n t e r v a l s . 

6.2 Measurement o f Erosion Damage 

I n many i n v e s t i g a t i o n s o f e r o s i o n i t has been u s u a l t o p l o t 

graphs o f mass l o s s a g a i n s t e i t h e r time or number o f impacts* 

Although t h i s i s convenient, i t makes comparison o f r e s u l t s o b t a i n e d 

under d i f f e r e n t e x p e r i m e n t a l c o n d i t i o n s d i f f i c u l t . T h e r e f o r e , f o r 

the purpose o f c o r r e l a t i o n o f these r e s u l t s w i t h those o f o t h e r 

s t u d i e s o f e r o s i o n , i t seems reasonable to f o l l o w Heymann (1967a, 1970) 



107 

by u s i n g two parameters, the mean depth o f e r o s i o n , Y^, and the 

mean he i g h t o f impingement, H^. They are d e f i n e d as f o l l o w s : 

Y - Volume o f M a t e r i a l Removed e -
P r o j e c t e d Area o f Impact 

- Mass Loss ; 
S o l i d Density x J e t Diameter x Specimen Width 

- Volume o f L i q u i d Impinged 
P r o j e c t e d Area o f Impact 

Volume o f C y l i n d e r Cut by J e t i n S i n g l e 
- Impact X Impact Frequency x Time . 

J e t Diameter x Specimen Width 

I t i s c l e a r t h a t Y^ i s p r o p o r t i o n a l to mass l o s s and to number o f 
impacts. 

6.3 P a t t e r n o f Erosion 

Graphs o f Y^ versus f o r a s e l e c t e d number o f l i q u i d s are shov;n 

i n Figs. 6.3 and 6.̂ +. With the e x c e p t i o n o f the r e s u l t f o r mercury 

( n o t shown) and those f o r carbon t e t r a c h l o r i d e a t the h i g h e r impact 

v e l o c i t i e s , t h e r e are t h r e e c l e a r l y d e f i n e d stages. These are set o u t 

i n F i g . 6.5. Stage 1 was not observed v/ith carbon t e t r a c h l o r i d e a t 

210 m/s and Stages 1 and 3 were not observed w i t h mercury. As the 

d e n s i t y o f the f l u i d i n c r e a s e s , the d i f f e r e n c e i n the slopes o f the 

curve d u r i n g Stages 2 and 3 tends t o disappear. I n g e n e r a l , the 

r e s u l t s show t h a t the p h y s i c a l p r o p e r t i e s o f the f l u i d i n f l u e n c e t h e 

d u r a t i o n o f Stages 1 and 2 and the magnitude and r a t e o f change o f 

the mean depth o f e r o s i o n d u r i n g Stages 2 and 3; thus the d u r a t i o n 

o f Stages 1 and 2 decreases w i t h d e n s i t y and i n c r e a s e s w i t h v i s c o s i t y , 

and the l e v e l o f damage a t the end o f Stage 2 and the r a t e o f change 
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o f the mean depth o f e r o s i o n d u r i n g Stages 2 and 3 i n c r e a s e w i t h 

d e n s i t y and decrease w i t h v i s c o s i t y . 

The appearance o f the surface d u r i n g e r o s i o n f o l l o w e d t h e p a t t e r n 

described i n o t h e r i n v e s t i g a t i o n s (Hancox and Brunton (1966) and 

Thomas and Brunton ( 1 9 7 0 ) ) . 

Sta^e 1 

The surface was p l a s t i c a l l y deformed, but no mass l o s s o c c u r r e d . 

At the be g i n n i n g o f t h i s stage the s u r f a c e was covered w i t h shallow 

depressions. The depressions grew as the stage progressed. Towards 

the end o f the stage the surface was u n i f o r m l y covered w i t h these 

depressions, and the impact f o r c e had t i l t e d g r a i n boundaries, so 

t h a t i n d i v i d u a l g r a i n s were c l e a r l y v i s i b l e . I n a d d i t i o n the edges 

o f the specimen bulged o u t . 

Stage 2 

The surface was h e a v i l y p i t t e d , and m a t e r i a l was l o s t a t a more 

or l e s s constant r a t e . At the b e g i n n i n g o f the stage a few o f the 

depressions formed d u r i n g Stage 1 developed i n t o l a r g e p i t s . Most o f 

the mass was l o s t from these p l a c e s . The areas betv/een t h e p i t s , 

p a r t i c u l a r l y when o i l was used to erode the m a t e r i a l , had the same 

appearance d u r i n g t h i s stage as d u r i n g the p r e v i o u s one. Towards the 

end o f the stage some o f the l a r g e r p i t s had j o i n e d up, so t h a t a 

deep, p i t t e d groove v/as formed across the specimen. 

There was no obvious change i n the appearance o f the s u r f a c e , and 

m a t e r i a l was l o s t a t a lower, almost steady r a t e . 
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The main d i f f e r e n c e s v/ere f o r mercury and f o r carbon t e t r a c h l o r i d e 
a t 2 1 0 m/s, v/here deformation and mass l o s s o c c u r r e d a f t e r o n l y a 
fev/ i m p a c t s . Readings v;ere taken a f t e r 2 seconds ( a f t e r about 3 0 0 
i m p a c t s ) f o r mercury and a f t e r 3 0 seconds ( a f t e r about 7 , 5 0 0 i m p a c t s ) 
f o r carbon t e t r a c h l o r i d e ; i n both i n s t a n c e s a s i g n i f i c a n t mass l o s s 
had o c c u r r e d . 

Photographs o f n i c k e l specimens a t the end o f t e s t s i n v/hich 

they had been eroded by a v/ater j e t a t an impact v e l o c i t y o f 1 ^0 ra/s 

ar e shown i n F i g , 6 . 6 . Note t h a t some o f the specimens have begun to 

s p l a y out a t the edges of the e r o s i o n p i t s . M a t e r i a l was probably 

removed from t h e s e a r e a s by the c l e a v e d f r o n t o f the j e t a s i t c u t 

through the specimens. At h i g h e r impact v e l o c i t i e s i t was obser v e d 

t h a t the specimens had begun to bend, so t h a t f r e s h s u r f a c e s must 

have been opened up to the imp i n g i n g f l u i d a t the bottom o f the 

eroded p i t s . The l i q u i d had a l s o begun to underc u t the edges o f the 

e r o s i o n p i t s . These f a c t o r s could have l e d to an i n c r e a s e i n the 

r a t e of e r o s i o n damage, 

6 . ^ R e l a t i o n s between L i q u i d P r o p e r t i e s and E r o s i o n Damage 

I n o r d e r to look f o r r e l a t i o n s between l i q u i d p r o p e r t i e s and 

e r o s i o n damage, s u i t a b l e measures of damage must be c h o s e n . S i n c e 

the shapes o f the e r o s i o n c u r v e s a r e s i m i l a r to one a n o t h e r ( s e e 

F i g . 6 , 5 ) , i t was decided to use e q u i v a l e n t p o i n t s on the c u r v e s a s 

a b a s i s f o r measurements of e r o s i o n damage. One such p o i n t c o r r e s p o n d s 

to the end o f Stage 1 and another to the end o f Stage 2 , When t h e s e 

p o i n t s a r e used, the f o l l o w i n g measures o f e r o s i o n damage may be 

d e f i n e d : ( 1 ) the mean h e i g h t o f impingement a t the end o f Stage 1 , 

H^; ( 2 ) the mean h e i g h t of impingement a t the end o f S t a g e 2 , 



F i g . 6 . 6 Eroded specimens of n i c k e l a t the end o f t e s t s u s i n g 

water a t an impact v e l o c i t y o f I/4O ra/s seen from ( a ) the top and 

( b ) the s i d e . 
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( 5 ) the d i f f e r e n c e between the mean h e i g h t o f impingement a t the end 

of Stages 1 and 2 , H2 - H^; ik) the mean depth o f e r o s i o n a t the end 

o f Stage 2 , Y^; ( 5 ) the mean depth o f e r o s i o n d u r i n g S t a g e 3 a t an 

a r b i t r a r y mean h e i g h t o f impingement, Ŷ ;̂ ( 6 ) the r a t e o f change o f 

the mean depth of e r o s i o n d u r i n g Stage 2 , and ( 7 ) the r a t e o f 

change of the mean depth o f e r o s i o n dui-ing Stage 5 , Y^. These 

d e f i n i t i o n s a r e i l l u s t r a t e d i n F i g . 6 . 7 . 

The parameters ( 1 ) to ( 7 ) were measured f o r each l i q u i d from the 

cu r v e s shown i n F i g , 6 . 3 and from t h o s e f o r the o t h e r l i q u i d s . Graphs 

of each of t h e s e parameters were then p l o t t e d a g a i n s t f u n c t i o n s o f 

d e n s i t y , p, a c o u s t i c impedance, Z, and v i s c o s i t y , ^L. These a r e shovm 

i n F i g s . 6 . 8 a to 6 . 8 g . The main f i n d i n g s a r e summarised i n T a b l e 6 . ^ . 

From the e r o s i o n curve f o r mercury i t v;as only p o s s i b l e to 

measure Y2- I t was 2 0 0 1 3 0 x 1 0 ~ ^ . T h i s r e s u l t was not used when the 

s t r a i g h t l i n e i n F i g . 6 . 8 f was f i t t e d to the r e s u l t s f o r the o t h e r 

l i q u i d s . F o r mercury the equation o b t a i n e d from t h i s graph 

( Y ^ = Ap^ - see Ta b l e 6.^+) g i v e s Y2 = 2 2 0 ± 2 0 x l o " ^ , i n e x c e l l e n t 

agreement w i t h the measured v a l u e . I t can be concluded from t h i s t h a t 

the r e l a t i o n between Y2 and p holds o v e r a v/ide range o f d e n s i t y . 

D e n s i t y i s r e l a t e d to the energy o f the i m p i n g i n g f l u i d and 

a c o u s t i c impedance to the magnitude o f the impact p r e s s u r e . S i n c e 

i s not c o r r e l a t e d v/ith d e n s i t y but s t r o n g l y w i t h a c o u s t i c 
t I 

impedance, and s i n c e both Y2 and Y^ a r e c o r r e l a t e d w i t h d e n s i t y and 

a c o u s t i c impedance, i t may be concluded t h a t the p h y s i c a l p r o c e s s e s 

o c c u r r i n g d u r i n g Stage 1 a r e governed by the impact p r e s s u r e and t h a t 

those o c c u r r i n g d u r i n g Stages 2 and 3 a r e connected v/ith both energy 

t r a n s f e r from the impinging f l u i d and v/ith the impact p r e s s u r e . I t 

can be seen t h a t the v i s c o s i t y of the l i q u i d has a s i g n i f i c a n t 
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F i t % 6.S Dajnage pararooters v e r s u s functior.'S of d e n s i t y , p, 

a c o u s t i c impedance, Z, and v i s c o s i t y , [j.. The ircpact v e l o c i t y 

v/as 1 0 0 m/s. 
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T a b l e 6.k 

Summary of the R e l a t i o n s between L i q u i d P r o p e r t i e s and E r o s i o n 

Damage P a r a m e t e r s 

Damage 

Parameter 

D e n s i t y A c o u s t i c 

Impedance 

V i s c o s i t y 

« i No c l e a r t r e n d No c l e a r t r e n d A^L 

A = 5 . 5 ± 0 . 2 

X 1 0 ^ m^Ns 

« 2 A/p 

A = 0 . 6 ± 0 . 1 

X 1 0 ^ kg/ra^ 

A/Z 

A = 0 . 7 ± 0 . 1 

X 1 0 ^ kg/ras 

I n c r e a s e 

" 2 ~ " 1 A/p 

A = 0 . 6 + 0 , 1 

X 1 0 ^ kg/m^ 

A/Z 

A = 0 . 7 + 0 . 1 

X 1 0 ^ kg/ms 

I n c r e a s e 

' ^ 2 Ap 

. A = 0 . 6 ± 0 , 1 

X 1 0 " ^ m^Ag 

AZ2 

A = 0 , 3 5 ± 0 . 0 5 

X 1 0 " ^ ^ m^s^/kg^ 

A = 3 0 ± 5 

X 1 0 - 6 ^ i / 2 3 1 / 2 

A p 

A = 0 . 7 ± 0 . 2 

X 1 0 " ^ mVkg 

AZ2 

A = 0 . 5 ± 0 . 1 

X 1 0 " ^ 5 m^s^/kg^ 

t 
^ 2 AP^ 

A = 1 . 2 ± 0 . 1 

X 1 0 ' ^ ^ m^/kg^ 

I n c r e a s e 

A = 5 ± 1 

X 1 0 - 8 Nl/231/2/^ 

1 
Ap 

A = 1 5 0 ± 10 

X 1 0 " - ^ ^ mVkg 

I n c r e a s e 

A = 0 . 6 0 ± 0 . 0 2 

X 1 0 - 9 .,1/231/2/^ 



1 1 2 

e f f e c t on each s t a g e . I t i s l i k e l y t h a t high v i s c o s i t y f l u i d s adhere 
a s a t h i n f i l m to smooth s u r f a c e s and l i e on the bottom o f p i t s on 
h e a v i l y eroded s u r f a c e s . Consequently the s u r f a c e v/ould be c u s h i o n e d 
a g a i n s t the impact f o r c e s . 

From the c o r r e l a t i o n s i l l u s t r a t e d i n F i g . 6 . 8 and summarised i n 

T a b l e 6 . U i t may be concluded t h a t a t h e o r y developed f o r p r e d i c t i n g 

the e r o s i o n curve under d i f f e r e n t e r o s i v e c o n d i t i o n s must i n c l u d e 

energy t r a n s f e r , impact p r e s s u r e and v i s c o s i t y terms. T h i s i s 

c o n s i d e r a b l y more complex than a n y t h i n g t h a t has been attempted so 

f a r . 

6 . 5 R e l a t i o n between Damage Parameters and Impact V e l o c i t y 

When v/ater i s useU a s the e r o d i n g f l u i d , i t i s now g e n e r a l l y 

agreed t h a t the r a t e o f change of the mean depth of e r o s i o n d u r i n g 

Stage 2 , i 3 r e l a t e d to the impact v e l o c i t y , V, by the e q u a t i o n 

where A i s a c o n s t a n t f o r a p a r t i c u l a r m a t e r i a l and n l i e s betv/een 

k and 6 . ( S e e Heymann ( 1 9 6 7 a , 1 9 7 0 ) . ) 

A graph o f Y2 a g a i n s t V f o r carbon t e t r a c c h l o r i d e i s p l o t t e d on 

a l o g a r i t h m i c s c a l e i n F i g . 6 . 9 . (A r e s u l t f o r water i s a l s o p l o t t e d 

on the same s c a l e . V/ater was here used i n a c o n t r o l e xperiment.) 

From the s t r a i g h t l i n e o b t a i n e d i t can be s e e n t h a t i t has the same 

form a s the above e x p r e s s i o n . The exponent i s Z).5 - 0 . 5 . T h i s i s 

much the same a s the r e s u l t f o r water d e s p i t e the f a c t t h a t water i s 

about 5 0 p e r c e n t l e s s dense than carbon t e t r a c h l o r i d e . I t s u g g e s t s 

t h a t the p h y s i c a l p r o p e r t i e s o f the l i q u i d a s they a f f e c t e r o s i o n 

a r e independent of flow v e l o c i t y d u r i n g i m p a c t . 



1 0 

1 0 - 5 

1 0 

1 Cfirbon T e t r a c h l o r i d e 

2 Water 

I f 1 r I I I : I i l l 

1 0 0 2 0 0 

m/s 

F i g . 6 . 9 E r o s i o n r a t e d u r i n g Stage 2 , Y^, v e r s u s 

impact v e l o c i t y , V, f o r " c a r b o n t e t r a c h l o r i d e and water 



113 

6»6 Dlnensionfitl A n a l y s i s o f E r o s i o n 

The r e s u l t s presented i n the p r e v i o u s s e c t i o n s can be used t o 

o b t a i n a g e n e r a l e x p r e s s i o n f o r the r a t e o f change o f the meeji depth 

o f e r o s i o n d u r i n g Stage 2. Suppose t h a t Y2 can be expressed 

Y2 = f(P.c,^i,V,d,U), 

where p i s the d e n s i t y o f the l i q u i d , c i s the sound speed i n the 

l i q u i d , i s the v i s c o s i t y o f the l i q u i d , V i s the impact v e l o c i t y , 

d i s the diameter o f the j e t and U i s an energy p r o p e r t y o f the 

m a t e r i a l ( f o r example, the s t r a i n energy t o f r a c t u r e i n a t e n s i l e 

t e s t ) . V/hen the n-theorem (Buckingham (1915)) i s used, the v a r i a b l e s 

f a l l i n t o t h r e e non-dimensional groups t o give 

= f ( p v d/^l , v/c , p v^/u), 

where pVd/M- i s the Reynolds number o f the flo w based on t h e impact 

v e l o c i t y , V/c i s the Mach number o f the flo w based on the impact 

v e l o c i t y and pV^/U i s the k i n e t i c energy o f the f l u i d per u n i t volume 

d i v i d e d by the energy c a p a c i t y o f the m a t e r i a l per u n i t volume. 

The form o f the above f u n c t i o n can be deduced from the r e s u l t s 
I 2 

o f the e r o s i o n experiments. The Group 1 l i q u i d s gave ^ 2 ^ » 

Group 2 l i q u i d s gave - and the experiments w i t h both water 

and carbon t e t r a c h l o r i d e gave Y^ V^^f where n l i e s between 4 and 5. 

I f i t i s assumed t h a t these t h r e e r e l a t i o n s h o l d f o r a l l l i q u i d s , 

the e q u a t i o n f o r Y2 w i l l be one o f the f o l l o w i n g : 

Y ^ - (pVd/n)^/2 (V/c)^/2(pv2/U)^/^, 6.1a 



H i t 

f o r - V^; 

f o r Y2 ̂  v^*^; 

Y 2 - (?vd/^i ) ^ / 2(v/c ) ( p v 2/u ) 5 / 2 , 6 , 1 b 

y' - (pVd / n ) ^ / 2(V/c ) 5 / 2(pV^/U ) ^ / 2 . 6 . 1 c 

f o r Y 2 V^. 

I t has been assumed t h a t Y2 (1/U)^^^, T h i s i s i n reasonable 

agreement w i t h a l a r g e number o f e x p e r i m e n t a l r e s u l t s (see 

Heymann (1968a)). 

Graphs o f these r e l a t i o n s are p l o t t e d i n F i g s . 6.10a t o 6.10c. 

I t can be seen t h a t Equation 6.1a i s the best f i t . A check on t h i s 

r e l a t i o n may be ob t a i n e d from the r e s u l t f o r mercury because i t was 

not used when the s t r a i g h t l i n e was f i t t e d t o the r e s u l t s f o r the 
> 

t 
o t h e r l i q u i d s . The measured value o f y2 f o r mercury was 

200 ± 30 X 10"^, and Equation 6.1a g i v e s Y2 = 190 ± 20 x l o " ^ . The 

two va l u e s are i n e x c e l l e n t agreement w i t h one anoth e r . Furthermore, 

the r e s u l t s f o r water and carbon t e t r a c h l o r i d e a t the h i g h e r impact 

v e l o c i t i e s a l s o f i t Equation 6.1a. I t can be concluded, t h e r e f o r e , 

t h a t t h i s e q u a t i o n holds over wide ranges o f the v a r i a b l e s . 

6.7 EnerCT A n a l y s i s o f Er o s i o n 

By c o n s i d e r i n g the energy t r a n s f e r r e d from the drop t o the s o l i d 

d u r i n g the i n i t i a l , compressible stage o f impact, i t i s p o s s i b l e t o 

d e r i v e an expres s i o n f o r the r a t e o f change o f the mean depth o f 

e r o s i o n d u r i n g Stage 2 s i m i l a r i n form t o Equation 6.1a. Suppose 

t h a t ( i ) energy can be absorbed from the f l u i d up t o the time when 

l a t e r a l f l o w occurs, and ( i i ) the m a t e r i a l must absorb a f i x e d 



F i g ^ 6 . 1 0 E r o s i o n r a t e d u r i n g Stage 2 , versus non-dimensional 

v a r i a b l e s . 
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amount o f energy befo r e any mass l o s s o c c u r s . 

The energy a v a i l a b l e t o damage the s o l i d per impact i s 

E = pA^t^V. 

where p i s the average pressure over the con t a c t s u r f a c e , i s the 

area o f the con t a c t s u r f a c e j u s t b e f o r e l a t e r a l f l o w from under the 

edge o f the drop occurs, t ^ i s t h e time a f t e r f i r s t c o n t a c t a t which 
e 

t h i s occurs and V i s the impact v e l o c i t y . I n Chapter 3 i t i s shown 

t h a t p = pcV, = 2R(2V/c)-^'^^ and t ^ = R/(ifC), where R i s the r a d i u s e e 
o f the c y l i n d r i c a l • d r o p . When these expressions are s u b s t i t u t e d i n t o 

the above e q u a t i o n , i t becomes 

I f i t i s assumed t h a t a f r a c t i o n , a, o f t h i s energy i s absorbed i n 

each impact, the energy absorbed by the s o l i d per impact i s 

= a E = a2l/Vpv5/2/cl/2. 

The f r a c t i o n a depends on the p r o p e r t i e s o f the m a t e r i a l . The energy 

absorbed by the s o l i d per u n i t volume o f f l u i d impinged i s 

e^ = E^/(TiP^) = (a2^/2/Ti ) p v 5/2/cl/2^ 
a a 

The t o t a l volume o f f l u i d t h a t s t r i k e s the s u r f a c e d u r i n g Stage 1 

i s H^2R. Therefore the t o t a l amount o f energy absorbed by the s o l i d 

d u r i n g Stage 1 i s 

^T " ®a^l^^ ^ (aS^/^/TDRpV^/^Hj^/c^/^. 

But i s constant (Assumption 2 ) , t h e r e f o r e 

- c^/2/(pRv5/2). 6.2 
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T h i s r e l a t i o n g i v e s the c o r r e c t r e l a t i o n between and p. 

During Stage 2 m a t e r i a l damaged i n Stage 1 i s t o r n from the 

surface o f the s o l i d , and f r e s h m a t e r i a l i s exposed t o d i r e c t impact 

by the drop. I t i s reasonable to suppose t h a t the m a t e r i a l removed 

d u r i n g t h i s p e r i o d i s p r o p o r t i o n a l t o the energy absorbed per u n i t 

volume o f f l u i d impinged d u r i n g Stage 1, and t h a t t h e d u r a t i o n o f 

t h i s stage i s i n v e r s e l y p r o p o r t i o n a l t o the k i n e t i c energy per u n i t 

volume o f the o u t f l o w i n g f l u i d . Thus - pV^^^/c"*-/^ and 

- H^) - l / ( p V ^ ) , so t h a t 

Y2 = Y2/(H2 - Kj^) - p V / 2 / c ^ / 2 . 6 . 3 

T h i s e q u a t i o n g i v e s the c o r r e c t r e l a t i o n between and b o t h p and 

V. However, n e i t h e r t h i s e q u a t i o n nor the p r e v i o u s one f o r 

co n t a i n s the v i s c o s i t y o f the f l u i d . How could t h i s term be brought 

i n t o the c a l c u l a t i o n s ? 

There i s a l i q u i d l a y e r on the su r f a c e o f t he s o l i d t h r o ughout 

the e r o s i o n experiment. When e r o s i o n i s c a r r i e d o u t i n a 

wheel-and-jet machine, the t h i c k n e s s o f the l i q u i d l a y e r d u r i n g 

Stage 1 i s gi v e n by 

6 = [3MD/(ifTipV)]^/2, 

where D i s the diameter o f the o r b i t o f the specimen (Pouchct (D .968)) 

Even Y/ith the h i g h e s t v i s c o s i t y l i q u i d used i n these experiments, 

the l a y e r t h i c k n e s s c a l c u l a t e d w i t h t h i s e q u a t i o n i s o n l y a f r a c t i o n 

o f the drop diameter. I t i s u n l i k e l y t h a t such a t h i n l a y e r w i l l 

cause a s i g n i f i c a n t r e d u c t i o n i n the magnitude o f t h e i n i t i a l , 

compressible l o a d . However, t h e l i q u i d f i l m c o u l d reduce the e r o s i v e 

a c t i o n o f the o u t f l o v ^ i n g f l u i d . I t i s known t h a t m a t e r i a l i s t o r n 



117 

from the surface o f the s o l i d a t p l a c e s where i t has been r a i s e d 

above the mean l e v e l by the pounding t h a t i t r e c e i v e d d u r i n g Stage 

1. (Examples o f such s i t e s are the r i m s o f i n d e n t a t i o n s and the edges 

o f exposed g r a i n boundaries - see Hancox and Brunton (1966).) The 

l i q u i d f i l m could t h e r e f o r e p r o t e c t th<» s o l i d both by slov/ing down 

the o u t f l o w i n g l i q u i d and by c o v e r i n g up the r a i s e d p a r t s o f the 

s u r f a c e . The s o l i d v/ould t h e r e f o r e not be subje c t e d t o t h e f u l l 

t e a r i n g a c t i o n o f the o u t f l o w i n g f l u i d u n t i l the s u r f a c e p r o j e c t i o n s 

had been pushed up through the l i q u i d f i l m . T h i s would l e a d t o 

i n c r e a s e s i n the d u r a t i o n o f Stages 1 and 2 compared w i t h what they 

would have been i n dry impacts; f o r a f i x e d energy t r a n s f e r to the 

s o l i d , t h i s would mean a dcrease i n Although these c o n s i d e r a t i o n s 

produce t r e n d s t h a t are i n agreement w i t h the observed v a r i a t i o n s o f 

the damage parameters w i t h v i s c o s i t y , i t i s not c l e a r how t o go 

f u r t h e r and a l l o w f o r v i s c o s i t y i n t h e a n a l y s i s o f e r o s i o n , so t h a t 
f 

I t has not been p o s s i b l e t o d e r i v e g e n e r a l equations f o r Y2 and any 

o f the o t h e r damage parameters t h a t c o n t a i n the v i s c o s i t y o f the 

f l u i d . 

6.8 Summary 

I t has been shown t h a t l i q u i d p r o p e r t i e s have a marked e f f e c t 

on the e r o s i o n o f n i c k e l . Graphs o f mean depth o f e r o s i o n , Y^, 

versus mean h e i g h t o f impingement, H^, were found t o have the same 

shape f o r most l i q u i d s . I n g e n e r a l , t h e r e were t h r e e v / e l l - d e f i n e d 

stages. The except i o n s were as f o l l o w s : Stage 1 was not found a t 

210 m/s w i t h carbon t e t r a c h l o r i d e and Stages 1 and 3 were not found 

w i t h mercury. 

Measures o f e r o s i o n damage were d e f i n e d and r e l a t e d t o the d e n s i t y , 
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a c o u s t i c impedance and v i s c o s i t y o f the l i q u i d . D ensity and a c o u s t i c 
impedance were r e l a t e d t o the parameters d e f i n i n g dauiage d u r i n g 
Stages 2 and 3 t were not r e l a t e d t o the Stage 1 parameter. 

V i s c o s i t y was r e l a t e d to the parameters d e f i n i n g damage d u r i n g a l l 

stages o f e r o s i o n . 

I t has been shown t h a t the e r o s i o n r a t e d u r i n g Stage 2 , Y 2 , i s 

p r o p o r t i o n a l t o about the i f . 5 t h power o f the impact v e l o c i t y when 

both water and carbon t e t r a c h l o r i d e are used as the e r o d i n g f l u i d s . 

T h i s i s s i m i l a r to the r e s u l t found f o r water i n o t h e r s t u d i e s o f 

e r o s i o n . 

A dimensional a n a l y s i s o f the e r o s i o n data l e d t o a g e n e r a l 

expression f o r the r a t e o f change o f the mean depth o f e r o s i o n 

d u r i n g Stage 2 ; an energy a n a l y s i s o f e r o s i o n produced t h e c o r r e c t 

dependence o f t h i s parameter on b o t h d e n s i t y and impact v e l o c i t y . 
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CHAPTER 7 
CONCLUSION 

Two problems remain. The maximum impact pressures do not occur 

a t the p o s i t i o n s and times g i v e n by the t h e o r y , and t h e r e a r e not 

enough measurements i n the r e g i o n o f the c o n t a c t s u r f a c e up to the 

time when the l i q u i d f l o w s out from under the drop. 

A more r e f i n e d a n a l y s i s , i n which the f u l l e q uations o f motion 

are solved and the edges are allowed t o move a f t e r the i n i t i a l 

compression wave i s r e l e a s e d , v / i l l not n e c e s s a r i l y l e a d to the 

c o r r e c t s o l u t i o n . C a l c u l a t i o n s based on the p a r t i c l e - i n - c e l l computer 

code have been c a r r i e d out by Huang e t a l ( 1 9 7 1 ) and f a i l even to 

p r e d i c t t h a t the pressures i n c r e a s e a t the edges, l e t alone 

determine the places under the drop where t h i s occurs* They made a 

mistake when they set up the numerical scheme (see Rochester ( 1 9 7 7 a ) ) , 

which i l l u s t r a t e s t h a t much care needs t o be taken w i t h these 

t e c h n i q u e s . I n the i n i t i a l stage o f the impact, pressure and v e l o c i t y 

changes occur very r a p i d l y , so t h a t i n any f i n i t e d i f f e r e n c e scheme 

the mesh s i z e s t h a t are used need t o be v e r y s m a l l ; t h i s soon becomes 

p r o h i b i t i v e l y expensive.. A l t e r n a t i v e n u m e r i c a l methods c o u l d be 

t r i e d i n the f u t u r e , i n p a r t i c u l a r e i t h e r a method based on 

c h a r a c t e r i s t i c s , which has the advantage o f b e i n g s i m i l a r t o the 

l i n e a r i s e d method used here (see the a r t i c l e by Richardson i n 

A l d e r e t a l ( 1 9 6 4 ) ) » or one based on the f i n i t e element method, 

which has r e c e n t l y become very p o p u l a r (see Z i e n k i e w i c z ( 1 9 7 1 ) ) * 

This e x e r c i s e i s q u i t e a l a r g e u n d e r t a k i n g . 

I f more measurements are r e q u i r e d over the c o n t a c t s u r f a c e a t 

the b e g i n n i n g o f the impact s m a l l e r gauges must be b u i l t ( w i t h a 
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s e n s i t i v e w i d t h l e s c than 0 . 3 ram) ^ The gauges used i n these experiments 

were made by chopping up a ceramic p l a t e w i t h a f i n e u l t r a s o n i c d r i l l . 

The pieces were cut as s m e l l as p o s s i b l e . How, t h e n , ca^i s m a l l e r 

devices be made? One method i s t o t r y and d e p o s i t a p i e z o e l e c t r i c 

m a t e r i a l d i r e c t l y onto the impact s u r f a c e o f the b u l l e t . Another i s 

t o mount a l a r g o ceramic a t the base o f a f i n e cone; however, l a r g e 

d i s t o r t i o n o f the s i g n a l would occur as i t passed down t he cone, so 

t h a t a way o f r e - f o r m i n g the o r i g i n a l p u l s e would have t o be devised; 

f u r t h e r m o r e , c o n s i d e r a b l e mechanical problems w i l l a r i s e v/hen a 

s u i t a b l e housing f o r the cone has t o be made - the a c c e l e r a t i o n s 

experienceo by the b u l l e t , ad i t s t r i k e s the si d e o f the b a r r e l and 

runs i n t o the c a t c h i n g box, are very l a r g e . 

I n the f u t u r e much more emphasis needs t o be placed on the 

development o f more r e a l i s t i c t h e o r i e s o f e r o s i o n damage. I t i s 

hoped t h a t the r e s u l t s presented here w i l l a s s i s t i n t h i s most 

d i f f i c u l t t a s k . For t h i s i s the on l y r e a l j u s t i f i c a t i o n f o r t h i s 

type o f d e t a i l e d s t u d y . 
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APPENDIX 1 
WAVE IMPACTS 

Expressions f o r outward f l o w v e l o c i t y and s t a g n a t i o n pressure 

under a c o l l a p s i n g wedge are developed below, f o l l o w i n g t h e a n a l y s i s 

o f T a y l o r (1966). The r e s u l t s are then used t o i n t e r p r e t some o l d 

wave impact d a t a . 

Consider a j e t v e l o c i t y U d i r e c t e d downwards a t a s m a l l angle 

onto a h o r i z o n t a l plane.. Suppose t h a t the j e t i s moving from l e f t 

t o r i g h t and the plane i s moving upwards w i t h v e l o c i t y V, The 

v e l o c i t y o f the o r i f i c e r e l a t i v e t o the plane i s V downwards, and the 

v e l o c i t y o f the edge r e l a t i v e to a f i x e d p o i n t on the plane i s 

V c o t ^ t o the l e f t * T herefore the v e l o c i t y o f the o r i f i c e r e l a t i v e t o 

the edge i s Vcosec^ a t an angle \t to the plane* The v e l o c i t y o f the 

j e t r e l a t i v e t o the impact p o i n t i s t h e r e f o r e U + Vcosec-Cr. The f l o w 

i s steady i n t h i s frame o f r e f e r e n c e , so t h a t t h e s t a g n a t i o n pressure 

i s 

p = PqU^(1 + (V/U)cosecd)^/2. A.1.1a 

V/hen U i s zero t h i s reduces t o 

p = pQV^cosec^V2. A.1.1b 

The v e l o c i t y o f the d e f l e c t e d j e t r e l a t i v e t o a f i x e d p o i n t on the 

plane i s 

V j = Vcosec-& + Vco t d 

to the l e f t ; a f t e r a l i t t l e m a n i p u l a t i o n t h i s becomes 

= V c o t ( V 2 ) . A.1.2 
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These r e s u l t s can be a p p l i e d t o some o l d wave impact d a t a , w i t h 
q u i t e dramatic r e s u l t s . I n 1938 t h r e e French e n g i n e e r s , de R o u v i l l e , 
Besson and P e t r y , r e p o r t e d come o b s e r v a t i o n s o f wave impact loads 
t h a t they had made on the seawall a t Dieppe They observed maximum 
pressures as y.gh as 70 tonne/n^ d u r i n g a v i o l e n t storm. Now comes 
a c r u c i a l p o i n t : when they were not watching t h e i r pressure t r a n s d u c e r , 
they observed t h a t an oncoming wave v/ith a v e l o c i t y o f 6 m/s e j e c t e d 
i t s c r e s t a t 12 m/s and t h a t v/ater was p r o j e c t e d up the w a l l a t 
77 m/s. These o b s e r v a t i o n s appear t o be unique, s i n c e no-one e l s e 
has recorded both maximum pressures and t h e v e l o c i t i e s o f the water. 

Bagnold ( 1 9 3 9 ) assumed t h a t these r e s u l t s , and those o f h i s own 

experiments c a r r i e d out i n a model tank, were caused by the 

compression o f a shallow a i r - p o c k e t trapped between the wave and the 

w a l l near the c r e s t o f the wave as i t f o l d e d over. U n f o r t u n a t e l y h i s 

f i n a l e q u ation f o r impact pressure c o n t a i n s the t h i c k n e s s o f the 

a i r - p o c k e t ; he d i d not measure i t i n any o f h i s experiments, and he 

was t h e r e f o r e a t l i b e r t y t o make i t any s i z e t h a t he l i k e d - i t o n l y 

had t o be chosen so t h a t t heory and experiment agreed. 

Are these pressures and v e l o c i t i e s c o n s i s t e n t w i t h t h e theory 

developed by Taylor? The flov/ a n gle, e s t i m a t e d from the v e l o c i t y 

measurements w i t h Equation A,1.2, i s 17.7*^; the pressure c a l c u l a t e d 

w i t h Equation A,1.1b i s then 79 tonne/m^, remarkably close to the 

measured pressure o f 70 tonne/m^. I t i s t h e r e f o r e unnecessary t o 

invoke e i t h e r the compression o f the water o r the presence o f 

trapped a i r t o e x p l a i n these r e s u l t s . 

a R o u v i l l e , A. de, Besson, P., and P e t r y , P., Current S t a t e o f 

I n t e r n a t i o n a l S t u d i e s on Wave Impacts ( i n French), Annales Pont e t 
Chaussees, 108 , 1938• 
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