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Abstract — In this paper an analytical prediction model is developed to determine the
percolation threshold and effective properties of carbon nanotubes reinforced two-phase
composite materials. The model considers the effect of not only volume fraction but also aspect
ratio and mixed pattern of fibres in the composites. It is shown that the effect of fibres on the
effective properties of the composites can be characterised in terms of three different zones,
namely non-percolated zone, partially percolated zone, and fully percolated zone. The
formulations for determining percolation threshold and effective properties of the composites
in the three different zones are derived. The model is validated by using available experimental
data to demonstrate its appropriateness and reliability.
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1. Introduction

A composite material is a combination of two or more materials with different physical and
chemical properties. The bulk properties of the composite material can be significantly
different from those of any of its individual constituents. By choosing an appropriate
combination of constitutive materials, manufacturers can produce properties that closely fit the
requirements for a particular structure with a particular purpose. Nowadays composite
materials have been used in many fields such as aerospace, architecture, automotive, energy,

infrastructure, marine, military, and sports and recreation.

It is well known that for a matrix-composite material its thermal, electrical and mechanical
properties, often named as effective properties, are dependent on the properties of the matrix
and fillers or inclusions forming the composite, the volume fraction and aspect ratio of the
fillers, and the way how the fillers are dispersed and distributed in the matrix [1,2]. It has been
widely reported that, the effective property of a composite, such as its electrical conductivity,
changes slightly when the volume fraction of fillers is very small, but sharply when the volume
fraction of fillers reaches to a certain narrow range [3]. This phenomenon is characterised as
the percolation [4], which describes the connectivity of fillers within the matrix and its effect
on the macroscale properties of the composite. In literature various percolation models have
been developed to describe the effective properties of fibre-reinforced composite materials in
which a sharp insulator—conductor transition is typically observed with increasing filler fraction
[5]. For instance, Wu et al. [6] carried out an experimental investigation on the conductivity of
asphalt concrete containing conductive fillers. Ma and Gao [7] developed a 3-D Monte Carlo
model for predicting electrical conductivity of polymer matrix composites filled with

conductive curved fibres. It was found that the curliness largely influenced the percolation
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threshold, and the more curved the fibre, the higher the threshold. Savchenko and lonov [8]
used experimental methods to investigate the electrical and thermal properties of binary
systems consisting of stearine, expanded and fine-crystalline graphite. It was demonstrated that
the percolation threshold depended on the aspect ratio of the electro-conducting filler.
Dubnikova et al. [9] examined the effects of multi-walled carbon nanotubes (CNTSs)
dimensions and surface modification on the morphology, mechanical reinforcement, and
electrical properties of polypropylene-based composites prepared by melt mixing. It was
demonstrated that the nanocomposites based on long large diameter CNTs had the lowest
percolation threshold. Martone et al. [10] examined the effect of dispersed multi-walled CNTs
on the bending modulus of their reinforced epoxy systems. It was shown that reinforcement
efficiency was characterised by two limiting behaviours whose transition region coincides with
the development of a percolative network of CNTs. Lonjon et al. [11] provided a comparative
study on the percolation threshold of two polymer composites; one was reinforced with
nanowires and the other was with spherical nanoparticles. Feng and Jiang [12] presented a
mixed micromechanics model to predict the overall electrical conductivity of CNTs-reinforced
polymer composites. It was shown that the size of CNTs had a significant effect on the
percolation threshold of nanocomposites. Wang et al. [13] examined the effect of aspect ratio
on the electrical conductivity and crystallization Kinetics of semi-crystalline polystyrene
composites filled with graphene nano-sheets. Kim et al. [14] presented an analytical
homogenization approach for composites containing multiple heterogeneities with conductive
coated layers to predict the percolation threshold of polymer composites containing randomly
oriented ellipsoidal inclusions. Yang et al. [15] proposed a micromechanics-based model to
investigate the effect of CNTs agglomeration on the electrical conductivity and percolation
threshold of nanocomposites. Wu et al. [16] investigated the thermal and electrical properties

of polypropylene composites with dense small-sized multi-walled CNTs network located
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within loosened large-sized expanded graphite network. It was suggested that the formation of
double percolated filler network could effectively reduce the interface thermal resistance.
Taherian [17] presented an analytical formula to predict the electrical conductivity of
composites reinforced by conductive fillers. The work employed a sigmoidal equation to
describe the relationship between electrical conductivity and filler volume fraction. The results
showed that the aspect ratio and size of fillers were the most important factors affecting
percolation threshold. Nilsson et al. [18] developed three different simulation models based on
finite element, percolation threshold and electrical networks, respectively for predicting
electrical conductivity and percolation threshold of field-grading polymer composites. Chiu et
al. [19] investigated the rheological and electrical properties of syndiotactic polystyrene
composites filled with graphene nano-sheets and CNTs to reveal the effect of filler
concentration, in which percolation scaling laws were applied to the magnitudes of storage
modulus and electrical conductivity to determine the threshold concentration and
corresponding exponent function. Lu et al. [20] proposed a numerical modelling framework to
evaluate the effective electric conductivity in polymer composites reinforced with graphene
sheets, taking into account the electrical tunnelling effect. Fang et al. [21] presented an
analytical study on the electrical conductivity of composites whose constitutive materials have
distinct electrical properties. Formulations were derived for determining percolation threshold
and electrical conductivity of composites with considering aspect ratio effect. Zare and Rhee
[22] examined the effects of filler network and interfacial shear strength on the mechanical
properties of CNTs-reinforced nanocomposites. Xu et al [23] proposed a theoretical framework
for predicting excluded volume and percolation threshold of soft interphase and effective
conductivity of carbon fibrous composites. Recently, Tang et al. [24] presented an analytical
model to predict the percolation threshold and electrical conductivity of CNTs-reinforced

composites by taking into account the effects of CNTs waviness and dispersion. It was
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indicated that high electrical conductivity could be achieved for composites with CNTs of high
conductivity, large aspect ratio, perfect dispersion state and low degree of waviness. Chang et
al. [25] developed a simulation model to examine the effect of deformation on the percolation
threshold and electrical conductivity of composites with fillers, in which the percolating filler
networks were modelled as an equivalent electrical circuit consisting of tunnelling and intrinsic
resistances. Xu et al. [26] performed a numerical simulation to estimate the percolation
threshold of 3-D porous media interacted by anisotropic-shaped pores and cracks and their
effects on the thermal conductivity and elastic modulus of the media. Chang et al. [27]
developed a numerical model on the structural evolution of conductive polymer composites
subjected to mechanical loading action. The model was used to examine the effect of
deformation on the percolation threshold and effective electrical conductivity of composites
with fillers. Fang et al. [28] presented an analytical model which can be used to examine the
effect of mechanical strains on the percolation threshold and effective electrical conductivity

of CNTs-reinforced two-phase composites.

CNTs have excellent thermal, electrical, and mechanical properties. The use of CNTs as
inclusions in polymer matrix can improve the thermal, electrical, and mechanical properties of
the polymer-based composites and produce functionally graded smart materials and/or smart
sensors. To achieve the purpose of the improvement and function required, however, it is
necessary to know the percolation threshold of CNTs for a given CNTs-reinforced polymer
composite. The literature survey described above shows that there have been numerous
experimental and numerical investigations but limited prediction models available on the
percolation threshold to elucidate how the effective properties vary with CNTs volume fraction.
In this paper, an analytical model is developed to predict the percolation threshold and effective

properties of fibre reinforced two-phase composite materials. The model considers the effect of
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volume fraction, aspect ratio, and mixed pattern of fibres in the composites. Compared to
existing analytical models published in literature, the present model has the following new
features. Firstly, the percolation threshold is derived based on randomly dispersed fibres which
are characterised by three identical ellipsoids perpendicularly placed along with three axes in
Cartesian coordinate system. Secondly, the effective properties are calculated based on three
different zones, namely non-percolated zone, partially percolated zone, and fully percolated
zone. These three zones are characterised mathematically based on the aspect ratio and volume
fraction of inclusions in the composite. Thirdly, the prediction formulas derived can be applied
to all of the three zones. Fourthly, to demonstrate the present model, comparisons between the
present model and existing experimental data are also provided for composites with different

constitutive materials for various different volume fractions of inclusions in different zones.

2. Effective properties of two-phase composite materials

In a two-phase matrix composite material, the matrix and fillers can be treated as the
homogeneous medium and inclusions in the composite, respectively. The effective properties
of the two-phase composite such as the thermal conductivity, electrical conductivity, diffusion
coefficient, and elastic modulus, can be estimated using the Maxwell model [29] if the

inclusions are small spheres and perfectly enclosed by the matrix,

(1+2 2)+2 1( 1— 2)
2 (1+2 2= 1( 1- 2) ()

where Pe is the effective property of the composite, V1 is the volume fraction of the inclusions,
P1 and P> are the properties of the inclusions and matrix material, respectively. Conversely, if
we assume the matrix material is made by small spheres that are perfectly enclosed by the

inclusions, then a different version of Eq.(1) can be obtained as follows,

(2+2 1)+2(1— 1)( 2— 1) )
L(o+2 D-- D(2- 1)
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where Pey is also the effective property of the composite. For the case of P1>P. Eqs.(1) and (2)
give the lower- and upper-bounds of the effective property of the two-phase composite. Fig.1
graphically plots the variation of Per and Pey with V1. The percolation threshold of the Maxwell
model is Vp=1 when Eq.(1) is used and Vp=0 when Eq.(2) is used. Egs.(1) and (2) represent the
two extreme cases of mixes in the two-phase composite. In reality, however, neither the medium
nor inclusions would be perfectly covered by the medium or inclusions. In general, Eq.(1) is
more suitable for the composite with small volume fraction of inclusions; whereas Eq.(2) is
more apposite for the composite with large volume fraction of inclusions. Therefore, with the
increase in volume fraction of inclusions, the effective property of the composite will have a
“jump” from the lower-bound curve to the upper-bound curve. The volume fraction
corresponding to the “jumping” point is characterised as the percolation threshold of the
composite. By assuming the medium and inclusions are perfectly symmetric in the geometry of
the composite, Bruggeman [30] and Landauer [31] proposed independently an effective

medium approximation for calculating the effective property of the two-phase composite,

1 T T T T
- == Maxwell model - P
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Fig.1 Effective property in Maxwell and Bruggeman-Landauer models (P1=50P>).

( -1 ( —-2) . —
@ +o G +2)(1 1)=0 (3)

where Pes is the effective property of the two-phase composite. The variation of Pes with V1
described by Eq.(3) is also plotted in Fig.1. It can be seen from the figure that Pes almost
coincides with Pe for small volume fraction of inclusions and to Pey for large volume fraction
of inclusions. In the middle region of 0.2<V1<0.8 Pes drives away from the lower-bound curve
and gradually approaches to the upper-bound curve. For the case of P1>>P,, Eq.(3) can be
simplified as,

5 1=<1/3
_{2"'(312_1)(1_ 2) 1>1/3 4)

This indicates that the percolation threshold of the effective medium approximation is about
1/3, as shown by the black dot line in Fig.1. Eq.(3) illustrates how the volume fraction of

inclusions influences Pes, leading it to vary from lower-bound curve to upper-bound curve.

Here, however, it should be noted that Eq.(3) was developed for spherical inclusions in which
the aspect ratio of inclusions is one. For many fibre-reinforced composites the aspect ratio of
inclusions is much greater than one [3,21] and the corresponding percolation threshold would
be very low. To take account for the effects of aspect ratio and percolation threshold of
inclusions on the effective properties of fibre-reinforced composites, we have to know the
relationship between the percolation threshold and aspect ratio of inclusions and find out where
the effective property leaves from the lower-bound curve and how quickly it reaches to the

upper-bound curve.

3. Percolation threshold of fibre-reinforced two-phase composite materials
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For a given two-phase composite material, if the aspect ratio and mixed pattern of inclusions
in the composite are known then the percolation threshold and corresponding effective
properties of the composite can be calculated analytically or numerically. For example, Pan et
al. [2] presented an analytical expression of percolation threshold for transversely orthotropic
composites containing randomly oriented ellipsoidal inclusions. Fang et al. [21] proposed an
analytical expression of percolation threshold for isotropic composites containing prismatic
inclusions equally distributed in three axial directions. Both models showed that the percolation
threshold decreases with increased aspect ratio of inclusions. However, the downside of these
models is that when the aspect ratio tends to one the percolation threshold also attends to one.
To improve the model proposed by Fang et al. [21], here we consider a unit cube as the
representative volume element (RVE) of the fibre reinforced two-phase composite material.
The volume of fibres in the RVE is represented by three identical ellipsoids perpendicularly

placed along with three axes as shown in Fig.2a, which can be expressed as follows,

4 3 3-4v2  J(a+ )31
Q () =mm Gt ) (5)

where i is the volume of fibres in the RVE, is the aspect ratio of fibres, and a is the longer
semi-axis of the ellipsoids. The detail of the derivation of Eq.(5) is given in the Appendix. At
the state that the fibres reach to percolation, the inner ellipsoids should be inscribed in the outer
cube as shown in Fig.2b. Mathematically this condition is expressed by 2a=1. Thus, the
threshold volume fraction of fibres, or the percolation threshold of the fibre-reinforced two-
phase composite material, can be expressed as follows,

_ 3-4v2 , V(1+ )31
V ( ) - va( 3 + 2 ) (6)

Note that if =1 Eq.(6) gives Vp= /6, indicating that the percolation threshold for the spherical

inclusions in the present model is slightly greater than 0.5. The effective property of the
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composite depends not only on the volume fraction of fibres but also on the mixed pattern of
fibres in the composite. The volume fraction may also affect the mixed pattern. Three different
mixed patterns are assumed in the present approach in terms of the volume fraction of fibres.
Case one is when the volume fraction of fibres is less than its percolation threshold V. In this
case the mixed pattern is assumed as a three-layer sphere as shown in Fig.2c, in which the core
part represents the matrix enclosed by the outer sphere inscribing the ellipsoids with partial
volume fraction Vm1, the middle layer represents the fibres with volume fraction Vin1, and the
outer layer represents the rest matrix with partial volume fraction Vm2. These three volume

fractions are defined as follows,

(a) (b)

(c) (d)
Fig.2. (a) Three ellipsoids placed along with three axes. (b) Definitions of volumes of fibres

and matrix in composite. Mixed patterns (c) before and (d) after percolation.

Case 1: Vin< Vp

10
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V 1=V :\/(1+ 2)3( 3 > (7)
3

vlz“3 —V (8)

V2::|_—4_3 (9)

3

where Vin is the volume fraction of fibres in the composite. For given Vi and , a can be
calculated from Eq.(7). For the two-layer sphere with core part (matrix) plus the middle layer
(fibres) we can use Eq.(2) by letting P1=Pin, P2=Pm, V1=Vint/(Vin1+Vm1) t0 obtain its effective

property,

( ( - )
0 _ 1t 1
(2 y— (- ) (10)

where Pin and Py is the property of the fibres and matrix, respectively. For the three-layer
sphere we can use Eq.(1) by letting P1=Pe©®, P2=Pm, V1=(Vin1+Vm1)/(Vin+Vmi+Vmy) to obtain
its effective property,

© L2094+ 1) ©_
o LT e 5 ) (11)
((0)+2 ) it 1 ((O)_ )

where P represents the effective property of the three-layer sphere with the mixed pattern as

shown in Fig.2c, respectively.

Case two is when the volume fraction of fibres is greater than its percolation threshold V. In
this case the mixed pattern is assumed as a four-layer sphere as shown in Fig.2d, in which the
core part represents the matrix enclosed by the outer sphere of unit diameter inscribing the
ellipsoids (see Fig.2b) with partial volume fraction Vmi= /6-Vy, the inner middle layer
represents the part of the fibres with percolation volume fraction V, (see Fig.2b), the outer

middle layer represents the rest matrix with partial volume fraction Vmz, and the outer layer

11
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represents the rest fibres with partial volume fraction Vin2. These four volume fractions are

defined as follows,

Case 2: Vp<Vin<1- /6+V,

V=V (12)
V,=V =V (13)
Vi=2-V (14)
V,=1-V -V (15)

The effective property of the four-layer sphere can be calculated as follows,

@ o204+ 1+ 2) @_
2 _ (72 1t o+ 1+t > ) 16
- ( (1)+2 ) 1+ 1+ 2 , O_ ) ( )
1+ o+ 14+ 2

where P is defined by Eq.(11). The concept of using a recursive formula for Egs.(10), (11)
and (16) is illustrated in [21,32] and thus is not discussed further here. Finally, case three is
when the volume fraction of fibres is greater than (1- /6+Vy), in which case the matrix Vm in
the outer middle layer of the four-layer sphere disappears and thus the effective property of the

composite reaches to its upper-bound, that is,

Case 3: 1- /6+Vp<Vin

© = (17)

Physically, P.®) represents the effective property of the sphere where the matrix is completely
enclosed by the fibres. Egs.(11), (16) and (17) represent the non-percolated, partially
percolated, and fully percolated composite, respectively. The effective property calculated
using these equations reflect the effects of volume fraction, aspect ratio, and pattern of

12
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distribution and dispersion of fibres in the composite. The effective property of the composite
is calculated differently in different zones. The definition of the three zones is governed by the
percolation threshold. Fig.3 shows a comparison of the percolation threshold obtained from
various different models including analytical [2,21] and numerical [26,33,34,35] models. It can
be seen from the figure that the percolation thresholds given from different models are almost
identical when the aspect ratio is greater than 10. In the region of 4> >8, Fang’s model is
slightly closer to those predicted by numerical models; whereas the present model performs
reasonable well for all range of the aspect ratio. Fig.4 plots the variation of the effective property
with the volume fraction of fibres for different aspect ratios. The figure demonstrates that, the
effective property increases slowly in the non-percolated zone; then quickly in the partially
percolated zone, and finally it merges to the upper-bound curve in the fully percolated zone.
The aspect ratio of fibres has a significant effect on the positions where the effective property
starts to jump and where it lands to the upper-bound curve. However, the aspect ratio has no

influence on the effective property after it reaches to the upper-bound.
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Fig.4 Variation of effective property with volume fraction of inclusions

for different aspect ratios (P1=100P5).

4. Validation of model with experimental results

To validate the present model, experimental data published in literature are used for three
different composite materials. The first one is the multi-walled CNTs-reinforced cement paste
for which the experimental data of effective electrical conductivity were reported in [36]. From
the simulation it is found that the percolation threshold of the CNTs-reinforced cement is about
Vp=4.83%. Thus the experimental data obtained for Vin<1.01% are all in the non-percolated
zone. In the calculation, the value of Pn, (electrical conductivity of cement paste) is obtained
directly from the test, whereas the value of Pi, (electrical conductivity of CNTSs) is reduced after

taking into account the tunnelling effect of CNTs. Fig.5 shows the comparison between the

14
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model prediction and test data. It can be seen from the figure that the effective electrical
conductivities predicted in the model and measured in the experiment are reasonably close and

have very similar variation attendance.

The second one is the moisture-enhanced cement paste for which the experimental data of
effective electrical conductivity were reported in [36]. The percolation threshold of the
moisture-enhanced cement is assumed to be V,=0.5, which means that the pores in the cement
are very close to spherical shape. The experimental data obtained from the test for Vin<0.4 thus
are all in non-percolated zone. In the calculation, both the values of Pm (electrical conductivity
of cement paste) and Pin (electrical conductivity of moisture) are obtained directly from the test.
Fig.6 shows the comparison between the model prediction and test data. It can be seen from the
figure that there is very good agreement between the predicted and measured effective electrical

conductivities.

The third one is the A4 multi-walled CNTs-reinforced epoxy composite. The experimental data
of effective electrical conductivity were reported in [37]. The percolation threshold of the
CNTs-reinforced epoxy composite is found to be about V,=0.12%, which is much lower than
that of the CNTs-reinforced cement paste. The experimental data obtained from the tests for
Vin<3.0% thus covers all of three zones. In the calculation, the value of P (electrical
conductivity of epoxy) is obtained directly from the test, whereas the value of Pi, (electrical
conductivity of CNTSs) is reduced after taking into account the tunnelling effect of CNTs. Fig.7
shows the comparison between the model prediction and test data. Excellent agreement between

the prediction and test data is demonstrated.

15



%107

145 T T T T T T
O Experimental data
1.4r Present model .
= . j
= 135
>
s 137 I
g
© 125 a
[
o
(&)
o 1.2 a
9O
E 1.15 F .
(0]
2 1af —
5
= 1.05 1 .
1 - -
095 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2
338 Volume fraction of inclusions, %
339 Fig.5 Comparison of effective electrical conductivity of CNT-reinforced fresh mortar
340 between prediction and experiment (Vp=4.83%, Pm=1.0x10° S/m, Pin=5.0 S/m).
. x10°
O Experimental data
Present model (o)
E 3 ]
(7]
>
=
5 251 .
>
©
C
o
(&)
T 27 7
9O
3
R
(0]
O15F .
=
5
=
LLl 1E J
05 1 1 1 1 1 1 1 1 Il
0 005 01 015 02 025 03 035 04
341 Volume fraction of inclusions
342 Fig.6 Comparison of effective electrical conductivity of moisture-enhanced cement
343 between prediction and experiment (Vp=0.5, Pn=1.0x10"° S/m, Pi=1.0x103 S/m).

16



344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

Effective electrical conductivity, S/m

10—10 _ ) i

12 i Present model
10 2 ; 3
F/ Experimental data

0 0.5 1 1.5 2 2.5 3 3.5
Volume fraction of inclusions, %
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between prediction and experiment (Vy=0.12%, Pm=1.5x10"* S/m, Pin=5.0 S/m).

5. Conclusions

This paper has presented an analytical model for determining percolation threshold and
calculating the effective properties of fibre reinforced two-phase composite materials. The
model has been validated by using experimental data published in literature. From the results
obtained we have the following conclusions.
The percolation threshold of a two-phase composite can be determined by using a unit
length RVE cube inscribed by three equal ellipsoids placed perpendicularly along three
axes. The volume fraction of the ellipsoids inside the RVE represents the percolation
threshold of the composite.
According to the percolation threshold, the effect of the volume fraction of inclusions

on the effective properties of the composite can be characterised in terms of non-
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percolated zone, partially percolated zone, and fully percolated zone, respectively.
These three zones have different mixed patterns and thus the ways used to calculate the
effective properties are also different.

In the non-percolated zone, the inclusions infold a small part of matrix but themselves
are completely implanted in the matrix. The change of volume fraction of inclusions in
this zone leads to a limited change of effective properties of the composite due to the
fact that the inclusions are isolated by the matrix.

In the partially percolated zone, part of inclusions become connective although some of
inclusions are still implanted in the matrix. With the increase of volume fraction of
inclusions, more inclusions become connective, leading to a big change in the effective
properties of the composite.

In the fully percolated zone, all inclusions become connective and the matrix is
completely enclosed by the connected inclusions. Thus the effective properties in this
zone can be calculated by using the upper-bound formula of the two-phase composite.
After it reaches to the upper-bound, the aspect ratio no longer has influence on the

effective property of the composite.
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Appendix: Calculation of volume of three overlapped ellipsoids

The total volume of three overlapped identical ellipsoids shown in Fig.2a can be split into three
parts. One is the volume of the inner sphere with radius R, as shown in Fig.Al. One is the
negative volume of six crowns of the sphere as shown in pink colour in Fig.Al. One is the

volume of six partial ellipsoids as shown in sky-blue colour in Fig.Al.

Assume the three semi-axes of the ellipsoid are (a, b, b). Thus, the coordinates (Xp, Yp) and the

radius R of the inner sphere shown in Fig.Al can be expressed as follows,

= Tz e (AL)
> 2
=V 2+ === (A2)

where =a/b is the aspect ratio of the ellipsoid. The volume of the inner sphere with radius Ry

is calculated as follows,

1=

3 4_33 2" (A3)

4
3 1+ 2
The negative volume of six crowns of the inner sphere is calculated as follows,

_ 2 - _ (8v2-10) 3
2=—6(C - )(C - 3 ) =-— (1+ 2)372 (A4)

The volume of six partial ellipsoids is calculated as follows,

2 3 3 5, _2 B 3 1
3=6J 2 = 2 (2__+_3):—2(2_\/1T2+(1+ 2)3/2) (A5)

Hence, the volume of the three overlapped ellipsoids is expressed as,

24



4 % 3-4v2  V(r B-1

528 Q(x):1+2+3:\/m(3 2

(A6)

529  As expected, Eq.(A6) gives in=4 a%3if =1. Also, it is indicated that if —soo then n—0.
530  The former represents the spherical inclusions; whereas the latter stands for the line inclusions

531  of infinite small cross-section.

532
y
Partial ellipsoid
(Xp: Yp)
Ry \
il 2%
Crown
Inner sphere
533
534 Fig.Al Plan view of object of overlapped ellipsoids with semi-axes of (a, b, b).
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