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Abstract 

In this work a comprehensive characterisation of the fatigue crack growth of an Al 2024 alloy is presented. A 
powerful Christopher-James-Patterson (CJP) model is used for multi-parameter characterisation of the crack state 
at a few different locations through the fatigue crack growth. The CJP model of crack tip displacements and stress 
fields was proposed in order to better capture the influences on the applied elastic stress field of the plastic enclave 
that is generated around a growing fatigue crack.  The model does this through a set of elastic stresses applied at 
a notional elastic-plastic boundary, and it has been shown to accurately model plastic zone shape and size, whilst 
its ability to predict the effective range of stress intensity factor during a fatigue cycle has been verified. Thus, the 
model can predict the driving force component of the crack and additional components that account for different 
shielding mechanisms. CJP model is combined with full-field non-contact Digital Image Correlation (DIC) so that 
the model can be fed at any moment with real experimental information. The results are then correlated with Paris 
law data for Al 2024 alloy through Scanning Electron Microscopy (SEM) observations of the fracture surface. In 
this work the effect of crack length and load level are thoroughly studied and validated with fatigue crack growth 
rate measurements. 
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1. Introduction 

In modern industry, fatigue failure is still the main cause of machine element failure. Some industries are 
particularly affected by this type of failure, such as the aeronautical industry. For this reason, and for both economic 
and safety reasons, it is necessary to develop more complex models that predict fatigue failure more accurately, with 
those based on the effect of the plastic zone on crack growth currently deserving special attention (Pablo Lopez-
Crespo and Pommier 2008). 

Crack growth analysis has been studied for several years. The Paris law (Paris, P., Erdogan 1963) was the support 
on which many studies have been based. However, the models must become more complex to incorporate the number 
of effects and parameters that the Paris law does not take into account, such as the effect of the thickness of the 
specimen (Bao and McEvily 1998), the stress ratio, which was attempted to be included by equations such as that of 
Forman (Forman, Kearney, and Engle 1967)  and Walker (Walker 1970). In addition, of course, to explain the effect 
of both tensile and compressive overloads, more advanced models are needed and the concept of the phenomenon of 
plasticity crack closure must be introduced (Elber W 1970). With these considerations, some of the effects that produce 
the acceleration or retardation of crack growth could be explained (Fellows and Nowell 2005)(P. Lopez-Crespo et al. 
2015). However, there is debate about the real effect on propagation (Sadananda et al. 1999) and also about the best 
way to measure the crack closure effect (Xia, Kujawski, and Ellyin 1996)(Stoychev and Kujawski 2003). 

In this context, new models emerge to try to approximate more accurately the fatigue crack growth and, therefore, 
the fatigue life of the material. One of these models will be studied in this work, the Christopher, James, Patterson 
model (CJP model) (Christopher et al. 2007). This model is based on William's equation, complemented with the 
influence of the plastic zone in the elastic-plastic boundary and developed from the method of Muskhelishvili's 
(Muskhelishvili NI 1977) complex potentials (James, Christopher, Lu, Tee, et al. 2011). With the application of this 
method, four parameters of interest for fatigue studies are obtained: the open mode stress intensity factor (Kf), the 
retardation stress intensity factor (Kr), the shear stress intensity factor (Ks) and the T-stress (Olmo et al. 2011)(James, 
Christopher, Lu, and Patterson 2011). Using this model, several studies have shown that it gives good results when 
the plasticity play an important role (Vasco-Olmo, Díaz, and Patterson 2016) and that it is able to capture the 
perturbations produced by the effect of local plastic deformations (James et al. 2013). Vasco-Olmo also demonstrated 
that the size and shape of the plastic zone can be approximated more accurately with this method than with other 
traditionally used methods (Vasco-Olmo et al. 2016). 

In order to check if crack growth is accurately predicted using this model, the theoretical data provided by the CJP 
model will be supported with experimental data obtained by SEM observation. For this study the fracture surface will 
be observed for fatigue marks, by measuring the distance between them the parameter da/dN could be obtained 
(Forsyth and Ryder 1960).  

2. CJP model 

The CJP model is used in the current work to characterise crack tip fields. It is a novel mathematical model 
developed by Christopher, James and Patterson (James et al. 2013). The authors postulated that the plastic enclave 
which exits around the tip of a fatigue crack and along its flanks will shield the crack from the full influence of the 
applied elastic stress field and that crack tip shielding includes the effect of crack flank contact forces (so-called crack 
closure) as well as a compatibility-induced interfacial shear stress at the elastic-plastic boundary. 

Crack tip displacement fields (James et al. 2013)  were characterised as: 
 

2𝐺𝐺(𝑢𝑢 + 𝑖𝑖𝑖𝑖) = 𝜅𝜅 [−2(𝐵𝐵 + 2𝐸𝐸)𝑧𝑧
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(1) 

 

Where G is the shear modulus, κ=(3–ν)/(1+ν) for plane stress or κ=3–4ν for plane strain, where ν is the Poisson’s 
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ratio of the material and A, B, C, D, E and F are the coefficients that define crack tip displacement fields in the 
model. 

The opening mode stress intensity factor KF is defined using the applied remote load traditionally characterised by 
KI but that is modified by force components derived from the stresses acting across the elastic-plastic boundary and 
which therefore influence the driving force for crack growth. 

 

𝐾𝐾𝐹𝐹 = lim
𝑟𝑟→0

[√2𝜋𝜋𝜋𝜋 (𝜎𝜎𝑦𝑦 + 2𝐸𝐸𝜋𝜋(−1
2) ln(𝜋𝜋))] = √𝜋𝜋

2 (𝐴𝐴 − 3𝐵𝐵 − 8𝐸𝐸)     (2) 
 
The retardation stress intensity factor KR characterises forces applied in the plane of the crack and which provide a 

retarding effect on fatigue crack growth. Thus, KR is evaluated from σx in the limit as x → -0, along y = 0, i.e. towards 
the crack tip along the crack flank: 

 
𝐾𝐾𝑅𝑅
= lim 

𝑟𝑟→0
[√2𝜋𝜋𝜋𝜋 𝜎𝜎𝑥𝑥]

= −(2𝜋𝜋)
3
2𝐸𝐸 

 (3) 

 
The shear stress intensity factor KS characterises compatibility-induced shear stress along the plane of the crack at 

the interface between the plastic enclave and the surrounding elastic field and is derived from the asymptotic limit of 
σxy as x → -0, along y = 0, i.e. towards the crack tip along the crack wake: 

 
𝐾𝐾𝑆𝑆 = lim 

𝑟𝑟→0
[√2𝜋𝜋𝜋𝜋 𝜎𝜎𝑥𝑥𝑦𝑦]

=  ±√𝜋𝜋
2 (𝐴𝐴 + 𝐵𝐵) 

 (4) 

 
A positive sign indicates y > 0, and a negative sign that y < 0. 
 
The T-stress, which is found as components Tx in the x-direction and Ty in the y-direction is given by: 
 

𝑇𝑇𝑥𝑥 = −𝐶𝐶 
𝑇𝑇𝑦𝑦 = −𝐹𝐹  (5) 

3. Material and methods 

3.1. Material 

The material used in this work is the aluminium alloy 2024. This alloy is usually formed by precipitation, with the 
combination of the S-phase (Al2CuMg), the Guinier Preston Bagaryatsky zones and other different precipitate groups 
playing an important role (Sha et al. 2011). Table 1 shows the mechanical properties of this alloy according to the 
ASM HandBook - Volume 02 (ASM Metals Handbook - Properties and selection nonferrous alloys and special 
purpose- Volume 2 1996): 

Table 1. Mechanical properties Al2024 alloy. 

Ultimate tensile 
strength (MPa) 

Tensile yield 
strength (MPa) 

Elongation in 
50mm (%) 

Hardness 
Brinell (HB) 

Ultimate 
shearing 

strength (MPa) 

Fatigue 
endurance limit 

(MPa) 

Modulus of 
elasticity 

(GPa) 

Modulus of 
Poisson 

485 345 18 120 285 140 73 0.33 

 
In order to study the grain size it is necessary reveal the microstructure of the material. Figure 1 shows the material 

after revealing the microstructure, for this, first, a polishing process divided into 4 stages was carried out, reducing the 
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size of the abrasive in each stage. The equipment use to make the grinding and the polishing was Struers-TegraPol11. 
After polishing, a Keller etching was performed with the compositions indicated in ASM Metals Handbook - Volume 
9 (ASM Metals Handbook -Metallography and Microstructures, Volume 9 2004). 

 
 

 
 
 
 
 
 
 
 
 
 
 

Figure 1. Microestructura a) Al 2024 x200. b) Al 2024 x1000. 
The intercept method was used to calculate the grain size of the material to both samples which is explained in 

ASTM-E112 (ASTM-E112: Standard Test Methods for Determining Average Grain Size 2010). In order to reduce the 
variance of the data, this process was applied in nine areas of each sample to calculate the mean value. After the 
application of this, the average grain size for AL20214-CT3 is 2.8µm and in the sample AL2024-CT5 is 3.05µm, this 
values are close enough to assume a similar fatigue behaviour. 

3.2. SEM procedure 

For the purpose of characterising the crack growth through SEM observations the next procedure was developed: 

• First step is correct colocation of the sample, in this case the specimen was positioned to match the X-axis of the 
microscope with the crack growth direction with the intention of obtained the crack length directly. 

• When a zone where there are fatigue marks are located, the next step is make a gradual approach to the interest 
area. The figure 2 show the fatigue marks clearly, it is important approach until the distance between the different 
marks could be measured accurately. 

• Then, the distance between fatigue marks must be measure, in this case the software used for this task was ImageJ. 
Due to the scattering of the measures, the largest number of measurements should be made in each zone. In order 
to estimate the da/dN parameter in this area the average of all the distances is calculated. 

• Finally to represent the curves da/dN-∆𝐾𝐾, the stress intensity factor range must be calculated with the standard 
ASTM-E1820. 

 
Thus, as the crack progresses, a logarithmic relationship between the parameter da/dN and ∆K can be observed, 

as was seen in Hertzberg's studies (Hertzberg and Euw 1973). Another interesting fact that can be obtained by 
observing the fatigue marks is that the depth of the marks is closely related to the intensity of the load (Fleck and 
Smith 1981). Some studies (Chernyatin et al. 2018) shows the good correlation between the curves obtained with the 
Nasgro (Moreno et al. 2015) and the data obtained by SEM observation. 

 
 
 
 
 
 
 

a) b) 
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Figure 2. a) Fracture surface AL2024-CT3 X1000. b) Fracture surface AL2024-CT3 X4000. c) Fracture surface AL2024-CT3 X10000. 

3.3. Testing details 

Two CT specimens (dimensions shown in Figure 3a) were manufactured from a 2 mm thick sheet of 2024-T3 
aluminium alloy and tested at constant amplitude loading at two different stress ratio values (R = 0 and 0.5). The 
loading cycle applied on the specimen tested at low stress ratio was between 5 N and 600 N, while that cycle applied 
on the specimen tested at high stress ratio was between 600 N and 1200 N.  

The surface used for the DIC study was sprayed with a random black speckle pattern over a white background, 
while the other surface of the specimen was ground and polished to allow tracking of the crack tip position. 

Fatigue tests were conducted on a MTS 370.10 servohydraulic machine (Figure 3b) with a loading capacity of 100 
kN at a loading frequency of 10 Hz. A CCD camera, fitted with a 75 mm lens was placed perpendicularly to each face 
of the specimen. For determining stress intensity factor, the multi-point over-deterministic method developed by 
Sanford and Dally (Sanford and Dally 1979) forms the basis of this process.  

 
Figure 3. CT specimen (a) and experimental set-up for fatigue testing and data acquisition (b). 

An annular mesh (Figure 4) was therefore defined with an inner radius large enough to avoid including plastic 
deformation at the crack tip and an outer radius that lies within the region dominated by the elastic stress singularity.  
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Figure 4. Horizontal displacement fields at a crack length of 34.10 mm and a load level of 600 N and data point collection. 

4. Results 

4.1. SEM results 

The main parameter calculate through SEM observation is da/dN, for the purpose of obtaining a significant 
characterization more than fourteen areas for each sample are observed. The evolution of the parameter da/dN in front 
of the crack length (a) is represent on the figure 5. 

 
 
 
 
 
 
 
 
 
 
 

 

Figure 5. Evolution of the parameter da/dN in front of a: a) AL2024-CT3, b)AL2024-CT5 
 
The comparison of both crack growth samples curves represent on the figure 6, in which SIF nominal values are 

considered, show the effect of the stress ratio due to the different test conditions. The SIF range is the same in both 
specimens, however, the stress ratio and the Kmax is higher on AL2024-CT5. This characteristics produce that AL2024-
CT5 curve has a displacement on the left, which represent a faster growth. For the purpose of calculating the effective 
SIF, the opening load must be measure. Vasco-Olmo (Olmo 2014) calculate this value and the evolution of this can 
be seen in the figure 7. 

Figure 6 present the nominal results when applied the equations for compact tension (CT) of the ASTM-E1820 
(ASTM-E1820: Standard Test Method for Measurement of Fracture Toughness 2001). With the objective of 
calculating the effective SIF range, the equation must change and use the opening load instead of the minimum load. 

 
 
 
 
 
 
 

 
 
 
 
 
 
 
Figure 6. AL2024-CT3 and AL2024-CT5 da/dN in front of  SIF  
nominal range  
 
 

 
 
 
 
 
 
 
Figure 7. Evolution of the opening load and closure load during the 
test 

 
4.2. CJP and SEM combined results 

In order to obtain a combined approach of the crack growth the experimental data obtained from SEM analysis and 
theoretical data obtained from the application of the CJP model must be considered. The approach was made for the 
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sample AL2024-CT3, this sample present crack closure effect, in this way there is a significant different between 
nominal SIF range and effective SIF range. The figure 8 show the crack growth rate in front of SIF range for three 
different approach, the CJP approach, SEM effective SIF range and SEM nominal SIF range. 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 8. CJP, SEM effective SIF range and SEM nominal SIF range characterisation of crack growth 
 
Moreover, figure 8 include a non-linear regression of the CJP curve on the zone where the crack growth rate have 

a constant increase. In this way was possible approximate the curve to the Paris law equation, which is shown on the 
equation 6. 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐶𝐶 ·  ∆𝐾𝐾𝑚𝑚                 (6) 

 
Through the non-linear regression the parameters C and m are obtained, the value of C is 4.3·10-10 and m is 2.529, 

the parameter of correlation R2 for this approach is 0.948. 

5. Conclusions 

For this sample of aluminium 2024 alloy, the following conclusions can be deduced: 

• The combined approach of the crack growth show that the data obtained from CJP are close to experimental data 
obtained from SEM in the case of the effective SIF range. 

• Further analysis of SEM data showed that the distance measure between marks for a<36mm provide reliable results. 
• Obtained results suggest that CJP model have potential to characterise fatigue behaviour even when crack closure 

effect is presented. 
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