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Abstract – In this paper an analytical prediction model for the heat transfer analysis of two-

phase composite materials is developed. Formulations for the effective density, effective 

specific heat and effective thermal conductivity of the composite materials are derived. The 

present model considers not only the effect of interfacial thermal resistance between CNTs and 

polymer matrix but also the influence of fibre aspect ratio of CNTs on the effective thermal 

conductivity of the composites. The validation of the model is also provided by using available 

experimental data to demonstrate the appropriateness and reliability of the present model. 

 

Keywords: Heat transfer; Thermal conductivity; Carbon nanotubes; Composites; Interfacial 
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1. Introduction 

 

Carbon nanotubes (CNTs) are cylindrical molecules, consisting of rolled-up sheets of single-

layer carbon atoms. They can be single-walled with a diameter less than 1 nm or multi-walled 

with diameters larger than 100 nm. The latter usually consists of several concentrically 

interlinked nanotubes. The length of CNTs can reach several m or even a few mm. CNTs have 

exceptional physical and mechanical properties and have been considered as the perfect 

building blocks in developing smart, multifunctional and high-performance composites.   

 

Since they were discovered in early 1990s, CNTs have been used as the fillers or inclusions in 

matrix composites to improve the physical and mechanical properties of the composites. 

Typical examples include the functionally graded composites and smart sensors developed by 

means of CNTs’ super mechanical and electrical properties. In recent decade, many researchers 

have attempted to use CNTs to improve the thermal properties of composites and studied the 

thermal performance of CNTs-reinforced composites. For instance, Zhang et al. [1] proposed 

a simplified approach for the heat transfer analysis of CNTs-based composites. In their model, 

the polymer was modelled as a domain, whereas the CNTs were treated as heat superconductors 

with constant and unknown temperatures constrained at their surfaces. Song and Youn [2] 

utilized the asymptotic expansion homogenization technique to evaluate the effective thermal 

conductivity (ETC) of polymeric composites filled with CNTs. Baniassadi et al. [3] reported a 

study on the ETC of polymer nanocomposites filled with CNTs using statistical continuum 
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theory. The predicted results were compared with experimental data in order to estimate the 

volume fraction of CNT agglomeration. Lizundia et al. [4] investigated experimentally the 

thermal properties of CNTs/poly(l-lactide) composites. The work demonstrated that the 

addition of CNTs could enhance the thermal conductivity of insulator polymers. Zhou et al. [5] 

presented a study on the thermal conductivity of flake graphite/polymer composites with 

carbon-based nano-fillers. It was shown that the thermal conductivity of the composites was 

increased by up to 24% and 31%, respectively when CNT and graphene was added at the level 

of 10wt.%. Hida et al. [6] reported the molecular dynamics study of heat conduction in 

CNTs/polyethylene composites. It was shown that there was a relatively high thermal boundary 

resistance across the CNTs/polyethylene interfaces, which affected the ETC of the composites. 

Huang et al. [7] investigated the thermal conductivity of epoxy matrix filled with poly 

(ethyleneimine) functionalized CNTs by using thermal gravimetric analysis, scanning electron 

microscope, and thermal analyser. It was shown that a 660% enhancement in thermal 

conductivity could be achieved when 8% PEI functionalized CNTs were added in the 

composite. Gardea and Lagoudas [8] investigated the thermal conductivity of epoxy 

composites with pristine, oxidized, and fluorinated CNTs. An increase of up to 5.5% was 

observed in thermal conductivity for the pristine CNTs composites, whereas the oxidized and 

fluorinated CNTs provided less enhancement. Gong et al. [9] developed a model by taking into 

account nano-filler orientation and morphology and interfacial thermal resistance between 

nano-fillers and polymer matrix. The model was used to predict the thermal conductivity of 

multiphase composite systems. Ahmed and Masud [10] presented a numerical simulation to 

evaluate the ETC of multi-walled CNTs-based polymer composites. The effects of CNTs 

diameter, length, volume fraction and thermal contact conductance on the ETC of CNTs-

reinforced composites were examined. Kim et al. [11] investigated the thermal conductivity of 

cyclic butylene terephthalate-based composites containing CNTs and carbon blacks. 

Kundalwal et al. [12] reported a study on the ETC of fuzzy carbon fibre heat exchanger 

containing wavy CNTs. It was found that the fuzzy carbon fibre heat exchanger containing 

radially grown wavy CNTs has better heat transfer performance than that of the conventional 

hollow carbon fibre heat exchanger. Kuang and Huang [13] used the multi-scale approach, 

including large-scale molecular dynamics simulation, finite element simulation and analytical 

effective media modelling, to investigate the effects of covalent functionalization on the 

thermal transport in CNTs/polymer composites. Smith and Pantoya [14] examined the shape 

effect of nano-filler particles on the thermal energy transport in polytetrafluoroethylene matrix 

by using laser flash analysis method. TabkhPaz et al. [15] investigated the thermal conductivity 

of polymer composites filled with CNTs and hexagonal boron nitride by using 3-D random 

walk algorithm and effective medium approach. It was found that, for the composites with 

13.1% of CNTs the increase in thermal conductivity was approximately 210%. However, for 

the hybrid composites with 3.1% of CNTs and hexagonal boron nitride (1.55% each), the 

increase in thermal conductivity was 290%. Ji et al. [16] provided a good review on the recent 

progress in the work related to thermal conduction of CNTs-reinforced polymer composites. 

The synthesis methods were also discussed along with the thermal property dependence on the 

aligned CNTs structure and morphology as well as the interface properties in the composites. 

Park et al. [17] presented an experimental study on the influence of different conditions of 

powder treatment on the thermal conductivity of nanocomposites, in which the thermal 

conductivity was determined by using laser flash method. Al-Ghalith et al. [18] investigated 

the influence of collapsed shape on the thermal transport of CNTs using molecular dynamics. 

CNTs of different lengths, diameters, chiralities, and degrees of twist were simulated in the 

regime where the thermal transport extends from ballistic to diffusive. Jensen et al. [19] 

presented a high strength material produced by directly bonding CNTs in high-strength sheets 

to introduce covalent linkages between the CNTs that affected their macroscale mechanical 
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properties. Choi et al. [20] examined the influence of interphase characteristics on the thermal 

conductivity of CNTs-reinforced polymer composites using a thermal resistance theory-based 

analytical model. Sung et al. [21] presented an analytical model to predict the thermal 

conductivity of multiscale hybrid composites, consisting of nano-fillers, micron-scale 

continuous fibres and polymer matrix. The method employed combines the modified Mori-

Tanaka method and woven fibre composite modelling. The predicted thermal conductivity was 

validated using experimental results. Hassanzadeh-Aghdam et al. [22] investigated the effect 

of surface coating of CNTs on the ETC of unidirectional polymer hybrid nanocomposites. It 

was shown that the longitudinal ETC of CNTs-reinforced hybrid composites was not affected 

by the coating. However, the transverse ETC was significantly enhanced by the coating. Choi 

et al. [23] examined the effects of nitrogen-doped CNTs on the interphase characteristics of 

epoxy matrix nanocomposites by using molecular dynamics simulations. The results revealed 

that the interphase characteristics changed by the nitrogen-doped CNTs could significantly 

affect both the mechanical and thermal properties of the nanocomposites. Recently, Qi et al. 

[24] investigated the thermal conductivity of the poly(vinylidene fluoride) composites filled 

with boron nitride/CNTs. Yang et al. [25] experimentally examined the effects of the size, 

volume fraction and 3-D network organisation of CNTs on the thermal conductivity and 

thermal stability of CNTs-reinforced composites. More recently, good reviews were provided 

by Ruan et al. [26], Feng et al. [27], and Xu et al. [28] on the interfacial thermal resistance in 

thermally conductive polymer composites and the thermal properties, behaviour and 

performance of polymer-based composites.  

 

The literature survey described above shows that there have been numerous experimental and 

numerical investigations but fewer prediction models on the thermal properties of CNTs-

reinforced composites. Estimating thermal properties of composite materials, such as their 

effective specific heat and ETC, is essential for the understanding and controlling of thermal 

transport taking place in CNTs-reinforced composite materials. The existing prediction models 

for thermal conductivity can be categorised into three groups. The first one was directly to use 

Maxwell model for spherical inclusions or Halpin-Tsai model for non-spherical inclusions, for 

example, [29]. This kind of models considered the effect of aspect ratio of inclusions but not 

the interfacial thermal resistance. The second one was the modified version of Halpin-Tsai 

model in which the interfacial thermal resistance was deployed in the model by first modifying 

the thermal conductivity of inclusions [30,31,32]. However, the use of recursive formulas in 

Halpin-Tsai model is difficult to verify mathematically and thus the model is only semi-

empirical. The third one was derived mathematically based on the concept of Maxwell model 

but also considered the interfacial thermal resistance between inclusions and matrix [33,34]. 

However, this kind of models are only applicable to the composites with spherical inclusions. 

In this paper, an analytical model is proposed to predict the thermal properties of CNTs-

reinforced composites. The model is developed based on the concept of Maxwell model but 

considers the effects of both the interfacial thermal resistance and aspect ratio of inclusions. 

Compared to existing models, the present model has the following features. Firstly, the ETC is 

derived exactly based on the solutions of heat transfer in two-phase composites; secondly, the 

model also provides the upper- and lower-bounds of ETC; thirdly, the ETC derived considers 

not only the effect of interfacial thermal resistance, but also the influences of aspect ratio and 

percolation threshold of inclusions; fourthly, the model is validated using the experimental data 

published in literature in order to demonstrate its appropriateness and reliability. 

 

2. Description of heat transfer analysis in two-phase composites 
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Consider a two-phase composite material, in which one is the homogeneous medium and the 

other represents a finite number of inclusions. The governing equation for the heat transfer 

analysis of the composite is well known and can be expressed as follows, 

 

(𝜌𝑖𝑐𝑖)
𝜕𝑇𝑖

𝜕𝑡
= ∇(𝑘𝑖∇𝑇𝑖)         in Ω𝑖 (i=1,2)      (1) 

 

where i is the density, ci is the specific heat, Ti is the temperature, t is the time, ki is the thermal 

conductivity, the subscript i refers to component i in the composite, and i is the domain of 

component i (i=1 for the inclusions and i=2 for the medium matrix). For a multi-phase 

composite additional equations are required to define the temperature and heat flux at the 

interfaces between different components. For the two-phase composite, these can be expressed 

as follows, 

 

𝑘𝑖∇𝑇𝑖 = ℎ(𝑇2 − 𝑇1)    on Γ12 (i=1,2)      (2) 

 

where h is the “convective” coefficient reflecting the thermal resistance at the interface when 

the heat is transferred from one component to another [33], and Γ12 is the interface between 

component 1 and component 2. If the interfacial thermal resistance is dominated by radiation, 

h should be temperature-dependent [34]. It is obvious by observing Eq.(2) that, h→∞ means 

that there is no interfacial thermal resistance and thus Eq.(2) reduces to T1=T2 and 𝑘1∇𝑇1 =
𝑘2∇𝑇2, that is the conventional continuous conditions for temperature and heat flux; whereas 

h→0 means that there is no heat transfer taking place at the interface and in this case all of the 

inclusions embedded in the medium are thermally isolated. 

 

Interfacial thermal resistance is a measure of an interface's resistance to thermal flow. It arises 

at the boundary between two different phase materials owing to their differences in electronic 

and vibrational properties. When an energy carrier attempts to traverse the interface, it will 

scatter at the interface. The probability of the transmission after scattering will depend on the 

available energy states on the two sides of the interface. The type of carrier scattered will also 

depend on the materials governing the interfaces. Hence, in general, the interfacial thermal 

resistance should depend on the properties of the materials on the two sides of the interface. 

Understanding the thermal resistance at the interface between two distinct materials is of 

primary significance in the study of its thermal properties. Interfaces often contribute 

significantly to the observed properties of the materials [35], but the exact mechanism of the 

resistance is not fully understood [36,37,38,39]. 

 

In principle, the governing equations (1) and (2) together with initial and boundary conditions 

can be solved using various numerical methods, for instance, [1]. However, practically, to 

execute such numerical simulations is rather difficult for a macro-scale structure because the 

CNTs-reinforced composite often involves massive number of small size CNTs. To overcome 

the computational problem efforts have been made to develop mesoscopic analysis model to 

determine the effective thermal properties of the composite [33,34,40]. If the effective thermal 

properties of a composite can be appropriately determined, then the heat transfer analysis of the 

two-phase composite material can be treated as a normal single-phase material. The effective 

thermal properties of a two-phase composite are dependent not only on the thermal properties 

and volume fractions of the two constituted materials but also on the manner how the two 

components are mixed and organised in the composite. In the present study, we follow the 

approach outlined in [40,41] by treating the composite, consisting of spherical inclusions, but 

with modifications by taking into account the effects of interfacial thermal resistance, aspect 
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ratio and percolation of the inclusions. The latter is particularly important for the CNTs-

reinforced polymer composites.  

 

3. Effective thermal properties of two-phase composite materials 

 

Fig.1a shows the representative volume element (RVE) of a two-phase composite used in the 

spherical model, in which the inner sphere represents the volume of inclusions and the outer 

shell stands for the volume of medium. The volume fractions of the inclusions and medium in 

the RVE thus can be expressed as follows, 

 

𝑉1 = (
𝑅1

𝑅2
)

3

          (3) 

𝑉2 = 1 − (
𝑅1

𝑅2
)

3

         (4) 

 

where V1 and V2 are the volume fractions of the inclusions and medium, respectively, R1 is the 

radius of the inner sphere, and R2 is the outer radius of the shell (see Fig.1a). Assume that the 

interface between the inclusion and medium does not absorb thermal energy. Then, the effective 

density and effective specific heat of the composite material can be calculated as follows, 

 

𝜌𝑒 = 𝜌1𝑉1 + 𝜌2𝑉2         (5) 

 

𝑐𝑒 =
𝑐1𝜌1𝑉1+𝑐2𝜌2𝑉2

𝜌1𝑉1+𝜌2𝑉2
         (6) 

 

where e and ce are the effective density and effective specific heat of the composite material, 

1 and c1 are the density and specific heat of the inclusion material, 2 and c2 are the density 

and specific heat of the medium material, respectively.  

 

The ETC of the two-phase composite material can be derived by using the concept of 

equivalence between a single-phase material and a two-phase composite material in terms of 

the temperature and heat flux. By using the spherical model (Fig.1a) the heat transfer equation 

at steady state can be expressed as follows, 

 
1

𝑟2

𝜕

𝜕𝑟
(𝑘𝑖𝑟2 𝜕𝑇𝑖

𝜕𝑟
) +

1

𝑟2sinθ

𝜕

𝜕𝜃
(𝑘𝑖sinθ

𝜕𝑇𝑖

𝜕𝜃
) = 0  in Ω𝑖 (i=1,2)    (7) 

 

where (r,θ,) are the spherical coordinates with the coordinate origin imposed at the common 

centre of the spheres, Ω1 is the domain of r<R1, and Ω2 is the domain of R1<r<R2. The axial 

symmetry is assumed to be around x3-axis where x3=rcos. The boundary condition of the 

temperature or heat flux is defined at its infinity (x3→∞). The general solution of Eq.(7) can be 

expressed as follows, 

 

𝑇𝑖(𝑟, 𝜃, 𝜑) = (𝐴𝑖𝑟 +
𝐵𝑖

𝑟2) cos𝜃       in Ω𝑖 (i=1,2)    (8) 

 

where Ai and Bi (i=1,2) are the constants to be determined. Note that constant B1 must vanish 

due to the singularity at the origin. Constant A2 can be determined based on the imposed remote 

boundary condition. Constants A1 and B2 are determined according to the thermal resistance at 

the interface (r=R1), which, according to Eq.(2), can be expressed as follows, 
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𝑘1
𝜕𝑇1

𝜕𝑟
|

𝑟=𝑅1

= 𝑘2
𝜕𝑇2

𝜕𝑟
|

𝑟=𝑅1

         (9) 

  

𝑘1
𝜕𝑇1

𝜕𝑟
|

𝑟=𝑅1

= ℎ(𝑇2 − 𝑇1)|𝑟=𝑅1
             (10) 

 

Substituting Eq.(8) into Eqs.(9) and (10), the following expressions for A1 and B2 are obtained, 

 

𝐴1 =
3𝐴2

(2+
2𝑘1
ℎ𝑅1

+
𝑘1
𝑘2

)
          (11) 

 

𝐵2

𝑅1
3 =

(1+
𝑘1

ℎ𝑅1
−

𝑘1
𝑘2

)𝐴2

(2+
2𝑘1
ℎ𝑅1

+
𝑘1
𝑘2

)
          (12) 

 

It can be observed that, when h→∞ Eqs.(11) and (12) give the same formulations as those 

derived in the Maxwell model [34]; and when h→0 Eqs.(11) and (12) lead to A1→0 and 

B2→𝑅1
3𝐴2/2, indicating that the heat transfer happens only in the medium.  

 

We now consider the RVE of a single material of the same size as shown in Fig.1a. The solution 

of Eq.(7) in the RVE (Ω = Ω1 + Ω2) can be expressed as follows, 

 

𝑇𝑒(𝑟, 𝜃, 𝜑) = (𝐴𝑒𝑟 +
𝐵𝑒

𝑟2) cos𝜃       in Ω     (13) 

 

where Te is the temperature, Ae and Be are the constants to be determined. The following two 

equations must be satisfied if the single material model is equivalent to the two-phase composite 

material in terms of the temperature and heat flux at the outside edge of the sphere,  

 

𝑇𝑒|𝑟=𝑅2
= 𝑇2|𝑟=𝑅2

               (14) 

 

𝑘𝑒
𝜕𝑇𝑒

𝜕𝑟
|

𝑟=𝑅2

= 𝑘2
𝜕𝑇2

𝜕𝑟
|

𝑟=𝑅2

         (15) 

  

where ke is the ETC. Substituting Eqs.(8) and (13) into (14) and (15) and noting that constant 

Be must be zero due to the singularity at the origin, it yields, 

 

𝑘𝑒,𝑚𝑖𝑛 = 𝑘𝑒 = 𝑘2

(2+
2𝑘1
ℎ𝑅1

+
𝑘1
𝑘2

)−2𝑉1(1+
𝑘1

ℎ𝑅1
−

𝑘1
𝑘2

)

(2+
2𝑘1
ℎ𝑅1

+
𝑘1
𝑘2

)+𝑉1(1+
𝑘1

ℎ𝑅1
−

𝑘1
𝑘2

)
           (16) 

 

Eq.(16) gives the ETC of the two-phase composite material. Since the model assumes all 

inclusions, which have higher thermal conductivity, are perfectly embedded in the medium, 

which has lower thermal conductivity, ke predicted by Eq.(16) represents the lower-bound of 

ETC, and thus it is designated as ke,min.  

 

For the case of h→∞ where there is no interfacial thermal resistance Eq.(16) reduces to the 

Maxwell model [34,40]; whereas for h→0 where all inclusions are completely isolated Eq.(16) 

reduces to the Maxwell model with k1=0 [34,40]. As an example, Fig.2 plots the variation of 

the lower-bound ETC with the volume fraction of inclusions for different interfacial thermal 

resistances. It can be seen from the figure that, for the cases of hR1=∞ and hR1=k1 the lower-

bound ETC increases with the volume fraction of inclusions, but for the case of hR1=k2 it 
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decreases slightly with the increased volume fraction of inclusions. The latter is because the 

high thermal conductivity in inclusions is overtaken by the high interfacial thermal resistance 

on the inclusions’ surfaces. Also, it can be seen from the figure that, if the interfacial thermal 

resistance is similar to the inclusions’ conductivity, the lower-bound ETC reduces almost by a 

half when the volume fraction of inclusions tends to 1. 

 

In general, Eq.(16) is only suitable to the composite with no percolated inclusions or with very 

low volume fraction of inclusions. The percolation threshold of CNTs-reinforced composite is 

very low because of the large aspect ratio of CNTs fibres [41,42]. To take account for the effects 

of aspect ratio and percolation threshold of CNTs on the ETC, we also need know the upper-

bound of the ETC. By assuming all inclusions are fully percolated, the positions of the 

inclusions and medium in the spherical model shown in Fig.1a need be swapped, that is, the 

inner sphere is to represent the volume of medium, whereas the outer shell is to stand for the 

volume of inclusions. The swapped volumes in the spherical model is shown in Fig.1b. In this 

case, the upper-bound of the ETC of the two-phase composite material can be obtained from 

Eq.(16) by swapping k1↔k2 and V1↔(1-V1), that is, 

 

𝑘𝑒,𝑚𝑎𝑥 = 𝑘𝑒 = 𝑘1

(2+
2𝑘2
ℎ𝑅1

+
𝑘2
𝑘1

)−2(1−𝑉1)(1+
𝑘2

ℎ𝑅1
−

𝑘2
𝑘1

)

(2+
2𝑘2
ℎ𝑅1

+
𝑘2
𝑘1

)+(1−𝑉1)(1+
𝑘2

ℎ𝑅1
−

𝑘2
𝑘1

)
          (17) 

 

where ke,max is the upper-bound ETC of the two-phase composite material. Fig.3 plots the 

variation of the upper-bound ETC with the volume fraction of inclusions for different interfacial 

thermal resistances. It can be seen from the figure that the upper-bound ETC increases with 

increased volume fraction of inclusions. There is a little difference in ke,max between the cases 

of hR1=∞ and hR1=k1. The ke,max for the case of hR1=k2 is only slightly smaller than that of 

hR1=∞, indicating that the influence of the interfacial thermal resistance on the upper-bound 

ETC is not significant.  

 

Eqs.(16) and (17) represent the two extreme cases of the inclusions mixed in the two-phase 

composite. In real cases, however, neither the medium nor the inclusion would be perfectly 

covered by the medium or by the inclusion. To consider the random distribution and random 

dispersion of inclusions in the composite, we herein consider a unit volume of RVE (Fig.4). 

Assume that the inclusions in the RVE are equally spread in x-, y-, and z-axial directions and 

can be approximately characterised by the configuration of three-prisms with dimensions [λa, 

a, a] as shown in Fig.4, where λ is the aspect ratio of inclusions and a is a virtual length 

parameter. For simplicity, the shape of inclusions is assumed to like solid fibres and the cross-

section effect of inclusions is ignored. For a given λ, the virtual length, a, can be calculated 

based on the volume fraction of inclusions in the composite according to Eq.(18) or Eq.(21) 

[41]. According to the configuration shown in Fig.4a, we have.  

 

If λa < 1, 

 

𝑉1 = 3𝜆𝑎3 − 2𝑎3 = (3𝜆 − 2)𝑎3            (18) 

 

𝑉𝑚1 = (𝜆𝑎)3 − (3𝜆−2)𝑎3 = (𝜆3 − 3𝜆+2)𝑎3          (19) 

 

𝑉𝑚2 = 1 − (𝜆𝑎)3              (20) 

 

If λa = 1, 
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𝑉1 = 3𝜆𝑎3 − 2𝑎3 = (3 − 2𝑎)𝑎2            (21) 

 

𝑉𝑚1 = 1 − (3 − 2𝑎)𝑎2             (22) 

 

𝑉𝑚2 = 0               (23) 

 

where Vm1 is the volume of the medium in the sub-domain shown in Fig.4b, Vm2 is the volume 

of the medium in the unit volume of the cube subtract the sub-domain, and Vm1+Vm2=V2 is the 

volume fraction of the medium in the composite.  

 

The ETC of the RVE can be calculated by two steps [41]. The first step is to calculate the ETC 

of the sub-domain shown in Fig.4b by using Eq.(17), in which the medium (V1m) is completely 

covered by the inclusions (V1) or the inclusions are fully percolated, 

 

𝑘𝑒
1 = 𝑘1

(2+
2𝑘2
ℎ𝑅1

+
𝑘2
𝑘1

)−2(1−
𝑉1

𝑉1+𝑉𝑚1
)(1+

𝑘2
ℎ𝑅1

−
𝑘2
𝑘1

)

(2+
2𝑘2
ℎ𝑅1

+
𝑘2
𝑘1

)+(1−
𝑉1

𝑉1+𝑉𝑚1
)(1+

𝑘2
ℎ𝑅1

−
𝑘2
𝑘1

)
           (24) 

 

where 𝑘𝑒
1 is the ETC of the sub-domain. The second step is to calculate the ETC of the RVE 

shown in Fig.4a by using Eq.(16), in which the sub-domain (V1+V1m) with ETC 𝑘𝑒
1 is 

completely covered by the medium (V2m) or the sub-domain is not percolated in the RVE,  

 

𝑘𝑒𝑓𝑓 = 𝑘2

(2+
2𝑘𝑒

1

ℎ𝑅1
+

𝑘𝑒
1

𝑘2
)−2(𝑉1+𝑉𝑚1)(1+

𝑘𝑒
1

ℎ𝑅1
−

𝑘𝑒
1

𝑘2
)

(2+
2𝑘𝑒

1

ℎ𝑅1
+

𝑘𝑒
1

𝑘2
)+(𝑉1+𝑉𝑚1)(1+

𝑘𝑒
1

ℎ𝑅1
−

𝑘𝑒
1

𝑘2
)

           (25) 

 

where keff is the ETC of the RVE. Eq.(25) provides a general formulation for calculating the 

ETC of two-phase composite materials. For a given composite, one can first calculate V1m and 

V2m using Eqs.(19) and (20) or Eqs.(22) and (23) based on  and V1, followed by using Eqs.(24) 

and (25) to calculate 𝑘𝑒
1 and keff. Since the volume fraction (Vm1) of the medium in the sub-

domain is dependent on not only the volume fraction but also the aspect ratio of inclusions, the 

ETC calculated using Eq.(25) not only includes the effect of the interfacial thermal resistance 

but also the effect from the aspect ratio and percolation of inclusions; the latter has been 

discussed in the calculation of the effective electrical conductivity of composites 

[41,43,44,45,46]. Fig.5 graphically shows the difference between the keff calculated using 

Eq.(25) and the ke,min and ke,max calculated using Eqs.(16) and (17). It can be seen from the figure 

that, unlike ke,min and ke,max, keff is able to reflect the effect of aspect ratio of inclusions on the 

ETC. It is closer to ke,min when the volume fraction of inclusions is very small and to ke,max when 

the volume fraction of inclusions becomes large. When the interfacial thermal resistance is not 

considered the transition of keff from ke,min to ke,max is rather smooth. However, when the 

interfacial thermal resistance is considered there is a jump in keff happened at the percolation 

threshold of inclusions. The larger the aspect ratio of inclusions, the smaller the percolation 

threshold of inclusions. Comparing Fig.5a and Fig.5b, one can see the ETC is smaller when the 

interfacial thermal resistance is considered until the volume fraction of inclusions reaches to its 

threshold value. 

 

4. Simplified model applied to CNTs-reinforced two-phase composite materials 
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For most CNTs-reinforced two-phase composite materials the thermal conductivity of CNTs is 

much higher than that of the medium material and the volume fraction of CNTs is much small 

in the composite. In this case, Eqs.(24) can be simplified as follows owing to the fact of k1>>k2, 

 

𝑘𝑒
1

𝑘1
≈

(2+
2𝑘2
ℎ𝑅1

)−2(1−
𝑉1

𝑉1+𝑉𝑚1
)(1+

𝑘2
ℎ𝑅1

)

(2+
2𝑘2
ℎ𝑅1

)+(1−
𝑉1

𝑉1+𝑉𝑚1
)(1+

𝑘2
ℎ𝑅1

)
=

2𝑉1
𝑉1+𝑉𝑚1

3−
𝑉1

𝑉1+𝑉𝑚1

=
2𝑉1

2𝑉1+3𝑉𝑚1
         (26) 

 

Eq.(26) indicates that 𝑘𝑒
1 is in the similar order of magnitude of k1. Similarly, Eq.(25) can be 

simplified as follows owing to the fact of 𝑘𝑒
1 ≫ 𝑘2, 

 

𝑘𝑒𝑓𝑓

𝑘2
≈

(
2𝑘2
ℎ𝑅1

+1)−2(𝑉1+𝑉𝑚1)(
𝑘2

ℎ𝑅1
−1)

(
2𝑘2
ℎ𝑅1

+1)+(𝑉1+𝑉𝑚1)(
𝑘2

ℎ𝑅1
−1)

            (27) 

 

Eqs.(26) and (27) can be used to calculate the ETC of CNTs-reinforced composites with and 

without percolated CNTs, respectively. It is of interest to notice that, for a CNTs-percolated 

composite (Vm2=0) its ETC is linearly proportional to the thermal conductivity of CNTs 

material (see Eq.(26)); whereas for a composite in which CNTs are not percolated (Vm2>0), its 

ETC is linearly proportional to the thermal conductivity of medium material (see Eq.(27)). The 

proportional factor depends on the volume fraction of inclusions in the former and the 

interfacial thermal resistance and volume fraction and percolation threshold of inclusions in the 

latter.  

 

To validate the present model, experimental data are used for three different composite 

materials. The first set of the experimental data is for the composite made from epoxy filled 

with aluminium nitride (AlN) particles of sizes 90-100 m [47]. In the experiments seven 

different volume fractions of AlN particles ranging from 0 to 15% were used and the 

corresponding ETCs of the composites were measured [47]. The comparison between the 

measured ETC and predicted ETC using Eq.(27) is shown in Fig.6. In the calculation the 

thermal conductivity of the epoxy and AlN was taken as k2=0.363 W/(m⋅K) and k1=160 

W/(m⋅K), respectively, which were obtained from the experiments [47]. The aspect ratio of AlN 

particles and interfacial thermal resistance used in the calculation were assumed as =2.65 and 

hR1=5k2, which were obtained by best matching the experimental data.  It can be seen from the 

figure that the predicted ETC is in good agreement with the measured ETC.  

 

The second set of experimental data is the CNTs-reinforced poly (l-lactide) (PLLA) composite. 

In the experiments six different volume fractions of CNTs ranging from 0 to 3.04% were used 

and the corresponding thermal diffusivities of the composites were measured [48]. The 

experimental ETCs were calculated based on the measured thermal diffusivity, effective 

density, and effective specific heat. The comparison between the experimental ETC and 

predicted ETC using Eq.(27) is shown in Fig.7. In the calculation the thermal conductivity of 

the PLLA and CNTs was taken as k2=0.10 W/(m⋅K) and k1=750 W/(m⋅K), respectively, which 

were obtained from the experiments [48]. The aspect ratio of CNTs fibres and interfacial 

thermal resistance used in the calculation were assumed as =8 and hR1=5k2, which were 

obtained by best matching the experimental data.  It can be seen from the comparison shown in 

Fig.7 that the predicted ETC agrees very well with the experimentally obtained ETC.   

 

The third set of experimental data is the single-walled CNTs-reinforced poly (methyl 

methacrylate) (PMMA) composite. In the experiments CNTs were prepared through floating 

catalyst chemical vapour deposition method and were dispersed uniformly in PMMA matrix 
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[49,50]. Five different mass fractions of CNTs ranging from 0 to 4.0% were used and their 

corresponding ETCs were measured. The mass fraction of CNTs is converted to the volume 

fraction of CNTs by using the following equation, 

 

𝑉1 =
𝑚1𝜌2

𝑚1𝜌2−(1−𝑚1)𝜌1
              (28) 

 

where ρ1=2250 kg/m3 and ρ2=1180 kg/m3 are the densities of the CNTs and hardened PMMA 

materials, respectively, m1 is the mass fraction of CNTs in the composite. The comparison 

between the measured ETC and predicted ETC using Eq.(27) is also shown in Fig.7. In the 

calculation the thermal conductivity of the PMMA and CNTs was taken as k2=0.45 W/(m⋅K) 

and k1=750 W/(m⋅K), respectively, which were obtained from the experiments [50]. The aspect 

ratio of CNTs fibres and interfacial thermal resistance used in the calculation were assumed as 

=8 and hR1=5k2, which were obtained by best matching the experimental data. Again, a good 

agreement between the predicted and measured ETCs is demonstrated.  

 

5. Conclusions 

 

This paper has presented an analytical model for calculating the ETC of two-phase composite 

materials. The model has been validated by using experimental data published in literature. 

From the results obtained we have the following conclusions. 

 

 For CNTs-reinforced composites where the thermal conductivity of CNTs is much 

greater than that of the medium material, the ETC of the composite material is linearly 

proportional to that of the medium material if the CNTs are not percolated in the 

composite (see Eq.(27)). However, if the CNTs are fully percolated in the composite 

then the ETC of the composite material is linearly proportional to that of the CNTs (see 

Eq.(26)). This is agreed with what was observed in experiments [51,52,53]. 

 

 The interfacial thermal resistance has important influence on the ETC of the composite 

material but only for the case where the CNTs are not fully percolated. The higher the 

interfacial thermal resistance, the lower the ETC of the composite material. For the 

composite where CNTs are fully percolated, the influence of interfacial thermal 

resistance on the ETC is very small and could be ignored.  

 

 The aspect ratio of CNTs has dominant influence on the ETC of CNTs-reinforced 

composite materials. However, the threshold volume fraction of CNTs for ETC seems 

much larger than that for effective electrical conductivity for the same composite 

because of the influence of interfacial thermal resistance. The higher threshold volume 

fraction of CNTs limits the heat transfer in the composite and thus leads to low ETC. 
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(a)                                (b) 

 

Fig.1 Spherical model. (a) Two-phase composite where inclusions are embedded in the 

medium. (b) Two-phase composite where the medium is enclosed by inclusions.  

 

 

 
 

Fig.2 The lower-bound ETC versus volume fraction of inclusions at different interfacial 

thermal resistances (k1/k2=10).  
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Fig.3 The upper-bound ETC versus volume fraction of inclusions at different interfacial 

thermal resistances (k1/k2=10).  

 

 

 

 

 
 

 

Fig.4. Schematic of fibre-reinforced composite material (blue and yellow represent medium 

and inclusions). (a) A unit volume cube of RVE of composite. (b) Subdomain 

involving inclusions. (c) Side view and dimensions of sub-domain [41]. 
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(a) 

 

 
(b) 

 

 

Fig.5 ETC versus volume fraction of inclusions for different aspect ratios of inclusions 

(k1/k2=100). (a) ℎ𝑅1 = ∞ and (b) ℎ𝑅1 = √𝑘1𝑘2. 

 



17 
 

 
 

Fig.6 Comparison between analytically predicted and experimentally measured ETCs of AlN-

reinforced epoxy composites (k2=0.363 W/(m⋅K), =2.65, hR1=5k2).  

 

 

 
 

Fig.7 Comparison between analytically predicted and experimentally measured ETCs of 

CNTs-reinforced polymer composites (k2=0.10 W/(m⋅K), =8, hR1=5k2 for PLLA and 

k2=0.45 W/(m⋅K), =8, hR1=5k2 for PMMA).   

 

 

 

 


