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1 Introduction

The double copy is a non-trivial set of relationships between the perturbative scattering

amplitudes of gauge theory and gravity, whereby the amplitudes of a gravitational the-

ory can be expressed as the ‘square’ of amplitudes at the same perturbative order and

particle number in a gauge theory [1–4]. When this can be made precise, double copy is

an extremely powerful statement, since perturbative gravity is based on a non-polynomial

Lagrangian with an infinite number of interaction vertices (e.g., the Einstein-Hilbert La-

grangian) whereas the standard perturbation theory of gauge theories is much less compli-

cated. For scattering amplitudes on a trivial background, double copy has been formulated

(see [5] for a comprehensive review with references) at tree-level and beyond for a wide

array of gravitational theories (the most recent addition to this catalog being massive

gravity [6, 7]).

A perturbative version of double copy has also been found relating the asymptotic

radiation resulting from classical dynamics of colour and gravitational sources moving in
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an initially flat background [8–17]. In unison with the ‘standard’ double copy for scattering

amplitudes in quantum field theory, these tools are now having a real impact on the study

of gravitational wave physics. For instance, classical information at high post-Minkowski

order can be systematically extracted from the relativistic amplitudes [18], thereby enabling

new precision results for the conservative two-body Hamiltonian [19, 20].

Despite these many advances, work to-date has mostly focused on perturbation theory

on trivial backgrounds, but if double copy is a general property of gauge theory and gravity,

then it should hold on an arbitrary background. While there is still a limited understanding

of how double copy applies to observables in general backgrounds, concrete progress has

been made for specific backgrounds. It has been shown by studying three- and four-point

amplitudes on plane wave backgrounds that a generalization of double copy and colour-

kinematics duality does persist in the presence of background curvature1 [25, 26].

Both colour/electromagnetic plane waves and gravitational plane waves are highly

symmetric solutions of the corresponding vacuum equations. This allows for the exact

treatment of arbitrarily strong backgrounds, ensures the existence of a well-defined S-

matrix, and has recently enabled calculations approaching the generality achieved in trivial

backgrounds. For instance, the singularity structure of amplitudes in QED on an elec-

tromagnetic plane wave background is tightly constrained by gauge invariance [27], and

all-multiplicity formulae for tree-level MHV scattering of gluons and gravitons in chiral

plane waves can be found [28].

In this paper, we consider leading-order back-reaction effects on gauge and gravita-

tional plane wave backgrounds, and the double copy between them. The back-reaction

is sourced by a colour-charged or massive scalar particle traversing the background. We

compute this back-reaction both classically — using background-coupled worldline theo-

ries — and at tree-level in quantum field theory — using three-point ‘non-linear Compton’

scattering amplitudes. The classical limit of the non-linear Compton amplitudes is shown

to produce the same formulae as the classical worldline calculation. We then use the pre-

scription of [25] to show that the back-reaction corresponding to gluon emission double

copies to the back-reaction corresponding to graviton emission. Finally, these results are

translated into a background-dressed version of the spinor helicity formalism for massless

and massive particles in four-dimensions.

This paper is organised as follows. In section 2 we introduce and summarize the main

properties of plane wave backgrounds. In section 3 we consider classical colour charge

dynamics in a Yang-Mills plane wave background, constructing the gluon radiation field

to leading order in the coupling, but exactly in the strong background. Analogously,

section 4 deals with the leading order classical back-reaction on a gravitational plane wave

due to radiation from a massive scalar particle. In section 5 we turn to the quantum

theory, constructing the tree-level three-point non-linear Compton amplitudes for gluon

and graviton emission from massive scalars crossing Yang-Mills and gravitational plane

waves, respectively. The classical limit of these non-linear Compton amplitudes are shown

to give the same formulae as obtained in section 3 for classical back-reaction in gauge

theory and gravity.

1Other studies of double copy in non-trivial backgrounds can be found in [21–24].
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Section 6 demonstrates that the non-linear Compton amplitudes obey the double copy

prescription of [25] for plane wave backgrounds, and observes similarities with the pertur-

bative double copy of [9, 10] in the classical limit. In section 7, we consider the restriction

of the non-linear Compton amplitudes to four space-time dimensions, where the spinor

helicity formalism can be employed.2 We introduce a background-dressed version of this

formalism which describes on-shell kinematics for both massless and massive particles (in

gauge and gravitational backgrounds), and translate our results for non-linear Compton

scattering and the double copy into this formalism. Section 8 concludes with a discussion

of future directions.

2 Plane wave backgrounds

Our aim is to study emission and back-reaction at lowest order, as massive particles cross

a strong radiation background field in gauge theory and general relativity. These strong

backgrounds will be treated exactly as plane waves, which are highly-symmetric solutions

of the vacuum equations of motion [29–34]. In d space-time dimensions, plane waves

possess 2d−3 symmetries, one of which is covariantly constant and null. The generators of

these symmetries form a Heisenberg algebra with centre n, the generator of the covariantly

constant null symmetry. In both gauge theory and gravity, plane waves are characterised

by functional degrees of freedom which correspond in form and number to the on-shell

degrees of freedom for a gluon or graviton; as such plane waves can be viewed as coherent

superpositions of the gauge bosons.

Gauge theory. In the gauge theory context, we work in lightfront coordinates on Min-

kowski space

ds2 = 2 dx+ dx− − dxa dxa = 2 dx+ dx− − dx⊥ dx⊥ , (2.1)

where the d− 2 transverse directions xa, a = 1, . . . , d − 2 are often abbreviated by x⊥. A

plane wave is described (up to gauge transformations) by a gauge potential

aµ = x⊥ ȧ⊥(x−)nµ , (2.2)

where nµ = δ−µ , a⊥ are d− 2 functions of the lightfront variable x−, valued in the Cartan

of the gauge group [25, 32], and ȧ⊥ = ∂−a⊥. The covariantly constant null symmetry

associated with this solution is generated by the vector dual to nµ:

n =
∂

∂x+
. (2.3)

It is easy to see that (2.2) solves the vacuum Yang-Mills equations for any Cartan-valued a⊥;

however, we also demand that ȧ⊥ is compactly supported in x−. This ‘sandwich’ condition

says that the plane wave has finite duration in lightfront time, and is physically motivated:

it ensures that, as a background field, the plane wave admits a well-defined S-matrix [25, 35].

2Subsection 7.1 can be read independently as an introduction to the spinor helicity formalism for general

use in plane wave backgrounds.
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Using the explicit form of the potential (2.2), the field strength of the background is

fµν = ȧµ(x−)nν − nµ ȧν(x−) , (2.4)

where aµ ≡ δ⊥µ a⊥ throughout.

Gravity. A plane wave in general relativity is described by a metric with a single non-

trivial component (in Brinkmann coordinates [36]):

ds2 = 2 dx+ dx− − dxa dxa −Hab(x
−)xaxb (dx−)2 . (2.5)

It is easy to see that the null vector n = ∂+ is a covariantly constant Killing vector of this

metric. The only condition required for this metric to solve the vacuum Einstein equations

is that the symmetric (d−2)×(d−2) matrix of functions Hab(x
−) is trace-free: Ha

a (x−) = 0.

We also impose the sandwich condition, which here means that Hab is compactly supported

in x−, to ensure a well-defined S-matrix in the plane wave space-time [37].

There are various geometric structures associated with the plane wave metric (2.5)

which play an important role. The geodesic deviation equation for transverse coordinates

in this space-time takes the form

ëa(x
−) = Hab(x

−) eb(x−) , ea := ∆xa . (2.6)

Taking a set of d−2 linearly-independent solutions to this geodesic equation defines a viel-

bein Eia(x
−) (and inverse Ei a), where the index i = 1, . . . , d− 2 runs over the independent

solutions. This vielbein obeys

Ëia = HabE
i b , Ėa[iEj] a = 0 , (2.7)

and defines a metric on the space of solutions to the geodesic deviation equation (2.6):

γij(x
−) := Ea(iEj) a . (2.8)

The vielbein encodes the geometric optics associated with the null geodesic congruence

generated by
∂

∂x−
+
xaxb

2

(
Hab − Ėia Ėi b

) ∂

∂x+
+ Ėai E

i
bx
b ∂

∂xa
, (2.9)

through the deformation tensor

σab(x
−) := ĖiaEi b . (2.10)

Decomposing σab into its trace and trace-free parts gives the expansion and shear of the

null geodesic congruence (2.9), respectively.

Note that the metric (2.5) is written in Kerr-Schild form, and as such is immediately

suitable for a description in terms of the classical double copy between algebraically special

solutions of gauge theory and gravity [38]. Sure enough, the ‘single copy’ of this metric is

precisely the gauge theoretic plane wave (2.2).

– 4 –
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3 Classical colour charge dynamics

We consider here a single colour-charged particle coupled to classical Yang-Mills fields.

As well as its position xµ ≡ xµ(τ), parameterised by proper time τ , the particle carries

colour degrees of freedom ca(τ) in the adjoint. The governing (coupled) equations are the

Yang-Mills equations for the gauge field Aa
µ, the Lorentz force law for the particle orbit

xµ(τ), and Wong’s equation [39] for the colour degrees of freedom, respectively:3

DµF a
µν = −g Ja

ν , where Ja
ν (x) =

∫
dτ ca(τ)ẋν(τ)δd(x− x(τ)) , (3.1)

mẍµ = −g ca F a
µν ẋ

ν , (3.2)

ċa = −g fabc ẋµAb
µ c

c , (3.3)

where g is the Yang-Mills coupling constant and fabc are the structure constants of the

gauge group. The physical situation of interest is that the charge interacts with a given

background field Aµin ≡ aµ, which is initially present and obeys the vacuum Yang-Mills

equations. We take this background field to be given by the sandwich plane wave from

section 2. The particle is accelerated by the background and emits (colour) radiation: in

other words there is back-reaction on aµ. Comparing with [9], the main difference in our

setup is the presence of the background, which is what allows us to generate non-trivial

radiation with only a single colour charge.

We allow the background to be arbitrarily strong, meaning gaµ is characterised by a

dimensionless coupling greater than one, and so cannot be treated in perturbation theory.

We therefore solve the equations of motion (3.1)–(3.3) perturbatively in g but exactly

in aµ. This amounts, of course, to working in background perturbation theory [40–43].

Practically, in order to keep track of all factors of aµ, we expand

Aµ →
1

g
aµ + g Aµ +O(g2) , x→ x+O(g) , ca → ca +O(g) , (3.4)

plug these into the equations of motion (3.1)–(3.3), and solve order-by-order in g. As

suggested by (3.4), to construct the emitted radiation field to leading order in g, only the

zeroth order orbit and colour charge are required. (At higher orders one can identify e.g.

radiation-reaction on the electron motion [44–48].)

3.1 Zeroth order: charge motion in the background

To zeroth order in g, there is no generated gluon field, so the background remains unchanged

and the equations to solve for the particle degrees of freedom are

mẍµ = −cafaµν ẋν , (3.5)

ċa = i ẋµ [aµ, c]a , (3.6)

where fµν is the field strength (2.4) of aµ; (3.5) and (3.6) are just the coupled Lorentz force

and Wong’s equation in the background.

3D represents the usual covariant derivative in this expression only; elsewhere it stands for the covariant

derivative with respect to a background gauge field.
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Now, we use the fact that the background aµ is given by a Cartan-valued sandwich

plane wave (2.2). Since such a background is Cartan-valued, only the Cartan-valued com-

ponents of the colour degrees of freedom enter (3.5). Let i be an index running over the

Cartan subalgebra (e.g., for gauge group SU(N), i = 1, . . . , N − 1), i.e. aµ ≡ aiµT
i for T the

group generators. Then from (3.6) it follows that ċi = 0. For the remaining components

of the colour degrees of freedom, note that [aµ, c]a = (eka
µ)ca, where ek is the root-valued

charge of Ta with respect to the Cartan-valued background (the meaning of the subscript

k will become clear below). Then it follows that ca(τ) can be expressed as an abelian

Wilson line:

ċa = i ek a
µ ẋµ c

a =⇒ ca(τ) = exp

i ek

τ∫
−∞

ds aµ(x(s)) ẋµ(s)

 cain , (3.7)

where cain := ca(−∞) are the colour degrees of freedom before the charge enters the sand-

wich plane wave background. Note that (3.7) trivially accounts for the constant Cartan

components, since the charge ek = 0 in the Cartan, and ci(τ) = ciin ≡ eip. Note that it is

eipf
i
µν which enters the Lorentz force law (3.5).

Now, the first integral of the Lorentz force (3.5) is found by observing that ẍ− = 0, so

that proper time may be traded for lightfront time x−(τ) = p−τ/m, in which pµ denotes

the on-shell (i.e. p2 = m2) free particle momentum before entering the background. In

terms of this physical time parameterisation, the solution of the Lorentz force law is given

by a time-ordered exponential which truncates at second order due to the nilpotency of

fµν ; this yields the ‘background-dressed’ kinematic momentum

Pµ(x−) = pµ − epaµ(x−) +
2p · epa(x−)− e2p a2(x−)

2 p+
nµ , (3.8)

where epa⊥ := eip a
i
⊥, with eip the (constant) Cartan components of the colour degrees

of freedom. Note that, as in (3.8), we often abuse notation and treat the root-valued

charges like U(1) charges since the contractions of colour indices are always obvious. The

time-dependent momentum Pµ(x−) obeys P 2 = m2, on-shell4 and by direct analogy with

classical electrodynamics we see that ep should be identified as the charge of the particle

with respect to the background. Integrating once more, the orbit itself (discarding the

irrelevant initial position of the charge) is

xµ(x−) =

x−∫
−∞

dy
Pµ(y)

p+
. (3.9)

4It is easy to see that −aµ, which appears in the orbit from direct exponentiation of the field strength,

is an alternative gauge potential for fµν . As such aµ is directly related to a gauge invariant quantity,

and in QED it is convenient to use it as the potential [49] — this is the analogue of working in Einstein-

Rosen coordinates for a gravitational plane wave. Our chosen gauge aµ instead corresponds to Brinkmann

coordinates which, unlike Einstein-Rosen, have the advantage of being global [50].

– 6 –



J
H
E
P
0
9
(
2
0
2
0
)
2
0
0

This in turn enables the colour degrees of freedom (3.7) to be expressed in terms of lightfront

time rather than proper time:

ca(x−) = exp

i ek x
µ(x−) aµ(x−)− i ek

x−∫
−∞

ds
a(s) · P (s)

p+

 cain , (3.10)

where the first term in the exponential arises from an integration by parts in (3.7).

3.2 First order: emission and back-reaction

The charge with orbit xµ and colour ca generates a current which, at order g, sources back-

reaction on the gluon field Aµ through the Yang-Mills equations (3.1). Using the explicit

form (3.8)–(3.9) of the particle orbit, the current is

Ja
µ(y) =

1

p+
Pµ(y−) ca(y−)δ⊥,+(y − x(y−)) . (3.11)

To order g (but exactly in the background) the Yang-Mills equations become

D2Aa
µ −DµD ·Aa + 2i ek fµν A

a ν = −Ja
µ , (3.12)

where Aa
µ is the emitted gluon field and Dµ is the background covariant derivative.

Given the form of the background, it is natural to construct the radiation field in

lightfront gauge: n · A = A+ = 0. This also allows for easy comparison with the quantum

calculation later. Since the only nonzero components of the background field strength are

f−⊥ = −f⊥−, lightfront gauge implies ∂+(D ·A) = J+. From this, one obtains a differential

equation for the transverse components A⊥ and an algebraic equation for A−:

D2A⊥ = −J⊥ + ∂⊥
J+
∂+

, and A− =
∂⊥A⊥
∂+

+
J+
∂2+

, (3.13)

where colour indices have been suppressed.

These may be written together covariantly as

Aµ = − 1

D2
J̃µ +

2 i

D2
ek fµν

1

D2
J̃ν , (3.14)

in which the gauge-dependent current J̃ is

J̃µ := Jµ −Dµ
n · J
n · ∂ = Jµ −Dµ

J+
∂+

. (3.15)

Now, we are interested in extracting the emitted radiation field at infinity, but (3.14) also

includes contributions to the (boosted) Coulomb fields of the colour charge. The radiation

field can be extracted by projecting, in the limit x− →∞, onto the basis of free, transverse

gluon states of momentum kµ and polarization εµ:

ϕµ(x) :=
1√

2k+ V
e−ik·x εµ(k) , (3.16)

where k · ε = 0 and the lightfront volume factor V can be set to unity. In lightfront gauge,

we have also that n · ε = 0. Taking the projection we see that

(ϕ,A)

(ϕ,ϕ)
= −2k+

∫
dd−2x⊥ dx+ ϕ̄µ(x)Aµ(x)

= 2k+

∫
dd−2x⊥ dx+ ϕ̄µ(x)

∫
ddy G(x, y) J̃µ(y) ,

(3.17)

– 7 –
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where G(x, y) is the Green’s function for D2. So only the first term in (3.14) contributes

to the radiation field at infinity.

Thus, we only need to solve for Aµ using the first term on the right-hand-side of (3.14).

The required inverse of D2 is [26]:

G(x, y) = ieiek x·a(x
−)

∫ dd−2k⊥ dk+
(2π)d−1 2k+

θ(k+)θ(x−−y−)e
−ik·(x−y)−i

x−∫
y−

2eka·k−e
2
ka

2

2k+

 e−iek y·a(y
−)

(3.18)

in which the theta-functions arise from imposing retarded boundary conditions. In

Aa
µ(x) = −

∫
ddy G(x, y) J̃a

µ(y) , (3.19)

an integration by parts moves the derivatives in J̃µ onto G(x, y); this means that under

the y− integral in (3.19) and the Fourier integral in (3.18), J̃µ can be represented by

J̃a
µ(y)→

(
ηµν −

Kµ(y−)nν
k+

)
Ja ν(y) , (3.20)

where Kµ is the classical kinematic momentum of the gluon, analogous to Pµ but for

momentum kµ and charge ek, so that K2 = 0. The dd−2y⊥ and dy+ integrals in (3.19) can

now be performed trivially against the delta functions appearing in the current (3.11); a

short calculation leaves:

− i cain eiek x·a(x
−)

∫
dd−2k⊥ dk+
(2π)d−1 2k+

θ(k+)

x−∫
−∞

dy−
(
ηµν −

Kµ(y−)nν
k+

)
P ν(y−)

p+

× exp

−i k · x− i

x−∫
−∞

ds
2ek k · a(s)− e2k a2(s)

2 k+
+ i

∫ y−

−∞
ds
P ·K(s)

p+

 , (3.21)

using the solutions (3.9) and (3.10). Now, to extract the classical radiation field at infinity

we use boundary conditions5 a⊥(+∞) = 0 to find:

Aa(k) := lim
x−→∞

−2k+

∫
dd−2x⊥ dx+ ϕ̄µ(x)

1

D2
J̃µ(x)

=
icain√
2 k+

εµ
+∞∫
−∞

dy−
(
ηµν −

Kµ(y−)nν
k+

)
P ν(y−)

p+
exp

i

y−∫
−∞

ds
P ·K(s)

p+

 , (3.22)

dropping an irrelevant overall phase.

5In general, a⊥(+∞) can be a non-vanishing constant; this corresponds to the gauge-theoretic memory

effect [49, 51, 52]. Accounting for this more general boundary condition is straightforward, but requires

additional gauge terms in (3.16) to account for the fact that the potential does not vanish asymptotically [53].

– 8 –
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We note that the tensor part of (3.22) can be rewritten as(
ηµν −

Kµ(y−)nν + nµKν(y−)

k+

)
P ν(y−) := Pµν P ν(y−) , (3.23)

since the additional (third) term in Pµν generates only a total derivative in (3.22). The

projector Pµν is ‘doubly’ transverse, to both Kµ and nµ. Thus, the classical back-reaction

gluon field at infinity can be written as:

Aa(k) =
icain√
2 k+

εµ
+∞∫
−∞

dy− Pµν
P ν

p+
(y−) exp

i

y−∫
−∞

ds
P ·K(s)

p+

 . (3.24)

Fundamental matter. Note that if the colour charge was valued in the fundamental

(rather than adjoint) of the gauge group, the relevant classical equation of motion for the

colour degrees of freedom is

θ̇ = i g ẋµAµ · θ , (3.25)

where θ(τ) is a fundamental vector. In this case, ca(τ) := θ† · Ta · θ enters just as in the

adjoint-valued case, and (3.3) still governs its evolution [54]. Hence the results for the

adjoint case transfer trivially to the case of fundamental matter.

4 Classical gravitational mass dynamics

In this section we construct, in analogy to the Yang-Mills calculation above, the leading

order emitted graviton radiation from a massive scalar particle crossing a gravitational

plane wave spacetime. A single massive particle coupled to classical gravity is described

by the worldline theory for a point particle6 coupled to the Einstein-Hilbert action. The

position of the particle as a function of proper time xµ(τ) is governed by the geodesic

equation

ẍµ = −Γµνρ ẋ
ν ẋρ , (4.1)

where Γµνρ are the Christoffel symbols of the Levi-Civita connection determined by the

Einstein equations:

Rµν −
1

2
Rgµν = κTµν , (4.2)

where κ is the gravitational coupling constant, Rµν is the Ricci tensor, R the Ricci

scalar and

Tµν(x) = m

∫
dτ ẋµ(τ) ẋν(τ) δd(x− x(τ)) , (4.3)

is the stress-energy tensor of the scalar point particle.

This massive particle interacts with a given background metric ginµν ≡ gµν , which is

initially present and obeys the vacuum Einstein equations. This background accelerates

the particle which emits gravitational radiation, producing back-reaction on gµν . We al-

low the gravitational background to be arbitrarily strong, so κ gµν is characterised by a

6Allowing for finite-size effects, the point particle theory is still an effective description in the low velocity

approximation up to sixth order in v/c [55].
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dimensionless coupling greater than one and cannot be treated perturbatively. Thus, we

solve (4.1), (4.2) perturbatively in κ but exactly in gµν , as in background perturbation

theory. Following the gauge theory computations in section 3, we expand

gµν →
1

κ
gµν + κhµν +O(κ2) , x→ x+O(κ) , (4.4)

with only the displayed terms required to construct the emitted radiation field to leading

order in κ.

4.1 Zeroth order: particle motion in the background

At zeroth order in κ, there is no generated graviton field and one is left to consider the

motion of the massive particle in the background metric, as governed by the geodesic

equation (4.1). On a general background, this equation admits a formal solution for the

particle’s kinematic momentum Pµ(τ) in terms of the particle momentum prior to entering

the background, pµ, and a gravitational Wilson line (e.g., [9, 56, 57]):

Pµ(τ) = Wµ
ν (τ) pν , Wµ

ν (τ) := P exp

[
−
∫ τ

−∞
dsΓµνρ ẋ

ρ(s)

]
, (4.5)

which depends implicitly on xµ(τ), with P denoting path-ordering. However, when gµν is

a sandwich plane wave (2.5), the simplicity of the metric ensures that the path-ordered

expansion of the gravitational Wilson line truncates at low order.

In particular, the only non-vanishing Christoffel symbols of the plane wave back-

ground are:

Γa−− = −Ha
b (x−)xb , Γ+

−− = −1

2
Ḣab(x

−)xaxb , Γ+
−a = −Hab(x

−)xb . (4.6)

From this, it immediately follows that ẍ− = 0, so that x− can be substituted for proper

time through x− = p−τ/m, and the remaining components of the kinematic momentum are

Pa(x
−) = piE

i
a(x
−) + p+σab(x

−)xb(x−) , (4.7)

P−(x−) =
m2

2 p+
+ γij(x−)

pi pj
2 p+

+
p+
2
σ̇bc(x

−)xb(x−)xc(x−) + pi Ė
i
b(x
−)xb(x−) , (4.8)

where Eia, γij and σab are defined by (2.7), (2.8) and (2.10), respectively. It is easy to see

that P 2 = gµνPµPν = m2 on-shell. Note that the kinematic momentum depends implicitly

on the solution xa(x−) for the particle trajectory in the transverse plane, determined by

the time-dependent harmonic oscillator equations

ẍa =
p2+
m2

Ha
b (x−)xb(x−) . (4.9)

Of course, the trajectory can still be formally expressed in terms of the kinematic momen-

tum as

xµ(x−) =

x−∫
−∞

dy
Pµ(y)

p+
. (4.10)
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4.2 First order: emission and back-reaction

The particle’s motion in the plane wave background generates a stress-energy tensor

Tµν(y) =
Pµ(y−)P ν(y−)

p+
δ+,⊥(y − x(y−)) , (4.11)

which in turn will source graviton emission through the Einstein equation (4.2). Following

the symmetries of the plane wave background, it is convenient to impose lightfront and

traceless gauge conditions on the graviton field: nµhµν = 0 = hµµ. With this choice, the

Einstein equation at first order in κ (but exactly in gµν) becomes:

∇2hµν − 2∇(µ∇ρhν)ρ + gµν ∇ρ∇σhρσ − 2nµnν h
abHab = −2Tµν , (4.12)

where ∇µ is the covariant derivative of the background and all indices are raised an lowered

with gµν .

Using the lightfront condition (h+µ = 0), it follows that

∇ρhµρ = 2
T+µ
∂+

+ nµ
∇ρ∇σhρσ

∂+
, (4.13)

which enables (4.12) to be rewritten as

hµν = − 2

∇2
T̃µν +

2

∇2
nµnν h

abHab , (4.14)

where the gauge-dependent stress-energy tensor is:

T̃µν := Tµν − 2
∇(µTν)+

∂+
+∇(µ∇ν)

T++

∂2+
. (4.15)

The second term on the right-hand-side of (4.14) arises from the Riemann curvature tensor

of the plane wave background, and can be expressed in terms of a further inverse of ∇2

acting on components of Tµν .

Recall that we are interested in the emitted graviton radiation field at infinity,

and (4.14) also encodes non-radiative contributions (e.g., the Schwarzschild fields asso-

ciated to the point mass). The radiative contribution is singled out by projecting onto the

basis of free, transverse graviton states of momentum kµ and polarization εµν :

ϕµν(x) :=
1√

2k+ V
e−ik·x εµν(k) , (4.16)

in the limit x− → ∞. Here, the lightfront volume V will be set to unity, and transverse

lightfront gauge sets kµεµν = 0 = nµεµν . Projection onto these asymptotic states gives

(ϕ, h)

(ϕ,ϕ)
= 2k+

∫
dd−2x⊥ dx+ ϕ̄µν(x)hµν(x)

= −4k+

∫
dd−2x⊥ dx+ ϕ̄µν(x)

∫
ddy G(x, y) T̃µν(y) ,

(4.17)
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where G(x, y) is the Green’s function for the Laplacian ∇2. Only the first term on the

right-hand-side of (4.14) contributes to the graviton radiation field at infinity.

So we can consider the Einstein equation (4.14) with only the first term on the right-

hand-side. The inverse of ∇2 is [37, 58]:

G(x, y) =
1√
|E(x)|

∫
dd−2k⊥ d2k+
(2π)d−1 2k+

θ(k+)θ(x− − y−)
1√
|E(y)|

exp

[
−i

kikj
2 k+

∫ x−

y−
ds γij(s)− i k+(x− y)+ − i ki(E

i
a(x)xa − Eia(y)ya)

− i
k+
2

(σab(x)xaxb − σab(y)yayb)

]
, (4.18)

and in the expression

hµν(x) = −2

∫
ddy G(x, y) T̃µν(y) , (4.19)

a series of integrations by parts enables us to move the derivatives in T̃µν onto G(x, y). So

inside the Fourier integral in (4.18)–(4.19), T̃µν can be replaced by:

T̃µν(y)→
(
gσ(µ gν)ρ −

2

k+
gσ(µKν)(y)nρ + nσnρ

K(µ(y)Kν)(y)

k2+

− i

k+
nσnρ σab(y) δa(µδ

b
ν)

)
T σρ(y) , (4.20)

where the kinematic graviton momentum Kµ obeys K2 = 0. The final term appearing in

the parentheses, proportional to σab, arises due to a cross term in the integration by parts

of the form ∇(µKν) = k+ σabδ
a
(µδ

b
ν). This tensor structure differs only by terms which are

total derivatives from

T̃µν(y) =

(
Pµλ Pνσ −

i

k+
nµ nν δ

a
λδ
b
σ σab

)
T σρ(y) =: Pµνσρ T σρ(y) , (4.21)

in which Pµν is itself the natural analogue of the projector (3.23):

Pµν = gµν −
Kµ nν + nµKν

k+
. (4.22)

We thus use (4.21) from here on.

Returning to (4.19), the integrals in dd−2y⊥ and dy+ can be performed against the

delta functions appearing in the stress-energy tensor (4.11) to give:

− 2√
|E(x)|

∫
dd−2k⊥ dk+
(2π)d−1 2k+

θ(k+)

x−∫
−∞

dy−√
|E(y)|

Pµνσρ
P σ P ρ

p+
(y−) e−iF(x,y

−) . (4.23)

The argument of the exponential can be written

F(x, y−) := k+
(
X −X(y−)

)+
+ ki

(
X −X(y−)

)i
+
ki kj
2 k+

∫ x−

y−
ds γij(s) , (4.24)
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pµ

p′µ

kµ

Figure 1. Tree-level non-linear Compton scattering on a plane wave background. Double lines

indicate that the particles are fully dressed by the plane wave: in vacuum, the corresponding

amplitudes would vanish by momentum conservation, but here they are nontrivial functions of the

scattering momenta and the background.

where the coordinates X+, Xi are defined through the diffeomorphism

X+ := x+ +
1

2
ĖiaEb i x

axb , X i := Eia x
a . (4.25)

Using (4.10) and the boundary conditions7

lim
x−→∞

Eia(x
−) = δia , lim

x−→∞
σab(x

−) = 0 , (4.26)

the classical radiation field at infinity is:

H(k) := lim
x−→∞

−4k+

∫
dd−2x⊥ dx+ ϕ̄µν(x)

1

∇2
T̃µν(x)

=
−2√
2 k+

εµν
+∞∫
−∞

dy− Pµνσρ
P σ P ρ

p+
(y−) exp

i

y−∫
−∞

ds
P ·K(s)

p+

 , (4.27)

where an irrelevant overall phase has been dropped.

5 Non-linear Compton scattering

In perturbative QFT, back-reaction on a (here plane wave) background corresponds —

at lowest order — to the 3-point tree-level scattering amplitude of two charged/massive

particles (one incoming, one outgoing) and one emitted gauge boson, see figure 1. Such

3-point amplitudes are referred to as non-linear Compton scattering amplitudes [61] for

reasons we will make clear below. Here we compute and analyse these amplitudes for gluon

and graviton emission in gauge theory and gravity, respectively, with massive scalar legs.

7While σab generically falls off as 1/x− as x− → ∞, the vielbein Eia can, in general, approach an

arbitrary constant matrix. This encodes the memory effect of the plane wave background [25, 59, 60], and

can be accounted for by modifying the basis (4.16) with additional gauge terms.
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5.1 Gluon emission amplitude

Perturbative quantum field theory of colour-charged fields around a gauge theory plane

wave background can be studied explicitly thanks to the high degree of symmetry in play.

‘Free’ fields are characterised by the same quantum numbers as on a trivial background.

For kµ an on-shell (massless or massive) momentum, define the scalar function [25, 30, 62]

φk = k · x− e a⊥(x−)x⊥ +

∫ x−

ds
2e a(s) · k − e2 a2(s)

2 k+
, (5.1)

in which e is the charge of the free field with respect to the Cartan-valued background.

This φk is nothing but the solution to the classical Hamilton-Jacobi equations. A massive

adjoint valued scalar Φa obeying
(
D2 +m2

)
Φ = 0, for Dµ = ∂µ − i e aµ the background

covariant derivative, may be represented as

Φa(x) = Ta e±iφk , (5.2)

where Ta is a generator of the gauge group, k2 = m2 is the momentum before entering the

plane wave background (i.e., as x− → −∞) and the sign in the exponential dictates whether

the scalar is incoming (−) or outgoing (+). This is analogous to the usual momentum

eigenstate representation; defining Kµ := eiφk iDµe
−iφk , we find

Kµ = kµ − eaµ + nµ
2e a(s) · k − e2 a2(s)

2 k+
, (5.3)

which recovers the kinematic momentum of a particle (with initial momentum kµ and

charge e) traversing the plane wave background, as we found in the classical theory. It is

on-shell, K2 = k2, by virtue of the fact that φk solves the Hamilton-Jacobi equations.

Similarly, a gluon perturbation Aa
µ in the plane wave background is given by

Aa
µ(x) = Ta Eµ(x−) e±iφk , (5.4)

where k2 = 0 and Eµ(x−) is a dressed polarization vector which in lightfront-Feynman

gauge (n · A = 0 = D · A) can be expressed in terms of the free, un-dressed polarization

vector εν(k) using the doubly-transverse projector Pµν from (3.23):

Eµ = Pµν εν . (5.5)

It is easy to see that n · E = 0 = K · E , so that this dressed polarization is transverse to the

dressed momentum. It is straightforward to generalize these constructions to free fields of

other spins, or valued in other representations of the gauge group.

We now turn to the tree-level amplitude for an incoming colour-charged massive scalar

to emit a gluon upon crossing a gauge theory plane wave background. This amplitude is

computed by the cubic part of the background field Lagrangian for a charged scalar coupled

to Yang-Mills theory in the plane wave background:

g

∫
ddx tr ([Aµ, Φ]DµΦ) , (5.6)
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evaluated using the wavefunctions (5.2) and (5.4). Let the incoming and outgoing scalars

have momenta pµ (obeying p2 = m2) and p′µ (obeying p′ 2 = m2) respectively, and the

emitted gluon have momentum kµ (obeying k2 = 0) and polarization εµ (obeying k · ε = 0).

Charge conservation implies that the root-valued adjoint charges for the three particles

obey ep = ep′ + ek, and on the support of this relation the position space integrals in x+

and x⊥ can be performed straightforwardly to give:

i g fabc (2π)d−1 δ+,⊥(p′ + k − p)
+∞∫
−∞

dx− E · (P + P ′)(x−) exp

i

x−∫
ds

P ·K(s)

(p− k)+

 , (5.7)

where the indices on fabc corresponding to each of the three adjoint-valued particles, and

the d− 1 delta functions enforce momentum conservation (of the un-dressed momenta) in

the x+ and x⊥ directions. This reduced momentum conservation implies that

P ′µ(x−) = Pµ(x−)−Kµ(x−) +
K · P (x−)

(p− k)+
nµ , (5.8)

which leads to the simple form of the exponential factor. From (5.8) it also follows that

E · (P + P ′)(x−) = 2E · P (x−)− E ·K(x−) = 2E · P (x−) , (5.9)

with the final equality following since the dressed gluon polarization is on-shell with respect

to the dressed gluon momentum, E · K = 0, see (5.5). Thus the tree-level non-linear

Compton amplitude for gluon emission from a colour-charged scalar is given by

2i g fabc (2π)d−1 δ+,⊥(p′ + k − p)
+∞∫
−∞

dx− E · P (x−) eiV[p,k] , (5.10)

where we define the ‘Volkov exponent ’ for gluon emission by

V[p, k] :=

x−∫
ds

P ·K(s)

(p− k)+
. (5.11)

Such quantities are universal for three-point amplitudes on plane wave backgrounds (cf., [46,

62, 63]).

Classical limit. The classical limit of (5.10) should encode the back-reaction computed

from classical colour-charge dynamics in section 3. In general, taking the classical limit

of an observable in QFT requires careful re-introduction of factors of ~ followed by the

~→ 0 limit [64]. However, for non-linear Compton scattering (which is given by a tree-level

contact diagram in background perturbation theory), the classical limit can be implemented

straightforwardly without the need to explicitly re-introduce powers of ~.

To make the comparison between the two calculations explicit, project the free colour-

indices of the scattered scalar onto some adjoint basis, with the identification:

cain ≡ fabc Xb Yc , (5.12)
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and define the non-linear Compton amplitude stripped of momentum-conserving delta

functions

Ma
3 := ig

2 cain√
2k+ 2p+ 2(p− k)+

+∞∫
−∞

dx− E · P (x−) eiV[p,k] , (5.13)

in which the prefactor includes the correct single-particle state normalisations. Taking the

classical limit amounts to assuming that the emitted gluon momentum is negligible com-

pared to that of the incoming scalar, k+ � p+. In the Volkov exponent V this assumption

means replacing (p−k)−1+ → p−1+ , which immediately recovers the exponent in the classical

radiation field (3.24). In the same limit, the numerical and normalisation factors in (5.13)

combine to 1/(p+
√

2k+), and we obtain

Ma
3

classical−−−−−→ Aa(k) . (5.14)

That is, we recover the radiation field at infinity (3.24) generated by classical back-reaction.

This is natural: the quantum amplitude is the projection of the time-evolved state onto a

(one scalar plus) single-gluon state, while Aa is the projection of the time-evolved gluon

field onto the corresponding basis of single-gluon (also plane wave) radiation fields.

There is one subtlety in comparing the classical and quantum calculations: in the

scattering amplitude, the momentum conserving delta-function limits the gluon momen-

tum to 0 < k+ < p+, whereas in the classical result (3.24) there is no such restriction. The

assumption that k+ � p+ means effectively ignoring, in the computation of classical ob-

servables, the upper limit appearing on any k+ integrals. We remark that the observation

of quantum deviations from classical predictions in the equivalent QED setup of radiation

emitted from electrons scattered off a background (plane-wave-like) laser has only recently

been observed experimentally [65, 66] (see also [67].)

Perturbative limit. It is instructive to also consider the perturbative limit of (5.10) to

see why the nomenclature of ‘non-linear Compton scattering’ is appropriate.

The perturbative limit is given by expanding the amplitude from (5.6) in powers of a⊥,

keeping only those terms which are linear. The zeroth order terms, which are independent of

the background, give zero by momentum conservation. At linear order, some algebra shows

that one recovers the standard amplitude for Compton scattering, on a trivial background,

of two scalars (momenta p, p′ and mass m) and two gluons: one outgoing with momentum

and polarization {k, ε} and the other incoming with momentum and polarisation {q, ã},
in which ãµ(ω) is the Fourier transform of the background, and serves as the polarization

degrees of freedom (q · ã = 0).

To see how this comes about, it is revealing to go back a step and expand each of the

contributing dressed wavefunctions in turn, rather than the amplitude as a whole. Consider

first the incoming scalar wavefunction; expanding up to linear order

e−iφp = e−i p·x

[
1− i

ep
p+

∫ x−

ds p · a(s) + · · ·
]
. (5.15)
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We rewrite this by Fourier transforming the background degrees of freedom as

a⊥(x−) =

∫
dω

2π
e−iωx

−
ã⊥(ω) , (5.16)

and defining the massless momentum qµ := ω nµ using the Fourier frequency; this gives

e−iφp = e−i p·x
[
1 + ep

∫
dω

2π
e−i q·x

ã · p
q · p + · · ·

]
, (5.17)

where terms which do not contribute due to charge conservation have been dropped. Acting

with the background covariant derivative appearing in (5.6), the linear terms are

iDµe
−iφp = pµe

ip.x + ep

∫
dω

2π
e−i(p+q)·x

[
pµ
ã · p
q · p − ãµ + qµ

ã · p
q · p

]
. (5.18)

In the perturbative limit, the charge ep is proportional to another power of the coupling

g, hence the amplitude is proportional to g2 multiplied by an appropriate colour factor.

Inserting the linear term of (5.18) into (5.6) and ignoring overall factors, along with the

dω integral, one has:

ε · pã · p
q · p − ε · ã = 2 ε · p ã · p

(q + p)2 −m2
− ε · ã , (5.19)

using momentum conservation and the fact that the polarization εµ obeys q · ε = 0 = k · ε.
The first term is precisely the s-channel contribution to Compton scattering. The second

term in (5.19) gives a contribution to the gluon-scalar seagull vertex. A similar expansion

of the outgoing scalar wavefunction is easily seen to encode the u-channel contribution to

Compton scattering along with the remaining contribution to the seagull.

Finally, the expansion of the gluon wavefunction receives contributions from both the

exponential and the dressed polarization:

ei k·x εµ + ek

∫
dω

2π
ei(k−q)·x

(
qµ ã · ε− εµã · k

q · k

)
. (5.20)

Inserting this into (5.6) gives(
qµ ã · ε− εµ ã · k

q · k

)
(p+ p′)µ = 2

q · (p+ p′) ã · ε− ε · (p+ p′) ã · k
(q + k)2

, (5.21)

which is the cubic gluon vertex contribution to Compton scattering (in lightfront gauge).

Thus, the perturbative limit of non-linear Compton scattering does indeed reproduce

the amplitude for ordinary Compton scattering on a trivial background, convoluted with

the frequency distribution of photons coming from the plane wave. This holds for all

non-linear Compton amplitudes considered in this section, following similar calculations.

5.2 Graviton emission amplitude

We now turn to the tree-level amplitude corresponding to graviton emission from a mas-

sive scalar crossing a plane wave space-time, for which we need the scalar and graviton

– 17 –



J
H
E
P
0
9
(
2
0
2
0
)
2
0
0

wavefunctions. As in the gauge theory setting, the symmetries of the plane wave metric

enable an explicit solution of the ‘free’ equations of motion. These are again expressed in

terms of the solution φk of the Hamilton-Jacobi equation [25, 58]:

φk = k+ x
+ +

k+
2
σab x

axb + kiE
i
a x

a +
1

2 k+

∫ x+

ds
(
m2 + ki kj γ

ij(s)
)
, (5.22)

where {k+, ki} are the free components of an on-shell momentum in (d − 2)-dimensions.

(We abuse notation, using φk for the solution to the Hamilton-Jacobi equations in both

gauge theory and gravity; the distinction is always clear from the context.)

A massive scalar Φ is described by

Φ(x) = Ω(x−) e±iφk , (∇2 +m2)Φ = 0 , (5.23)

where Ω(x−) := |E|−1/2 and∇2 = gµν ∇µ∇ν for∇µ the Levi-Civita connection of the plane

wave metric. Massless fields of higher spin can be obtained from (5.23) using covariantly

constant spin-raising operators [68]. A photon Aµ in lightfront-Feynman gauge, n · A =

0 = ∇ ·A, is given by

Aµ = Eµ Ω e±iφk , (5.24)

where Eµ is a dressed polarization vector and m = 0 in the Hamilton-Jacobi function. The

dressed polarization is given by the natural analogue of the projector (5.5):

Eµ =

(
gµν −

Kµ nν + nµKν

k+

)
εν := Pµν εν , (5.25)

where the dressed momentum is given by Kµ := ∇µφk and obeys K2 = 0. Note that

unlike the gauge theory setting, Kµ — and hence the projector Pµν — is a function of

the transverse coordinates x⊥ as well as x−. It is easy to check that K · E = 0 = n · E
everywhere.

For a spin-2 graviton, the dressed polarization picks up additional background depen-

dence in the form of explicit ‘tail’ terms. A graviton hµν in the plane wave space-time,

subject to gauge conditions nµhµν = 0 = hµµ and ∇µhµν = 0, can be written

hµν = Eµν Ω e±iφk , (5.26)

where the dressed polarization tensor is not transverse: KµEµν 6= 0. This is because

KµEµν = 0 is not equivalent to the covariant gauge-fixing condition ∇µhµν in the back-

ground. In terms of spin-1 projectors (5.25), the dressed polarization tensor is

Eµν =

(
Pµλ Pνσ −

i

k+
nµ nν δ

a
λδ
b
σ σab

)
ελσ = Pµνλσ ελσ , (5.27)

where Pµνλσ is the same spin-2 projector that we encountered before in (4.21). The un-

dressed polarization εµν is assumed to be traceless with respect to the plane wave metric.

We are now ready to calculate the non-linear Compton amplitude. This is encoded by

the minimal cubic coupling between a massive scalar and gravity:

κ

∫
ddx

√
|g|hµν

(
2∂µΦ ∂νΦ− gµν

(
∂ρΦ ∂ρΦ− m2

2
Φ2

))
, (5.28)
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where gµν is the background plane wave metric. Evaluating this integral on the wavefunc-

tions (5.23), (5.26), only the first term contributes due to the trace-free property of hµν ,

leaving:

− 4κ

∫
ddxΩ3(x−) Eµν Pµ P ′ ν exp

[
−iφp + iφp′ + iφk

]
, (5.29)

where pµ and p′µ are the incoming and outgoing scalar momenta, respectively (p2 = m2 =

p′ 2), kµ is the emitted graviton momentum, and Ω = |E|−1/2. The dressed graviton

polarization Eµν is given by (5.27).

The integral in dx+ can be performed trivially to give a momentum conserving delta

function δ(p′++k+−p+), but it appears that the transverse integrals dd−2x⊥ are obstructed

since Eµν , Pµ and P ′µ all contain non-trivial x⊥-dependence (in contrast to what occurs in

the gauge theory background). However, an explicit calculation reveals that

Eµν Pµ P ′ ν =

(
EiaE

j
b

k+
(p+ ki − k+ pi)

(
p′+ ki − k+ p′i

)
− i p+ p

′
+ σab

)
εab

k+
. (5.30)

In other words, the combination Eµν Pµ P ′ ν is a function of x− only. This enables the

dd−2x⊥ integrals to be performed, leaving

− 4κ (2π)d−1 δ+,⊥(p′ + k − p)
+∞∫
−∞

dx−√
|E|
Eµν Pµ P ′ ν(x−) eiV [p,k] , (5.31)

where the gravitational Volkov exponent

V [p, k] :=

∫ x−

ds
PµKν g

µν(s)

(p− k)+

=
1

(p− k)+

∫ x−

ds γij(s)

(
p+
k+

kikj +
k+
p+

pipj − pi kj
)
,

(5.32)

follows on the support of the momentum conserving delta functions.

Classical limit. As before, the classical limit of the amplitude is taken by assuming that

the emitted graviton momentum is negligible compared to that of the scalar (k+ � p+)

and relaxing the constraints imposed by momentum conservation. In the gravitational

Volkov exponent, the classical limit simply replaces (p − k)−1+ with p−1+ , but unlike the

gluon emission amplitude, the tensor structure in (5.31) changes slightly in the classical

limit. In particular, it follows that

Eµν Pµ P ′ ν =

(
Pµλ Pνσ Pµ P ν − i

p+ (p− k)+
k+

σab δ
a
λ δ

b
σ

)
ελσ

classical−−−−−→ Pµνλσ Pµ P ν ελσ ,

(5.33)

where all terms which are subleading in the classical limit have been dropped in passing to

the second line.
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Stripping the non-linear Compton amplitude of overall momentum conserving delta

functions, and including factors for state normalisation, let

M3 :=
−4κ√

2k+ 2p+ 2(p− k)+

+∞∫
−∞

dx−√
|E|
Eµν Pµ P ′ ν(x−) eiV [p,k] . (5.34)

Then the classical limit obeys

M3
classical−−−−−→ H(k) , (5.35)

where H(k) is the radiation field at infinity (4.27) generated by classical back reaction.

Once again, we see that the classical limit of the non-linear Compton amplitude gives

the correct classical result, including the appropriate state normalisation for the graviton

radiation field.

6 Double copy

In a trivial background, double copy relates perturbative scattering amplitudes in gauge and

gravitational theories by the heuristic Gravity = (Gauge)2 (cf., [5]). For 3-point amplitudes,

this ‘formula’ is literally true: if A3 is a 3-point amplitude in some gauge theory (stripped of

colour factors, coupling constants and momentum conserving delta functions) and M3 is a

3-point amplitude in the appropriate8 gravitational theory (stripped of coupling constants

and momentum conserving delta functions), then the two are related by A2
3 = M3.

For amplitudes on a plane wave background, the situation is complicated by the fact

that there is only (d − 1)-dimensional momentum conservation, so it is not immediately

clear what to use as the ‘stripped’ amplitudes. Any 3-point amplitude in a plane wave

background has the general structure

g (2π)d−1 δ+,⊥(p′ + k − p)
+∞∫
−∞

dµ I3(x−) eϕ(x
−) , (6.1)

where g is the appropriate coupling constant; I3 is the ‘tree-level integrand’ comprising the

interesting kinematical content of the amplitude; dµ is a theory-dependent measure (which

may include colour factors) in the lightfront time x−; and ϕ is the theory-dependent Volkov

exponent. For instance, on a gauge theory plane wave background,

dµ|YM = fabc dx− , ϕ|YM = iV[p, k] , (6.2)

while on a gravitational plane wave background

dµ|GR =
dx−√
|E|

, ϕ|GR = iV [p, k] . (6.3)

8The ‘appropriate’ gravitational theory is, generally speaking, the theory whose spectrum is the ‘square’

of the gauge theory spectrum. For example, the appropriate gravitational theory for pure Yang-Mills theory

is the NS-NS sector of supergravity, containing a metric, dilaton and B-field.
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The ingredients dµ and ϕ in (6.1) are universal: given the background and the asymptotic

kinematics, they can be written down without any further thought or calculation.

Thus, the objects which play the role of stripped amplitudes and should be related

by double copy on a plane wave background are the tree-level integrands, I3. In [25], a

proposal for this double copy was put forward, consisting of three steps. Let A3 be the

(given) tree-level integrand of a 3-point gauge theory amplitude on a Yang-Mills plane wave

background, and M3 be the (desired) tree-level integrand of a 3-point amplitude in the

appropriate gravitational theory on a plane wave space-time. The prescription of [25] is:

1. Define Ã3 by reversing the sign all charges with respect to the background for each

particle (i.e., eA → −eA for A = p, k, p′), and take

|A3|2 := A3 Ã3 .

2. In |A3|2, replace scalar products of Minkowski kinematics with curved space-time

kinematics, according to the rule

εA · kB → εµA Pµν Kν
B ,

where Pµν is the spin-1 projector (4.22) and Kµ
B is the dressed momentum of particle

B in the plane wave space-time. For terms quadratic in a polarization vector, replace

εµ εν → εµν .

3. Replace all occurences of the gauge theory plane wave a⊥(x−) and colour charges

eA by

eA eB aa(x
−) ab(x

−)→
{
−iσab(x

−) s(A) kA+ if A = B

iσab(x
−) (s(A) kA+ + s(B) kB+) otherwise

where s(A) is −1 if particle A is incoming and +1 if outgoing.

Abbreviating steps (2–3) of the above algorithm by the replacement map ρ, this double

copy prescription can be succinctly stated as:

M3 = ρ
(
|A3|2

)
. (6.4)

In [25], this was tested for the three-point gluon and graviton amplitudes on plane wave

backgrounds, and we can now apply it to the non-linear Compton amplitudes.

In our case, A3 is the tree-level integrand of the gluon emission amplitude for a massive

colour-charged scalar crossing the Yang-Mills plane wave background,9 recall (5.10):

A3 ≡ E · P = ε · p+
ε · a
k+

(ek p+ − ep k+) . (6.5)

Then following step (1),

|A3|2 = (ε · p)2 − (ε · a)2

k2+

(
e2p k

2
+ + e2k p+ − 2 ekep k+p+

)
, (6.6)

9Here, we have dropped an overall numerical factor of 2 i which trivally squares to the overall numerical

factor −4 in the gravity amplitude.
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and step (2) gives

ελσ Pµσ Pνλ Pµ P ν −
εab aa ab
k2+

(
e2p k

2
+ + e2k p+ − 2 ekep k+p+

)
. (6.7)

Replacing the gauge field background and colour charges via step (3) results in

ελσ Pµσ Pνλ Pµ P ν −
i

k+
εabσab p+ (p− k)+ = Eµν Pµ P ′ ν . (6.8)

This is precisely the tree-level integrand of (5.31), the non-linear Compton amplitude for

graviton emission. So the double copy prescription also works for 3-point amplitudes with

two massive scalar legs in plane wave backgrounds.

Since the back-reaction computed in sections 3 and 4 is captured by the classical limit

of the non-linear Compton amplitudes, double copy at the level of the amplitudes implies

double copy at the level of the classical radiation field. Nevertheless, it is instructive to

note that a set of replacement rules can be given at the classical level which generalize those

previously derived for the perturbative double copy with no background field [9, 10, 14],

as follows. In the expression (3.24) for the classical gluon radiation field at infinity Aa, the

replacements

cain → P ′ν , Pµν → Pµνλσ , (6.9)

along with P ·K → gµνPµKν in the exponent convert Aa → H, where H is the classical

graviton radiation field at infinity given by (4.27). The rules (6.9) are simply background-

dressed versions of those governing the perturbative double copy in the absence of strong

background fields.

7 Four-dimensions and spinor helicity

In four space-time dimensions the Lorentz group is locally isomorphic to SL(2,C), a fact

with important implications for on-shell kinematics. One of these is the existence of the

spinor helicity formalism, which gives an unconstrained method to generate on-shell kine-

matics in terms of spinor variables. The spinor helicity formalism for massless fields in

a trivial background is now a widely used tool in the scattering amplitudes community

(cf., [69, 70]). In [63], we showed that the spinor helicity formalism extends naturally

to massless fields in plane wave backgrounds, and this plays a crucial role in new all-

multiplicity formulae for gluon and graviton scattering in chiral plane waves [28].

Here, we observe that the spinor helicity formalism for massive particles also extends

naturally to describe on-shell kinematics in a plane wave background. While the ‘massive’

spinor helicity formalism on a trivial background has existed in various guises for decades

(cf., [71–77]), we follow the notation and conventions of [78]. After setting out the formalism

for both gauge theory and gravity, we then translate the non-linear Compton amplitudes

from section 5 into this ‘dressed’ spinor helicity formalism.
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7.1 The formalism

Restricting to four space-time dimensions, the Minkowski metric can be written as

ds2 = 2
(
dx+ dx− − dz dz̄

)
, (7.1)

where the transverse coordinates are identified with the complex plane. The complexified

Lorentz group obeys SO(4,C) ∼= SL(2,C)×SL(2,C) locally. In practical terms, this means

that any vector index can be traded for a pair of SL(2,C) spinor indices (one of each

chirality), and this is operationalized by contraction with the Pauli matrices: vαα̇ = σαα̇µ vµ.

In spinor variables, the coordinates on Minkowski space can be packaged into

xαα̇ =

(
x+ z̄

z x−

)
, (7.2)

and the Minkowski metric is ds2 = dxαα̇ dxαα̇, where spinor indices are raised and lowered

using the Levi-Civita symbols εαβ , εαβ , etc. Our conventions are aα = εαβ aβ , aα = aβ εβα,

and similarly for dotted spinor indices.

It is a simple fact of linear algebra that if kαα̇ is null (k2 = 0), then it can be decomposed

into spinors as10 knullαα̇ = λαλ̃α̇. Similarly, any non-null vector kαα̇, with k2 = m2, can be

written as a sum of two null vectors:

kαα̇ = λ1α λ̃α̇ 1 + λ2α λ̃α̇ 2

:= λaα λ̃α̇ a = λaα λ̃
b
α̇ εba ,

(7.3)

where the indices a, b, . . . = 1, 2 are identified with the little group SO(3) ∼= SU(2) for

massive particles in four-dimensions. These little group spinors obey

kαα̇ λ̃
α̇ a = mλaα , kαα̇ λ

α a = −mλ̃aα̇ , (7.4)

which are equivalent to the Dirac equation for a momentum eigenstate.

The decomposition of a momentum vector into spinors is just a fact of linear algebra,

so it must hold for the dressed momenta of massless and massive particles in a plane wave

background, since the dressed momenta remain on-shell. For a gauge theory plane wave

background in 4-dimensions, the two Cartan-valued background degrees of freedom are

encoded in

aαα̇(x−) =

(
0 ã(x−)

a(x−) 0

)
(7.5)

where the background is allowed to be complex; real-valued backgrounds are recovered by

setting ã = ā. By virtue of n2 = 0, the vector nαα̇ associated with plane wave background

has a spinor decomposition

nαα̇ = ια ι̃α̇ , ια =

(
1

0

)
= ι̃α̇ . (7.6)

10In this section, we allow for all momenta to be complex, so momentum spinors (massless or massive)

of opposite chirality are not assumed to be related by complex conjugation.
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With these ingredients, the dressed momentum of a (massive or massless) particle in the

plane wave background reads

Kαα̇(x−) = kαα̇ − e aαα̇ +
ια ι̃α̇
2 k+

(2 e a · k − e2 a2) , (7.7)

where e is the charge of the particle with respect to the background.

In the massless case (k2 = 0 = K2), it was shown [63] that

Knull
αα̇ (x−) = Λα(x−) Λ̃α̇(x−) , (7.8)

with the dressed spinors given by

Λα = λα −
e a(x−)

[ι̃ λ̃]
ια , Λ̃α̇ = λ̃α̇ −

e ã(x−)

〈ι λ〉 ι̃α̇ . (7.9)

Here, the spinors λα, λ̃α̇ are those of the (constant) null momentum before entering the

background: knullαα̇ = λαλ̃α̇. We adopt the usual notation for SL(2,C)-invariant contractions

of constant spinors

〈a b〉 := aα bα = εαβ aβ bα , [ã b̃] := ãα̇ b̃α̇ = εα̇β̇ ãβ̇ b̃α̇ , (7.10)

and define a ‘double-bracket’ notation to distinguish contractions between dressed spinors:

〈〈AB〉〉 := Aα(x)Bα(x) , [[Ã B̃]] := Ãα̇(x) B̃α̇(x) . (7.11)

This will prove convenient to distinguish between constant and dressed spinor contractions

in subsequent calculations.

Now, for a massive dressed momentum (7.7) holds with k2 = m2, and linear algebra

implies that

Kαα̇(x−) = Λa
α(x−) Λ̃α̇ a(x

−) . (7.12)

Combined with (7.7), this enables us to fix the precise form of massive dressed momentum

spinors:

Λa
α = λaα −

e a

k+
ια ι

β λaβ , Λ̃a
α̇ = λ̃aα̇ −

e ã

k+
ι̃α̇ ι̃

β̇ λ̃a
β̇
, (7.13)

with kαα̇ = λaαλ̃α̇ a. It is straightforward to check that K2 = m2 and

Kαα̇ Λ̃α̇ a = mΛa
α , Kαα̇ Λα a = −m Λ̃a

α̇ . (7.14)

Note that in both the massless (7.9) and massive (7.13) settings, there is manifest chirality

in the dressing of the spinors: Λα and Λa
α depend only on a(x−), while Λ̃α̇ and Λ̃a

α̇ depend

only on ã(x−).

A similar — albeit slightly more complicated — story holds for on-shell kinematics in

a gravitational plane wave space-time. In four-dimensions, the (complexified) plane wave

metric takes the form:

ds2 = 2
(
dx+ dx− − dz dz̃

)
−
[
z2 f̈(x−) + z̃2

¨̃
f(x−)

]
(dx−)2 , (7.15)
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where f(x−), f̃(x−) are the two functional degrees of freedom, and the Lorentzian-real

space-time is recovered by imposing the reality conditions z̃ = z̄ and f̃ = f̄ . The Ricci

curvature of this metric vanishes (as required by the vacuum Einstein equations), and the

Weyl curvature can be decomposed into its self-dual and anti-self-dual parts, written in

SL(2,C) spinors as:

Ψ̃α̇β̇γ̇δ̇ = ι̃α̇ι̃β̇ ι̃γ̇ ι̃δ̇
¨̃
f , Ψαβγδ = ιαιβιγιδ f̈ . (7.16)

So f̃ and f control the self-dual and anti-self-dual curvature of the plane wave metric,

respectively.

The frames Eia and deformation tensor σab which played an important role in general

dimension are captured by the transverse frame

E = dz + f(x−) dz̃ , Ẽ = dz̃ + f̃(x−) dz , (7.17)

and shear components

σ(x−) = ḟ(x−) , σ̃(x−) =
˙̃
f(x−) . (7.18)

The curved metric (7.15) can be expressed as ds2 = εαβεα̇β̇ e
αα̇eββ̇ in terms of the tetrad

eαα̇ = dxαα̇ − ια ι̃α̇

2

(
z2 f̈(x−) + z̃2

¨̃
f(x−)

)
dx− . (7.19)

The dual tetrad,

eαα̇ = ∂αα̇ +
ια ι̃α̇

2

(
z2 f̈(x−) + z̃2

¨̃
f(x−)

)
∂+ , (7.20)

obeys eαα̇yeββ̇ = δβαδ
β̇
α̇, and the spinor components of any vector or 1-form are defined by

its expansion in these bases.

Consequently, if knullαα̇ = λαλ̃α̇ is a massless momentum prior to entering the curved

region of the sandwich plane wave, then the dressed null momentum is

Knull
αα̇ (x−) = Λα(x−) Λ̃α̇(x−) , (7.21)

with the dressed spinors given by

Λα = λα −
〈ι λ〉
[ι̃ λ̃]

ια

(
[õ λ̃] f + [ι̃ λ̃] z ḟ

)
Λ̃α̇ = λ̃α̇ −

[ι̃ λ̃]

〈ι λ〉
(
〈o λ〉 f̃ + 〈ι λ〉 z̃ ˙̃

f
)
.

(7.22)

Here, we have introduced the constant spinors oα, õα̇ defined by 〈ι o〉 = 1 = [ι̃ õ]. For a

massive initial momentum kαα̇ = λaαλ̃α̇ a, the background dressed momentum becomes

Kαα̇ = Λa
α Λ̃α̇ a , (7.23)
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where the dressed spinors are:

Λa
α = λaα −

ια
k+

ιβ λaβ

(
k+ z ḟ − k̃ f

)
,

Λ̃a
α̇ = λ̃aα̇ −

ι̃α̇
k+

ι̃β̇ λ̃a
β̇

(
k+ z̃

˙̃
f − k f̃

)
.

(7.24)

Here, we abbreviate the transverse intitial momentum components by

k := oα λaαλ̃
α̇
a ι̃α̇ , k̃ := ια λaαλ̃

α̇
a õα̇ , (7.25)

since there is no notion of little group ‘weight’ in the massive case, and nothing is gained

by expressing these components in terms of spinor contractions. The dressed momentum

spinors obey the relations

Kαα̇ Λ̃α̇ a = mΛa
α , Kαα̇ Λα a = −m Λ̃a

α̇ , (7.26)

which are equivalent to the Dirac equations on the curved space-time manifold.

7.2 4d non-linear Compton amplitudes

It is now straightforward to translate the non-linear Compton amplitudes (5.10) and (5.31)

into the dressed spinor helicity formalism. To do this, it is convenient to change notation

slightly by labeling particle momenta with numbers: the incoming massive/charged scalar

has momentum k1, the outgoing massive/charged scalar has momentum k2 and the emitted

gauge boson has momentum k3. In this notation, the amplitude for gluon emission becomes

2i g

∫
dx− E3 ·K1(x

−) eiV[1,3] , (7.27)

where factors associated to the colour and momentum conservation in the x+, z and z̃-

directions have been dropped. Suppose that the emitted gluon has positive helicity; its

dressed polarization vector is [63]

E(+)
3αα̇ =

ια Λ̃3 α̇

〈ι 3〉 . (7.28)

Then the tensor structure of (7.27) becomes

E(+)
3 ·K1(x

−) =
〈ι|K1|3]]

〈ι 3〉 (x−) = mX (x−) , (7.29)

where X (x−) is a dressed version of the ‘x factor’ introduced in [78] to describe minimal

cubic couplings:

X (x−) :=
〈ι|K1|3]]

m 〈ι 3〉 (x−) . (7.30)

This is the obvious background-dressed version of the 3-point gluon emission amplitude on

a trivial background given in [78].
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Likewise, the non-linear Compton amplitude for graviton emission (5.31) is

− 4κ

∫
dx−√
1− |f |2

E3µν Kµ
1K

ν
2 (x−) eiV [1,3] , (7.31)

having dropped factors related to momentum conservation. The dressed polarization for a

positive helicity emitted graviton is [28]

E(+)

αα̇ββ̇
=

ια ιβ
〈ι 3〉2

(
Λ̃3 α̇ Λ̃3 β̇ + i

˙̃
f ι̃α̇ ι̃β̇

)
, (7.32)

for which the tensor structure of (7.31) becomes

E(+)
3µν K

µ
1 K

ν
2 =
〈ι|K1|3]]2

〈ι 3〉2 + i
˙̃
f
k1+ (k1 − k3)+

k3+

= m2X 2(x−) + i
˙̃
f
k1+ (k1 − k3)+

k3+
,

(7.33)

where the first equality follows on the support of momentum conservation and X is sim-

ply (7.30) evaluated on the appropriate gravitationally-dressed spinors.

Unlike the gluon emission amplitude (7.29), this differs from the answer obtained by

naively ‘dressing’ the flat background result [78]. Indeed, the naive dressing would only

produce the first term in (7.33); the second term arises from explicit tail effects in the

gravitational setting.

It is instructive to see how the double copy prescription for 3-point amplitudes works

in terms of the spinor helicity variables. The tree-level integrand for gluon emission is

A3 = mX = mx+
ã

k3+
(e3 k1+ − e1 k3+) , (7.34)

where x is the un-dressed x factor of [78]. Following the prescription of section 6 we form

|A3|2 = m2 x2 − ã2

k23+

(
e23 k

2
1+ + e21 k

2
3+ − 2e1e3 k1+ k3+

)
, (7.35)

and then apply the kinematics and background replacement map to find

ρ
(
|A3|2

)
= m2X 2 + i

σ̃

k3+
k1+ (k1 − k3)+ , (7.36)

where X is now the gravitationally-dressed x factor. Using σ̃ =
˙̃
f from (7.18), we recover

the tree-level integrand for graviton emission, as desired.

8 Future directions

In this paper, we have computed, both classically and in quantum field theory, leading gluon

and graviton emission from charged/massive scalar particles in plane wave backgrounds,

and shown that the results are related by double copy. In the special case of four space-time
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dimensions, a background dressed version of the spinor helicity formalism was developed

and used to simplify the form of the non-linear Compton scattering amplitudes.

There are many interesting directions for future research suggested by these results.

The first of these is the inclusion of spin for the charged/massive probe particle. From the

classical perspective, this can be done using the formalism of [15, 79] with the inclusion of

a strong plane wave background, while background-dressed QFT wavefunctions for spin-

1/2 fields were developed in [63]. In four-dimensions, the dressed spinor-helicity formalism

could also enable the calculation of back-reaction from a Kerr black hole traversing a plane

wave background. In a trivial background, the spin-dependence of 3-point amplitudes

between two massive spin-s particles and an emitted graviton exponentiates [80, 81], and

in the s→∞ limit reproduces all of the spin-induced multipoles of the Kerr black hole [82–

84]. The presence of tail terms in (7.33) — which surely persists at higher spin — will

introduce new subtleties in the presence of background fields.

It would also be interesting to investigate loop corrections to back-reaction, as well

as considering higher-multiplicity scattering in a plane wave background. It is well-known

from corresponding QED calculations that the complexity of higher-multiplicity ampli-

tudes in plane wave backgrounds increases dramatically with the number of external legs.

Although new approximations for the calculation of such amplitudes continue to be devel-

oped [85], to date the only exact expressions available are for a few four-point amplitudes

(e.g. [85, 86] and references therein). However, all of these prior investigations have relied

on traditional space-time Feynman diagrams. In the purely massless sector, formulae for

tree-level MHV scattering at arbitrary multiplicity on a chiral (self-dual) plane wave back-

ground were recently discovered, using integrability methods based on twistor theory [28].

Perhaps similar all-multiplicity statements are possible with massive external legs in such

chiral backgrounds.

Building on [63], the discussion in section 7.1 sets out the ingredients of the spinor

helicity formalism in any four-dimensional gauge or gravitational plane wave background.

Separately from the other topics considered here, this raises the possibility of undertaking

‘standard’ computations in strong-field QED using the spinor helicity formalism. Given

the widespread utility of this formalism in the study of perturbative QFT on trivial back-

grounds, it seems plausible to hope that it could have a similar positive impact in strong

backgrounds.
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