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Optimal Hidden Markov Models
Bill Fredenck McKee

Abstract

In contrast with training algorithms such as Baum-Welch, which produce solutions that
are a local optimum of the objective function, this thesis describes the attempt to develop
a training algorithm which delivers the global optimum Discrete Hidden Markov Model

for a given training sequence.

A total of four different methods of attack upon the problem are presented. First, after
building the necessary analytical tools, the thesis presents a direct, calculus-based assault
featuring Matrix Derivatives. Next, the dual analytic approach known as Geometric
Programming is examined and then adapted to the task. After that, a hill-climbing
formula is developed and applied.

These first three methods reveal a number of interesting and useful insights into the
problem. However, it is the fourth method which produces an algorithm that is then
used for direct comparison with the Baum-Welch algorithm: examples of global optima

are collected, examined for common features and patterns, and then a rule is induced.

The resulting rule is implemented in 'C' and tested against a battery of Baum-Welch
based programs. In the limited range of tests carried out to date, the models produced
by the new algorithm yield optima which have not been surpassed by (and are typically
much better than) the Baum-Welch models. However, far more analysis and testing is

required and in its current form the algorithm is not fast enough for realistic application.
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1. Introduction

1.1. Overview

Since their development more than 30 years ago, Hidden Markov Models (HMMs) have
remained one of the most successful tools for carrying out Automatic Speech
Recognition [1-6]. They provide a mathematically rigorous approach to developing
robust statistical speech models during the training phase, and then classifying unknown

utterances at the recognition phase [7,8].

Training consists of finding a set of model parameters which maximize the probability of
reproducing the training data. With this probability as the objective function, and the
model parameters as the domain variables, training algorithms (such as the classic
Baum-Welch) operate by hill-climbing from an arbitrary starting location in the domain

to a local maximum of the objective.

Because the probability function is particularly non-linear in the model parameters, little
effort has been made in the past to search for the set of parameters which is globally
optimal. The lack of literature suggests that authors may indeed have given up on the
possibility, believing that "given any finite observation sequence as training data, we
cannot optimally train the model” [9]. (See also [10,11])

The aim of the current research has been to challenge that view, by attempting to

develop a procedure by which optimal Hidden Markov Models can be identified.

This goal is, admittedly, very ambitious, so to keep the problem more manageable work
has focused on the simplest possible case, in which a Discrete HMM is optimized for a
single observation sequence. The following chapters survey some of the in-roads which
have been made in this undertaking.



1.2. HMMs and Speech Recognition

Roughly speaking, Automatic Speech Recognition (ASR) is the attempt to have
computers identify human utterances. One visualizes a 'phonetic typewriter' style of
solution, where a human speaks into a microphone and the computer displays the correct

string of words on a screen.

This is an old subject of research [12], but the progress to date is still very limited. The
difficulties can be summarized in terms of the two 'dimensions' shown below (Fig 1.1) .
Where the characteristics of only a single speaker are involved, and the words are
separated by clear gaps, recognition systems can achieve high levels of success. But as
the number of speakers or the fluency of the speech increases, recognition accuracy falls

off dramatically.

Historically, there have been two main approaches to ASR (see Fig 1.2). In the
cognitive or Knowledge-Based approach [13], one attempts to elicit and then automate
the rules used by knowledgeable experts. However, successfully capturing all of the
complex interrelationships of speech redundancies in one comprehensive structural

model has proved extremely difficult [14].

Alternatively, in the information-theoretic or Template Matching approach [15], a
collection of prototypical patterns are collected into a reference memory. Then a sample
utterance is compared against the complete set of patterns, and a classification is made
based upon the best' match. This brute force approach is limited by the size of the

reference memory and the complexity of the comparison algorithm.

Recently, Neural Network recognizers have come along [16] which bridge the gap
between the older approaches. The neural network performs a type of matching based

upon features that it 'learns' by itself from the training data.
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Hidden Markov Models (HMMs) belong to the template matching approach, but are
generally superior to the other members of that family. Within template matching, the
usual procedure is for the training data to be clustered into classes, after which the
centroid of each class is determined. Template matchers then retain the collection of
centroids, which forms the reference memory, but discard the other available
information, such as the distribution of the clus{ers about their centroids. On the other
hand, HMMs are able to incorporate this extra information and, consequently, tend to
achieve better results. In fact, HMMs currently offer the best performance available for
isolated word/single speaker recognition [17] and form the basis of almost all successful

commercial and laboratory recognition systems.



1.3. HMM Fundamentals

A Hidden Markov Model can be regarded as a special type of finite state machine, with
two important differences (Fig 1.3) . Unlike the standard finite state machine, the output
from states and the transition between states do not depend upon external inputs.
Instead, the transition between states is a random process which satisfies the (first order)
Markov property, whereby the choice of state at time ¢ depends only upon the previous
state. Secondly, the sequence of states through which the model passes is not directly
observable (hence the term ‘hidden’). However at each discrete time ¢, upon entering a
state, the model emits a signal which is observable. The choice of signal to emit is also

made randomly, with the decision governed by a different random process for each state.

Thus, a Hidden Markov Model represents a doubly-embedded stochastic process, with
an underlying stochastic process which is not observable, but which can be sensed via

another set of stochastic processes that produce a sequence of observations [18].

In using an HMM to model a body of data, one assumes that the process which
generated the data was itself an HMM , and then attempts to identify the parameters of
that underlying HMM (i.e. the parameters of its component probability distributions).
According to the usual criterion, the best model (set of parameters) for a body of data is
the one which exhibits the greatest likelihood of having generated that data.

Thus while standard template matching techniques reduce each class of training data to a
single average, or prototype, with HMMs each class of training data is instead used to
produce a stochastic model of the process which was responsible for generating the

training data.

To carry out speech recognition, a library of HMMSs is constructed, with a model for
each item (word, syllable, phoneme, etc.) in the vocabulary. A test pattern comprising a

sequence of observations is then compared against the reference HMMs by computing
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the probability that each HMM might have generated that sequence. The HMM which
displays the highest probability of having produced the test pattern is deemed the nearest

match, and the pattern is so classified.



1.4. Types of HMMs

As per the above discussion, the elements which make up a Hidden Markov Model are

(1) N, the number of states in the model.

(2) an N x N matrix of transition probabilities, 4 , where element a,,
gives the probability of moving from state i to state j

3) an N x 1 initial state distnbution vector, n, where element =,
gives the probability that the model begins in state #

(4) a set of observation probability distributions, one for each state,
which give the probability of generating a given observation from
within state j .

Note that the actual connections between model states in the state diagram are realized
by the A matrix. For example, when element g, = 0 this indicates that no transition is
possible (i.e. no path exists) from state i to state j, while a non-zero g, ; implies that a

connection does exist.

Starting from this basic specification, numerous variations of HMM are possible
reflecting, for example, the topology (i.e. pattern of connections) of the state diagram,
the form of the observation probability densities, the modelling of state durations, etc.

Here we focus on the form of the observation probability densities.

Perhaps the simplest such variation is the discrete density HMM (DHMM), in which the
set of possible outputs are restricted to a finite set, or alphabet. Under this assumption,

the state output distribution functions are then discrete probability densities, and it
becomes possible to replace the collection of N output distributions with a single N x
M matrix, B, where M is the length of the alphabet, and where b, gives the

probability of generating the #* alphabet entry while in state j .



However, while there are physical systems where a discrete alphabet of observations is
entirely appropriate, other systems (such as the speech signals under discussion) wouldn't
normally be restricted to a finite set of outputs. For example, an observation
might consist of a D-element vector of LPC coefficients derived from a frame of
speech samples. Then the components of the observation would be
continuous-valued (within the precision bounds of the hardware involved), and the set of

possible outputs would constitute a continuous D-dimensional space.

In order to approximate a continuous system of this sort by a discrete HMM, two vector
quantization steps are necessary. First, during model building, the continuous vector
space has to be replaced by the finite alphabet, or 'codebook’, mentioned earlier.
Typically, the training data might be clustered, and the centroids of the clusters chosen to
make up the codebook. Second, during model use, a preliminary pattern matching
operation occurs, whereby each continuous-valued observation is compared with the

codebook entries and replaced by the index of its nearest match.

But in general, when the continuous-valued observations become quantized, the
modelling of the physical system may become degraded [19]). Consequently, an
alternative to the discrete HMM is the continuous-density HMM (CDHMM), in which
the observations are not quantized but instead remain continuous-valued. This means
that, for the D-element observations describéd above, each of the N state observation
probability distributions must take the form of a continuous density function defined on
the D-dimensional vector space.

To model these continuous density functions, a result by Kolmogorov [20] is commonly
invoked which states that a continuous function can be approximated to an arbitrary
accuracy by a sum of suitably sized and positioned ‘bumps’. Any elliptically symmetric
function (i.e. contours are ellipses) constitutes a suitable bump, and D-dimensional
multivariate Gaussian shapes are typically used for the purpose. A sum of M of these
shapes is referred to as a 'mixture’. Each Gaussian in the mixture can be described in



terms of a D-element means vector and a D x D covariance matrix. Finally, a vertical
scaling factor is required for each Gaussian to ensure that the total volume enclosed by

the mixture equals 1 (as per a probability density) .

In summary, one observes a trade-off at work between the two different types of
HMM . The CDHMM offers a more precise model of the physical system, leading
(hopefully) to greater recognition accuracy. This is offset by greater complexity, plus a
larger number of parameters to be estimated from the finite body of training data.

Over the course of time, many other types of HMM have been introduced [21,22,23]
which attempt to refine the balance point of this trade-off and/or provide additional
features. But today almost all. applications aimed at speech recognition employ some
form of continuous HMM .

10



1.5. HMM Calculations

Regardless of the type of HMM under consideration, the literature identifies three basic
problems that must be solved in order for the Hidden Markov Model to be useful in
real-world applications [24]). Let the vector O = o0, 0, .. o, represent a sequence of
observations made over 7 consecutive time steps, and let 0 = ¢, g, .. g, represent a

sequence of states. Then the three problems are :

Explanation  Given the observation sequence O and model M = (4, B, x) , compute
the sequence of states, O, most likely to have taken place as the

observations were generated

Classification Given the observation sequence O and model M, compute P(O | M),
the probability of the observation sequence given the model. The model
for which P(O | M) is largest is generally taken as the best 'match’ for the

sequence of observations.

Training Given the observation sequence O, compute the model parameters

M= (4, B, ) which maximize P(O | M)

The third of these tasks is by far the most challenging, and several solution methods have
been suggested, although the favorite for most applications seems to be the classic
Baum-Welch algorithm. This estimates the state transition probabilities by calculating

expected number of transitions from state / to state j
expected number of transitions from state i (1.1

£
il

if

and similarly for the other parameters, depending upon the form of the model (discrete or

continuous) .

11



The Baum-Welch algorithm owes it§ popularity to several advantages :

(a) It is mathematically sound, and is guaranteed to arrive at a solution

to the task.

(b)  Itisreasonably efficient. By employing a device (the doubling-up
procedure) from the mathematical toolbox known as Dynamic
Programming [25], it is able to streamline an otherwise prohibitive

amount of computation to a manageable level.

(c) It is readily adapted to handle multiple sequences of observations,
which are typically necessary in order to provide sufficient data to
make reliable estimates of all the model parameters.

On the other hand, the Baum-Welch algorithm displays one potential disadvantage :
namely, it may not produce the 'best' possible model for the given training data. To carry
out the model-building calculations, the algorithm must be given an initial set of
parameter values, which are then 're-estimated' with each iteration of the formulas. In
this way, the algorithm performs a type of hill-climb from the initial set of parameter
values to the final guaranteed solution. However, the final solution is only a local
optimum of the objective function P(O | M) , which may or may not be the global
optimum depending upon whether the initial parameter values were located on the
highest hill. In general, unless something of the 'landscape' of the objective function is
known, there can be no way of being certain that the global optimum has been achieved.

12



1.6. Goal of the Research

As an alternative to the standard Baum-Welch algorithm, the goal of the current research
is to develop a training procedure which is guaranteed to produce the global optimum to
the objective function for the given training data.

This is no easy task. The problem of finding the global optimum has received little or no
attention in the speech recognition literature in the past 30 years, presumably on account
of its difficulty. Accordingly, the scope of this research project was limited initially to
the case of finding the global optimum of P(O | M) for a discrete HMM and a single

observation sequence as training data.

13



1.7. Value of this Analysis

Given that discrete HMMSs are generally viewed as yesterday's technology, and that
almost all real applications employ continuous HMMs with multiple training sequences
per model, is there any point to an analysis of discrete HMMs with a single observation

sequence?

We believe so, for several reasons :

First is the very practical reason that devising an algorithm for the global optimum HMM
is a difficult problem to solve. As suggested in the previous section, it makes sense to
simplify the problem as much as possible in order to maximize the chances of finding a

solution.

A second reason is the possibility that insights gained during this analysis will shed light
on the general situation involving continuous HMMs and multiple sequences. From this
simple 'fruit fly' case, we may be able to make inferences about the more complicated

cases.

A third reason is the prospect of extending the solution in ways which tum it into a
useful product. For example, the Global-Optimum algorithm (could it be found) might
be extended for multiple training sequences in much the same way that the Baum-Welch
algorithm has been extended for multiple training sequences. Baum-Welch accomplishes
this by calculating the numerator and denominator values of equation (1.1) for each
individual training sequence, using the same set of model parameters (i.e. the current
re-estimation) across all of the training sequences. Those numerators and denominators
are then accumulated separately, after which the division step is performed as normal,
and the process is repeated until convergence of the model parameters occurs. Imagine
now that the Global-Optimum algorithm has been employed to produce the optimal set

of parameters for each individual training sequence. Then the numerator and

14



denominator values of equation (1.1) are calculated for each training sequence, using
the same forward-backward calculations employed by Baum-Welch--except that this
time, the model parameters used with a sequence are the optimal set for that sequence.
Finally, the numerators and denominators are accumulated, after which the division step
is performed. In this way, multiple sequences can be used to produce an 'average’ model,

via a process which resembles a single iteration of Baum-Welch *,

A final reason for carrying out the analysis is that this is a worthwhile problem in its own
right. The lessons to be learmed transcend HMM technology to include pattern
recognition in general. For example, a global optimum HMM which has been derived
for a sequence provides a very useful description of the amount and type of ‘pattern'
which may be present in that sequence. In addition, it is interesting to note that
Discrete HMMs share certain similarities with  quantum mechanics and with
Superstring Theory (see Section 3.5.), so that progress within the context of Hidden

Markov modelling might help to illuminate those disciplines also.

* Making the assumption that different observation sequences are conditionally
independent given the mode], then

POMO? .. 0% M) = POV |M) x P(O® | M) x ... x PO®| M)
Theoretically, this should provide a more satisfactory objective function to be

maximized for multiple training sequences--although no known algorithm
actually uses it.

15



1.8. Value of the Global Maximum

A similar question is, why bother with the global optimum, anyway?

Levinson et al [26] appeared to raise this question in their 1983 paper, in which a known
Hidden Markov Model was employed to generate observation sequences which were

subsequently used to train other HMMSs . They implied that

(a) the original source model represents the ‘best' model of the data, and that

®) the failure of the secondary models to share the parameter values of
the original did not degrade their performance significantly

Once again, we feel there are several reasons why the global optimum is worth finding

and using :

The use of global optimum models should help at recognition time by increasing the
resolving power between speech models. Recognition accuracy requires that the
probability of the test sequence given the correct model should be high, while the
probability of the test sequence given an incorrect model should be low. Because the
global optimum models are more highly focused on their respective training data, they

should demonstrate correspondingly greater powers of discrimination.

Secondly, if the underlying mechanisms which relate observation sequences to HMMs

can be understood, it may be that the global optimum is actually the easiest (most
computationally efficient) to find--in the way that the highest, most visible, peak in a
landscape is usually the easiest to spot*. The result could be an algorithm which is more

computationally efficient than Baum-Welch.

* As a second example, compare the effort in finding the longest path through
a network with, say, finding the second longest path.

16



Finally, the global optimum model may be necessary in terms of resolving a certain

theoretical issue connected with model training :

Model training has traditionally consisted of optimizing the objective function P(O|M) =
Probability(O|M) , where M = ( A, B, = ) is the given model, and where the otimization
is performed over the space of possible models. This objective function is amenable to
mathematical analysis, yet perhaps a more appropriate objective is P(O,M) (i.e. the joint
rather than the conditional probability function), for this reason—~

When an HMM is 'kick-started' into action, it will generate a sequence of outputs [27].
The exact sequence will vary from trial to trial as per the stochastic nature of HMMs,
and yet one expects that, for a well-trained model, the training data will be typical of the
outputs in the sense that the mean of the population of outputs will equal the training
data.

In other words, one wants a model M which satisfies two maximizations

simultaneously—

it maximizes the likelihood of the training sequence over the space of models

it maximizes the likelihood of the training sequence over the space of training
sequences

17



Clearly, this is accomplished by optimizing the joint probability distribution, P(OM) ,

since

G_Pgl_,M) =0 handles the first condition
aL(aOO_’AQ =0 handles the second condition

and the optimization of P(O,M) performs both of these simultaneously.

Assuming this reasoning is correct, bear in mind also that since
P(OM) = P(OM) x P(M)
then optimizing P(O,M) requires both a large P(O|M) and a large P(M).
Global optimum models offer the largest possible P(O|M) . If, in addition, one argues
that , being the most ‘visible' (prominent), they naturally merit a larger likelihood of

occurrence, P(M) , then the global optimum models also become the likely candidates

for optimizing P(OM) .

18



1.9. Organization of the Thesis

This thesis discusses a variety of different attempts to solve the global optimization
problem. To date, none of these has been wholely successful. To arrive quickly at the
most promising attempt, the reader should skip directly to Chapter 5 . On the other
hand, the less developed attempts do make indirect contributions, and so are included

here for completeness.

The first attempt was a straight-forward attack upon the problem using standard methods
of calculus. The intention was to develop formulas for uncovering the complete set of

optima and selecting the largest from among them.

The initial difficulty with this calculus approach is the very large number of partial
differentiations which must be carried out *, and the equally large system of simultaneous
equations which must be solved. Therefore, preliminary to this line of attack,
mathematical tools were sought which could perform the differentiations as a block for
all the elements of A simultaneously (and likewise for B and for = ), and which could
also assemble those derivatives into appropriate matrix equations ready for solution.
Suitable tools were eventually found, and are collected together under the title of

"Matrix Derivatives" in Appendix A . By and large, these tools were 'discovered'
empirically without knowledge of existing source materials and, while many were later
verified when sources came along, some have yet to be found in any other source. The
exposition in Appendix A reflects this empirical development and makes little attempt
at mathematical rigor, but merely presents the results as a primer for the mathematicz-il

operations carried out in other parts of the thesis.

*one each for the N? elements of 4, the N x M elements of B, and the
N elements of

19




Armed with Matrix Derivatives, the way was clear to carry out the differentiations and
attempt to solve the matrix equations. Chapter 2 presents some of the initial headway
which was made with this analysis. Chapter 2 also establishes an upper bound on the

solutions which occur within the interior of the solution space, given by

[I(F)™
k=1 T
where T = 2 Ty

and where r, records the number of occurrences of codebook symbol &
over the given training sequence.

However, a shortcoming of calculus-based optimization is that it tends to focus on
interior solutions only, and to ignore endpoint extrema on the boundaries of the solution
space. Chapter 3 opens with a demonstration that the global optimum solution must
occur on a boundary of the solution space, where the different boundaries correspond to
parameter sets in which one or more of the elements of 4, B or wn equal zero.

Chapter 3 then goes on to show that these boundaries

are equivalent to fragments of the original objective function

include terms which reflect the state sequences the HMM might pass
through as it generates the training sequence

have differing dimensions (vertex, edge, plane, etc) according to the number
of non-zero elementsof A, B and =«

display a natural hierarchy (as a vertex can belong to an edge, an edge to a
plane, etc)

The final contribution of Chapter 3 is a mechanical procedure for identifying the list of

fragments which is relevant for a specific model size and training sequence.

20



Having established the need for optimizing the boundary fragments, and having learned
how to identify those fragments, what follows is a succession of attempts to determine
the global maximum of a given fragment.

The first of these is the Matrix Derivatives approach, now extended to deal with

fragments.

The second attempt involves a relatively recent optimization technique known as
Geometric Programming, which is naturally suited to objective functions of this form,
and which turns out to be the 'dual' of the derivatives approach (as with 'primal-dual’
methods in Linear Programming, for example).

The third attempt uses a new hill-climbing procedure. Unlike the previous calculus-
based methods, hill-climbing cannot normally be relied upon to deliver a global optimum,
unless the 'landscape' of the objective is reasonably well understood (the approximate

location or, at least, the number of hills is known in advance). The intention here was to

investigate certain formulas for nominating the initial starting point, to determine whether
this new hill-climbing procedure, in conjunction with the 'right' starting point, would
consistently yield the global optimum of the fragment.

All three of these approaches threw up intriguing insights worthy of further investigation,
and all three were useful to what followed in the thesis. On the other hand, none of them
could be developed sufficiently to achieve their stated goal of globally optimizing the
fragment. Furthermore, their developments are quite 'dense’, mathematically. For the
latter two reasons, the thesis chapters which describe these approaches have been

relegated to Appendices B, C and D, to be replaced by a summary in Chapter 4 .

21



The three methods of attack just described were all basically deductive in nature, and
equally applicable to either the complete objective function or any of its fragments. The
approach taken in Chapter 5 was the opposite of these : First, to collect examples of
the global optimum solution for the complete objective function, and then attempt to
induce the rules for finding them.

Based upon the body of examples, useful patterns did indeed appear. It seems that, in
the great majority of cases, the global optimum solution is given by a single-term
fragment, generally of lowest possible dimension. But even when the optimum is
produced from a multi-term fragment, this fragment contains a 'singleton' at its nucleus
together with terms which are related to it in a distinctive way—much as a crystal grows

around a 'seed".

Chapter 5 describes how these observations were converted into an algorithm for
generating Hidden Markov Models, including the critical procedure for identifying the
single-term 'seeds' from among the exponentially large number of candidate terms. It
then describes a series of four tests which were carried out in order to help confirm that

the new algorithm produces global optimum solutions.

Finally, Chapter 6 offers a summary plus recommendations for future work.

22



2. Interior Solutions

2.1. Analysis using Matrix Derivatives

Here we begin the search for Markov matrices 4 B & w which globally maximize the
probability of reproducing the given training sequence, represented by P(o0,0,..0;) .

The general plan of attack used within this chapter is the standard calculus optimization
strategy, involving differentiation, etc. However, in order to cope with the large number
of independent variables involved, the approach taken here is to express the objective
function and the necessary manipulations in terms of matrices. The reader is referred to
Appendix A for a tutorial on the differentiation of matrices and their use in expressing

the relevant constraints.

The objective is to

Maximize  1' Diag(BD,) 4'... A' Diag(BD,) A' Diag(BD,) =
A (RL-1D-A(B1-1)-1(4 1-1)

1xN Nxl IXN NxM Mx1 Nx1 IxN NxN Nx1 Nxl

The first term equals P(o, 0, ..0,) [28] and the remaining terms are Lagrange terms

which express the constraints that 1 B & A respectively must equal Markov matrices.

Note that

D, isan Mx 1 column vector of zeros with a single 1 to mark the

codebook symbol which occurred at time ¢

Therefore BD, extracts the ¥ column of B, where symbol &

occurred at time ¢

23



and Diag(BD) represents the diagonal matrix which contains BD,
along the major diagonal

Note also that

1 is a column vector (of appropriate size) consisting of all 1's

the expression X1-1=0
or X1 =1

demonstrates that the rows of X each sumto 1

and the A, are appropriate Lagrange multipliers

To maximize P(o,o0,..0,) we

perform a partial differentiation of the full expression with respect to

each unknown array,

set each result equal to zero,

and attempt to solve the simultaneous system of matrix equations
for the unknowns
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Differentiating—
wrt n

Diag(BD,) A Diag(BD,) A ... A Diag(BD,) 1
-A1=0

wrt. B

Diag[ 1' Diag(BD,) A'... A' Diag(BD,) 4'] x n D,
+ Diag[ 1' Diag(BD,) 4'... A'] x A' Diag(BD,) n D,

+ Diag[ 1'] x 4'... 4' Diag(BD,) A' Diag(BD,) = D/

-L,1'=0

Nx1 1xM

wrt A

Diag(BD,) = x 1' Diag(BD,) 4'... A' Diag(BD,)
+  Diag(BD,) A' Diag(BD,) = x 1' Diag(BD;) A' ... A' Diag(BD,)

+ Diag(BD,,) A'... A' Diag(BD,) n x 1' Diag(BD,)

-A1'=0

Nx1 1xN
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w.rt A,

-(7'1-1)=0 or n'l =1
wrt A,

-B1-1)=0 or B1 =1
W.It. A,

-(A1-1) =0 or Al =1

We have 6 equationsinthe 6 unknowns n,B, 4, A ,A,, A,

From here, the standard procedure [29] is to :

solve first for the Lagrange multipliers

then substitute their values to get a reduced system of equations

in AB&mn
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First the m equation--
Transpose... then post-multiply by =

1' Diag(BD,) A'... A' Diag(BD,) 4’ Diag(BD,) = = A, I't = A,
T
scalar 1

The left hand side equals P(o, 0,..0;) , which we are trying to maximize.

Therefore A, equals the (sought for) maximum value of the objective function
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Next the B equation--

Post-multiply by 1
Mx1

Diag[ 1' Diag(BD,) 4'... A' Diag(BD,) A4'} nD,'1
+  Diag[ I' Diag(BD,) 4'... A'] A" Diag(BD,) n D, 1

+  Diag[1'] 4'... 4' Diag(BD,) 4' Diag(BD,) nD;1 = M, 1'1
—_ -~
scalar 1 scalar M

or

Diag[ 1' Diag(BD,) 4' ... A' Diag(BD,) 4']
+  Diag[ I' Diag(BD,) 4'... A'] A' Diag(BD,) n

4- Diag[ 1'] A'... A' Diag(BD,) A' Diag(BD,) n = M A,

Nx1

Now pre-multiply by '
1xN

1' Diag[ 1' Diag(BD,) A'... A' Diag(BD,) A'] n
+ 1' Diag[ 1I' Diag(BD,) A'... A'] A' Diag(BD,) n

+  1'Diag[1'] 4'... A' Diag(BD,) A' Diag(BD,) n = M1'A,
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or

1' Diag(BD,) A'... A' Diag(BD,) A' T
+ 1' Diag(BD,) 4'... 4' A' Diag(BD,) n
+ 1' A' ... A' Diag(BD,) A' Diag(BD,) n = M1'A,

1xN Nx1

The right hand side is M times the sum of the elements of A, .
The left hand side is a series of objective functions with successive occurrences of
Diag(BD,) removed (or replaced by the identity matrix I ). Missing out the proof, this

is P(o, 0,..0;) with successive o, removed

--i.e.

P(o,..0;) + P(o,0;,..0;) +..+P(0,..0.,) = M1'},
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Now the A4 equation--
Post-multiply by A'

Diag(BD,) n x 1'Diag(BD,) A'... A' Diag(BD,) A
Nxl Y
+  Diag(BD,) A' Diag(BD,) n x 1' Diag(BD,) 4' ... A' Diag(BD,) A

N¥1 XN

+  Diag(BD,,) A'... 4'Diag(BD,) n x 1' Diag(BD,) A"

Nx1 DN
= ;\110‘40 _ 111'

Nx1 IxN

@ If two matrices are equal, then their traces are equal
The trace of a sum equals the sum of the traces

@ The trace of the outer product of two vectors equals their inner
product : '
Tr(Xr') = Y'X

Nx1 1xN IxN Nxl

Consequently,

I' Diag(BD,) A' ... A’ Diag(BD,) A' x Diag(BD,) =
+  1' Diag(BD,) 4'... A' Diag(BD,) A' x Diag(BD,) A' Diag(BD,) =

+ 1' Diag(8D,) A' x Diag(BD,,) A'... A' Diag(BD,) «
= 1' z_“
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The right hand side is the sum of the elements of A, .

The left hand sideis 7- 1 copies of the objective function.

Thus
(t-1) P(o, 0,..05)

]
ks

or

(1-1) A, = 1),
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2.2. Optimal Feasible Solutions

The analysis can (and will) be continued along these lines. But for now, returning to the

T equation...

Let L = Diag(BD,) A Diag(BD,) A .. A Diag(BD,)1 = {LHS}

Then the © equation states that

L =1 @2.1)

which is a constant vector, whose value

A, = the max. value of the objective function P(o,0,..0,)

Up till this point, the solution space has been defined as the set of ( 4, B, n ) triples

which are Markov.

Now, based on equation (2.1), a feasible solution might be defined as a triple for which

L = Diag(BD,) A Diag(BD,) 4 ... A Diag(BD;) 1

produces a column vector consisting of identical values. If this L calculation doesn't
yield a constant vector, the (A4, B, =) triple must be ruled out as infeasible (i.e. not a
stationary point).

Finally, an optimal feasible solution is a feasible solution for which the constant value

produced is the largest one possible (because that constant equals the value of P(o, o,

..0r) , which is to be maximized).
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The remaining sections of this chapter will demonstrate that, within the interior of the

solution space,

an upper bound exists on the value of the feasible solutions

(and, consequently, the stationary points), which is equal to

M poNr
= TI(3)"
k=1
where T = E’k

and where the R vector is calculated as
R = 2Dy
H

and records the number of occurrences of codebook symbol %

over the given symbol sequence.

In other words, within the interior of the solution space, no ( 4, B, n ) triple exists

which possesses a constant vector L (feasible) which is greater than y (optimal). For
any triple, either the L vector is not constant or, if it is, that constant valueis < y.

(Technically, the proofis carried out over the interior of the n-space, which includes the

interior of the (A, B, ) space as a subset.)
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2.3. Proof of the Conjecture
2.3.1. Preliminary Problem

The proposed proof relies upon the solution of a related, but simpler, optimization
problem :

rnr
Maximize the product xllx22_ " x;n

n
subject to the requirement that Z xp =1
k=1

For the special case n = 2, this product can be written
¥y = x(1-x)°
Differentiating

px¥i(1-x)- gx(1-x)*' =0

¥ (1-x)* [p(1-%) - gx] = 0

p(l-x) -gx =0 (for 0<x<1)
P+e)x = p

x = ﬁ and y = p—il-q
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For the case when all of the r, = 1, we invoke the Arithmetic-Geometric Mean
inequality [30], which states that the arithmetic mean of a set of numbers is never less

than the geometric mean :

for x 20 k=1ton
a >0
and Eak =1
oy o
then QX} +0pXy +...+Anxn 2 X, 1x22---x%"
with equality iff X, = x,=.=Xx

Accordingly, let oy = % and invoke the constraint E xp =1

11 1
Then xi’xg---x,',' s%ZxJ:%
Raising both sides to the power n
n

X1X9 - Xn s (%)
The upper bound is achieved iff x, = x, =...= x, which, with Z xp=1,
__ . _ 1
implies 6= x5=.=x =5
In summary, to maximize  x;x5---Xp  Wwhere Zxk =1

_1 ‘1 . 17
seteach x, = & , yielding the maximum value 7
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For the general case, we can apply the techniques of matrix differentiation :
rvJ2 ..rn

Let € = Xy Xy --Xp

Then the task is to maximize

e-A(X'1-1)
where X = [xx,.x]'
and A is the Lagrange multiplier

Differentiating with respect to X

ri-1r
: -A1 =0

ry rs -1

or

e| - =l (2.2)

Then

eT = A where T = D1
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Substituting for A in equation (2.2),

T
X
e . = eT1
rn
| Xn ]
F ]
. 1 .
e Diag(X) : = e T'Diag(X) 1
m
| Xn |
|
e : = eTX
rn
and
1
- 1 = 1
X T TR
n
ryr
So in general, to maximize xllx22___x;n
subject to Exk =1
where Z”k =T
.. Tk
the solution is X = 7F

B rrpN\T
which gives the maximum value 1__[ (—’-‘-) k

Note also that r,= 0 is permissible, provided that 0° is defined to equal 1.
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2.3.2. Special Cases

To re-cap from Section 2.2., an optimal feasible solution is one for which the calculation

L = Diag(BD,) A Diag(BD,) A ... A Diag(BD,) 1

produces a column vector of identical values which are the largest possible.

It is conjectured that, within the interior of the n-space (and, therefore, the interior of
the solution space), no ( 4, B, & ) triple exists which is both feasible (rows of L are

equal) and produces an objective value A, > v.

This section provides some special cases for which the conjecture is easily proved.
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As a first example, let T =3
and make the substitutions BD, = X
BD, =Y
BD, = Z

Now, consider A = I (the Nx N identity matrx) .

Then L

Diag(X) I Diag(¥) I Diag(Z) 1

X1Yi%1

*NYNIN

The X Y & Z were drawn from the columns of B and may (or may not) include

repetitions of columns. We can replace the terms x;y; z; by the equivalent formulation :

ry r2 TM
TS TIRELIVY,
L = where some of the r, may equal 0

ry 2 AL
ban b - Bapg

Clearly, each element of L is of the form optimized in Section 2.3.1. They all share
the same maximum value, which can be attained for all elements simultaneously by

setting b, = r,/T. In this way, the objective value equals

- 1)

k=1

and it is clear no objective value could be higher. Therefore, the conjecture holds for the

special case 4 =1 .
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Constder next the class of triples where the columns of B are constant (rows of B are
identical) --i.e.

B = 1[bb,..5,] where [5,5,..5,] 1 =1
Make the substitutions
BD, = X = x1
BD, = Y = y1

BD, = 2 = z1

Then L

Diag(X) I Diag(Y) I Diag(Z) 1

(xI) A (yI)A (z1)1

= xyz A1

= xyzl

- 1,72 ™™
- bl b2 asm M 1

which, as before, is both feasible and optimal iff 5, = r,/ T , regardless of the value of
A (provided only that it is Markov).
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As a third special case, consider the class of triples where the rows of 4 are identical

--ie.
A = 1f[aa,..q] where [a,a,..a,] 1 =1
After substituting as before,
L = Diag(X) A Diag(¥) A Diag(Z2) 1
Note also that
L =21
implies
AL = A, A1 = M1 =L
so that
L = A Diag(X) 4 Diag(Y) A Diag(2) 1
= 1[a, a, ... a,] Diag(X) 1 [a, q, ... a,] Diag(Y) 1 [a, a, ... a,] Diag(Z) 1
=1[aa,..a,] X [a,qa,..a,]Y [a,a,..a,]Z
= Avg(X) Avg(l) Avg(2) 1
= [AveBcyl ! [AvB(BCY 2 ... [AveB I ™ 1 23)
where Avg(X) is the weighted average of the elements of column vector X
performed by pre-multiplication with [q, a, ... a,]
and B, is column j of the B-matrix
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In this case L is automatically feasible (rows equal). To optimize its constant value,
note that

Avg(B.) + Avg(By) +...+ Avg(B,) = Avg(B, +B,+..+B,)
= Avg(B1)
= [aa,..a,] Bl
= [aa..q,]1

=1

so that the expression for the constant value of L in equation (2.3) again matches the
form and conditions of Section 2.3.1. Consequently, its value can be no greater than vy,

which can be attained provided the elements of B can be chosen so that

AvgB,) = r /T
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As a final example, consider the class of triples where A is upper triangular (the HMM
is left-to-right).

Note that a product of upper triangular matrices is also upper triangular. Consequently,
the calculation

L = Diag(X) A Diag(Y) A Diag(2) 1

produces the result (details omitted)

S 2

Suffice it to say that the elements of L are quite complicated except for the final

element, which 1s

Xy VuZy @y = XyVy2y (since the rows of 4 sumto 1)
= 31 72 ™
- le sz LX) bw

As previously, this bottom row of L is maximized by &,, = r,/T

M .o~
which produces the value H (?k) ko_ y
k=1

Furthermore, the other rows of L can't exceed it and still remain feasible.

Therefore the class of solutions with an upper triangular A4 also obeys the conjecture.
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2.3.3. The General Case
The previous section whittled away several special cases, each of which obeys the

conjecture that no feasible solution can exhibit an objective value greater than ¥y .

What remains is the class of solutions for which the rows of 4 and B are completely

general. Here, the optimization of

L = Diag(X) A Diag(Y) A Diag(Z) 1
is a true generalization of the optimization problem

ry r
maximize the product X 1 x22 - x,r,"

n
subject to the requirement that E xp = 1
k=1

in two ways:
® Non-constant vectors (X, ¥, Z) are involved now, rather than scalars

The elements of Z aren't allowed to muitiply the elements of Y, etc.
without first being averaged by the rows of A4

In other words, an intervening step takes place between the usual scalar multiplications.
The application of 4 calculates N weighted averages of Z which, because Z isn't

constant and A doesn't have identical rows, won't necessarily have equal values.

The argument for the general case follows along geometrical lines—
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Since

A1l 11
Nx1 Nxl1

it is apparent that every Markov matrix has the eigenvalue 1 and eigenvector 1.

Somewhat less obvious is the fact that none of the other eigenvalues of a Markov matrix

can exceed 1 in magnitude (the 'spectral radius' of every Markov matrix is 1 [31,32]) .

Assume that the A matrix can be diagonalized, --i.e.

4=0DQ"

Here D is the diagonal matrix consisting of A4 's eigenvalues
and @ is the matrix of corresponding eigenvectors, arranged as

column vectors

A can always be diagonalized if its eigenvalues are all distinct or, failing that, if the
eigenvectors corresponding to repeated eigenvalues are linearly independent [33].
(For example, if an eigenvalue occurs with multiplicity 2 , can its corresponding

eigenvectors span 2-Space? )

Writing L = Diag(X) A Diag(¥) A Diag(2) 1

Diag(X) 0D Q"' Diag( QD Q" Z

and with the aid of the diagram, we can visualize the evaluation of L proceeding from
right to left :
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A\l

Diag(Y) AZ

o

Y @

4




®—-0G

The multiplication Q * Z doesn't move Z relative to the
origin, but simply establishes a new coordinate system around

them [34]. The new basis vectors are the eigenvectors of 4, and the

multiplication Q" Z calculates the coordinates of Z within
this new system.

The application of D scales each coordinate of Q" Z its
respective diagonal entry in D which, because the eigenvalues
of A are < 1, always results in a contraction towards the
origin.

The application of O simply re-establishes the onginal
rectangular coordinate system, calculating the coordinates of

D @' Z in this system.

Y represents a selected column of the B matrix, whose
elements are likewise < 1. Multiplication by Y therefore

produces a similar contraction towards the origin.

We continue cycling around the lower loop, eventually halting
at @ . With each transit of the loop, two contractions take

place--first along the eigenvector basis vectors, and then along
the rectangular basis vectors—the point migrating towards
the origin with each contraction, until we arrive at the final set

of coordinates, whichis L .
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Now compare

L = Diag(X)QD Q"' Diag(NQDQ"Z

with the expression

Diag(X) 0 10" Diag() Q 10" Z

where D has been replaced in each case by the identity matrix.

This alteration effectively removes half of the contractions, i.e. those occurring within the

eigenvector coordinate system.

Therefore L

Diag(X) 0D Q"' Diag(1) QD Q" Z

< Diag(X)Q 1Q "' Diag()Q 10" Z

= Diag(X) I Diag(Y) 1 Z

But the first special case from Section 2.3.3. has already established that

Diag(X) I Diag() 1 Z < »1

Consequently, it is apparent that general (4, B, n) tnples cannot exceed y.
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3. Boundary Solutions

3.1. Introduction

Chapter 2 presented the first applications of Matrix Derivatives for finding global
optimum HMMs. The main result of the chapter was that, within the interior of the
solution space, an upper bound exists on the value of the stationary points of P(O) ,

which is equal to
M .,
_ AY 3
vy = TI(%)
k=1
where Tr = E’k

and where the r, equal the number of occurrences of codebook symbol &

over the given training sequence.

Furthermore, an assortment of ( A, B, ) triples were displayed which attain that upper
bound--among them, the class of triples where the rows of B are equal, with element
b,=r, /T, andthe 4 and n are otherwise free to assume any values (provided only

that they are Markov).

However, a limitation of calculus-based methods is that they focus on interior solutions
and tend to overlook possible endpoint extrema at the boundaries of the solution space.
In most cases where a specific training sequence is given, it is quite easy to find an
endpoint solution which surpasses the upper bound of the interior. Clearly, a procedure

to identify the global optimum must include a systematic search of the boundaries.
This chapter gives a simple proof that the global optimum HMM must indeed occur on a

boundary of the solution space, followed by a description of what searching the

boundaries entails.
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3.2. Focus on the Boundary

The boundaries of the solution space are those triples ( 4, B, = ) in which any one or

more of the individual matrix elements equals zero.

It is simple to show that the global optimum must reside on a boundary, as follows :

From the m-equation and Section 2.2. , the objective can be re-wntten as

PO) = L'n

1' Diag(BD,) A' ... A' Diag(BD,) A' Diag(BD,) =

fl

[/i4.B) £,AB) ... (AB)] [m 7, .. Ty ]"

where the f,(4, B) are functions of 4 and B only.
Since Z n; = 1, P canbe viewed as a weighted average of the f,(4,B) .

The greatest value which a weighted average can attain is that of its largest element.

Therefore, to maximize P it is sufficient to

(1) find the largest possible maximum among the f,(4,B), and

(2) assigna 1 to that positionin n and O's elsewhere.

In summary, the global maximum of P resides on the boundary, since all but one of the

elements of © equal zero.

Furthermore, the task of optimizing P reduces (slightly) to finding the global maximum
among the f,(4,B).
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Finally, it is shown in Section 3.7. that the f, are isomorphic to each other (identical to
within a renaming of variables) and so share the same 'landscape’ and the same global

optimum values (though not at the same time). So without loss of generality we can take

1, i=1
n, =
! 0, otherwise

and attempt to optimize f, (4,B) .
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3.3. Rewised Objective

The previous section managed to reduce the problem to one of globally optimizing
J,(4,B), a function of 4 and B only. To proceed with this new task, it is necessary to

consider the nature of f, .
By expanding the equation
L = Diag(BD,) A Diag(BD,) A ... A Diag(BD,)1

for the individual elements of L , one finds :

Given N states and T observed symbols, then I, = f,(4,B) is the sum of N™' terms,
where each term corresponds to one of the possible state sequences (beginning from

state 1) which the model could undergo while producing the outputs.

To focus on a concrete example, consider a simple 2-state model and the observation
sequence Kk k7 k , where those symbols simultaneously represent indices from a finite

alphabet of outputs, as well as columns from the B-matrix.

Then there are N™' = 2*' = 8 possible state sequences

1-->1--> 1> ]
1->1->1->2
1->1->2->1
1> 1->2->2
1->2—>1-->1
1->2->1->2
1->2->2->1

1->2->2.->2
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Atermof f] is derived from each of those state sequences in two steps :

(1) Use consecutive pairs of states to form the subscripts of the factors

from A

(2) Pair off the states with the indices k% !k to form the subscripts of the

factors from B

So in the present example

/i 4, B)

1 + o+ + + + o+ o+

+ + + + + + +

a,a,a b, b, b, b,
a,a,a,b, b, b,b,
a,a,a,b,b, b,b,
a,a,a,b, b,b,b,
a,a,a, b, b, b,b,
a,a,a,b, b, b, b,
a,,a,a,b,5,56,b,

a, 8,0y, b, 0, 0,0,

(@,) (4’ by,

(@) @, (b)) by, by
a, a,a, (b,) b,

a, a,a, (b,) b, b,
a,a,a, (b,)b,b,
(a,) a, b, b, (b))
ay, @y ay (b,,)° by, by
ay, (a,) b, (6,) b,

53



Note that, for all possible training sequences of length 7 = 4 | the A-halves of the 8
terms will remain the same, as only the B-halves are sensitive to the actual sequence of

symbols observed.

Note also that, considered in isolation, each term is of the form which can be trivially

optimized by the result of Section 2.3.1. , reproduced here as

Theorem A
ry r
The maximum of xl1 1522 .. x;;"
n
subject to the constraint 2 xp = 1
k=1
-
occurs at x, = -%
L A o
and takes the value H (-T!ﬁ) k
k=1
n
where Ir = 2 L
k=1

For example, applying this theorem to a single term of f, (say term 4 , whichis @, a,,

a, b,’b,, b, ), the optimizing values can be found by

recording the exponents of a; and b, in the appropriate

positions of auxiliary matrices A* and B*
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Row Row

Sum Sum
1 1 2 210 2
A* = B* =
0] 1 1 1 1 2

wnrlir 1]o

For the isolated term, this optimum is also the global optimum, because the term is a
unimodal 'hump' on a domain whose dimension corresponds to the degrees of freedom

present within the term. To continue the example of term 4

2
a, a4, G, b, b, b,

since each row of 4 and B must sumto 1, then

a, =1
b, =1
a, = l-aq,
b, = 1-b,

and term 4 is a hump on the two-dimensional ( a,, x b, ) space (see page 70) .

55



But whereas the individual terms are easily optimized, the present task is to optimize a

sum of those terms.

That task is further complicated by the fact that there are many such sums to consider,

corresponding to the various boundaries of f, , along with f, itself.
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3.4. Boundary Fragments

Once again, to globally maximize f, (4,B) requires searching the boundary ‘planes' as
well as the interior of its solution space. As before, when dealing with P(0), a boundary

of f, arises when any one or more of the elements of A4 and/or B equals zero.

To understand what searching these boundaries entails, consider again the simple case
where the number of states N = 2, the number of symbols received T = 4, and the

sequence X k! k names the codebook indices of the observed symbols.

With only 2 distinct symbols received, the optimal B matrix will contain (at most) 2

non-zero columns, so the A and B matrices are both 2x 2.

Observing the requirement that the rows of 4 must sum to 1, the set of 4 matrices

can be partitioned into 9 classes

X1 | IXE ] IX X
X X] [XIX] |X X] [X

XX
X|X
XX
X[ X
XX

where X  indicates a non-zero entry

and blank indicates a zero

Similarly, observing the requirement that each symbol must issue from at least one of the

states, the B matrices can also be partitioned into 9 classes

X[X] | X XX X X
X X

XX
X|X

X
X
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In theory, each A4 class can be paired with each B class, and the resulting 81

combinations represent the complete set of possible boundary 'planes' for f, . There are

8 zero-dimensional boundaries (vertices)
32 one-dimensional boundaries (edges)
30 two-dimensional boundaries (planes)
10 three-dimensional boundaries (cubes)

1 four-dimensional interior space

In practice, however, not all of these pairs will be relevant to a particular training
sequence, since many* combinations will not actually be capable of generating the

sequence. For example, the combination

1t 2 kK |
1 )¢ RN D¢
2 | X 2 P4

- can only produce the altemnating sequence & 1 &k 7 ...

* Here, at least one third of the total number can be ignored. In general, the
ratio is at least 2"/ -1 in 2¥-1
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XX

XX

XX

X|X

XX

XX

XX

XX

X|X

XX
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In order to determine which of the 81 combinations are relevant and which can be
ignored, notice that an A-class with a blank (zero) at position ( /, j) nulls out any term
of f, (A, B) which includes a as a factor. Thus

X eliminates terms 2 through 8
P 4 and preserves term |
X eliminates terms 2 through 8
)4 and preserves term 1
X eliminates terms 2 through 8
XX and preserves term ]
X ~ eliminatesterms 1,2, 3,4,5,7,8
X and preserves term 6
X eliminates terms 1 through 7
X and preserves term 8
X eliminates terms 1 through 5
XX and preserves terms 6, 7, 8
X|X eliminates terms 4, 7, 8
X and preservesterm 1,2, 3,5, 6
X|X eliminates terms 3, 5, 6, 7
X and preservesterm 1,2, 4, 8
XX preserves all terms
XX
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Likewise, a B-class with a blank at position (j, k) nulls out any term of f, (4, B)

which includes bﬂ as a factor. Thus

XX eliminates terms 2 through 8
and preserves term |
X eliminates terms 1,2,4,5,6,7, 8
X and preserves term 3
XX eliminates terms 2,4, 5,6, 7, 8
X and preserves terms 1, 3
at eliminates all terms
X
eliminates all terms
XX
X eliminates all terms
XX
X|X eliminates terms 3,4, 7, 8
X and preserves terms 1,2, 5, 6
X ..
eliminates terms 1,2, 5, 6
XX and preserves terms 3,4, 7, 8
XX
preserves all terms
XX

* Note that the details on the previous page are independent of the training
sequence, and are common to all 15 possible sequences of length 4 .
Only the B preservation sets on this page are sensitive to the particular sequence
of symbols. A similar situation holds among symbol sequences of other lengths.
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Finally, for each of the 81 pairs consider the list of terms which are preserved by both

A- and B-classes simultaneously (i.e., the intersection of their preservation sets) .

The pairs whose intersection is non-empty represent the combinations which are capable
of generating the sequence k k7 k ... while the pairs whose intersection is empty can be

ignored.

The fore-going explanation serves two useful purposes:

(1) It provides a method for identifying which boundary planes are

relevant to a given observation sequence.

2) It also demonstrates that the boundary planes are equivalent to
fragments of the total objective function f, (4, B)
...and that searching the boundary planes is accomplished by
optimizing each of those fragments.
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678

1->8

XX

X[ X

XX

XX

XX
XX

XX

none

none

none

X | X

1256

12

1256

78

48

3478

1->8

X|X
XX

678

12356

1248

1—8




3.5. Geometric Interpretation

Appendices B, C & D explore three different methods for optimizing the boundary
fragments of f, . However, before considering those methods, a few more observations
will be helpful.

The collection of fragments from the previous page are listed (without duplication)

below :

(1)

€)

(6)

(8)

(12
(13)

(4 8)
(78

(6 7 8)
(1248)
(1256)
(3478)
(12356)
(1 --> 8)



The simplest of these fragments are the 'singletons’, consisting of only a single term from

i (4, B):

1 = (an)a (bu)3 b,

Q) = a, a, a, (b,)’ by
6 = (a,)’ ay b, b, (b,)
(®) = ay, (@, by, (b by

As explained on page 55, these can be viewed as one-dimensional in the sense that each
contains only one free variable. The requirement that the rows of 4 and B sumto 1
implies that within (3), for example, a,, = b,,= b,, = 1, withonly a,, free to vary

(since a,, = 1- q,)).

In this way

Term ...represents the one-dimensional boundary (edge)

($)) 0<bysl with a =1 a,=0

3) 0<aj; <l with a, =1 a,=0
b, =1 b,=
b, b, =1

() 0<byp=sl with a =0 aqg,=1
a =1 a,=0
b, =1 , = 0

(8) 0<by, <1 with a, =0 a,=1
a =0 a, =1
b,=1 b,=0

(Terms (1) and (6) represent different (parallel) edges
--the first at a, = 1 , and the second at a,, =0)
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More accurately, it is the free variables which comprise the boundary planes, whereas the
fragments are functions defined on those boundary planes--and invariably produce

uni-modal curves (surfaces) :

0.15 I 0.3 T
0.1 - 0.2 -
0.08 0.1 I~ -
| 1
0% 0.3 1 0% 0.3 1
(1) (3)
02} —
0.1 —
0.1} —
1 1
% 0.3 1 %9 o3 1
(6) (8)
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As mentioned above, these functions are easily maximized using Theorem A on page

54 , with the position of the mode determined by

recording the exponents of a; and b, in the appropriate

positions of auxiliary matrices A* and B* (given here for (3))

Row Row
Sum Sum
1 1 2 3|0 3
A* = B* =
1 o 1 0|1 1

and then normalizing each row by the row sum, to give

172112 110
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Finally, Appendix section D.4. uses the area (volume) under the uni-modal surface. This

can be expressed in terms of the ‘beta' function of advanced calculus and statistics,
which is defined as

B(p, 9) _[;0 P11 -09 1

-1)1 (g-1)! for p and ¢ integers
+g-1)!

It seems the single terms of f, can be interpreted as generalized (i.e. multi-dimensional)

Beta random variables, which otherwise have applications [35]

(a) as order statistics within probability theory
(b) and also within Superstring Theory.
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After the singleton fragments, the next in complexity are the compound fragments

(12)= (a,) &) b, + (an)zau (bu)z by by
(4 8) = a, a,,ay (bu)z by by + a, (azz)2 b, (bzk)z b,
(78 = a,a, a, ()’ b, b, + a,(@,)b, (bu)z b,

Viewed in isolation, terms 2 4 and 7 are two-dimensional, each possessing two free

variables.

Term ...represents the two-dimensional boundary plane

2 Osall 1 with bu = 1 bu =0
0<bysl

4 O0<ap) <1 with a, =0 a, =1
0<by <1 b,=1 5,=0

7 OSGZISI with a, = 0 a, = 1
0<by <1 b,=1 b,=0
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Regarded as functions defined on those free variables, the terms 2 4 and 7 are

uni-modal surfaces :
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Once again, the position of the mode can be computed by dividing the auxiliary

exponents matrices by the relevant row sums :

Row Row
Sum Sum
211 3 211 3
2 A% = B* =
—_—— —_— 1 0 1
Row Row
Sum Sum
1 1 2 210 2
4 A* = B* =
o1 1 1 1 2
Row Row
Sum Sum
01 1 210 2
7 A4%-= B* =
1 1 2 1 1 2
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Note, however, that terms 2 4 and 7 never actually occur in isolation, but always

appear (in the list of valid fragments) joined with a 'satellite' term :

joined with 1

4 joined with 8

~3

joined with 8

This is because the factors which comprise the satellite term are a proper subset of the
factors in the main term—so that whenever those factors are non-zero (the main term is

‘activated’), the satellite is activated also.

Finally, where the main term represents a two-dimensional boundary plane, the satellite
term always occurs along an edge of that boundary. Therefore, within the context of the

current fragment*, the main term is classified as an 'interior term' and the satellite as a

‘boundary term'.
2,5 P ¢ 8 ¢ 8
bg 04 bn 07
——q, ay an
by=1 b,=0 a,=0 a,=1 a,=0 a,=1
b,=1 5,=0 b,=1 b,=0

* However, what serves as a boundary term ina 2-D fragment will, within the
context of the 1-D edge, appear as an interior term.
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A second type of two-dimensional fragment is the simple union
(13)= @,y () by + a, a,a, (b,) by

Each of the component terms is a one-dimensional singleton :

Term ...represents the one-dimensional boundary (edge)

(1) 0<byr=l with a, =1 a,=0

3) 0<ay; <1 with a, =1 a,=0
by =1 5,=0
b, =0 b, =1

Interm (1) a,, isfixed and b,, is free, whileinterm (3) b,, isfixed and a,, is free
(i.e., the edges are orthogonal). Maximizing the sum of the two terms entails relaxing
the value of a,, in term (1) and the value of b, in term (3) . In this way, the
fragment comes to represent the two-dimensional space spanned by the pair of

orthogonal edges :

Fragment ...represents the two-dimensional boundary plane
(] 3) OSGIISI with a = | 2=0
0<by <1 b, =0 b, =1

The result is a plane with two boundary terms and no interior terms :

3
©

o
>

—= 4a,,

ay=1 ap=0
by =0 by=1



The fragment (1 2 5 6) is a more general type of compound fragment.

The two-dimensional interior term 5 activates a second interior term 2 | as well as the

two boundary terms 1 and 6..

5 2 1‘
o o
b'*os
a,
a=1 a,=0
by=1 b,=0

One might say that the interior term(s) activates multiple satellite terms around the

edges.

Alternatively, one might say that the space spanned by the boundary terms is not empty

(as with a simple union), but contains interior terms.
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Fragments (6 7 8) and (1 2 4 8) are three-dimensional examples of the simple

union.

Fragment (6 7 8) represents the three-dimensional space spanned by the planar

fragment (7 8) and-the orthogonal edge (6) .

Fragment (1 2 4 8) represents the three-dimensional space spanned by the two
orthogonal planar fragments (1 2) and (4 8).

b, by
'y 4

a,=0 g,=1 a,=0 a,=1

In each case, all of the participating terms are boundary terms--there are no interior

terms.
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The fragment (1 2 3 5 6) is also a three-dimensional simple union. However, unlike
the previous examples, the lower-dimensional components (1 2 5 6) and (3) are not

orthogonal, but lie parallel and opposite.

b“‘
A
o3

4 21
6 T - G
or .
by

a,=1 a,=0
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Fragment (3 4 7 8) is a three-dimensional union spanned by a tno of fragments :

(4 8), (7 8) and (3)

70

a,

(3) is orthogonal to (7 8) and parallel and oppositeto (4 8).

(4 8) and (7 8) share the edge (8).
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Finally, the four-dimensional ‘'fragment’ (1 --> 8) is a simple union of the two
three-dimensional fragments (1 2 3 5 6) and (3 4 7 8).

An alternative combinationis (1 2 5 6), (6 7 8) and (3 4 7 8).

In neither of these unions is an interior term present.

78




3.6. Summary

Having examined the complete list of fragments, these observations follow :

(1)  The fragments fall into distinct categories:

(A) Compound fragments, where the space is spanned by interior term(s),
which may also activate lower-dimensional boundary plane(s)

(B)  Unions, where the space is spanned by the lower-dimensional

boundary planes, and contains no interior terms

(C) Singletons, defined as atomic compound fragments composed

of a lone interior term
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(2) A natural hierarchy exists among the fragments, with the smaller fragments

serving as lower-dimensional boundary planes for the larger fragments*

1-D €)) (1) (6) ®)

2-D (MG (M2 «1)25 @6

(7 (8)

4 (8)

3-D (W256)G) YEENEE) @GaE) W12 E®))

4-D ((M25¢6) 3) @@ 7@

* A number without enclosing brackets denotes an interior term--e.g., the 2

in ((1) 2)
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(3)  Each of'the terms of f, (4, B) appears as an interior term in exactly one

fragment* —-which is either a compound fragment or a singleton.

Note that in subsequent appearances, the fragment in question forms part of the
boundary of some (higher-dimensional) fragment--so that what was once an interior term

now serves as a boundary term.

* There are minor exceptions, where a term may appear as an interior term more
than once. Such terms are invariably 'incomplete’, in the sense that at least one
row of A or B fails to contribute any factors to the term--
so that there is an unspecified 'floating' dimension that is neither fixed nor free.

In the present example, term 2 is incomplete since it includes neither a,, nor a,, .
However, such exceptions to the 'rule’ cause no difficulty in what follows.
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These observations, and particularly the fact that the non-zero boundaries of a fragment
are merely the lower-dimensional fragments in its hierarchy, inspire the following

recursive formulation for locating the global optimum of a fragment (including, of

course, the complete /| ):

result <-- Cptimum_of (fragment)
if fragment is a singleton
apply Theorem A
return result

else

let result equal largest interior solution {*)
while unexamined boundary planes exist

result = Max {result, Optimum_cof {next boundary plane)}
return result

The chief practical difficulty is that, as yet, there is no automatic procedure to identify
the global optimum within the interior of a fragment, as required on line (*). Appendices
B, C & D describe three different efforts to achieve this.
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3.7. Isomorphic Functions

The purpose of this brief appendix section is to support the claim made in Section 3.2.
that the f, are isomorphic to each other, being identical to within a renaming of

variables, and therefore share the same landscape and the same global optimum values

(though not at the same time) .

Since the terms of f, correspond to the state sequences which begin at state 1, it is

unsurprising that the terms of f, correspond to the state sequences which begin at state

2, and so forth. Then

11 (4. B)

1. (4, B)

etc.

0 + o+ + o+ 4+ o+ o+

+ 4+ + + + + +

a,a,a,b,b,b,b,
a,, a,a,b, b,b,b,
a,a,a, b, b, b, b,
a,, a,,a,b,b,b,b,
a,a, a,b,b,b,b,
Q,,a, a,b,.b,b,b,
a,a,a, b, b,b,b,
A,y Ay b, by b, by,

a,a,a,b,b, b, b,
a,a,a,b,b,b,b,
a,a,a, b, b,b,b,
@y 8,3 A by by, by by,
Ay, Gy Gy, by by by by,
a,a,a,b,b,b,b,
a,a,a, b,b,5b,5b,
Ay, dy dy by, by, 0,0,
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A visual inspection will confirm that, by re-labelling state 2 as state 1 and vice versa, the

terms of f, are transformed into terms of f, (in reverse order) .

The transformation can be illustrated with the aid of the network diagram below, which

represents all possible state sequences which the model could undergo :

Imagine that this network was once drawn on the surface of a cylinder, which was
subsequently flattened. The transformation basically consists of rotating the cylinder by
one (or more) nodes before flattening it again. Clearly, the new network would be

identical to the first. In this way, f; (or f) is essentially identical to f, .
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4. Summary of Boundary Optimization Methods

4.1. Introduction

The previous chapter has demonstrated that for a single training sequence, at least, the
global maximum of P(O | M) must reside on a boundary of the solution space—namely,
that sub-space where the first element of n equals 1 and all of the remaining elements
of ® equal 0. On this boundary, P(O | M) can be replaced by a simpler objective
function given by f, (4,B) , which corresponds to the collection of possible state
sequences that the HMM might have undergone (in the course of generating the
outputs) which begin from State 1. However, as with attempting to optimize P(O | M),
the interior maxima alone are not sufficient to guarantee the global maximum of f, ,
and it is also necessary for the boundaries of this new objective function to be examined
for endpoint extrema. This is equivalent to optimizing all the many fragments of £,

which result when one or more elements of 4 and/or B are set equal to 0. Chapter 3

also showed how to narrow down the complete list of fragments to include only those
relevant few which are capable of generating the given training sequence. Finally, when
globally optimizing an individual fragment, it seems that the interior maxima alone are
sufficient in this case. This is because the boundaries of a fragment are merely those
lower-dimensional ones which fall below it in the hierarchy of fragments, so that the
endpoint extrema belonging to a fragment will be examined in due course when the

lower-dimensional fragments are themselves optimized.

Having established the need for optimizing the boundary fragments of f, , and having
learned how to identify the relevant ones, the obvious next step is to develop a method
for performing the necessary global optimization of a single fragment. From among the
numerous different attempts to find such a procedure, three have been selected for

inclusion in the thesis as Appendices B, C& D .

85




Appendix B revisits the calculus approach first introduced in Chapter 2 . Calculus is a
viable strategy here because only interior maxima are sought, so that the shortcoming
noted in Section 3.1. concerning endpoint extrema does not apply. Appendix B

contains a more thorough analysis using Matrix Derivatives, in which the constraints

have been adapted in a way which focuses on the fragments of f,(4,B8) .

The appendix chapter begins with the same basic formulation as Chapter 2 , but with 3
extra Lagrange terms added to the objective function that constrain chosen elements of
n B & A to equal zero, and thereby focus the analysis on a specific boundary 'plane’ of
the solution space. Then the tools of Matrix Derivatives are exercised in order to
partially differentiate the objective function with respect to the 3 principle matrices =
B & A, and the 6 Lagrange multiplier matrices. The 9 derivative equations are set to
zero, and matrix algebra is brought to bear in an effort to solve first for the Lagrange
multipliers and then substitute their values to arrive at a reduced system of equations in
n B & A . The chapter includes a section for each of the 6 Lagrange multipliers

which details the progress achieved in solving for that unknown.

Appendix C describes a second attempt at globally optimizing the fragments, which
employs the optimization technique known as Geometric Programming. This is a
relatively new technique which is well suited to objective functions of the present form,

and which is essentially the 'dual’ of the derivatives approach.

Geometric Programming was devised in the 1960s to carry out unconstrained
minimizations on a certain class of objective function. Appendix C presents the theory
and nomenclature of the original formulation, and then describes how the techniques
have been extended to cope with a wider range of problems, including more general
objective functions, maximization as well as minimization, and the application of
constraints. The boundary fragments of f, appear to require the more complicated
treatment of the extended formulation but, fortunately, thanks to the special features of
these functions, their handling can be greatly streamlined, and the appendix presents a
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novel algorithm for automatically transforming a boundary fragment optimization
problem into the appropriate G.P. equations. Unfortunately, there still remains the task
of solving the G.P. equations. The strategy adopted is to systematically reduce the
equations by dividing out some of the easily-found roots. The later sections of the
appendix describe the progress achieved with this strategy, including some representative

examples.

Appendix D makes a third attempt, using a new hill-climbing algorithm. The chapter
first shows the mathematical development of the recurrence formulas. Next it gives
evidence that the formulas will actually converge to local maxima. Finally it explains
why it is necessary to select a starting point which is within the interior of the fragment's

domain, and introduces an assortment of schemes for providing such a starting point.

What is innovative here is not so much the algorithm. Rather, the significant work
consists of an exploration of the various schemes to nominate a starting point for the
hill-climb--to determine whether the new algorithm together with the ‘right' starting point

is consistently able to produce the global optimum.

Unfortunately, none of these three attempts were successful in achieving a solution to the
optimization task. In addition, their developments are heavily mathematical, and they
contribute only indirectly to the remainder of the thesis. For these reasons, and in order
to avoid interrupting the flow of the thesis, they have been relegated to the Appendix.
On the other hand, these different attempts represent a substantial body of work.
Furthermore, all three attempts have produced some interesting patterns and
observations. The purpose of the present chapter is to give a brief summary of the

progress made, together with a few of the more notable insights achieved.
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4.2. Equivalence of the Methods

Although, superficially, the three solution methods appear to be very different, in fact,
they are quite closely related. The connection between the methods is that they all
depend, ultimately, upon the fact that at any interior optimum of the objective function

the derivatives all equal zero.

This connection can be observed with the aid of the recurrence relations from Appendix

D, which are reproduced here

5
k=1 /

x, = (i=1.N)j=1.M)

L |M;

) Epijk xty

k=1 |j=1
where X, is an element of either A or B

t, isthe ¥ term of the objective, equal to

N M; Piik
f, = anijy
=1 =i

and p, isthe exponentof x interm k

In Section D.2., these recurrence relations are derived directly from that observation (i.e.

derivatives equal to zero).

The Geometric Programming methods in Appendix C exploit the observation indirectly.

Nevertheless, the above recurrence relations could also be reached through a re-working

of the general (‘full blown'") orthogonality conditions in Section C.2.

88



Finally, to see the connection with the Matrix Derivatives approach, let

Then the denominators of recurrence relation (4.1) can be expressed in terms of Matrix

Derivatives as

(XOL)1

which has the precise form of the Lagrange multipliers for the Markov constraints on A4
and B (See Sections B.4.1. and B.5.1))

In short, it seems that (primal) analysis, Geometric Programming and hill-climbing are all
closely related, with the difference being that

analysis seeks the optimal 4 & B, which are then used to calculate the ¢,
G.P. seeks the optimal ¢, , which are then used to calculate 4 & B

hill-climbing seeks the optimal 4 & B and the optimal ¢, simuitaneously
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4.3. Progress with the Matrix Analysis

The matrix analysis strategy was to

(a) express the objective plus the additional Lagrange (constraint) terms

using matrices

(b) differentiate with respect to the 3 primary independent variables
(4, B, n) plus the Lagrange multipliers

(c) solve the derivative equations for the Lagrange multipliers
(d) substitute those results to get a reduced system of equations in (4, B, n )
(e) solve this reduced system

The analysis got halfway through step (c) .

As observed in Section 4.2., the Lagrange multipliers for the Markov constraints are

equal to

(Xo%)l for X = AorB

which also equals the collection of denominator values appearing in the recurrence
relations for the hill-climbing algorithm. These Lagrange multipliers also have a physical

interpretation as sensitivity factors (or ‘shadow prices’). This says that if the Markov
constraint 2 Xj; = 1 could be allowed to slip by one additional unit (i.e. sum = 2), then

J
the value of the objective would be increased by

L [M;
IR PN
k=1 | j=1 :
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The other set of Lagrange multipliers, which focus the analysis on a specific boundary,

could only be solved to within a sum of their elements. However, what is intriguing is

that the three sums all take the same form regardless of the manner in which the

associated primary variables A, B and m enter into the objective expression. In all
1

three cases, N times the sum of the active Lagrange multipliers equals the negative of

the difference between

k copies of P(O) at the optimum

and another ¥ copies in which one occurrence of X per copy is replaced by Alf 11

(where & is the number of occurrences of X in P(O) ).
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4.4. Progress with Geometric Programming

Progress in performing the optimizations using Geometric Programming can be

summarized as follows:

(1) A procedure was developed which automatically maps the (primal)
fragment and constraints into a (dual) G.P. system of equations

ready for solution.

(2) Evidence was found suggesting that the dual equations could be reduced
into a set of simpler sub-systems, each of which contains at most one
interior solution of the original system--permitting the complete set
of solutions to be found by hill-climbing/descent.

(3) No way has yet been found for reliably iderntifying the set of simpler

sub-systems.
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4.5. Progress with Hill-Climbing

The investigation into hill-climbing was to determine whether the recurrence formulas
together with the 'right’ starting values could consistently produce the global optimum
for a given fragment.

Six schemes for generating the starting values were examined. The results can be

summarized as follows:

(1) When the global maximum occurs within the interior of the fragment,
virtually any starting point which is also within the interior will find it—
including the modal position of interior term(s) as well as the outputs

of any of the six schemes.

(2) When the global maximum occurs at a boundary of the fragment, none

of the six schemes was 100 percent effective in finding it.

Observation (1) tends fo suggest that the 'landscape’ of the fragments is not as
complicated as might be assumed. Taken with other evidence (see Sections 5.3.2. and
5.3.3.), it appears that the conditions under which a fragment has an interior peak are

sufficient to guarantee that it has only one interior peak.

93




5. Rule Induction

5.1. Overview

The methods described in Appendices B, C & D share certain features in common :

(1) They are basically deductive in nature, attempting to denive a rule
which is founded upon theory and logic.

(2) They seek local maxima, and rely upon finding the complete

set in order to identify the global maximum from among them.

(3) They draw no distinction between f, and its fragments, applying
equally well to all.

The approach described in this chapter is the opposite of these. First, by analyzing a
variety of different training sequences and model sizes using all available mathematical
tools, one searches specifically for the global maximum of f, in each case . Then, by
studying the resulting body of examples for common themes and patterns, one tries to

induce a rule (or rules) which account for the examples, and by which all global maxima

can be found*.
The chapter begins by describing some of the more striking observations derived from
the body of examples. Afterwards, those observations are amalgamated into an

algorithm for identifying the global maximum HMM, and finally the results of applying

the new algorithm are presented.

* Finally, one hopes to be able to confirm those rules by deduction.
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5.2. Collecting the Examples

Before proceeding with the observations, however, first a word about how the examples
themselves were collected. For the purpose of gathering a body of examples for carrying
out rule induction, the method for finding the global maximum did not have to be
efficient or even systematic. Any technique or combination of techniques was allowed
for any £, , provided only that the true global maximum was located. The question is,

how can one achieve certainty that an optimum is actually the global optimum for the
given f, .

In general, this is a very difficult question, and even for the smaller examples (small
number of states and short training sequences) it is not always easy to be absolutely

certain. Nevertheless, there are certain techniques by which the task can be made easier.

One important technique depends upon the following observation, which is introduced

by example :

For the training sequence k &/ and the 2-state model (N=2), f, equals

a"zb":z b, + a,a, buz b, + a,a, b,b,b, +a,a,b, b, b,

Notice that this can be expressed as the inner product of two vectors,

2
TSV

2
[ @) aya, a,a;, a,a,] blk b2
bygbyybag
| b1k bag bar |

which might be described as the 'A-contributions' and the 'B-contributions' of the four

terms.
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Finally, evaluate the A-contributions at various points around the solution space. For

example, at the modal position for term (1), which is

A=[10] B -
az) az b

the vector of A-contributions equals

(1) (1)(0) (0)(ay) (0)(ap)] =[1 0 0 0]

At the modal position for term (2) , which is

1 1
A[ ] 2= [10]
az) 922 01
the vector is

(37 (3)(§) (3)@) (3)(a)] = [ a,

(]'azl)]

|-
b [
N |—
N =

At the modal position for term (3) , which is

= [01] B=[

the vector is

[(0) (0)(1) (1)(1) (1)(0)] =[0 O 1 O]
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At the modal position for term (4) , which is

o= [01] B=[

N= o
| I

the vector is

[(0) (0)(1) (1)(0) (1)(1)] =1[0 0 0 1]

In all of these cases, the A-contributions sum to 1. And, in general, the sum of the
A-contributions for f, equals 1 at every point of the solution space. Furthermore, with
a minor qualification, this holds true for the fragments of f, also.
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A proof of this result can be sketched out as follows :

Recall from Section 3.2. that the function f, = f,(4, B) which is a sum of terms made
up of various a-factors and b-factors is also the first element of the vector L, whose

definition is given by

t~
I

Diag(B, ) A Diag(B,) A ... A Diag(8,) 1

where L'n = P = P(o0,0,..0;)

To sum just the A-contributions of f, , it is sufficient merely to evaluate f; with all of

its b-factors bﬁ =1 .

Accordingly, imagine that the matrix B consists of all 1's. This makes

Diag(B,) = Diag(B,) = ... = Diag(B,) = 1
the identity matnix.
And
L = TAIA..A11
= A™1
=1 (using the Markov property of 4 )

which indicates that all of the elements of L (including £, ) equal 1, regardless of the
value of 4 .
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Finally, by employing a simple device it is possible to extend this result to include the
fragments of f, also. The fragment has to be augmented with additional terms to bring
it up to the full complement of terms required by the proof. But because the

B-contributions of these extra terms are zero, the value of the fragment is not altered.
Consider the fragment (2 4)
a,a,; b, by + a,ay b,b, b,

which is the boundary fragment definedby a, = 5, = 0.

At the interior point given by

| |

the A-contributions sum to only at3= g . And, in general, the A-contributions of

a typical fragment do not sumto 1 at each point of its domain.

QO W=
— L3N
W o
wWiN ©

On the other hand, by including term (1) :

2p 2
a,’b, b,

the A-contributions will sumto 1 and, since for b, = 0 the B-contribution of term

(1) equals 0, the value of the fragment is unchanged.

The trick is to include all the terms of £, which result from setting a,, = 0 (in this
example). In the language of Chapter 3 , this is the smallest A-preservation set which
contains the fragment. When ( 2 4 ) is expressed (quite legitimately) as the inner
product
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0
5%, b
0@y 4Gy ay ] 1k Y21
b1k bak bai

2

[ g, a

it is in a form whose A-contributions always sumto 1.
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To describe how this observation can be applied to the task of determining the global
maximum of f, , note that since f, is the inner product of its 4- and B-contributions,
and since the A-contributions always sumto 1, it follows that f, can be viewed as the

weighted average of its B-contributions.

Recall that this idea was used in Chapter 3 to de-couple the m vector from the original
optimization problem. With

PO =Lmn

L/i(4.B) LA4B) ... f{4B)] [m 7.y ]’

and Z nt; = 1, it follows that P is a weighted average of the £;(4, B) . The greatest
value which a weighted average can attainis that of its largest component.

Therefore, to maximize P it is sufficient to

(1) find the largest possible maximum among the f;(4, B), and

(2) assigna 1 to that positionin 1 and 0's elsewhere.

This naively suggests that f, might be easily optimized via similar reasoning :
Since f, is the weighted average of its B-contributions, the way to maximize f, isto
(1) find the largest possible maximum among the B-contributions

(2) assign values to the a, to make the corresponding A-contribution

equal to 1
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Furthermore, the B-contributions from step (1) are trivially maximized using Theorem A

(reproduced below), which states

Theorem A
. . ry rn rn
the maximum of the function X, X5" ... Xp
n
subject to the constraint E xp=1
k=1
. ) T
is achieved at ==
Zk:l Tk
11T,
and takes the value = x H Ty where T = Z ry
T =

However this time, unlike the w-vector, the A-contributions are not free to assume just
any value. There are upper bounds upon them which, again, follow from Theorem A .
(The table below gives the maximum value of each A-contribution for N =2 and

symbol sequences of length four and five.) As a consequence, it is generally not so easy
to optimize f, .

Nevertheless, in the fortuitous case when the largest possible B-contribution does fall to
a term whose A-contribution can be made to equal 1, this simple approach will indeed

produce a guaranteed global maximum for f, .
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11122 (a,) a0,

11211 (a,)'a,a,
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12111 (a,)a;a,

12112 a, (a,) oy
12121 (ay)(ay )
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12211 a,a,a, a0,

12212 (a,fay 0,

12221 ay,a,(ay)

12222 a,(ay)
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More commonly, where this observation does prove useful is in helping to eliminate

various fragments of f, as the possible source of its global maximum.

Suppose that a threshold has been given, above which the global maximum of f, is
known to lie. In this case, let the threshold equal the largest modal value exhibited
among the singleton fragments of f, .

If the global maximum is to exceed this threshold, it must result from a sum of terms
(since the single-term fragments have been exhausted) and, consequently, is the weighted

average of two or more B-contributions.

Assuming that a global maximum of this sort (i.e. multi-term) does exist, consider the
values of those B-contributions as calculated at the location of the global maximum.
Since a weighted average can never exceed its largest component, there must be present
in the sum at least one B-contribution, BCon,,,, , which is at least as large as the

global maximum

global max < BCon,

Finally, unless that global maximum coincides with the modal position of one of the
(interior) terms, all of the global B-contributions will be less than their modal, or

theoretical maximum, values as given by Theorem A . Therefore

global max < BCon,,,, < BCon,_,

The conclusion is that, for a global maximum of f, to exceed a given value, there must
be present within the sum a term whose modal B-contribution also exceeds that
threshold. And, by the contrapositive, if a fragment contains no such term, it has no
hope of providing an improvement over the threshold, and so can be eliminated as a

possible source of the global max.
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Thus, a useful first step in locating the global maximum of f, can be sketched out as

follows :

(1)  Identify the valid fragments of f, for the given model size and training
sequence using the procedure described in Section 3.4. and worksheet

similar to page 63 .

(2)  From this list of fragments, pick out the single-term fragments
(singletons) and use Theorem A to calculate their modal values.
The global maximum of f, must be at least as large as the largest
of these (call it FMax ) .

(3) Nofragment of f, can exceed FMax which does not include

aterm k for which

FMax < BCon, .

Therefore, find the terms of f, with such a B-contribution, and

discard all fragments which lack such a qualifying term.

From here, the task calls for globally optimizing the surviving fragments and then
selecting the greatest maximum from among them. Any of the techniques from
Appendices B, C & D or elsewhere can be applied. If the fragment is one or
two-dimensional, graphical methods (e.g. MathCAD) can be used to locate its maxima
visually. Where the dimension exceeds two, Geometric Programming can sometimes
lower the dimension--provided the number of distinct terms in the fragment does not
exceed three. Calculus and/or Geometric Programming can be used to provide the
interior maxima (bearing in mind that any boundary extrema will come to light among the
lower-dimensional fragments in its hierarchy--see page 80) . Hill-climbing which is

initiated from closely-spaced points in the domain of the fragment is the next recourse.
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A variety of different regimes for carrying this out are described in Section 5.7. Finally,
one tends to develop a 'feel' for the likely maximum, based upon the presence or absence
of interior terms, the pattern of the exponents (see page 279), and resemblance to

previous examples.

As a very simple illustration, consider the problem which opened this section, consisting
of the training sequence kk/ and the 2-state model (N =2), for which f, equals

2 2 2
all bll.' b" + allalz blt bZl + alz a2| blk bll bZl' + alZ aZZ blk bZk bz.r

Completing the procedure for identifying relevant fragments, the worksheet is shown on

the following page, and the fragments are found to include :

(M

@)

€))

@)
(12
(13)
2 4)
G 9
12 3)
(124
(123 4)

Each of the four terms comprise a singleton, and their modal values are given below :
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XX

12

13

24

1->4

124

X

1

24

124

123

12

1

123

34

X1 1IXX XX [ XX

34

X1 XX [ X

X XX X

kkl

XX

1

none

XX

13

24

XX

1->4
X|X
XX




Term A-contribution B-contribution Modal Value

k ACon, .., BCon, ... FMod
1 1 = =
2 % 1 %

3 1 : %
T : %

The largest modal value, FMax , is % and only one term (2) has a B-contribution

which exceeds this, so only fragments which include (2) have any chance of providing
an improvement :

12

24

(123)

(124

(1234

Fragments (1 2) and (2 4) are each 2-dimensional, defined on the ( a,, x b,, ) and
the ( a;, x b, ) spaces respectively, and are easily optimized by inspection using a

graphics package. The first contains no interior maximum, but the second is found to

have a maximum at the point

QO W
W=

Wi ©
| I

8

The value at the peak is 27

which exceeds FMax , and is a contender for the global

maximum.
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Fragments (1 2 3) and (1 2 4) are each 3-dimensional and so beyond visual
inspection. However, using Geometric Programming (see Appendix C) each of their

optimizations can be transformed into two equations in two unknowns :

for (1 2 3) --
uy (1-9)Q-u-w,)2+y) =QQ+y-u)(y+uw)(A-u)d-y-u)

u, 1+u,-0,)C-vw)(d -y -y) =y, (4,+1,)2-w,)(1-y-y)

for (1 2 4) -
u, (l_u])z 2+u-y)=uy (1+ty-u,)(Q-y,+y)(d-u-yv)

u 0+u-w)Q-w)(l-y+ty)=u 2-v,)2+u-y,)(d-y-u,)

MathCAD finds 9 solutions to the first system, of which only 2 are interior critical
points, and neither of which exceeds FMax . MathCAD finds 8 solutions to the

second system, none of which is an interior point.

The remaining fragment (1 2 3 4) is 4-dimensional. To search for maxima, one
option is hill-climbing which is initiated from closely-spaced points in the domain (see
Section 5.7. and Appendix D ). However, in this case Geometric Programming can be
employed to transform the problem into a system of 3 equations in 3 unknowns, which
MathCAD can then solve.

In this way, it is found that the maximum of fragment (2 4) provides the global
optimum for this example. With hindsight, this solution might have been anticipated,
since the two terms display a special (symmetrical mirror-image) relationship which is
absent from the other fragments. More about the importance of symmetry in a later

section.
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5.3. The Observations

5.3.1. Observation One

Having amassed a body of examples of the global maximum of f, derived from a variety
of different training sequences and model sizes, the next task was to examine them for
common themes and patterns. Among the several points raised in this way, three

observations seemed most significant.

The first of these states that for the global maximum of £, to result from a sum of terms
(a simple union or compound fragment) is comparatively rare... in the great majority of
known cases, the global maximum is provided by a single term (or, more accurately, by

the modal position of a single term) .

The general explanation for this phenomenon seems to be that (a) single-term fragments
tend to occupy the smallest possible number of dimensions, and (b) low dimensions are

conducive to a high objective value.

Stated another way, note that each of the terms of f, is a product of matrix elements
( T-1 factors from A, T factors from B ) where the factors range from 0 to 1. A
high value for the term demands that all of its factors are as close as possible to 1 .
However, when x, = 1 this forces the other elements from row / of the matrix to equal
0. Consequently, the terms of f; which can achieve the highest value are those which
include the smallest number of elements (preferably no more than a single element) from
any row of A and B . Finally, with so few elements present from 4 and B, these
terms have little opportunity to 'activate' other terms (see page 72), so tend to constitute

the single-term fragments (singletons).

Of course, there are exceptions to this observation, in which the global maximum does
result from a sum of terms. One becomes aware of a trade-off at work, between a single
term offering a large value thanks to its low dimensions, and a sum of many terms each

offering a more modest contribution as a consequence.of their higher dimensions.
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The equivalence between terms and state sequences has already been described (see page
53) . The A-contribution of a state sequence seems to measure the consistency with
which exit paths are selected from the states. For example, if a sequence is such that
from Statei the model always (or nearly always) proceeds to a particular State j, this

will be reflected in a larger A-contribution for the term.

In a similar way, the B-contribution seems to measure how strongly output symbols can
be identified with states. For example, if a sequence is such that a particular Symbol k
always (or nearly always) seems to occur whenever the model is in State j, this will be

reflected in a larger B-contribution for the term.

The B-contributions are strongly dependent upon the observation sequence, while the
A-contributions are independent of the sequence. Consequently, a symbol sequence
which promotes a large  B-contribution may not necessarily lead to a large

A-contribution, and vice versa.

For example, note that when there are N states and N or fewer distinct symbols, it is
always possible to find a term whose B-contribution is a perfect 1. Taking the sequence
kklk,

if we assign k generation to state 1

and assign / generation to state 2

the result is the state sequence 1-—->1-->2-->1, corresponding to the term g, a,, a,,

(5,)° b,, . In this case, the B-contribution is a maximum possible 1, but the modal
value of the term is eroded by the relatively poor 4-contribution of i— .

It is cases like these (where the A4- and B-contributions are out of step) that the balance
of the trade-off described above becomes tipped away from the single term in favor of a
sum of terms. Nevertheless, even when the global maximum is given by a sum, it is

notable that the sum seems to tend towards a minimum number of dimensions.
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5.3.2. Observation Two

Although the landscape of f, may in general be quite complicated, the fragment which

provides its global maximum seems always to be a simple unimodal hump.

Clearly this is true when the fragment in question is a singleton, since these are unimodal,
with the location and modal value given by Theorem A (page 54, see also the
discussion on page 55) . Remarkably, it seems to hold in the case of multi-term

fragments also.

Consider the problem defined by an N = 4 state model together with the training
sequence kkkk!. The global optimum for f, is found to occur at the point

14 - -
55 1
14 1
1 4
55 12
L 1 | 55

which is the result of optimizing the 4-dimensional fragment

2 2 2
a,a,a,a, b’ b, b,b, +a,a,a,a,b,0b, b,by + ayaya,a,b,b,0,° b,

+ a|2 aB aS4 a44 blk bu b3k bdk bdl

The unimodal shape of this function can be argued on the basis of the symmetry which

exists among its terms. When the exponents matrices for the four terms are written
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11 2

A*= 1 B*= 1
1 |
1
1
4% = 11 gt = |2
1 1
|
1 1
1 1
A* = B* =
11 2
1
1 1
A*= 1 B*: 1
1 1
1 11

it is clear that each term is 1-dimensional, and when the fragment is re-written using x, y,

zand w to distinguish those dimensions,

x (1-%) (1) (1-2) (1-w) + (1-x)y (1) (1-2) (1-w) + (1-x) (1) 2 (1-2) (1-W)
+ (1-x) (1) (1-2) w (1-w)

one can observe the equal and symmetrical interactions between each term and the

remaining three.
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This symmetry, and the consequent unimodal shape, are further suggested by the facts
that

(a) at the global maximum, each term contributes the same value, equal to

Mml"-;n

(b) the global maximum is a simple average of the four sets of exponents matrices

(as in appendix Section D.4., described there as the 'pseudo-mode’)

Finally, it is instructional to note what happens when fewer than four terms are included

in the sum:

When any three of the terms are combined, the resulting 3-dimensional function is also a
bona fide fragment of f, , and represents a cross-section of the original 4-dimensional
fragment. For example, the first three terms represent f, after it has been sectioned
along the b, (= w) = 0 hyper-plane.

The new fragment is also unimodal, exhibiting the same sort of symmetry between its

: 3
terms, but is slightly smaller, with the peak given by three times 3—4 and the modal
4

position found by averaging the three sets of exponents matrices.
This process can be continued to give a number of 2-dimensional and, finally,
1-dimensional functions. Each is a fragment of f, in its own right, and each is

unimodal, but having a reduced peak compared with the previous (higher-dimensional)

surface.
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5.3.3. Observation Three

The third observation appears to be related to the second and may help to account for it :

In the case when a sum of terms (simple union or compound fragment) provides the

global maximum, that sum invariably

(a) includes at least one term, &, which is a singleton of f] ,
and

®) consists of one or more 'nearest neighbors' of the term %

—-where a nearest neighbor is defined as a fragment which shares all the same dimensions

as term &, but has exactly one additional dimension.

As a simple example, consider an N =2 state model together with the training sequence

kl!kk. The global optimum is given by maximizing the fragment (14 15 16):

2 2 2 2p 2 2 3 2 p2
a, a, a, bbb} + a,a ay bbby t+ a,a, by, by by

Term k in this case is the third of these, for which ACon =1
BCong o = %
and FMod = FMax = &

and whose single dimension is evident from the profile

Consistent with Observation Three, the fragment ( 14 15 16 ) is a nearest neighbor of

term 16 , the extra dimension caused by the presence of factor a,, :

-] -1,
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As a second example, consider the four-term fragment described in Observation Two.

Here, each of the terms constitutes a valid singleton of f, , and each term is also a

nearest neighbor of all the others, as is evident when the fragment is written in the form

x (1-x) (1) (1-2) (1-w) + (1-x)y (1) (1-2) (1-w) + (1-x) (1-y) 2 (1-2) (1-w)
+ (1-x) (1) (1-2) w (1-w)

where x, y, z, w are again used to distinguish the 4 dimensions.

Term 1 is coupled with term 2 by the presence of the factor x interm 1 and the factor
y interm 2 , and the sum of those two terms is exactly one dimension larger than either

term individually.

When the fragment consists of multiple nearest neighbors of % such as this, it appears to

be essential also for each of those to be a nearest neighbor of each other :

Term 1 - s Term 2

Term 4 - Term 3

For example, it is possible to exhibit similar fragments whose terms constitute a chain of

nearest neighbors

Term 1 - Term 2

Term 4 - » Term 3



but where the terms on the diagonal are not nearest neighbors. In those cases, the global
maximum is no larger than that provided by maximizing the sum of term 1 plus term 4,

for example.

Observation Three reflects the apparent necessity for two terms to be quite close to each
other geometrically before they can combine into a single hump. (See also the discussion
in Appendix D, pages 278-279) This is also reflected in the unimodal shape of the

global maximum fragment, as noted in Observation Two.

Consider the hypothetical fragment

fix,y,2) = ¥ (Ax)° (1) (1-2) + (1x) y 2 (1-2)°

Notice there are two 1-dimensional terms which are coupled to each other across two
dimensions, so that the sum forms a 3-dimensional fragment. Because there are two

additional dimensions rather than one, the terms are not nearest neighbors.

Notice also that the exponents have been selected to make the terms symmetrical mirror

images of one another. This symmetry confers two advantages :

(1)  First, the position of the interior critical point is known--

p
Pt

x=z= (0 =0 = 0 y=09) =& =

pgir

N |—

(2)  Second, the value at the interior critical point is as large as possible,

in comparison with fragments whose terms are not symmetric.
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To expand upon this second point, consider the alternative (non-symmetrical) fragment

gx,y,2) = ¥ (1x)7 (19) (12 + (1x) y' (19) £ (1-2)°

Let s = Minimum{t,u }

Then (19) 2 (1) and (1) 2 (1)
from which X (1) (19)* (1-2) 2 x (1) (1-y) (1)

and (I-x) Y (A=) 2 (12 2 (1) y* (1) 2 (1-2)°

or h(x,y, 2} = x* (1-x)* (1) (1-2) + (1x) Y (1) £ (1-2)? 2 glx, ¥, 2)

Finally since I 2 (1-y)
then 1 2 (1)
¥ oz y Ay

(I-x) y 2 (1.2 2 (1=x) y (1)° 2 (1-2)°

fx.y,2) 2 h(x,y,2) 2 glx,y,2)

In other words, for any non-symmetrical fragment g(x, y, z) a symmetrical fragment
having the form of Ax, y, z) can be found which serves as its upper bound on the

domain. Note also that along the z=0 boundary, the functions are equal.
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Finally, back to the landscape of Ax, y, z) , with its symmetrical terms. The value of f
at the modal position of its first term is

(p%)mp” q9

and the value of f at the position of the interior critical point is

( p+;+ r)P+fI+r pP(q+r)q""(%)s—1

We ask, for what values of p, q, r and s does the function value at the interior critical
point of f exceed the boundary peak? (When do the symmetric mirror-image terms

combine to produce an interior maximum?)

After algebra, that condition can be re-expressed as
2N (1,2 )P (T < (D
(1+q+r) I+59) o) < (5)

The following printout gives selected values of the left-hand expression for values of p,
q and r ranging from 1 through 10. We see there are numerous combinations for
which the expression on the left of the inequality is less than 2, but none where it is less

than 1 . In other words, the condition can be satisfied provided s = 0, but is not

satisfied for s > 1 . However, when s =0, we observe that the two terms making up
fx, y, z) are nearest neighbors, while for s 2 1 they are not. So the symmetrical

mirror-image terms can combine to form an interior hump only if they are nearest
neighbors.
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Furthermore, this situation must be roughly true also for the non-symmetnical cases. For
every non-symmetrical sum of terms there exists a symmetrical upper bound such that its
(equal) boundary peaks are comparable to at least one of the peaks of the
non-symmetrical sum. When the interior critical point of the upper bound falls below its
boundary peaks (i.e. when the symmetrical terms are not nearest neighbors), then the
interior critical point of the non-symmetrical sum must do so also, since the

non-symmetrical surface cannot exceed its upper bound.

This little demonstration has aimed to show that two terms cannot form an interior
maximum unless they are nearest neighbors. While still a far cry from a rigorous proof
of this, it does seem to add some credance to Observation Three and the suggestion that

terms need to be quite close geometrically before they will form a hump.
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5.4. New Algorithm

Assuming the above three observations to be typical of the general situation, it is possible
to adapt them into a process for finding the global maximum of f, .

This process is basically the reverse of that described in Section 5.3.2. , where the
maximizing hump was repeatedly sectioned into lower and lower dimensions until an
(atomic) single-term fragment was reached :

Find the set of singletons f;

For each singleton, identify the fragments which are its nearest neighbors

Find the nearest neighbors of those fragments, and continue expanding

the fragments by one additional dimension in this way for as long as

each expansion produces a taller hump than the last

More formally :
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For a given model size N and training sequence O = 0, 0,.. 0,

(1)  Find the set of single-term fragments of f, and calculate their modal values

(2)  For each singleton from step (1)

(A)  Identify the fragments of f, which are its nearest neighbors
(i.e. differ from it by having one extra dimension)

(B) Perform a hill-climb of each nearest neighbor from some convenient
interior point, and retain those which result in an improved interior
maximum (i.e. higher than the end-point maximum provided by the
singleton)

(C)  Pairing the survivors from (B) with the fragments found in (A),
identify new combinations which result in one additional dimension.
Then hill-climb these larger fragments, again retaining only those
which show an improved maximum over their components.

(D)  Continue the process of building fragments which are one dimension
larger than their components, hill-climbing, and retaining those
which show an improvement.

(E) The process terminates when
no new combinations are possible, or
none of the new combinations show improvement

The resulting set of peaks essentially constitute the landscape of f, . The highest of

these peaks represents the global maximum.

Given the list of nearest neighbors from step (2A) , the intention is to examine every
possible combination of 1, 2, 3, etc neighbors to see at what point the objective
improvement halts. The process resembles crystal-growing, where the singleton
fragments of step (1) provide the 'seeds', and where a fragment is allowed to grow

another dimension only when doing so produces an improved maximum.
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5.5. Finding the Singletons

Although step (2) , the process of identifying and combining the nearest neighbors, may
appear very laborious, the fact that most global maxima are given by singletons
(Observation One) generally means that this part of the algorithm runs quickly. Instead,
it is step (1) , the identification of the singletons, which poses the more serious
bottleneck.

On the face of it, the number of terms to be investigated as possible singletons must
increase at the rate N ™' | where each investigation then requires testing the candidate
term against all of the remaining terms (in the worst case) for possible activation.
Clearly, such an effort could render the algorithm a non-starter for all but the smallest

problems.

Fortunately, it is possible to 'grow’ the set of singletons for f, on a symbol-by-symbol
basis as the successive elements of the observation sequence become known. This also

opens the door for constructing the globally optimum HMM on an incremental basis.
The key observation which makes this possible goes as follows :
If a state sequence (i.e. term) 'eclipses’ some other sequence, and if both
sequences share the same final state, then not only is the eclipsing sequence

not a singleton, but also none of the sequences which can be formed by

appending additional states to that sequence can ever by singletons, either.
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To elaborate, consider an N = 2 state model, the observed symbol sequence k11k,
and the proposed state sequence 1->1->2->1 . This produces the term  a,, a,, a,, b,
b, b,, whose modal position is computed by dividing the exponents matrices
Row Sum Row Sum
oo |11 2 g |21]3
10 1 01 1
by their row sums as described already on pages 54-55 .

Also, consider the second state sequence 1->1->1->1.

Sequence 1121 is said to 'eclipse’ sequence 111 1 in the sense that, when their

silhouettes are compared
versus

all of the marked positions for 1111 are covered by the marked positionsfor 1121.

Clearly, when sequence X eclipses sequence Y, X ‘activates’ Y (in the sense
described on page 72 ) since the elements of A and B which are required to produce a

non-zero Y are provided by X . Thus, whenever X is active (non-zero), Y isalso *.

* However, the converse is false. Sequence X can activate ¥ without eclipsing
it. The exceptions always involve terms of the sort (i.e. unspecified rows)
described in the footnote on page 81 .
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Now consider two state sequences X = x,x,..x, i and Y = y, 3, ..y, i which

both terminate in the same final state, i , and assume that X eclipses Y.

Then X is not a singleton (single-term fragment), since it activates another term so can
never appear in isolation. Furthermore, assume that the next observed symbol (at time
1) is k.

Whatever state j this next symbol is assigned to,

X, X,..X,, ij activates ¥, ),.. Y, 1J
since the only possible changes to their silhouettes, i.e.

a, becomes marked in A

bp, becomes marked in B

will be the same for both terms--and consequently the updated X silhouette will
continue to eclipse the updated Y silhouette.

Finally, this argument can be extended to any number of additional states appended to X
and Y . Thus, none of the descendents of X can be singletons, since there always

exists a term (namely, the corresponding descendent of Y') which it activates (eclipses).

Based upon this result, the procedure for locating singletons as required in step (1) of
the new algorithm can be illustrated using the tree diagram below. Starting from state 1
and symbol k, for each successive observed symbol in the training sequence there are
N possible states it could have been issued from, resulting in N children for each of the
already existing state sequences, and the given N-ary tree.
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At each level ¢ there are N*' state sequences, any one of which is a potential singleton.
However, noting that sequence 1 121 eclipses 1 111 ,then 1121 fails the
singleton test. Furthermore, since 1121 and 1111 both terminate in 1, then by
the above result none of the descendents of 1 12 1 can be singletons either, so this
branch may be pruned from the tree. The same holds for sequences 1122 and 1211
(which eclipse 1222 and 1111, respectively) .

The sequence 11 12 presents a third possibility. This eclipses the sequence 1111,
however the two sequences don't share the same final state. While 1 11 2 is not itself a

singleton, some of its descendents may be singletons, so the branch beginning from

1112 cannot be pruned from the tree.

Thus at each level the state sequences fall into three categories :

Singletons 1111
1212
1221
1222

Disposables 1121
1122
1211 which can be pruned, and

Reserves 1112

which must be carried forward until the nature of their descendents can be established.

The process of generating, classifying and pruning the N offspring of the survivors at
level ¢ is repeated for each successive observed symbol in the training sequence.
Finally, after the last symbol, the list of singletons (but not the reserves) is passed on to
step (2) of the algorithm.
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5.6. Algorithm Efficiency

At each level of the tree on page 127, as another observed symbol is received, the
singletons and reserves carried forward from the previous level each generate N
offspring whose type (singleton/disposable/reserve) must be ascertained. Fortunately,
thanks to the pruning action which is possible, the rate of growth of the tree is
significantly less than the value N*' it would be otherwise.

It is difficult to state the new rate of growth precisely, since it depends very closely upon
the particular sequence of symbols observed. However, in tests the number of state
sequences carried forward to the next level remains roughly constant from level to level,

and is some small multiple of

’

N(N+1)

—2— + BM for M < N
K = <

M]g—ﬂ)— + B, NM¥ for M >N

.

where N is the number of states
M is the number of distinct symbols received at that point

and B, is the n® Bell number, equal to

B, =S8'+8+.+8§}°

o

where S ™ are Stirling numbers of the second kind, defined recursively as

S = §' =1
S,.~ = S§™ + mS"™ l<m<n
S =0 otherwise

A table showing Stirling and Bell numbers for small values is given on the next page.
See also [36,37] .
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4=1+3

6=3+3 4=3+1

Stiding numbers of the second kind represent a generalization of Pascal's Triangle in which,
rather than compute an entry by merely summing the two numbers above it, the right-hand

1

number is first multiplied by the appropriate value of m .

15=1 ' X725=7 3x610=64x1 1

m
. 1
-+ 1 15
=+ 1 10 65
- 6 25 90
=+ 7 15 31
-+ 1 1 1 1
1 ! 1 L
1 1 T T
1 4 5 6
n 1 4 5 6
B 1 15 52 203




The first term of K represents the number of ways in which a unique exit path can be
assigned to each of the N states (page 111, paragraph 1) . For N =13 states, this

number stabilizes at six, as follows :

1M1 — 111 —— 1111,

129 — 1212...

12 122 —— 1222...
1231...

123 1232...

1233...

In a similar way, the second term of K represents the number of ways in which the A

distinct symbols can be identified with one of the N available states (see page 111},
paragraph 2) .

The sum of the two terms provides a lower bound on the number of singletons, since it
. represents those state sequences for which there is (at most) one non-zero value along
each row of the A-matrix or one non-zero value down each column of the B-matrix,
which state sequences are trivially confirmed as singletons. However, singletons other
than these usually exist, and the actual number carried forward is roughly some small
integer multiple of X . This number grows exponentially (in the second term), but only
with M, not T. Thus, the number of survivors (width of the beam!, in the parlance of
tree searching [38]) remains roughly constant from level to level, until a previously

unobserved symbol is received, whereupon that number makes a quantum jump.
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Finally, at the next level of the tree the number of offspring is N x X . However only X

x (K-1) tests for activation (eclipsing) need to be carried out (in the worst case), since a

state sequence only needs to be tested against other sequences which end in the same
state. Thus, the total number of tests conducted during Step (1) of the algorithm is
roughly proportional to

K x (K-1) x (T-1)
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5.7. Test Procedure

The algorithm has been programmed in 'C' , to run on a Sun SPARCstation 5
workstation. A listing of the program (known as NHB, for New HMM Builder) has
been included as Appendix E .

The program requires two inputs :

a single training sequence in the form of a character string
(commencing with the letter '@’ * ) , where the characters symbolize
members of a finite alphabet of possible outputs (see Section 1.4.)

the required number of HMM model states, N

NHB then generates two results based upon those inputs :

the parameters (A and B matrices) of the proposed 'globally’
optimum HMM

the probability P = P(o0,0,..0,) that the proposed HMM would

produce the given training sequence

As a preliminary test of the algorithm's effectiveness in returning models which are
globally optimal, the body of examples for which a 'known' globally optimum solution
was available were presented to the computer program. NHB succeeded in reproducing
all of those solutions. However, this was not entirely surprising, since the algorithm was

constructed around those examples in the first place.

* The first received output is allocated the letter 'a’ and, as previously unobserved
outputs are received, they are allocated the letters ‘3", 'c', 'd, etc. in order
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So, in order to conduct a more independent test, a set of test data was then collected.
These consisted of randomly selected character strings, ranging from T'=35 to 15

characters in length, generated according to the following (pseudo-code) instructions :

Symbol [1] <-- 1
H <- 1
fori=2tT
choose Symbol [i] randomly among the
integers from 1 to H
if Symbol|[i] = H,then H <- H+1

The collection of sequences generated in this way are shown on the following page.

Next, these test sequences were input to NHB five times, once for each value of N

ranging from 3 to 7. However, due to the long running times of the program for larger
values of N and T, many of the trials had to be aborted prior to completion. The
number of input combinations for which results were successfully recorded are shown in

the table on page 136.

Finally, efforts were made to confirm that the results generated by NHB were globally
optimal. As noted earlier, to conclusively identify the global optimum solution for a
particular objective function is generally very difficult. To make a 'reasonable’ attempt to
achieve this, a further series of computer programs were written which performed
various systematic searches of the parameter space for each of the trials successfully
conducted above. If a point within the parameter space could be found for which the
value of P exceeded the value exhibited by NHB at its proposed solution, this would
certainly disprove the ability of NHB to provide the global maximum. Alternatively, if
no such point were ever found, this would add credence to (but not prove) its

effectiveness.
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ababb
abcce
abcad
abbaa
aabac
aabaa
aaaab
aabca
ababc
abbac

T=6

aabbchb
aaabaa
aaabca
ababcb
abbbba
abbacb
aabaaa
aaaabc
ababbb
aabced

T=12

aaaaaaabbaba
aaaabcacabab
aabaabaccabb
abacdbdabbce
aaaabacccbdc
abacccbddddb
abccddbeebcee
abaccdefefcb

abcccaaadadd
abcccaccccad

T=17

abacded
aaaabbc
abbaaaa
abaacaa
aaabaca
aabbcbce
aaabcac
abbcdda
aabbbac
abcbdea

T=13

abcccaccdeaec
aaabccacadace
aaabcdeabcbdc
aabbbaccacaba
aabaaaccbdcee
aaabbbbcbacac
abcaaaadebfeb
aabbcdbeacbed
aaaababcabcda
abcbdddeceefb

T=8

abaaaabb
abbbbbbb
aaabbaba
abbaacdb
aaaaabcb
aaaabbbc
abcdbdeb
abcdedee
abcacced
aaabacdc

T=9
abccbdaeb
abcbabcedb
abcbbabcb
aabbcddec
aabcbadda
ababbbbcc
aabbacaad
abbcbedde
abbaacbba
aabcbbdba
T=14
aabbbababcacdb
aaaaaaaaaababa
abcacabdaeafce
abbbaacacacacd
aabcbbdabbbbdc
aabaabbabaacda
abacdaecacdfeb
aabcadaeefafeg
abccdabeeebcbe

ababcbddefadgf

T=10 T=11
aabacccabb abaccbcdadb
abbbbcaabd aaaabbcadda
abaabbbcca abcadbaabac
aababaaabc aaaababacde
aaabacccdc abcbdbbcacd
abcdecebca aaabcbaaacd
aabcbdefdg ababacdbccd
abccaaddae abacbaccaaa
aabaabacab abcbcabddced
abccebdecdb abbbccdeabe
abbaaabbaa
T=15
abaccdaaeffeecd
aabcbbedbeaeffb
abacaddbbbaccad
aaaabbbbbaaacbd
abbcccccdddbace
aabcbdabcdbbcbb
abbacaabcdccaab
aabacbaddccccee
abbbbcdbefdeccg
aabbabaabbcbbac



The table below indicates the amount of data gathered per model size N and training

sequence length T :

w
H
wn
(=)}
~)

T 5 10 10 10 0 0
6 10 10 10 2 0
7 10 10 10 4 0
8 10 10 4 2 2
9 10 10 2 0 0
10 11 6 0 0 0
11 10 2 0 0 0
12 10 0 0 0 0
13 10 0 0 0 0
14 6 0 0 0 0
15 0 0 0 0 0
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The first program in this series performed a Baum-Welch style hill-climb from the
geometric center of the solution space, along with hill-climbs from the geometric center
of each boundary 'plane’ of the solution space. This strategy was, in part, guided by the
possibility (see Sections D.5. and 5.3.2.) that the landscape of the objective function may
be fairly simple (even uni-modal) in the vicinity of the global max. If this were true, a
hill-climb conducted within the 'right' boundary plane should certainly find it.
Unfortunately, this strategy quickly became overwhelmed by the size of the task. With
N states and M distinct symbols in a test sequence, that could require a possible

(V-1 x(2Y-1)

number of hill-climbs to complete the trial for that sequence. It was soon found that only
the N=3 set of trials were amenable to this kind of search.

The second program in this series also performed multiple hill-climbs. This time they

were initiated from equally spaced starting locations within the interior of the solution

space only (i.e. the boundaries were not included). The intention was that, if the grid of
starting locations was sufficiently fine, some of the climbs would occur near enough to
the boundary planes to detect any end-point extrema. Once again, however, the sheer
enormity of the search task for reasonable grid densities rendered this strategy unusable
for the larger values of N.

The third program in this series of tests abandoned the idea of hill-climbs, and simply
carried out evaluations of the objective function, P, at the same grid of equally spaced
locations that were used in Program 2 . This met with better success, and Appendix F

presents the results of that test, showing the highest located peaks for each trial, plus the

elapsed computer time taken to complete each tnal.
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Eventually, however, even the third program became too slow to use. At that point,
Program 3 was replaced by a battery of four HMM model-building programs, all
performing classic Baum-Welch re-estimation (i.e. a single hill-climb), but differing in the

model architecture and choice of starting point :

Fully-connected Left-right
(2 skip states)
Initialized
uniformly BWI1 BW2
Initialized
randomly BW3 BW4

Using these faster, but far less thorough, Baum-Welch programs, a full set of

comparisons was eventually achieved.

Finally, the results of the various tests can be stated qualitatively as follows :

(1)  No counter-example was ever found which dis-proved the ability
of NHB to find the global maximum solution.

(2)  The peak value for P supplied by NHB is often several orders of
magnitude larger than from the other programs.

(3)  However, for all but the smallest values of model size and sequence

length, NHB is relatively slow (orders of magnitude slower than
the Baum-Welch programs).
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6. Conclusions

6.1. Review

In this final chapter we review the contents of the thesis before giving a brief summary of

the contributions of the research.

In the Introduction we presented the fundamentals of Hidden Markov Model technology
within the setting of Automatic Speech Recognition. We then attempted to make a case
for employing the globally optimum HMM , as opposed to the locally optimum models
which are produced by the Baum-Welch algorithm. We also tried to make a case for
analyzing Discrete HMMs trained using a single training sequence as a first step towards

understanding how to generate these globally optimum models.

In Chapter 2 we launched into a straight-forward attack upon that analysis using the
standard optimization strategies of calculus, where the objective function to be optimized
was the probability, P(O), that a Discrete HMM would produce the given training
sequence, and the independent variables were the parameters of the model, given by the
elements of 4, B and n . The intention was to develop formulas for finding the
complete set of optima and then choosing the global optimum from among them. Efforts
were complicated by the large number of (scalar) domain variables involved, so tools

were developed for treating the optimization problem in matrix form.

Part-way through this analysis, we were able to prove that an upper bound exists on
those optima of the objective function which occur within the interior of its domain
(parameter space). However, a shortcoming of calculus-based optimization is that it
tends to overlook possible endpoint extrema, which occur on the boundaries of the
domain. It was fairly easy to show that, in the case of a single training sequence at least,
the global optimum is not to be found in the interior but must reside on a boundary of the
domain--namely, that sub-space where the first element of © equals 1 and all the other
elements of  equal 0.
139



As a consequence of this finding, we were able to replace the original objective function
with a slightly simpler function of 4 and B only, namely £, (4, B) , which corresponds
to the set of possible state sequences which the model might pass through beginning
from State 1. However, as with the earlier objective function, it was still necessary to

optimize f, over each of its boundary planes as well as the interior of its domain.

It became evident that optimizing f, over each of its boundary planes is equivalent to
optimizing the many fragments of f, which result when one or more of the elements of
A and/or B equal zero. Not all of the possible combinations are actually capable of
reproducing the given training sequence, however, so a procedure was given which can

identify the relevant fragments for a particular training sequence.

Next came a brief examination into the nature of these fragments. The boundaries to
which they correspond differ in their dimensions (e.g. vertex, edge, plane) depending
upon the number of free variables the fragment contains (which is similar to the number
of non-zero elements in 4 and B ). This situation leads to a natural hierarchy among
the fragments--larger fragments are found to contain smaller fragments, in the way that

planes contain edges, which in turn contain vertices, etc.

In addition, the fragments are observed to fall into distinct categories. The simplest are
the atomic 'singletons', consisting of only a single term of £, , while those containing
multiple terms can be classified as either 'simple unions' or 'compound fragments',
depending upon whether the fragment consists entirely of smaller fragments, or whether

it also includes additional 'intenior' terms.

On their domain, the singleton fragments are uni-modal humps. These form the most
basic features of the 'landscape’ of f, : f, must contain at least as many peaks as there
are singletons. The question is, as more dimensions are added (as fragments are
combined to create larger fragments), how many additional peaks are introduced? The
situation can be pictured (very crudely) in terms of a square sheet of stiffened tent canvas

supported by a set of poles, where the terms of the fragment constitute the tent poles and
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their modal positions provide the locations of those poles. Under what conditions do
terms combine with each other to produce a new hump in the canvas which is taller than
the participating poles... or when does the canvas merely sag down between the poles?

This is one of the central questions of the research.

In pursuit of an answer, the research became directed towards finding a mechanical
procedure for optimizing the individual fragments of f, . Except in simple cases, this
would not be sufficient, by itself, to globally optimize f, since there are at least as many
fragments as there are terms of £, , a number which grows exponentially as N”' . On
the other hand, such a procedure would clearly be useful in its own right, and could shed
light on the mechanics of peak creation. In this way, it might also help to predict which

among the many fragments are the likely ones to provide the global maximum.

Among the many different attempts which were made to develop such a procedure, three
are described in the thesis. The first of these used the Matrix Derivatives approach,
revisited from Chapter 2 and now adapted to optimize the objective over one of its
boundaries. This attempt became 'stuck’ while trying to solve for the Lagrange

multipliers which are used to enforce the constraints upon the domain variables.

Next came a promising new tool known as Geometric Programming, which had been
developed specifically to optimize functions of the present form. This is also
calculus-based and is shown to be the 'dual' of the standard approach. Within the thesis
it was discovered how to automate the transformation from the primal to the dual G.P.
equations, but there was only partial success with automating the solution of the dual

equations.

The third attempt investigated a new hill-climbing method, which was applied to six
different schemes for selecting the starting point. Unless the landscape of the objective
function is sufficiently well known in advance, hill-climbing cannot normally be relied
upon to deliver its global maximum. The intention was to leam whether the new
recurrence relations used in connection with one of the six starting schemes would be

consistently effective in doing so. Unfortunately, none of the six schemes passed the
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test. On the other hand, the investigation tended to shed still more light on the nature of
peak creation.

In short, none of these attempts to globally optimize the individual fragments of f,
could be sufficiently developed, although all of the attempts were indirectly useful.

Finally, rather than contend with the landscape of f, in its full generality, the research
now took a different tack. The new approach was to collect examples of the global
optimum of £, and then study the landscape in the immediate vicinity of that peak.
With enough examples, it might be possible to learn by induction the rules which account
for the global peak (versus the many lesser peaks), as well as identify those fragments of

Jf, where it is likely to occur.

This rule induction, of course, requires that examples of the global optimum be available
for study and, in general, such examples are not easy to come by. The thesis describes
some useful tools for helping to locate the global optimum, but the application of those
tools is largely ad hoc. Unless the number of model states is low and the length of the
training sequence is small, it is difficult to achieve absolute certainty about a candidate
optimum--although continued experience does guide one in forming a reasonable

certainty.

As hoped, once a body of examples had been collected, it was possible to discern certain
patterns among them. First, for the global maximum of f, to result from a fragment
containing multiple terms is fairly unusual... in the great majority of known cases, the
global maximum is given by optimizing a singleton. The explanation appears to be that
singletons tend to be associated with the minimum number of dimensions, which is also

conducive to a large objective value.

Second, the fragments which contribute the global maximum all seem to have unimodal
landscapes. This is trivial to demonstrate when the fragment in question is a singleton,
but seems to hold true also for multiple terms. Bearing in mind that each term of f; isa

continuous-valued unimodal function (bump'), and that each fragment of f, is a
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‘mixture' of such bumps (in the way that Continuous HMMs employ a mixture of
Gaussian bumps), we find that the mixtures associated with the g.o. are particularly
simple. It is as if only a single bump is required to optimally model a single training

sequence.

Third, even when the globally optimum fragment is not a singleton, it contains a term
which is a singleton... while the remaining terms are related to that one in a distinctive
way. That is, the fragment invariably comprises one or more ‘nearest neighbors' of the
singleton term, where a nearest neighbor shares all the same dimensions but has exactly
one additional dimension. Furthermore, when the fragment consists of multiple nearest

neighbors of the singleton term, those must be nearest neighbors of each other also.

Assuming those three observations to hold for all cases, the thesis went on to construct
an algorithm for producing the globally optimum HMM for a given training sequence.
The algorithm works by identifying the single-term fragments of f, and then, for each
of those singletons, finds their nearest neighbors and pieces them together to create
larger and larger fragments, halting when a taller unimodal hump eventually fails to
result. The process resembles crystal growing, where the singletons provide the 'seeds',
and where extra dimensions are accumulated until the objective no longer shows an

improvement.

The chief practical difficulty with the new algorithm is in identifying the single-term
fragments of f, . With N™' candidate terms in £, , an exhaustive search is usually out
of the question. Fortunately, it is possible to '‘grow' the list of singletons on a
symbol-by-symbol basis, by considering the successive elements of the training sequence
in their turn. This implies a further advantage to the new algorithm in terms of the
potential for building the HMM incrementally as each of the training symbols is

received.

The key result which makes this possible is the realization that if term (i.e. state

sequence) A ‘eclipses' a second term (sequence) B, and if both end in the same state,

143



then none of the descendants of term A which derive from subsequent training symbols

can be singletons--so these can be pruned from the next generation of candidates.

Finally, the new algorithm was implemented as a 'C' program, and this was then

subjected to various tests to try to confirm or refute the optimality of its outputs.

The tests consisted of independent computer searches of the objective landscape to try to
locate the highest peak, which was then compared with the peak produced by the new

HMM building algorithm. Different tests were necessary due to the inherent difficulties
(e.g. excessive run-times) of conducting searches over a large space. As the test
examples increased in difficulty, new strategies had to be devised. For example,
according to one strategy, each relevant boundary plane of the objective function was
identified, and a hill-climb was then initiated from the geometric center of that boundary,
with the highest hill over all of the boundaries providing the results of that tnal. In a
later search strategy, the hill-climbs were initiated from a grid of equally-spaced starting

locations limited to the interior of the parameter space. The intention was that, if the

grid of starting locations was sufficiently fine, some of the climbs would start near
enough to the boundaries to detect any end-point extrema. Later, as the test examples
became even more difficult, that same grid of starting locations was retained, but the

hill-climbs were replaced by a one-off function evaluation at each grid point.

Each trial explored the landscape unique to a given randomly-generated training
sequence (ranging from 5 to 15 symbols in length) and model size (ranging from 3 to 7
states). Due to the finite number of those trials, and the inability of the computer
searches to guarantee the global peak, it is still impossible to be conclusive about the
effectiveness of the new algorithm. But, to date, no counter-example has yet been found
which shows it failing to provide the global optimum model. On the other hand, a
serious drawback of the algorithm is that it runs very slowly, typically several orders of

magnitude slower than the Baum-Welch algorithm.
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6.2. Contnbutions

The contributions of this research fall roughly into three categories, listed in increasing

order of importance.
In the first category are some low-level innovations and insights, including :

(a) various tools for Matrix Differentiation and constraint expression

(Appendix A)
(b) a generalized geometric progression formula (Section A.6.)
(c) a procedure for identifying the relevant fragments of f, (Section 3.4.)

(d) the theoretical connections between the three deductive solution methods

(Section 4.2.)

() mathematical insights into the values of the constraint sensitivity factors
(Section 4.3.)

(g) the automatic primal-to-dual transformation procedure (Section C.4.)
(h) insights into the reducibility of the duat G.P. equations (Section C.5.)

(i) the global effectiveness of the six search initiation schemes (Section D.5.)
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In the second category are various insights into
the nature of the problem
the objective landscape
and the process of peak formation
as follows--
Nature of the Problem :

ryr
(a) the objective function P(O) viewed as a generalization of x11x22 - -x;,"

(Section 2.3.3.)
(b) the individual terms of f, as generalized Beta random variables (Section3.5.)
(c) at least as many relevant fragments as there are terms of f, (Section 3.6.)

(d) the different classes of fragments, and the natural hierarchy among the fragments
(Sections 3.5. - 3.6.)

(e) sum of the A-contributions for f, equals 1 (Section5.2.)

The Objective Landscape :
(a) the upper bound on the peaks within the interior of P(0) (Sections 2.2. - 2.3.)

(b) in the case of a single training sequence the global optimum must fall on a
boundary of P(0O) (Section 3.2.)

(c) the f.(4, B) are isomorphic and have essentially the same landscapes
(Section 3.7.)
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(d) at least as many peaks in f, as it has singletons (Section5.4.)

(e) alower bound for the global maximum is easily established as that of the tallest

singleton (Section 5.2.)
(f) the global maximum is nearly always equal to the tallest singleton (Section 5.3.1.)
(g) a simple mixture (unimodal hump) is adequate to model the global optimum for a
single training sequence (Sections 5.3.2. - 5.3.3.)
Peak Formation :
(a) the link between low dimensionality and high objective value,
which is reflected in
the large number of singleton solutions (Section 5.3.1.)
the nearest neighbor phonemonon (Section 5.3.3.)

(b) the necessity of geometrical closeness (Sections D.3.,D.5.,5.3.3.)

(c) the conditions under which a fragment has an interior peak seem to be sufficient

to ensure that it has only one interior peak (Sections D.5. and 5.3.3.)

Finally, in the third category of contributions are the NHB model-building algorithm
itself, including the critical procedure for identifying the singletons of £, , and the body

of test results.
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6.3. Future Work

The goal of the project was to develop a procedure by which globally optimal Hidden
Markov Models can be identified. On a very modest level, it seems as though the project
has been at least partially successful in achieving that goal. It has produced some
intriguing insights and an algorithm which appears to do the job, but which requires far
more evaluation and refinement before it can be of practical use within speech

recognition.

A principle weakness of the work is that, despite the attempted use of mathematics
where possible, the finished product is still largely descriptive and far more qualitative
than quantitative. To some extent, this is a reflection of the fact that the genesis and
testing of the new HMM building algorithm represent only the final six months or so of
the research period, while the bulk of the research effort is tied up in the other chapters
(particularly those of the Appendix). Also, with few other recorded efforts in the
literature to build upon, the work was naturally very exploratory.

In order to bring the research onto a more solid footing, far more analysis and testing is
required, including as a minimum: the collection of still more global optimum examples,
the use of the new algorithm on more complicated cases, as well as faster and more
thorough searches of the parameter space by way of verification. Unfortunately, much of

this demands more computing 'muscle’ than is currently available to the author.
In the long run, however, there is an even greater need for the development of some
theory capable of supporting a deductive proof of the algorithm's adequacy... since

otherwise the cycle of

C rule induction —> counter-examples --> refinement )

may never terminate.
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Appendices




A. Matrix Derivatives

A.l. Introduction

Our ultimate goal is to find Markov matrices ( 4, B, @ ) which produce the global

maximum for
P(o,0,.0;)

the probability that the training sequence will occur. As Levinson, et al point out [28],

that objective function can be expressed compactly in matrix notation as

P=1DB A AB AB =

where 1 is a column matrix of 1's

and B, is a diagonal matrix derived from the appropriate column of B

To maximize this according to the methods of calculus requires that we

perform a partial differentiation of the objective with respect

to each individual matrix element
set each of those derivatives equal to zero

solve the massed system of equations simultaneously

for the matrix elements.
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In place of this daunting task, consider for now the FIR filter below

x(n) o) e(n)
T
b —®
” |
h, F_‘Q)
T

and the somewhat simpler job of computing the vector of filter coefficients which

minimizes the error signal (as per Linear Predictive Coding, for example).
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Here the objective (for minimization) is

N N K 2
f= D em? = X |xm - 2 hkx(n-k)] (A1)
n=1 n=1 k=1

This can also be expressed in matrix form, as follows :

Let H

il

L |
-~

>
Y

B
]
-

E = [e(1) eQ2) ... eM)]"

h<
1

(x(1) x(2) ... x(N))'

and let .X equal the N x K matrix where element (7, k) is x(n-k) *

Then E =Y-XH

and f = AfH = E'E

[¥Y'-H'X'][Y - XH)

Y'Y-Y'XH-H'X'Y + HX'XH (A.2)

* If x(n-k)=0 for negative arguments, this corresponds to the Autocorrelation
Method.
If, for n<k, x(n-k) isavailable from the previous window, this leads to the
Covariance Method [39].
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Differentiating the scalar form (A.1) with respect to each of the unknown coefficients A,

of ¥ &
3 - 3A2lxm) - D hpx(n—k) |x [-x(n -]
i n=1 k=1
N K
= 2 2 {xtn-i)|x) - X hyx(n-k)
n=1 k=1
=0 at a stationary point
from which
K N N
2 {2 x(n-) x(n—F) = 2 xtn—i)x()
k=1 n=1 n=1

i=1K (A3)

Finally, it is possible to combine the complete set of results expressed by (A.3) into a

single matrix equation which can be solved for A :
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In matrix terms, the right hand side is

N
2 xn-dxm = XY  (i=1K)

n=1

where X, isthe i® columnof X

Similarly, the left hand side is

K [N K
th{Zr(n-ax(n—k)] = 2wl
k=1 n=1 k=1
= 2 i)
k=1
K
= X X Xhy
k=1

X'XH (i=1K)

And therefore

X'Y = X'XH (i=1.K)

Combined into a single equation, this becomes

X'Y = X'XH (A4)

from which finally

H= (X'XyX'y
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To summarize, we have

(a) taken an objective function (A.1) which is expressible in matrix
form (A.2)

(b) differentiated it X times to produce a system of simultaneous
equations (A.3), and

(c) bundled those equations into a matrix equation (A.4) for solution.

In the case of the FIR filter the amount of work required to do this was quite modest and

manageable. However, in the case of maximizing P ( 0, 0,.. 0,) this requires

N differentiations for the elements of A4
N x M L] ] n " n B
N n n n ” n n

which then need to be assembled into 3 matrix equations for solution.

Clearly, it would be useful to be able to miss out the piecemeal differentiations and the
bundling, and go directly from (A.2) to the derivative equation(s) (A.4) , ready for
solution. The following sections develop the rules by which this can be accomplished.
The treatment of the subject is necessarily incomplete, but is sufficient for the work

carried out in the remainder of the thesis.
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A.2. Product Rule
We confine our attention to scalar-valued functions of a matrix (or matrices).

The result of differentiating a scalar-valued function with respect to each element of its
argument, and then assembling those derivatives into a new matrix conforming to the

argument, is one definition of a matrix derivative (for others see [40,41]) :

of  _of
axll axlN

af
“ o1 o
| OxNy1 OxpN

Let A represent an N x N matrix. As a first example of a scalar function of 4 ,

consider the sum of its elements :

fA) = I'A1l

where 1 isthe Nx 1 column vector of 1's

For the simple case of N =2

1'A1 = a, +a,ta, ta,
Then -a—QL = 1 (i=1.N),(j=1.N)
a;

Finally, bundling these results into a matrix produces
df _ 11 _ .
dA [ 11 ] -
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As a second example, consider

f4) = 141
Then fld) = 1A A1

A
= I'[4g Aa][ARl :| 1
R2

Ay 1
= (T4, 1'AQ][A$1]

I'Ag Ay 1 + YA, Ay, 1

the i® column of matrix 4, etc.

where A4

And for general N

fA = 1AL A1+ VAgAg,l +.+ 1'Ag Ay, 1

Now '

since a; appears exactly once in exactly one row of 4

al,ld L n n t " column ofA

After bundling,
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df  _ rAcy Vdcy | | [ 41l 4Rl

The first matrix can be written as the outer product

[I'Am 1““01] _ [1’AC1] v
I’ACZ l'Acz l’ACZ

= [1'4, I'dg]" Y

(1'4)' 1

= A1l

The second matrix can be written as the outer product

Ap11 A 1
Rl “R2 = 1[Ag1 Agl])
ARy 1 Apy 1
= ]
Apa 1
= 1(41)"
= 11'4
Finally
af _ vy ' g
ﬂ All +11'4

158



By similar methods, it can be shown that

for fA) = 141

then gﬁf = 11'AA +A11'4A + AA'1Y
and likewise

for fld) = 14*1

df [} 133 2 2 3

then 74 - 11'A'Y+A'1T'AA'Y+A)Y11'A'+A4')Y1Y
For a slightly different problem, consider A4) = 1'4 4'1
Then fA) = 14 41

A’
I'[4e 4] A?l 1
C2

/
A 1
[Idg T'Ag] [AFI 1}
C2

', A’ 1 + 1'Ag A1

from which
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O o g4+ ag1

2441

and

af _ Z[A,cﬂ“if:zl}
T4 / /
dA A1 Agy 1

= 21[4,'1 44'1]

/ /
= 2 1[AC11:|
/
AC21
= 21(4'1)

= 2114

Finally, from Section A.1. the function
i) = Y'Y-YV'XH-H'X'Y+ H'X'XH

has the matrix derivative

af

a4 -2X'Y +2X'XH
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What rule, if any, can account for these various examples?

Where the function includes more than one term (as immediately above) there is an
obvious Addition rule, analogous to the rule of scalar calculus, whereby the derivative of
a sum equals the sum of the derivatives.

For differentiation of a single term, the following empirically derived rule does the job :

Each occurrence of the independent (matrix) variable within the term will

give rise to a separate term in the derivative expression, as follows--
Consider the i® occurrence of that variable, X', along with the factors
which appear to the left of it (call them L collectively) and the factors to
the nght (call them R)

(Note than in some cases either L or R may be the scalar 1)

If this occurrence of X is being transposed, create the i® derivative term by

simply swapping the order of L & R, and omitting the X

i®term = RL

If, on the other hand, the X is not being transposed, keep the orderof L & R
the same but transpose them (again omitting the X)

i®term = L'R'
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Thus, exactly one operation is performed upon the L, R pair:

either their order is reversed, or they are transposed

And exactly one category of factor undergoes transposition :

if the X' appears transposed, then the (L, R) isn't

if X isn't transposed , thenthe (L, R) is
X LR
transposed order reversed transposed
yes yes no
no no yes
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Let's see how this rule works in connection with an earlier example. Take

fA) = 1441

The first (left-most) occurrence of A has

Since this A is not transposed, the L & R will be--while their order remains

unchanged. The appropriate contribution to the derivative expression is then

LI'R' = (1) (41) = 114

The second occurrence of A4 has

Since the A4 is transposed in this case, the L & R won't be--however, their order will

be reversed. The required contribution is

RL = 114
In this way,

af _ \

74 - 211'4

as deduced earlier.
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Note that the rule applies, regardless of the dimensions of the independent variable (i.e.,

not necessarily square), or its position within the expression.

For example, consider

xy
f = ax+axtax, = [a a a]|x) = A'X
X3
Differentiating with respect to X', we note that
L = A and R isthescalar 1

Since X is not transposed, the rule gives

a/

2% = LR = (4)1 = 4

which is clearly comrect.
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A.3. Determinant

A second scalar-valued function of a (square) matrix is its determinant, f = Det(4) .

This value can be computed by forming the inner product of any row (or column) of 4

with the cofactors of those elements :

Det(4)

a, Cofla,)+ a, Cof(a,) + .. + a,, Cofla,,)

a, Cofla, ) + a,,Coflg,) + .. + ay; Cofla,, )

The cofactor of element a, is (1) times the minor of a; , computed as the
determinant of A after row i and column j have been removed. Therefore, the

cofactor of a, does not include any element from row 7 or column j in its calculation.

Consequently

5 21] [ Det(4) ] 6%1_]_[0,.1 Coflg,) + .. +a; Cof(aij) + .. +a,, Cof{a,)]

= Cof{a,)

since none of the cofactors present in that sumuse a,.

Assembling these derivatives into a matrix,
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C“(f’n) C°f(‘:’1N)
cof(ayy) - Cof{any)

[Adj(A)]' = Adj)

af
dA

where the transpose of the cofactor matrix of A4 is known as the adjoint of 4 .

Finally, from Matrix Algebra

a4 - 1 .
A = __Det( ) Adj (4)

Therefore

L [Dei4)] = Detld)(4*)'

Other variations of this rule from the literature [42,43] include

L[ (Dettd) )] = r{Det)} ")’

and

L{in(Des()}] = (4")’
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Apart from the sheer elegance of these results, determinants are also helpful in
formulating a Markov constraint upon A for use within the method of Lagrange
Multipliers :

The method requires that we include a term in the Lagrangean function whose value

equals the scalar 0 when A is a Markov matrix.

Consider Det(AI - 4) = 0, which is the characteristic equation of the matrix 4, and

whose roots are its eigenvalues.

When 4 is a Markov matrix, the one definitely known eigenvalueof 4 is A = 1.

Therefore, Det(I - 4) provides the required term, and it merely remains to be able to

differentiate it with respect to A4 ...

By analogy with the Chain Rule of scalar calculus, one might expect that

LDa@-A)) = ggls [De@-A)]x J20-4)

[Adj(I-4)]'x -1

Application of our derivative definition confirms this to be correct.
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Having differentiated Det(I - 4) in the Lagrangean to produce

-[AG T-4)]"

it may then become useful to eliminate this term from the analysis.

To do so, post-multiply throughby (I-4)' :

Using the result
4 - | :
X Det(Y) Adj (X)
or
Det(X) 1 = X Adj(X)
then

[(AdjT-4)]' A-4)' [A-4)AdjI-4)]

[Det(I-4) 1]

since Det (I - A) =0 when A4 is a Markov matrix.
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Likewise, it may be useful to realize that the columns of [ Adj (I - 4) ] ' are identical, so

that summing downwards produces

1' [Adj(T-4)]' = constant x 1'

That the columns of [ Adj (I-A4)]"' areidentical can be demonstrated as follows :

Since, as above

[Adj(A-4)]' A-4)" = 0

then

[Adi(T-4)]" I [Adj(I-4)]'4"

or

A Adj (- A4) Adj - 4)

This shows that the matrix A4 preserves Adj (I - A) unaltered. This can only happen
when each column of Adj (I - 4) is a multiple of the eigenvector associated with the

eigenvalue 1 --whichis 1.

Transposing, each row of [ Adj (I-A4) ]’ is now a multiple of 1', implying that the

columns are identical. *

* Alternatively, the columns of [ Adj (I-A4)]' must be identical in order to
remain consistent with the other possible way of handling the Markov
constraints--which is to use a separate Lagrange multiplier for each row of 4,
differentiate, and bundle the results into a matnx.
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Finally, for purposes of the Langrangean, one needs to know how to handle non-square
Markov matrices (such as the N x M B-matrix), for which a determinant is not normally
defined.

The answer is to augment B by M - N additional rows (converting it into a square

matrix), where the extra rows are duplicates of the column averages of B, computed as

1 q
5 1B
ixN NxM

Alternatively, this can be achieved by pre-multiplying B with the M x N matrix J
whose first N rows are the N x N identity matrix, and whose final A - N rows are

filled with the scalar value ]%

Then the rows of this new square matrix JB sumto 1 asrequired :

[ N1
JB1 = 1"} By

|-

1’

[ NIB1
1'B1

-

| 1'B1
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NB1

_ 11 1’B1
= ¥ E
1’B1
[ N1
- 1IN
NIl
N

Mx1

Invoking our definition for matrix derivative, it can be shown that

i

L [Det@-JB)] [AdA-JB)x -J]'

1l

-J'[AdjI-JB)]"

This is further evidence of a Chain Rule within matrix differentiation. Note also how the

order of J' in this expression adheres to the rule from the "Product Rule" discussion :

Since B doesn't appear transposed in Det (I - JB) then L (equalto -J) and R (equal
to the scalar 1) appear in their same order (i.e., L before the main result, R after) but

transposed. On the other hand,

Lipeq-1m1 = [AGQ-1m)]x-1
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A4. Trace

Another useful scalar-valued function of a (square) matrix is the trace, f = Tr{4),
defined as the sum of the diagonal elements.

Clearly,

0 . . . .
aéf 1 if a, is onthe diagonal (i.e. i=j)

if

0 otherwise

Bundling the partial derivatives into a matrix as per the definition gives

a7

74 - the identity matnx I

Next, let B equal a second Nx N matrix.

Then

Ar1Bc1 - AriBen

]

AB : _ :
ARNBc1 - AcNBen

Summing down the diagonal

Tr( A B)

I
™M
n

&
B
Q

= Zzazjbﬁ

i=1j=1
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and

2

Fag TAB)] =
so that
d —
E'Z[Tr(AB)] =
Likewise
d -
E[TT(AB)] =

Furthermore, building on these last two resuits

d
74l T(4B0)]

d
Zcl (480 ]

Also, it can be shown that

d
Jpl 4B Q)]

Finally,

L T(4B O] =

173

bﬁ
Bl
Al
(BC')' = CiBn
(4B)' = B'A’

d 1 '
gl ({4 B'C}y)]
d ' '
gL I(C'BA4Y)]
(GO NC A

c4




The point to note is how all of these examples uphold the rules from the "Product Rule"
discussion ("same order, but transposed" or "reverse order, not transposed"--depending

upon whether or not the independent variable appears transposed within the expression).

As a final useful result, recall that

d - = 1!
aal Tl =1=1
In a similar way,
d 2 —_ d _ ' [J— '
ﬂ[TT(A)] = H[TF(AA)] = A'+A = 24

d 3 —_ d = VA4 140 14y — 2y
LTHA)] = JZITHAAA)] = A4+ 4L+ A4 3(4?)

and, in general [44,45]

i

L Te(4)] = r(4”)

providing the equivalent of the Power Rule from scalar calculus.
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Where Trace can be especially helpful is in converting a statement given in matrix form
into a scalar, ready for differentiation. In particular, Trace is good for expressing

element-wise constraints upon a matrix, for inclusion in a Lagrangean function.

For example, to impose non-negativity constraints upon the elements of 4 , define

an sign(all) aleign(alN)
Abs(4) = : : :

apn sié(am) anN sig.n "NN)
which replaces each element of 4 by its absolute value.
Then the elements of 4 are non-negative provided
A = Abs(4)
and a suitable scalar term to reflect this statement within the Lagrangean is
Tr( M’ [A - Abs(4)])
where M is a matrix of Lagrange multipliers.
Differentiation with respect to M leads to
A = Abs(4)
as required, while differentiation with respect to 4 produces

Sign(4) = 11
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Notice that M and A4 don't have to be square, provided that they share the same

dimensions.

Note also that Tr(M'A) is equivalent to

(MO A)1

where () denotes Hadamard (i.e. element-wise) multiplication.

As a second example of the use of Trace , imagine that one or more elements of A

must equal zero (e.g. perhaps A4 is supposed to be upper-triangular).

Define the matrix H to have the dimensions of 4 , and to consist of 1's to mark the

positions where a; is required to equal 0, and O's elsewhere :

=
]
—
-oo :_.
N o
<

] I

bt o

Then a suitable term in the Lagrangean consists of

T{M'(HQ A)]

Note that

LM (HO4)]} = HOA4

and

L (M (HO4)]} = HOM
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A.5. Diagonal

At the heart of all this effort is the objective function

P = 1'B.A.B,AB =

where B, is a diagonal matrix made from the ¥* column of B, assuming codebook

symbol k was the one observed at time ¢ (o0,= v,).

Let D, represent the Nx 1 column vector consisting of O's, except for a single 1 at

position k.

Then B, can be written in matrix form as

Diag( BD,)

where 'Diag’ embeds its argument along the major diagonal of a matrix of 0's, and

P = 1' Diag(BD,) A'... Diag(BD,) A' Diag(BD,) ©

The differentiation of P with respect to both = and 4 can be handled as per the

discussion under "Product Rule" .

In addition, we need a rule to cope with B, buried as it is within the Diag operator.

The required rule, derived empirically, goes as follows :
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As before, each occurrence of B within the objective will give rise to a

term in the derivative expression.

Focusing on a particular occurrence of B, designate everything to the
left of the Diag as X', and everything to the right as Y.

Then

%[X'Diag(BD)Y] = Diag (X) ¥D'

Finally, note for convenience that

1' Diag(X) = X' and Diag(X)1 = X

1
>

1' Diag(X') = X' and Diag( X')1
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A.6. Geometric Progression

This section generalizes the scalar formula for the sum of a geometric progression.
Strictly speaking, this effort has little to do with Matrix Differentiation, but is included

here because of a connection with other results in this chapter.

Assume that 4 is an N x N Markov matrix. Also, assume that A is diagonalizable *

A= 0DQ"
As a Markov matnx,
A1 = 1
which indicates that the equation
AX = AX

is satisfied for the eigenvector X =1 and eigenvalue A=1.

Therefore, A has at least one eigenvalue equal to 1 . Furthermore, from the literature

the magnitudes of the remaining eigenvalues are all <1. (4 hasa ‘spectral radius' of 1
(31,32])

* If the eigenvalues of A are distinct, then D is the diagonal matrix consisting

of the eigenvalues of A, and the columns of Q are the respective eigenvectors
[46,47]
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Split D into the two diagonal matrices

Clearly,

Then

D = D +D,

where D, containsthe 1 eigenvalue(s) (and O's elsewhere)
and D, contains the eigenvalues # 1 (and O's elsewhere)

D, x D, isthematrix of O’s.

(gng*y

O0DQ"x QDQ"x QDQ"x ..x QDQ"

= oD 10 1D .. DQ
- op'Q"

= 0(D,+D)'Q"

= 0(D/+D))Q"

since the mixed terms must equal 0 as above.
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Forming the sum,

-1 o,
;o 4l = ;0 o (D} +pi)o!
i= i=

using the geometric progression rule for scalars.

Finally, since
1
Dl'P = bk
|
[0
I-Dt = 1-b%
i 1-ck
[
I-D, = 1-5
L l-¢
(1
N 1
(I'Dz) = 1-b
1
L 1-¢
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the sum can be written

k-1
2.4 = Q{kD,+ (I-D,)'(1-D*)} Q"
i=0

kQD,Q" + (1-0D,0")" (1-4%)

Notice how this generalizes the scalar case :

If all of the eigenvalues equal 1,then D = D, = I and the second term disappears,
leaving

kQD, 0" = kQDQ" = kA

k-1
corresponding to the scalar result Z a = ka for a = 1.
i=0

If none of the eigenvalues equal 1, then D = D, and the first term disappears,

leaving
(I-0D,0")'(I-4") = (I-QDQ")"'(1-4")
= (I-4)'(1-4")
k1 k
corresponding to the scalar result Yad = 1 forla) <1,

1
=0 -
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Finally, a connection apears to exist with the earlier work on determinants :

Let X and Y be right and left eigenvectors of A for the eigenvalue A =1

Le. AX =X and Y'4 Y' (or A'Y =Y)

(We already know that 1 is a solution for X')

It is known from the literature [48] that
/
Adi(I-4) = constant x Det(I-D,) &L=

Y x

where the constant equals 1 when 1 is a simple (unrepeated) eigenvalue of 4 .

In addition, there is evidence that *

Adj(1-4) = DefI1-D,) 0D, Q"

* What the evidence suggests :

De(1-D,) = 1'Y = ¥'1
/
D 1 = i
QD Q 77
Adj(I-4) =17
[Ad(I-4)]'= ¥ I’
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A.7. Miscellaneous Results

For an intriguing result from the literature [49] :

let A  be areal symmetric Nx N matrix
A be a simple eigenvalue of 4

X  be the normalized eigenvector for A

then dax _ XX

Also from the literature [50],

let A bean Nx N matnx

X,Y be Nx1 column vectors

_d_ 1 4] = . -1 IWEREY
then X4 Y] [4'Y X' 47
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A.8. An Example

One important application of Matrix Differentiation appears within Section 2.3. of the

thesis, where it is used to help demonstrate that

, : 2 .rm
the maximum of the function f(x,, X, .., X,) = X" X5"... Xp

n
subject to the constraint E xp =1
k=1
Tk
occurs at X = =5
ZA:1 Tk

As a second instructive example, we apply it to the following optimization problem
taken from Operations Research (3rd Ed), Hamdy A. Taha, p. 748 [51]:
2

minimize z = x2+x?+x]

subjectto  4x, + x;} + 2x, - 14 = 0
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Let

Then the objective function can be written

fIX,A) = X'X-A(X'Y-14)

with the scalar Lagrange multiplier A .

Note that, unlike before, ¥ is neither a simple variation of X nor a scalar (i.e.

independent of X) . The differentiation of X' Y requires

(a) the derivative of a vector-valued function of X, as well as

(b) amore general form of Product Rule
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First, to differentiate one vector with respect to a second vector, the dependent vector
must be arranged at right angles (transposed) with respect to the independent vector.

For example, one can differentiate ¥' with respect to X , or Y with respectto X'.

To differentiate Y' with respectto X,

arrange Y' across the topand X down one side

then differentiate each element at the top (as a scalar function)
with respect to the elements down the side

and fill in the columns accordingly :

[4x 2]
1 000
xz 010
x3 000

Alternatively, to differentiate Y with respectto X',

arrange X' across thetopand Y down one side
differentiate the elements of Y as scalar functions

and fill in the rows accordingly :

[x x, x]
x2 010
2
Clearly,
day  _ (_dY)’
dX dx

187



Second, to achieve this 'right angle' orientation, it may become necessary to rearrange
the term being differentiated. This means that if, while working through the list of
factors, the factor currently being processed fails to display the correct orientation,
simply transpose the term temporarily. In practice, this causes no problem since the

term as a whole is scalar-valued and, hence, unaffected by transpose, i.e.

X'Y is equal to Y'X

This requirement appears related to the earlier version of the Product Rule (Section
A.2.) whereby if the current variable is already transposed, the left and right factors

aren't, and vice versa.

In what now appears very much like the Product Rule for scalar calculus, we find
(differentiating with respect to X)

dryiy1 = dX 4, d¥

axlX Y] ax Yt ax X
(100 4 000 x)
=i010 x; ) +[0o10 x5
_001 2 0 0 X3
[ 4
= X9 + X9
| 2 0
[ 4
= 2x2
| 2

which is clearly correct.
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Armed with this new procedure, we address the problem

minimize f=X'X-AMX'Y- 14)
Differentiating
w.I.t
4
af _ -
ﬁ' = 2X - A ZXZ = 2X -AZ
2
w.rt A
af _ : -
an - -(Y'X-14) 0

0

The usual strategy is to solve for A and then substitute to find X:

Pre-multiply (A.S) by Y’

2Y'X = AY'Z
Applying (A.6)
4
2x 14 = A[4 x, 2] | 2x9y
2
Then
2 = 142
10+J‘:2
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Substituting this back into (A.5)

2X =

and

Note that when
5, = 2,
5 =-2,
% =0,

2
10 X5
2
10 +:c2
14
X 14
14
X 14
14
X 10

2x2

In this way, all of the solutions from Taha are accounted for. However, the Matrix

Derivative method is more simple and elegant by far, and also appears to provide a

more complete solution set.
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B. Matrix Analysis

B.1. Formulation

This appendix returns to the theme of analysis using Matrix Derivatives begun in

Chapter 2 , now adapted to optimize over specific boundary planes of the solution space.
The objective is to

Maximize 1' Diag(BD,) A'... A' Diag(BD,) A' Diag(BD,) =

A (M1-1)-A'(B 1-1)-3/(4 1-1)

IxN Nx1 IxN NxM Mxl Nx1 1xN NxN Nxi Nxl

A (HQOn)-T A/ (H,OB)1-Tri[ A (H,(O4)]

IxN NxlI  Nxl MxN NxM NxM NxN NxN NxN

The formulation is the same as Chapter 2 , with the addition of an extra row of

Lagrange terms. Once again, the expression appearing on the first line is the matrix

representation of P(0,0,..0;) . Note that

D, isan M x1 column vector of zeros with a single 1 to mark the
codebook symbol which occurred at time ¢

Therefore BD, extracts the ¥* column of B, where symbol &
occurred at time £

and Diag(BD) represents the diagonal matrix which contains BD,
along the major diagonal

The terms appearing on the second line express the constraints that 1 B & A4

respectively must equal Markov matrices. Note that
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1 is a column vector (of appropriate size) consisting of all 1's

the expression X1-1=0
or Xl=1

demonstrates that the rows of X each sumto 1

and the A, are appropriate Lagrange multipliers

Finally the terms appearing on the third line, of the form

T A (HOX) ]

are used to constrain chosen elements of T B and A to equal zero, and thereby focus

the analysis on a specific boundary 'plane’ of the solution space.

Once again, A is an appropriate Lagrange multiplier. Matrix H has the same
dimensions as X , and consists of 0's with scattered 1's to indicate where x, is

intended to equal zero

b = # Lox=0
[}
0, x,= 1
Thus, for example, setting
0 1
H, = l forces n = 0
1 0

with the optimization carried out over this restricted domain.
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To maximize P(o,0,..0;) subject to the constraints, we

perform a partial differentiation of the full expression with respect to

each unknown array,
set each result equal to zero,

and attempt to solve the simultaneous system of matrix equations
for the unknowns
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B.2. Dernvative Equations

Differentiating-—-

wrt T

wrt B

wrt A4

Diag(BD,) A Diag(BD,) A ... A Diag(BD,) 1

-1 -HOA=0
scalar Nx1 Nxt  Nxl

®.1)

Diag[ 1' Diag(BD,) A'... A' Diag(BD,) 4'] x n D/
Diag[ 1' Diag(BD,) A'... A'] x A' Diag(BD,) n D,
Diag[1'] x A'... A' Diag(BD,) A' Diag(BD,) n D/
-1 - HOA =0

Nx11xM NxM NxM

(B.2)

Diag(BD,) n x 1' Diag(BD,) A'... A’ Diag(BD,)
Diag(BD,) A' Diag(BD,) n x 1' Diag(BD,) A'... A4' Diag(BD,)
Diag(BD,,) A'... A' Diag(BD,) = x 1' Diag(8D,)

-1 -HQOA =0

NxL ixN NxN NxN

(B.3)
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w.r.t.

w.r.t.

w.r.t.

w.r.t.

w.r.t.

w.r.t.

Tl =

B1 =

Al =

H,OB

HQA =

From here, the standard strategy [29] is to :

solve first for the Lagrange multipliers

then substitute their values to get a reduced system of equations

in AB&mn
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B.3. The ©n Equation
B.3.1. Solving for A,

Transpose (B.1) ...then post-multiply by nt

1' Diag(BD,) A' ... A' Diag(BD,) A' Diag(BD,) = = A, I'n + (H,OA)' 7

The left-hand side is P(o0, 0,..0;) , while on the right-hand side

't =1

Also

HOM)r = TiHOL) ]
= T n' (H,OM¥,)]
= Tri{ (wWOH,') A,]
= T (H,On) ]
= T 0 A,]

=0

using (B.4)

since it is a scalar

see Magnus & Neudecker
p46, theorem 7(a)

using (B.7)

Therefore A, equals the value of the objective function at the stationary point.
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B.3.2. Solving for A,

Define L = Diag(BD,) A Diag(BD,) 4 ... A Diag(BD,) 1 = {LHS}

Then from (B.1)

L = A1+ HQOA,

In the interior of the m space,

0
H, =|:

0

and L = A1

which implies that, at interior stationary points, L is a constant vector.

Otherwise, HOM =L -1

Alternatively, premultiply (B.1) by 1'

1' Diag(BD,) A Diag(BD,) A ... A Diag(BD;) 1 = 3, 1'1 - 1I' (H,O\,)
' Y an

NxN scalar N

Transposing and rearranging, this becomes
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%,(H4@x4)' 1= 1' Diag(BD,) A'... A' Diag(BD,) A' Diag(BD,) x %{1 -2

= 1' Diag(BD,) 4' ... 4' Diag(BD,) 4' Diag(BD, ) x Airl -
1' Diag(BD,) 4'... A' Diag(BD,) A' Diag(BD,)

- ' l -n
=L x Nl L'=n
This states that % times the sum of the active Lagrange multipliers equals the negative

of the difference between

P(o, 0,..0;)
1

and the same calculation with m replaced by N 1.

This is also the negative of the difference between

the maximum value of L

and the average valueof L

when the stationary point corresponds to the global maximum * .
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* Applying the definition for L , the objective P =P(0) can be written

PO) =L'n

Since Z n; =1, P canbe viewed as a weighted average of the elements of L.

The greatest value which a weighted average can attain is that of its largest
element.

Therefore, to maximize P it is sufficient to

(1) find the largest possible maximum among the /, , and
(2) assigna 1 to that positionin n and O’s elsewhere.

This implies that at a global maximum, 7t consists of 0's and a single 1,
and that L' n gives the maximum value (i.e. maximum possible element) of L .
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B.4. The B Equation
B.4.1. Solving for A,

Post-multiply (B.2) by B'

Diag[ 1' Diag(BD,) 4'... A' Diag(BD,) A'} n D, B’
+  Diag[ I' Diag(BD,) A'... 4'] A' Diag(BD,) = D, B'

+  Diag[1'] 4'... A' Diag(BD,) A' Diag(BD,) n D, B'

L1I'B + (HOMA,)B

= L1'+ (HOM) B
using (B.5)

Then take the trace of both sides. On the right-hand side

T A1'] = 1I'A trace of outer product
equals inner product

Also

T (H,OX)B'] = T (A, OH;) B']

Til & (H,OB') ] M & N, p46, 7(a)

T A (H,OB)]
= Tr[A;0] using (B.8)

=0
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On the left-hand side :

The trace of a sum equals the sum of the traces. The result is a sum of terms of the form

Tr[ Diag(X) ']

Invoking Magnus & Neudecker, p46, theorem 7(b)

Tr[ Diag(X) ¥] = X'(1IQY)1

where I isthe Nx N identity matrix

In addition, Y is itself an outer product

Y=z w
Nx1 IxN
Therefore,
Y11 Y11 1"
(1IQY)1 = Y22 1 = 1Yy = | z2¥2
Y33 Y33 Z3wW3
= Diag(W) Z

Pulling together these various results, the equation becomes :
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1' Diag(BD,) A'... A' Diag(BD,) A' x Diag(BD,) =
+ 1' Diag(BD,) A'... A’ Diag(BD,) A' x Diag(BD,) A' Diag(BD,) =

+  I'x Diag(BD,) 4'... A' Diag(BD,) A' Diag(BD,) n
= 1 1_2

The left-hand side is 7 copies of the value of the objective function at the stationary
point.
Therefore

T P(o,0,..0;7) = 1'A,
or

T A, =1
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Alternatively, the B-equation can be written

dP '
dB = L1+ HQOA,
NxlIxM  NxM  NxM
where P = P(o0,0,..0,)

Hadamard-multiply through by B

BOE = BO(M 1) + BO(H,Oh)
= BOMDisg(},)11') + (BOH,)OM,

= Diag(A,)}B + 00A,

= Diag(\,) B
Now post-muitiply by 1
(BOZ )1 = Diag(2,) B1
= Diag(3,;)1
= A
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B.4.2. Solving for A,

Post-multiply (B.2) by 1
Mx1

Diag{ 1' Diag(BD,) A' ... A' Diag(BD,) 4'] nD,'1
+  Diag[ I' Diag(BD,) A'... A'] A' Diag(BD,) =D, 1

+  Diag[1'] 4'... 4' Diag(BD,) A' Diag(BD,) =D, 1
—_

scalar 1

= 7"2_1\'/_1_"' (H,OM) 1

scalar M

or

Diag[ 1' Diag(BD,) A'... A' Diag(BD,) A'] =
+ Diag[ 1' Diag(BD,) A'... 4'] A' Diag(BD,) ©

+ Diag[1'] A'... A' Diag(BD,) A' Diag(BD,) ©

=Mk, + (H,OA)1

Nxl

Now pre-multiply by I’
1xN

1' Diag[ 1' Diag(BD,) A'... A' Diag(BD,) A'] =
+ 1' Diag{ 1' Diag(BD,) A'... A'] A' Diag(BD,) =

+ 1' Diag[ 1'] A'... A' Diag(BD,) A' Diag(BD,) =

= M1'A, +1'(H,OA) 1
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which becomes

1' Diag(BD,) A'... A' Diag(BD,) A' n
+ 1' Diag(BD,) 4' ... A’ A' Diag(BD,) n
+ 1 A' ... A' Diag(BD,) A' Diag(BD,)

= M1, +1'(HOM)1

Omitting the proof , the left-hand side represents T copies of the objective function
with successive occurrences of Diag(BD,) replaced by the identity matrix I, and is
equal to

P(o,..0,) + P(0,0,..0;) +...+ P(o,..0.,)
Also, from SectionB.4.1.,

I'h, = TA

And

1'(H,OA ) 1 Tr[ A A}

= the sum of the active Lagrange multipliers
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Alternatively, this can be written

1' Diag(BD,) A'... A' Diag(BD,) A' ]-:-41 n
+  1' Diag(BD,) 4'... A A~17[I A' Diag(BD,) n

+ Aill A'... A' Diag(BD,) A' Diag(BD,) =

= Uh+ L0 (H,OM) 1

TA, +A%11'(H,ox,)1

This states that AL/I times the sum of the active Lagrange multipliers equals the negative

of the difference between

T copies of P(o0,0,..0,)

and another T copies in which one occurrence of B per copy is replaced by AL/I 11
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B.5. The A Equation
B.5.1. Solving for A,

Post-multiply (B.3) by A'

Diag(BD,) = x 1'Diag(BD,) A'... A' Diag(BD,) 4'

N hee
+  Diag(BD,) A' Diag(BD,) = x 1' Diag(BD,) 4' ... 4'Diag(BD,) 4'

+ Diag(BD,,) A'... A'Diag(BD,) = x 1' Diag(BD,) A'

N1 XN

Nx1
= L1'4' + (HOA) A

= hL1I'+ (HOAr) 4
using (B.6)

Then take the trace of both sides. Since
® If two matrices are equal, then their traces are equal
The trace of a sum equals the sum of the traces
@ The trace of the outer product of two vectors equals their inner
product :

To(XY') = ¥V'X

Nx1 1xN IxN Nxl

this becomes
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1' Diag(BD,) 4'... A' Diag(BD,) A' x Diag(BD,) n
+ 1' Diag(BD,) A'... A' Diag(BD,) A' x Diag(BD,) A' Diag(BD,) n

+  I' Diag(BD,) A' x Diag(BD,,,) 4'... A' Diag(BD,) n

= 1A + Tri{ (H,OA,) 4')

The left-hand side is 7-1 copies of the value of the objective function at the stationary

point.

On the right-hand side

Tri[ (HOA)A')] = Tl A, OH) 4]

= Tr{ A (H,' QA4 ] M & N, p46, 7(a)
= Tr{ A (H; OA4)']
= Tr{ A, 0] using (B.9)
=0
Therefore
(T-1) P(o,0,.0,) = 1'A,
or

(T-1) M =1\
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Alternatively, the A-equation can be written

2 - 1+ HOA,

NxlIxN NxN NN
where P = P(o,0,.0;)

Hadamard-multiply through by A4

40 = AQ(LI) + AQ(H,OM,)

AQI[Diag(A;)11'] + (A0H,)OA,

Diag(X,) 4 + 0OA,

= Diag(A;) A4
Now post-multiply by 1
(AQ% )1 = Diag(A,)41
= Diag(A;)1
= M
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B.5.2. Solving for A,

Post-multiply (B.3) by 1

Nxl

Diag(BD,) = x 1'Diag(BD,) A'... A' Diag(BD,) 1
+  Diag(BD,) A' Diag(BD,) n x 1' Diag(BD,) A'... A'Diag(BD,) 1

+  Diag(BD,,) A'... A'Diag(BD,) © x 1' Diag(BD,) 1

= LIl + (HQOM)1

scalar N

Now pre-multiply by 1'
1N

1' Diag(BD,) = x 1'Diag(BD,) 4'... A' Diag(BD,) 1

WL N

scalar scalar
+ 1' Diag(BD,) 4' Diag(BD,) = x 1' Diag(BD;) A'... A’ Diag(BD;) 1
) scalar scalar

+ 1' Diag(BD,,) A'... A'Diag(BD,) = x 1' Diag(BD,) 1

W

scalar scalar

= NI'A, + I'(H,OA) 1

Since the multiplication of scalars is commutative, this can be re-arranged as follows :
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1' Diag(BD,) A'... A' Diag(BD,) Il\fl 1' Diag(BD,) =
+ 1' Diag(BD,) A'... A' Diag(BD,) %{ 11' Diag(BD,) A'Diag(BD,) =

+ 1" Diag(BD,) %,1 I' Diag(BD,,) 4'... A' Diag(BD,) A' Diag(BD,)

1'Aj+]%r(Hﬁoxﬁ)1

(T-1)x,+Al, 1'H,OM 1

Just as with © and B earlier, this states that 1% times the sum of the active Lagrange

multipliers equals the negative of the difference between

T-1 copies of P(o,0,.0;)
1

and another 7-1 copies in which one occurrence of A per copy is replaced by N 11,
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B.6. Summary

The previous sections have revealed some interesting patterns. For example, despite the
different ways in which the principal unknowns A4 , B and w enter into the objective
expression, there is remarkable similarity between the forms assumed by their respective

Lagrange multipliers.

Unfortunately, the analysis is still far from complete. Of the six Lagrange multipliers,
several are known only to within a sum of their elements. New insights are necessary

before these can be determined and a reduced system of equationsin 4 B & m can be
solved.
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C. Geometric Programming

C.1. Orgins

This appendix presents a second approach to optimizing the boundary fragments of f|
described in Chapter 3. Geometric Programming is a calculus-based optimization
technique which is particularly well-suited to functions of that form {52,53,54].

The name derives from a connection with the Arithmetic-Geometric Mean Inequality
(also known as Cauchy's Inequality {55]) , which states that the arithmetic mean of a set

of non-negative numbers is never smaller than the geometric mean :

@] %2 an

a1x) +oXg +... +Onxn le Xn"roXp (with equality iff x, =x,=...=x)
provided x, 20 . (k=1.n)
a >0 (k=1.n)
n
and Z G.k =1
k=1

Historically, the original motivation for the technique was to carry out unconstrained

minimizations on a certain general class of objective function* :

y = Sl %, xy)

P11 P21 PNl P12 P22 PM2
x2 ae Xz ...IN

clxl .IN +C211 pwxzw...xi,w

M N o p.
= ch Hxij where x;, > 0

* Since a minimum is sought, one can regard these as 'cost' functions
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These functions resemble normal polynomials, with two important differences :

(1) The exponents p, are allowed to assume any real value

(not restricted to the non-negative integers)
(2) The coefficients ¢, must be positive

As a consequence of (2), the functions were christened 'posynomials'.

p . p - P .
Let 1 = cjxllszzj...xNM

-,

= the j°® term of y

and consider the situation when y is at a minimum point :

& _ Pl Pl PM1 P Pars  pNM
.a—iT - c1p11x1 xz --.IN +... MMlexl xz ---!‘;r
. M
= 3 Zpl-t- (since x; > 0)
13 J ] ,
= 0 (derivative vanishes)

and, in general
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The classical method for optimizing y is to solve this system of N simultaneous

equations in the N unknowns x,. As an alternative to this, define a new set of variables

which represent the relative contribution of the j® term to the total cost.

Then

and

I

‘et
MR
0

j=

p—
.
Il

[

Furthermore, at the minimum point for y

& & (1 5 19
2P EPU[?) = 3w 2Py
1 Fl

(i

Then, using (C.1) and (C.2)
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Jj=1 i=1
Cc;\W. rM N j/ w_]‘
- @) ()]
=1 J L1 Ni=l )
e\ [ (& piywj)]
= < H (w—j) P < H Hx’. >
LJ=1 /=1 \i=1 y
r M cj wjﬂ r N (M pywj\w
- {11 (WJJ L1 I (
| /=1 J L= U=l /]

(M rcw:] [N
- AT @i
i=1

(M C; w;| (N
= d H (w—jj J1 {H x?} at the minimum point

Finally, consider the new function defined on the variables w,

M e.\ws
z = dw,w, ..w) H(,-,{-) 4
1

It can be shown (using the Arithmetic-Geometric Mean Inequality) that the values of w,

which maximize this function subject to the constraints
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M

Z w; =1 (C.1)
J=1

and

M

Zp,.jwj = 0 (i = 1.N) (C.2)
J=1

are exactly those which minimize the original function

y = fix.x,..x) (and vice versa)

An intuitive 'proof of this can be sketched out as follows :

Using the Arithmetic-Geometric Mean Inequality, one can show that z is a lower bound
for y, with equality at the stationary points of y (equivalent to the constraint set of z)

y = E t = Z w; (Tv}') = H [Tv}) invoking equality condition
J:l J:l _]=1
g
since W =y forall j
M /e \w;
- T1()” -
= e at the stationary
s \
points of y
= z (constrained)

Furthermore, as a concave function subject to a set of convex constraints, the

constrained z has a unique maximum... while y has a unique minimum.

Therefore, the constrained maximum for z must equal the minimum for y .
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In summary, by introducing the new variables w,, the primal problem of minimizing y is
transformed into the dual 'Geometric Programming' problem of maximizing z , which is

often easier to solve.

The constraints (C.1) and (C.2) are known as the normality and orthogonality

conditions, respectively.

There is one dual variable w, for each term in the primal function y . There is also one
orthogonality equation (C.2) for each primal variable x, .

In the case when the primal problem contains one more term than variable (M = N+1),
the result is a system of M linear equations in the M unknowns w,, which can be

solved uniquely. From this solution, the optimum y is calculated using

)“’j

v =TI

-

The primal variables x, are then recovered using the relations

P1j P3j  PNj
Yo Xy Xy Xy
Yy

w = = y

]

This task is generally easier than the form of the relations suggests and often can be
accomplished by simple inspection. However, if necessary, one can take logarithms and

solve the resulting simultaneous equations, which are now linear in log x; (see [56]).
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More typically M > N+1 , in which case additional steps are employed to find the
optimum set of weights w, from among all those sets which satisfy (C.1) and (C.2) :

The difference, D, between M and N+1, which is conventionally called the number of
degrees of freedom, is here referred to as the 'degrees of difficulty’.

The linear system of equations consisting of (C.1) and (C.2) is solved for M of the
variables in terms of the remaining D variables. Then the results are substituted back
into the expression for z ..which is either differentiated with respect to the D

unknowns to produce a second system of (non-linear) equations for solution, or is
maximized directly via hill-climbing. Either way, thanks to the nature of z as a concave
function under convex constraints, a unique constrained maximum for z (minimum for y)

is guaranteed.
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C.2. The General Problem

It must be emphasized that the formulation presented above only applies when

(1) the objective function contains positive coefficients,
(2) aminimum is sought, and

(3) there are no side conditions.

In time, the theory of Geometric Programming was refined and extended to cope with
inequality constraints of either sense, as well as negative and/or positive coefficients in

either the objective function or the constraints.

This permits a maximum to be found, for example, by minimizing the negative of the

objective function.

The price to be paid for this generality, however, is that [57]

(1) The dual function z no longer has a unique stationary point
which is 8 maximum, but may also exhibit stationary points

which are minima or points of inflection.

(2) The optimal set of weights may now occur at any type of dual
stationary point (not simply the maxima)--which rules out

hill-climbing as a solution method.
(3) Stationary points in the dual function no longer guarantee

a minimum in the primal function y

(could yield a saddle point or a maximum).
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The full-blown Geometric Programming problem can be summarized as follows :

Take the word 'signomial' to indicate a posynomial which is permitted negative
coefficients, and use the new subscript & to distinguish among a collection of such
functions.

The general signomial can be written
Yo = Sxx% %)

( M, terms)

M
_ 5 M P
= Ecjkcjk ].—.[x,'
j:l i=1

My
= 2 Sjik Yk
J=1

where ¢, > 0

and ¢, = £l
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All of these

Next assume that, along with the objective, there are L constraints.

constraints are inequalities, and are expressed as either
(k=1.1L)

Ve =1 or Y21

where the y, are signomials. For each constraint, define an auxiliary variable

minimized, and use y, to denote

Assume that the problem is stated as a signomial to be

the objective function. Define
+1, if a positive minimum (positive 'cost’) is expected

G, = . . - o .
o 4 -1, if a negative minimum (positive 'profit') is expected

Finally, define L+1 sets of dual vanables, w, =2 0,

with a set of variables for each signomial, including the objective function
(k=0.L)

and a variable per set for each term of the respective signomials
(U=1M,)

i
where (as before) Wy = % (j=1.M,)
My
wo =t xopwy  (J=LM)k=1L)
(C.3)

and in addition
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Then the dual Geometric Programming problem (see [58]) is to maximize

L Mk C:;1. W [« TA !N °
&Yk
a = oo|IT TT (Z22%)%
k=0 j=1 J
subject to the normality condition
M,
Ecjo“"jo = G
J=1

and the N orthogonality conditions

é f
o PikWix = 0(i=L.N)
=0 i1 JREYR T

My
with Wo = O 2 Wiy 2 0 (k=1.L)
j=1

and Wy = 1

The main difference with Section C.1. is that all terms from all of the primal signomials
contribute to the dual objective function and the orthogonality equations—no distinction

is made between terms from the primal objective and terms from the constraints [59].
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C.3. Application to Boundary Fragments

Fortunately, by exploiting the special features of f; and its fragments, and also by
employing a useful 'trick', much of the complexity of the general formulation evaporates

off and the optimizations assume a simpler form.

To illustrate, consider the observation sequence k k/ k and the task of maximizing the

fragment (6 7 8), or

(au.)2 a, b, b,(b,) + a,a,a, (4, b, b, + a,,(@y)’ b, (bzt)z b,

First, let a, = x
a, = x,
by = x
b, = «x,
b, = x
by = X
and, of course, a, = 1
Then the fragment looks like

Xy Xy Xy (x) + xx (x3)2 X X + (x.) %; (x,) x5

To maximize this function is equivalent to minimizing its negative. The primal problem

is therefore
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Minimize Yo = -[xx3x, (:"s)2 T XX, (xs)z X Xg T (x7)2 X5 (xs)2 X ]

subject to x, +x, £ 1
x; tx, < 1
x tx, < 1

Notice that

(A)

(B)

©

There are 6 variables and a total of 9 terms. Therefore, the dual problem
will have D = 9 -(6+1) = 2 'degrees of difficulty’ (free vanables) .

The use of inequality constraints instead of the (more accurate) equalities
causes no difficuity. The optimization will certainly drive them to equality
anyway, and meanwhile they keep the form of the problem simpler.

If, alternatively, x, is replaced by 1 - x, , etc. and the results substituted,
the objective would split into 10 (mixed positive and negative) terms

in the 3 variables, leadingto 6 degrees of difficulty in the dual.

All of the p,, and the c, are whole numbers. (In this case, all ¢, = 1)

The constraints are already in the proper form : c,), < ©,
with o, = 1 (k=1.3)
and also c, = 1 (j=1,2),(k=1.3)

As -1 times the sum of probabilities, the objective will certainly take a

negative minimum : 6, = -l

And, of course, G, = -l (j=1.3)
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Now here's the 'trick’ ( inspired by [60] ) :

Factor out x, x, (x,)’ x,x, from the objective function* to give

-X, X, (x3)2 x5 xg[ (x7)-](x3)-‘ X, Xs (xs)-l + 1+ (xl).l X, (xs).l xs ]

and introduce an additional variable, x,

If X, £ (xﬁ-l(xz)-l X, X5 (xs)-l + 1+ (xl)-l X, (xz)-l X5

then -x,x, ()l xx.x, 2

X X (xs)z x5 X[ (xz)-l(xa).l X4 Xs (x‘s)-I + 1+ (x1)-1 X3 (xs).] x] = Y

and minimizing the upper bound - x, x, (x,)’ x; x, x, will minimize y,

Therefore, replace y, with the simplified objective function

- X, %, () X, X%,

and append the additional constraint to the list :

Xy = (xn)-l(xs)-l Xy Xs (le - (xl).l X, (xs)-l x, £ 1

* Any of the 3 terms will do, but for simplicity choose one with the maximum
number of different factors--e.g., an 'interior’ term, if one is available
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The revised problem becomes :

Minimize Yo = =X, % () x,x,x,

subject to x, +x,

< 1
x; tx, < 1
x, +x, = 1

x, - ()'0e) X, x, ()" - ()Y x,(x)'x; < 1
Note that

(D)  The number of terms and variables each increase by 1, so that the degrees of

difficulty is unchanged.

(E)  With only one term in the objective function, the normality condition becomes
trivial :

-w, = -1 (or wy=1) since G, = O, = -1

(F)  The ‘interesting' terms are the objective expression plus the final (D =2)

terms of the final constraint. These are also the terms for which Oy = -1.
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Now, writing down the orthogonality conditions

for i=1: DD w, (k=0)
+ (D) wy, + GFD0) wy (k=1)
+ (+1)Y0) w, + (+1)(0) wy, (k=2)
+ (+1)(0) w,, + (+1)(0) w,, (k=3)
+ (FDO) wi + C1DO) wy + (1)(-1) wy, (k=4)
=0

for i=2: D)y w,, (k=0)
+ (1)) w,, + (+1)(1) w,, (k=1)
+ (+1)(0) Wy, + (+1)(0) Wy, (k=2)
£ (+1)(0) w,, + (+1)(0) wyy (k=3)
+ (DO w, + DD w, + D) wy, (k=4)
=0

etc., or
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Wio ATl Wi Wi, Wy Wis Wy Wi Wy, Wiy

D) wyg + (+1)(1D) Wy, +C1)(0) Wiy + (1)1 wy =0
(-1)(1) wy, + (+1)(1) w,, (1)) Wy + (1)(1) Wy, = 0
-1)(2) Wy +(FD() Wy, +(DED) Wy + (1) wy, =0
(-1)(0) w;, + (1) Wy, () Wy + (1)) wy =0
1)) Wi + (D) wy, +1)(1) wy + (D) Wy, =0
1)(1) Wy +(+1)(1) Wiy +EDED Wyt (DO Wy =0
(-1)(1) Wy +EDD) Wy, + (1)(0) Wy + (1)(0) wy, =0



Using the fact that w,, is always 1 (see Note E above), it becomes simple to solve for

the (N=7) diagonal variables in terms of the remaining (D =2) variables :

w, = 1 - Wy,
wy, =1 - w, +w,
W, = 2 - W, - W,
Wn = Wi
w, =1+ w, +w,
w,, = 1 - wy,
w, = 1
M,
Then W, = 01 Z Sj1 Wi
j=1
= w,tw

= (1-w,) + (1-w,+w,)

= 2-w,

Wy, = wu+ W,
= (2-wy-wy,) + (sz)
= 2-wy,

Wi = Wit wy

= (1+wy,+w,) + (1-wy,)

= 2+ wy,

My

Wy = 0'4 2 Uj4 Wj4
j=1

= Wi - Wy - Wy

= 1-w, -w,
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For future ease, substitute w,, = »#, and w,, = wn,. Then the dual function becomes*

c [« BT )ed
( 13:}00) 10¥10 r=0
c w [») w c w g W
x( 1‘5“01) 11¥11 ( 212101) 2121 k=1
y ("12 “’02)‘312“"12 (Cz Woz)“zzwzz P
¥12 ¥22
y ("13 Wo3)°13“’13 (c W03)°23"’23 r=3
¥13 w23
x( 14 W04)°14“’14 (624 W04)°24W24 (034 “’04)034“’34 k=4
Y14 w24 w34

_ _1_)—(1)

1

2-u| (l—uz) ~uy (l ul+u2)
X (l—uz] (l—u +u2)

x( 2-u, J?‘ul-"zi (2:;2]?1))
2+uy ) il R (Zt:i) 4y

1-u1-u2)(l)(|-u,-u2) (”1)[1 ul—uz) (u2)

lll u2

< (1oay) 1) ), y+Gn)

(l -y tuy
muyon) ) )y

x(14up +up) (ouyou2) (1_,,1)‘(1‘"1) (2”2)+(2+u2)
+(ul) u;'("z) (l_” —u2)+(l-"’-"2)

x (D g )

* Maximizing co[d(ul,uz) ]oo =-1 [d(ul.uz) ]_l is equivalent to maximizing
d(u,,u,)
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Taking logs

v = log [d(w,,u)] = - (1-u)log(l-u)
- (1-u,+u)log(l-u+u,)
+(2-u)log(2-u,)
- (2-u,-u)log (2 - u,- uy)
- u/log u,
+(2-u,)log (2 - u,)
- (1+ u,+ uy) log (1+ u,+ 1)
- (1-u)log(1-u)
+(2+u)log(2+u)
- log 1
+ u log u,
+ ulog u,

+(1-u-u)log(l-u-uy)
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Taking partial derivatives, and equating to zero
oV _
Buy - [0]

-(-D[1+log (1 -u,+u)]
+ (-1) [1+log (2 - w)]
-(-1) [1+log (2 - u, - u,)]
- (+1) [1+log u,]
+  [0]

- (#1) [1+log (1+ u, + u,)]
- (-1 [1+log (1 -u)]
+  [0]

- [0]
+ (+1) {1+ log u,]
+  [0]

+(-1) [1+log (1 - u,- )]

Or
log(1-u,+u)-log(2-u)+log(2-u-u)-log u,

-log(1+ w,+u)+log(1-u)+ ulog u, - log(1 -u,-u,) =0

since the constant terms always cancel [61].
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Similarly,

= - (-1) [1+log (1 - u))]

Fe

- (+1) [1+ log (1 -, + u)]
+  [0]

- (-1) [1+log (2 - u, - uy)]
- [o]

+ (-1) [1+ log (2 - u,)]

- (D) (1+log (1+ u, + u)]

- [0]
+ (+1)[1+ log (2 + u,)]
- [0]
+  [0]

+ (+1) [1+ log u,]

+ (-1) [1+log (1 - u, - u)]
=0

Or
log(1-u)-log(l-u+u)+ log(2-u,-u,)-log(2-u,)

-log(1+ u,+u,) +log (2 +u) + log u,-log(t-u-u) =0
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Rearranging and taking exponentials, the final system of equations is

A-w+u) Q-uy-uw)(l-u)u, = Q-u)u (1+u+tu)(l-u -u)

A-w) Q-m-w) Q@+ m)u, = (L-u+u)@-u) 1+ u+u) (1-u,- 1)

Note further that

(G) Geometric Programming offers a reduction in complexity in this case, since
applying calculus to the primal problem would produce 3 non-linear

equations in 3 unknowns instead of the 2 x 2 above.

(H) Once this system is solved, the form of the problem makes it simple to recover
the original variables. Using definition (C.3) from page 222 and the terms
from the first 3 constraints

"11 w21

a = x, = -—OT a, = x, = Tl
W12 _ _ Y22

b“’ =X wa2 bll = X = w02
= - 13 - _ Y23

b = x, = _0_3 bz] = x, = .E
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Although non-linear, each equation contains only linear factors.

There are equal numbers of factors on either side of the equation.
Each of the factors is non-negative since they equal the w,, whichmustbe = 0.
Also, the final factor in each equation is always of the form

(1 -u-..-uy)

The non-negativity of the factors can be used to deduce bounds on the

unknowns u, ... 4, . In particular,
u+..+ u, <1

Therefore, Geometric Programming has transformed the problem from a

(primal) domain of x's where several small groups of unknowns satisfy

J
to a (dual) domain of «'s where all of the unknowns simultaneously
satisfy

u +..+ u, <1
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C.4. Automating the Transformation
Finally, thanks to the special features of these boundary fragment problems and to the
'trick' presented earlier, it is possible to automate the process of transforming from the

primal to the dual problem, and so proceed directly to the final system of dual equations.

Consider the annotated ‘tableau' shown below :

237



kklk (678)

(a12)2 a2| blt bll (b?t)z + al! aZl a22 (bll')2 bZl' bZJ + alZ (azz)z blk (blk)z bﬂ

O Let

i
nn
Kyl

—
S &
h“ gt

allal Qo O
R
nn

[~
Ry

R
[ 5]
Il
D

x, x; x, (x; )2 + X, x, (x5 )2 X; x;, + (x, )2 x, (x )2 X5
@ X0 xx [06)'0) X, (x)T+ 1+ ()" x,(x)" %]

®@ O ® @

w, =1 - U

w, =1 -u +u w, = 2 -u

W, = 2 - u -u

Wy = u, W, = 2 -1,

W, 1 + u, +u,

Wy 1 - u Wy = 2 + u

@ w, = 1

-w,, = - u Wy, = 1 - u -1,
.'wg'4 = - uz

(1'u1+u7)(2'"1'"7)(1'u|)u| = (z-ul)ul(l+ul+u7)(l'ul-u7)
(1-w)Q-u-u)2+uyu, = (Q-u+u)Q-u)(1+u+u)(l-u-u)



List the variables and group them by Markov constraint.

Rename them using x 's , and substitute into the original fragment.

Factor out one term from the expression. For later ease, this term
should include a maximum number of different factors

(e.g., an 'interior’ term if one is present).

List double-subscripted variables (‘'w, = ')

and group them exacly as per step (1),

with the & subscript indicating the number of the group
and the j subscript indicating position within the group.

Below this list, include an additional group consisting of the equations
Wigey = 1

“Wousy T - u
“Womyamy - Up

where (as above) L = number of Markov constraints
D = degrees of difficulty = M - (N+1)

In the constant column, list the exponents of the x; (i = 1..N)
from the factored term (outside the brackets) of step (2) .

In the », column, multiply u, by the exponents of the x, from
the first 'interesting' term (i.e., not equaling 1) inside the brackets.
In this way, generate D columns based upon the interesting
terms within the brackets.

To the right of the braces, define w,, to equal the sum of the

expressions in group k.

239



There will be D equations, each having the form
-] = +[R]
where L and R are products of the linear expressions generated
in steps @ through @ .
The equations are derived from those expressions, as follows :

In the area to the left of the braces--

If an expression contains u, preceded by a positive coefficient
then include the expression, raised to the absolute value of that
coefficient* , within the R side of equation 4 ...alternatively,

If the expression contains u, preceded by a negative coefficient
then include the expression, raised to the absolute value of that
coefficient , withinthe L side of equation d.

To the right of the braces, these rules are reversed--

The expression goes into the L (R) side if the sign is positive (negative) .

A final adjustment is necessary if any of the terms inside the brackets
in step @ include a coefficient other than 1. Such a coefficient
will derive from duplicate terms in the original fragment, and

therefore must be a rational number.

Referring again to 'interesting' term 4, include the numerator of the
coefficient in the R side of equation d and the denominator in the

L side of equation 4.

* In the present example, all coefficients happen to equal 1.
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C.5. Solving the Dual Equations
C.5.1. Description

Being able to generate the dual equations automatically is one thing... being able to solve
them automatically is another matter. The purpose of the present section is to review the

(modest) progress which has been made in this direction.

The basic thrust has been to mimic the strategy for polynomials whereby, once roots are
known, they can be factored out to leave a simpler polynomial which is more easily

solved for the remaining roots.
To see how this might be accomplished, refer once more to the observation sequence
k k I k and fragment (6 7 8) whose ‘tableau’ and dual equations were presented in the

previous section.

Mathcad PLUS version 6.0 identifies ten solutions for this system--

(§))] uy =0 u, = 1
2 u =0 u, = 2
3) u, = 2 u, =1
4) u =1 u, = 0
G wu =1 u, = -2
6 u =-1+2 u, =6-4J2
D uw=-1-2 u, = 6+42
®) u, = 1.2999 u, = -0.9387

(9) u, = -04833+j01512  u, = 0.8027+j 1.4820

(10) wu, = -0.4833-j0.1512 u,

0.8027 - j 1.4820
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The first point to note about these ten solutions is that most of them (in fact, all but

three: 1, 4 & 6) fail to provide a feasible solution, when mapped back to the primal

domain.

The linear factors which comprise the dual equations are merely the dual variables

W, (k=0.L)(i=0.M,)

expressed in terms of #, and u, (which are themselves the dual variables w,,.,, ..
Wepay oy ) - The dual variables must be > O since, otherwise, the original primal
variables won't fall between 0 and 1, as required.

To satisfy simultaneously all the non-negativity requirements forces u, and u, to
inhabit the (hyper) tnangle bounded by

u, = 0 (d=1.D)
and by u+.. tu, = 1 (see Note (I) above)

Furthermore, it appears that under the Geometric Programming transformation :

infeasible primal points map to the exterior of the triangle

1 L] "

interior primal points intejor " " "

boundary points boundary " " "

Finally, only those dual solutions which are interior to the triangle (solution 6) are of
immediate interest, since the solutions on the boundary (1 & 4) will be identified in the
course of processing the boundary fragments lower down the hierarchy--while the

infeasible solutions can be ignored® .

* Complex solutions appear to have no physical interpretation within this problem
and are treated as infeasible.
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The second point to note about the Mathcad solutions is that several of them are readily
identifiable.

One simple strategy for solving an equation (or system of equations) given in the form
g, u,,..)= g(u,u,,.) isto look for values which cause both sides of the equation
to simultaneously equal zero. The fact that the dual equations are already expressed in
linear-factored form makes the process even simpler. The following plot shows the set
of lines in the ( , , u,) plane which result when all of the linear factors contained in the
dual equations are equated to zero. Appearing among the points of intersection are
Mathcad solutions (1) through (5) because corresponding to each of those points there

exists a set of factors which makes both sides of all dual equations equal to zero :

x=0

l1-y =10 M
l-x-y=0

x=0

2-y=0 (2)
2-x-y=0

2-x =0

l1-y =0 > 3
l-x+y =20

l-x=0

y=0 > 4
l-x+y =20

l-x-y =0

l-x =0

2+y =20 (5)
l+x+y =0
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1-x+y=0

vl

——
-

-

<
n
o

2+y=0

2-x-y=0

1-x-y=0

T+x+y=0



The rule which finds these solutions is :

If a pair of factors
(a) are not parallel, and
(b) either they or their sum or difference appear on opposite sides

of all equations

then their intersection will provide a solution.
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Another simple approach to finding solutions is to examine the lower-dimensional
fragments which fall within its hierarchy. The lower-dimensional fragments form the
boundaries, and therefore constitute special cases, of the fragment. For this reason,
solutions to the dual equations of the sub-fragments might be expected to ‘work' for the
larger fragment also.

Again, the expression for the fragment (6 7 8) is

(au)z a, b, b, (bu)z t a,a,ay, (bu)z b, b, + a, (a?.z)2 b, (bu)2 b,

and the sub-tree attached to (6 7 8) looks like

(T)
€ @)
N
©® @ @)

Analysis confirms that information about those lower-dimensional fragments is 'encoded’
in the equations for (6 7 8) . For example, what distinguishes the terms 7 & 8 within

the above expression is

b, =1 and b, = 0
e w12 _ w22 _
which implies that oy 1 and Vos 0
or W, = Wy and w, =0
2-uy-u, = 2-u, and u, =0
u =0
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Substituting this into the pair of dual equations produces

(L+u) 2-2) (1) 0) = ) (0) (1+u) (1-u)

-u)2-u)R+uu, = (1+u)R-u)(1+u)(1-u)

The first of these is trivially satisfied for any value of u,. The second (minus the factors
(2 - u,) ) turns out to be the dual equation for the fragment (7 8):

(l-u)(2+u)u, = (1 +u) (1+u)(l-u)

And, conversely, any solutions of this equation for u, (i.e. any solution of the fragment
(7 8)), coupled with u, = 0, will clearly satisfy the equations for (6 7 8).

This example demonstrates that

(1)  The equations for a fragment contain the lower-dimensional component

fragments as special cases, and that

(2)  These special cases contribute solutions to the higher-dimensional

fragment.

This offers a second bootstrap approach for finding solutions to the dual equations,
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Now it is well known that, given a single polynomial in one unknown, plus a knowledge

of some of its roots, it is possible to ‘divide out' the associated factors and thereby

produce a simpler polynomial for which the remaining roots are more easily found.

This prompts the question : Given a system of polynomial equations as per Geometric
Programming, plus a knowledge of some of its solutions derived by either of the two
methods above, is it likewise possible to somehow divide out those solutions to provide

a reduced system?
The answer seems to be, 'Yes' . Even more promising, based upon a series of examples it
appears that :

For each interior solution which a system of dual equations possesses, a
reduced system of equations can be found which contains only that solution
--plus, at most, a minimal collection of infeasible (possibly complex) conjugates.

In this way, it seems possible to isolate the interior solutions into their own simplified

systems.

For example, by a judicious pruning of factors, the system of equations for (6 7 8) is

reduced to

Q-uy+tu)u, = Q-u)(1-u-u)

Q-u-u)(1-u) = u(1+u+u)

which has only the interior solution (6) (plus the infeasible conjugate (7)) for solutions,
and ignores the other eight original Mathcad soluttons.
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From Higher Algebra [62,63], a ‘polynomial over a field F (or a ring R ) in the

indeterminate x' is an expression of the form

p(x) = g +ax+a, X+ . +ax

where all of the coefficients g, belong to F. Such a polynomial is said to be ‘reducible’
[64] if it can be expressed as a product of polynomials of smaller degree, all of whose
coefficients also belong to F . Similar to the prime factor theorem for integers, it seems
that every polynomial can be expressed as a product of irreducible factors [65] and, for a
field F, the factorization is unique [66] (while for a ring R it is not [67]). Also, it can
be shown that irreducibility over the integers is equivalent to irreducibility over the
rationals [68]. Finally, when a polynomial over the integers has been split into its
irreducible factors and these factors are then individually equated to zero and solved for
their complex roots, the factors which are linear will yield a single rational root, while the

higher factors will yield a cluster of (irrational and/or complex) conjugate roots.

In some kind of analog which is not very well understood, it seems that the system of
dual equations from G.P. can be split into various 'irreducible’ sub-systems. When solved
for their complex roots, these produce non-overlapping subsets of the original solutions.
These subsets may contain either a single rational root, or a cluster of irrational and/or
complex conjugate roots. Furthermore, it appears (based upon limited evidence) that
each sub-system will contain at most one solution which is interior to the feasible region.
Thus, while a system of dual equations may have more than one interior solution, each of

these interior solutions can be identified by solving an appropriate sub-system.
Unfortunately, at this stage, the procedure for creating these sub-systems is still largely

trial-and-error. The body of successful examples referred to above depend upon a

variety of techniques, all of which require a prior knowledge of the solutions.
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C.5.2. Examples

The purpose of this section is to record some representative examples of dual equations

being split into sub-systems, along with the technique(s) by which it was accomplished :

The observation sequence % k7 k% and fragment (4 8) has the dual equation

,(1-u)2Q+u) = (1+u)@2-u)(1-u)

with the three solutions u, = 1,—%(1 + Jﬁ)

Quite obviously, removing the factor (1 - »,) from both sides eliminates the #, =1

root and leaves just the interior solution -};(1 - 17 ) and its conjugate.

Not so obviously, splitting the equation into either of the two simpler equations

u, =2Q+u)(1l-u)

2(1-u)2+u) = (2-u)

also has the same result.
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Our old familiar example consisting of the observation sequence & &/ k¥ and fragment (6
7 8) has the pair of dual equations

Q-uy,+u)QQ-u-u)(l-u)u = 2-u)u (1+ u+u) (1-u-u)

(o) @-uy-1) @+ )y = (1-uy+ ) 2 -) (14w, + ) (1 -0y )

with the ten solutions listed above.

The simplified system of equations (also seen earlier)
(A-utu)u = Q2-u)(1-u-u) (C4)

QC-u-u)(l-u) = u,(1+ut+u) (C.5)

is generated by splitting just the first of the original equations—

equating the two outer factors from both sides to produce (C.4),
and then equating the two inner factors from both sides to produce (C.5) .
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The observation sequence k/ %k and fragment (1 2 4) has the pair of dual equations

u, (1-1u) 2+ u,+u) @+ 2u+u) = 1+ 2u,+u) (1 -u-u)

uy 2+ u+ u) 2+ 2u + u) = (1+ 2u+u,) (1 - u,-u)

which has six solutions, including the interior solution

u, = 0.7181 u, = 0.1107

Divide these equations and rearrange to get

u, (1-u) (2 + 2u,+ 1) = u, (1+ 2u,+ u,)’

Then split this into the two simpler equations

u, 2+ 2u, +u) =(1+ 2u,+u)

(A-u) = u,(1+ 2u,+uy)

These capture the interior solution plus two other complex conjugate solutions.
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The fragment kk// (1 2 3) has the dual equations

u (l-u)+u+u)@+u) =1 +2u+u)(+u)(l-u-u)

u,(2+u+u) = (1 +2u+u)(l-u-u)
Among the four solutions from Mathcad is the single interior solution

u,=% uz=—%(5—3,/§)

This system is typical of a class of problems where several of the linear factors are

conjugates of one another. For example,

vy = Hs+305) = [w) = -1wY
@+u+u) = -;—(3+ JE)
(1-u-u) = %(3 - ﬁ) = (2+u+u)*

In addition,
u,2+u+u) = %Jg
and

u, (1+2u+u) = %

= [0,Q+u+u)T

u,2+u+u)(l+2u+u)(l-u-u,)
(using the 2nd equation of the original pair)
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Then 1= Q+u+u)(l-u-u)

and the reduced system consisting of this plus the second original equation, i.e.

u, 2 +u,+u) = (1 +2u+u)(l-u-u)

Q+ut+tu)(l-u-u) =1

captures just the interior solution (and its conjugate) .
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Clearly, what is needed are some unifying principles linking these and the other

examples.

The ultimate goal is a procedure for splitting the dual equations into their simple
sub-systems without prior knowledge of the solutions. Another worthy goal is a
procedure to first test whether the equations possess an interior feasible solution. It is
hoped that progress might follow from Group Theory (or Galois Theory), which
currently offer tests to determine whether a polynomial is reducible [69].

255



D. Hill-climbing
D.1. Overview

Appendices B & C have explored two optimization methods which are based on
calculus. Methods like these are sometimes classed as 'indirect' approaches [70], in the
sense that they seek their optimum via the solution of what is actually a different (though
related) problem--in this case, the solution of derivative equations. The chief advantage
of such methods is that they offer the means of achieving the global optimum-provided
all of the auxiliary solutions can be found. The chief disadvantage (as evident from those
appendices) is that often finding even a single auxiliary solution may prove to be very
difficult.

In contrast, hill-climbing is a 'direct' approach which employs a recurrence formula to
make successive improvements to the objective function, until a local optimum is
reached. Unless the objective 'landscape’ is sufficiently well known, it is impossible to
say whether that local optimum is also the global optimum--but at least a result is always

forthcoming.

This chapter presents a simple but useful hill-climbing algorithm which is well-suited to
f, and its fragments. Its description includes (1) the recurrence formula, (2) its
convergence properties and (3) the choice of starting point.  Afterwards, its

effectiveness in capturing the global maximum is also briefly discussed.
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D.2. Recurrence Formula

Consider the highly simplified objective

. P11 P21, P12 P22
Maximize Xy Xa +.vc1 X
subject to x, +x, =1

Define the function

Pn P P12 P22
Rx,x,N) = x4 x221 +x 7 %70 - A(x, +x,-1)

where A is a Lagrange multiplier for the constraint.

After differentiating with respect to the three unknowns x, ,x, and A, and equating to

zero, a stationary point occurs where

Pi1-1 P2 P12-1 P22
P11 _P21-1 P12 P21
pPa1%; X%, +pyp x| " X,y = A (D.2)

x +x =1 (D.3)

Multiplying (D.1) by x, gives

P11 P21 P12 P22
puxlllx2 +p12x112x22 = AXx, (D.4)
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Likewise, multiplying (D.2) by x, gives

By (D4)

P11 P

21
pzl xl x2 +p22 xl

P12 P22
o)

P11 P21 P11
pllxl x2 +p12 xl

= Ax,

P21
)

X

A

However, by adding (D.4) and (D.5), and invoking (D.3)

Therefore,

Similarly,

A(x, +x,)

P11 P21 Pi2 P22
_ p“xl x2 +p12x1 x2
B P11 P21 P12 P22
(Pll*le)"1 *a +(P12+P22)x1 )
P11 . P21 P12 P22
_ P21* X *P22¥* X
B P11 P21 P12 P22
(P11+P21)"1 ) +(P12 +P22)"1 *2
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(D.5)

(D.6)

@D.7)

(D.8)



Equations (D.7) & (D.8) define recurrence relations for x, and x,. By substituting old
0] (7+1)

, into the formulas on the right, new values X;

values for these variables, i.e. x

are produced on the left.

There are two schemes by which the values may be substituted [71]. According to the

Gauss-Jacobi scheme, the values from generation (/) are used for calculating generation

(h+1) only after the complete set of x( ) are computed.

According to the Gauss-Seidel scheme, new values are substituted into the right as soon

as each becomes available.

Using similar reasoning to that above, formulas (D.7) & (D.8) can be extended in various

directions--
(A) Togofrom 2 to L terms:

fx, %) = xfu x12’21 +x11’12 222 +. +x11’1L PaL

where x +x, =1

Then

P11 P21 Plz Pzz p
1”11"11 P12 X T +py 1Ly *a o2k

(pra+p2)M 53 *(Pu*Pzz)"’;u 22+ +(P1L+P2L) A

P11 21 P12 Pzz PiL P2L
P21 J‘1 +pPyx o+ por Xy X

(1’11‘“1’21)"}1,l X2 +(P12 +P22)x!1,12

127 P1L P2L
Xy +"‘“(1’11."“1"21.)"1 )
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(B) Togofrom 2 to M variables :

R ey = S0 2 2
where xtx,+. . +x,=1
Then
py ¥ 12 M 4y 125220
(p“+p21+ +"’Ml) i ‘!2,21 "‘Mm“(mz +P22+"+PMz) 12522 2347

P11 P21 PMl Plz 22 Jg’m
PM1*) X3 Xy TPAMRX e Vi

P11 P21 PM 12 Pzz FMm2
(P11+P21+ +PMI) b ISR Vs (P12+P22*‘ +Pm)’1 e X0

(C) Togofrom 1 to N setsof vanables :

_ Fu P21 911 921 P12 P22 912 922
ﬂxn X0 Vs yz)— x] 21y111y221 1 * zy 12

2 Y1 Y2
where x, +x, =1
Nty =1
Then
P11 P21 911 921 P12 Pzz 912 922
X Pl11*) ¥ Yy Yo *Ppp¥ Y1 ¥
! P11 P21 ‘111 921 P12 P22 ‘112 922
(P11+P21) ’1 (P12 +P22) 2N
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P11_P21 911 921 P12 P22 ‘112 ‘122
P1*) X3 ¥y Yy PR %

2 = P
11 P21 ‘111 921 Plz Pzz 912 922
(P11+P21) X1 ¥ (Plz +P22 Y1 ¥
P11 P21 911 921 Plz Pzz 912 ‘122
y, = q11%) ¥ N t412 %)
! P11 P2} 911 ‘121 P12 Pzz q12 922
(911“121)"1 NSNS +(‘?12+422 Y1 ¥
P11 P21 911 921 P12 Pzz ‘112 22
y, = 921 % Y1 +4922 %4 Y172
2
1 P21 ‘111 921 P12 Pzz 912 922
(911*921) xy Y1 2 +(‘1’12’“‘:722) Xy Y1 Y2

Extending the problem in all three directions simultaneously, i.e. for N sets of variables,
M, variables per set (i=1.N) and L terms, one arrives at a formulation which

matches f, and its fragments :

ﬁ

.. i N . Pijk
Maximize I I xu (D.9)
k=1 i=1

S,
]
ek

subject to the constraints

M;
=1

for which the recurrence formulas are
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zp.knn[“" ok

(h+1) _ 1_11—1
5 zp,k I'II"I["” o
k=1 | j=1 i=1 j=1
(i=1N)
(J=1M,)
ZPkafk
- M (D.10)
)y Epgk X‘()
k=1 |j=1

where ¢, represents term &k of the objective,
consisting of a product of powers of
the j* unknown in

constraint
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D.3. Convergence

The convergence properties of the recurrence formulas (D.10) have yet to be worked out
in full detail. But there is evidence that the regions over which they converge are also
the regions over which the objective function (D.9) is concave down... suggesting that
the recurrence formulas carry out hill-climbing upon those functions.

To keep the analysis simple, we restrict the discussion to functions of a single variable :

Let the general recurrence formula for a single variable be written

B+ = g(x(h)y

and let a represent a point of intersection between the functions y = x and y = g(x).

Then according to the theory [72], the iterations will converge to the point a, provided
g(x) performs a contraction mapping in a neighborhood of a . The 'staircase' and
'cobweb’ diagrams (a) and (b) below illustrate that this condition is satisfied provided
|g(a@)| < 1. Onthe other hand, diagrams (c) and (d) illustrate that divergence occurs
whenever | g(a)| > 1. (Illustrations reproduced from [73] )
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Now consider the original simplified objective function from Section D.2. Upon making
the substitution x, = 1-x, (and choosing simpler variable names), this objective can be

written in terms of a single variable, as

) = #(l-x)+x(1-x)

and the recurrence formula of Section D.2. becomes

pxP (1-09 +rx” (1-x)°
+) P 1-x)7 + (r+s) x™ (1-x)°

gkx) =

From the derivation of this formula it is clear that, if @ is a stationary point of f{x), then
a = gla).

implying that a is a point of intersection between the functions y = x and y =g(x) .

Therefore, what we would like to show is that if, in addition,
f"@ < O (i.e. fx) is concave down, or max, at a)

then
|g@)) < 1.

Below we prove something close to that.
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First, consider the landscape of f(x).

Assuming that the exponents p, ¢, 7, s areall =2 1, then f{x) is a sum of two unimodal
humps

fix) = (1-x) and £, (x) =xX(1-xY
. P x i
with modes at prg and T , respectively.
L i i
Furthermore, assume v < 5 (i.e. f, totheleftof f, ),
in which case the separation between the modes is equal to
(P*ﬂ)(rﬂ) (9 =p7]

Clearly, the function f{x)

either has a single stationary point  (single max)

or has three stationary points (a min between two max's)

depending upon the separation between f, and f, .

All of these stationary points (however many)

lie to the nght of (where £, has a negative slope)

ih 3

and to the left of (where f, has a positive slope) .
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If there are three stationary points, the left one lies near £_

) . r
and the right one lies near s

to a first approximation,

To approximate the middle (or the single) stationary point a, assume that it occurs near

the point where f, and f, cross each other*

Then
a
#(1-ay TE g(1-ay
and also
0 = f@
= . p__9 ca¥|lL - S _
@ (1 a)"[a (l—a] +d(l-a) [a (l—a)]
app_rox I_J_L r s
! a»(l-a)e[a (1.0)] +a»(1-a)e[a (l_a)]
_ pH gts
- "P“"’)q[a (1—a)]
from which
prr BOX  gis
a - (1-a)
and
approx _ p+r
- pqtrts

* The approximation is only exact when f, and f, are symmetrical mirror images.
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In addition, consider f"(x) . Thisis

o = oo {E-a) 5]

+ ¥(1-x) {[g_(lix)]z_[ﬁ— (1:‘)2]}

and, after manipulation, the requirement that f'"(@) < 0 at some stationary point a

becomes equivalent to

(1 -a)-5a) [p(1 - @) -gal {{§-5%5]-[5-aS5 )} < Lor-ps)

Assuming that the middle stationary point occurs at (and not merely near)

then, after substitution, f™a) < 0 iff

[ gr - ps ]2 < 1prgirts)
pr)(g+s) 2 (pHX(g+9)

It has always been intuitively clear that f has a single maximum provided the modes of
/. and f, were sufficiently close, and now this result gives an idea of how close—

namely, if their separation is less than

1 (pHg+rs) (p+r)(g+s)
2 (qr-ps)(p+g)(r+s)
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Finally, consider | g'(x) | .

After more pages of manipulation, it can be shown that | g'(x) | is a fraction with

numerator

{£.) £'C) - £'C) ,(¥) } [gr-ps]

- x”(l-x)"x’(l-x)‘{[%-ﬁ]—[%—(lgﬂ]}[‘I"PS]

and denominator

[@+g) ¥ (1-x)° + (res) ¥ (1 -x)' T

Using the two facts that, at any stationary point a

L@ = -£'@

and also
a paP (1-a)9 +ra’ (1-a)®
+q) @@ (1-0)7 + (r+s) a” (1-a)°

the condition that | g'(a)| < 1 becomes

f@ £'@ [gr-ps] < [pa'(1-a)f + ra(1-a)'}
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Staying with the middle stationary point (which is the interesting one), and assuming

once more that it occurs at (and not merely near)

pir
prgirts

a:

Then, after substitution, |g'(a)| < 1 iff

[ gr-ps ]2 < 1@rgirs)
@+r)(g+s) 2 (pir)(g+s)

which is identical to the criterion for f"(a) < 0.

In summary, the middle stationary point is either a maximum or a minimum depending
upon the separation of the humps. In those cases, at least, where the humps are

symmetrical mirror-images, so that the location of the stationary point is given accurately

by

pir
prqtrts

a=

then

ig@| <1 iff f'@) <20

which implies that the recurrence formula converges when the stationary point occurs on

a hill rather than a valley.

270



D.4. Starting Points

The third main issue connected with any iterative optimization scheme is the choice of

starting point.

A hill-climbing algorithm which is applied to a closed, bounded solution space is
guaranteed to produce a locally optimum solution by climbing to the nearest hill-top or
to the nearest boundary [74,75]. But whether this solution is also the global optimum
depends upon whether the starting point was fortunate enough to be located on the
tallest hill. In general, unless the objective landscape is sufficiently well known (i.e. the
location or, at least, the number of hills), it is impossible to be confident of a global

maximum [76].

The purpose of this section and the next is to describe a number of possible schemes for
generating starting points, along with their effectiveness in providing the global

maximum.

Recall from Chapter 3 how each fragment of £, corresponds to a subset of the solution
space, and how that sub-space is spanned either by interior term(s) in the case of a
compound fragment or by boundary terms in the case of a simple union. One
characteristic* of recurrence formulas (D.10) is that, while a starting point which is
within the interior of the sub-space may converge to the boundary, a starting point which
is on the boundary can never move into the interior. Once a boundary point, always a
boundary point. Consequently, in optimizing these fragments it is necessary to choose a

starting point from the interior.
In the case where a fragment includes interior term(s), a natural choice of starting point

is the modal position of one of these. Below we consider different options when the

fragment includes no interior term and a starting point must be nominated.
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* The reasoning goes like this :
A starting point lies on a boundary of the sub-space if it assigns the value zero to a

variable that appears in at least one term of the fragment. Moving from the boundary

into the interior requires that this variable subsequently assume a non-zero value.

Now consider the recurrence formula

L
h
Ep,-jkxtﬁ)
(1) k=1
X, =
DRI wo,
Pijk [ Xk
k=1 | j=1

where ¢, isthe K term of the fragment.

If a variable equals zero, then only the terms which don't include that variable can escape
being zero also... but for these terms p,, = 0. One way or the other, the numerator of

the formula is destined to remain a sum of zeros.
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(a)

®

(c)

The easiest, and perhaps most obvious, starting point is at the simple center of

the full solution space, where all of the matrix elements are equal.

For example, if A4 isan Nx N matrix and B is N x M, then simply let

all of the a, = L and all of the b, = L

N M-

Another easy option is the simple center of the sub-space spanned by the
fragment. This is similar to (a) , except that the fractions are adjusted
to reflect the number of elements from each row which participate in the

fragment.
For example, take the input sequence k k [k and fragment (6 7 8):
(al?)2 aZI blk bll (bij)2 + aIZ all a22 (bll)2 bZk bZl + alz (aﬂ)z bli (bZI')2 b?J

Mark position (i, /) of the auxiliary matrix with a 1 if x, appears anywhere

in this expression, or witha 0 otherwise...

Row Row
Sum Sum
0 1 1 1 1 2
A* = B* =
1 1 2 1 1 2

...then divide each element by its respective row sum.

A second refinement is to mark each position, not witha 1 or 0 asin (b),
but with a tally of the times x, appears throughout the fragment. Note that
this is identical to the procedure for finding the modal position of a single term .
explained in Section 3.3., except that now all of the terms are included in the

count instead of just the one term.

This scheme actually has several features to recommend it
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®

(iii)

There is a ‘natural’ connection with the given recurrence formulas in the sense
that, if 1 is substituted for each of the x; in those formulas, this is the set of
values that results.

This implies that the simple center given by option (a) (and usually the local
center of option (b) also) are transformed into the 'pseudo-mode’ of option (c)

after a single iteration of the formulas, anyway.

Even more interesting, recall from the discussion within Geometric Programming

how a primal solution space where
> x<1 (i=1..N)
J

becomes transformed into a dual w-space where all of the unknowns satisfy a

single constraint of the form
u+. .+ u, <1

This # solution space is a D-dimensional (hyper-)triangle whose centroid,

or center of gravity, occurs at
u‘ —3 . - uD _— e—

If these values for u, are back-substituted, one discovers that the primal values

which map to the dual centroid are those given by our 'pseudo-mode' !

In actual trials, a critical point of the objective function (fragment) seems to

occur at the pseudo-mode an impressive number of times.
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(d)  We have just observed that the pseudo-mode values can be derived from the

recurrence formulas

L
h
Zp,-jerﬂ)
L k=l
Q)
) Zpijk Xty
k=1 {j=1

by substituting ¢, = 1 forall k.

A further option is to substitute the value of each term (height of the uni-
modal hump) at its modal position.

This produces a type of weighted pseudo-mode.
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(e)

A somewhat different approach is to regard each term as a 'point mass'
which is located at the mode of the hump and which has a mass equal to the
peak value of the hump (the value of the weight used in (d) ) .

The starting point is then calculated as the center of gravity of this
discrete system along the lines of the classic formula [77]

2 { (x-coordinate of point /)x(mass of point /)}
i

X=
E {mass of point 7)
I

The result is

i ‘——p'jk > XW
M, k
k=1 !

E Pijk
NORUR v
J L

2 W

k=1

where w, is the peak value of the &* term
Pijk

- TITI| 2

M;
2 Pijk
ol i
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® The previous formula only approximates the center of gravity of the fragment
since it replaces a continuous shape (hump) with a point (mode of hump),

and a continuous density with the peak value of the hump.

Starting from the classic formula for a continuous system [78]

Ixj(x)d.’x

i:—IﬂTM-x—

the true center of gravity looks similar in form to the discrete result

i * (14) -
. [Pk
k=1 M;
_2 (“‘Pijk)
N =1 )
ij L
2w
k=1
However, this time
N
w, = H B((1+p,), (1+py), -..) list of M, elements

=1

where B(p,,p, ... p,,) is the generalized 'beta' function found by integrating
L1l peml - Pl

1 Xy e Xp g over the hyperplane x, +x,+ ... +x,, = 1
M
H (pj - 1)! (compare with
J=1
= Section 3.5.)

)
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D.5. Global Effectiveness

Finally, a word about these starting points relative to the global maximum :

In tests, it is observed that

(1) When the global maximum occurs within the interior of the fragment,

2

virtually any starting point which is also within the interior will find it—
including the modal position of interior term(s) as well as any of the
schemes (a) through (f) above, whereas

When the global maximum occurs at a boundary of the fragment,
none of the schemes (a) through (f) above is 100 percent effective
in finding it.

Result (2) is disappointing but perhaps not surprising. However what is somewhat

surprising is result (1) . It tends to suggest that the ‘landscape’ of the fragments is not as

complicated as might be assumed. For example, there is evidence that

3)

@)

No fragment ever exhibits more than one interior peak, even though

the fragment contains more than one interior term, and also

If an interior peak is present, it provides the global maximum

To shed some light on these observations, recall the simplified objective function of

SectionD.3.

f) = @(l-xy +¥(1-x)
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consisting of the two unimodal humps
fi@®) = ¥ (1-x) and L) =¥ (1-xY

The function

either has a single stationary point  (single max)
or has three stationary points (a min between two max’s)

depending upon the separation between f, and f
as manifested by the difference between their exponents.

Now consider the observation sequence kkk/ and fragment (2 4 8):

(a, Y ay, (B, Yby + a, a,,a, (l’ur)2 by b, + a, (azz)z b, (b‘.u-)2 by

This fragment has an interior maximum coincident with the modal position of its middle

1
2 -

term, at a,, = by, =
Re-writing this fragment for clarity as
2(A-0)1-») +x1-0)y@1-y) + Q-0 1-))

observe how, as one moves from term to term, there is a smooth progression

(increase/decrease) in the exponents of x (and likewise for y ).

This situation is typical of all known fragments containing interior maxima. The terms
form a sort of continuous chain in the sense that, relating each consecutive pair of terms
to /, and f, above, there is not enough 'daylight' between their exponents to permit two

separate humps to appear.
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E. Source Code for New HMM Building Algorithm
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Listing for Bill McKee

Page
FriSep 3 14:12:13 1989

/* NHB.c :

New HMM building algorithm which cxamines the neighbors ¢/
of the singleotons */

/* DB.F. McKee 09/11/98 ¢/

/* Include ANSI C standard libraries */

f#include <atdio.h>
finclude <atring.h>
finclude <stdlib.h>

/* 1Includo local heador info */

struct
{

Yo

typedef
typedef

struct
{

typedof

void
ing
int
int
void
void
int
int
int
int
void
olist
vold
vold
int
vold
int
block
block
block
int
int
int
void
void
int

snode
int *gequenca ;
struct asnode ‘next

struct snode 8vac ; /* Simple list of state seguences */

svec *slist ;
book

int planecs ;
int ‘rows ;
int t¢*cols ;
int «s**value ;

otruct book block ;

ProcesgsArguments
UniquoCount
+*SymbolCode
*SymbolCount
CrenteGlobaln
MakcMasterLiot
NoEclipse
Singleton

NoFit

NoAct

ClimbHilla
NeighborsOf
Circumscribe
ShAppend

SLocato

LAppcnd

LengthOf
*guildStatoBlock
tpuildBinsBleck
¢BuildbinsPlusOneBlock
**pegrmutations0Of
Parmo

Splits

Item

Enum

s*Flatten

o~ o~ — . a— i i . S e g e S S S S S~ o o~
- — - Y T T o’ T Y T e At et N e e s

Page
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void Nest [ S ]
void Process ()
int ‘Merge ()
void AppendNoighborsof ()
int CountRows 0
int **MakcAMat O
int **MakeBMat {)
int Distance {)
int **Permute {)
void IAbsorb 0 ;
void DAbsorb {0 :
vold RecycloBlock (3
vold RecyclePalir (0
vold RecyclaSLiat [ 3 I
double Contribution 0 ;
double **Conveort ( :
long Fact (0
void Climb (0 ;
void Createvars O ;
void Initvars O
void ColcCOG (r :
void RecordOld () :
double CalcNew () ;
doubla FullValue (9
void DisplayMats [§ I
void RaleasoVars 0

/% Global defines */

/* Global variables */

FILE
./
char
*/

int
*/
int
'/
int
o/

inc

e/

int

s/
doublo
double
doublo

aliot

vfp

scarg ;

N
T ;

H;

*Symbol ;
‘Tally ;
t+paMax ;
*+BMax ;
FMax ;

List ;

i*
/e

FaAl

I/t
/*

output file pointor

argv copy

number of states
length of symbol gequence

count of unigquo symbols in saquence

aymbol column asslignment in B-matrix

tally of symbols in sequence

(
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void

Main program starts here */

main(argc, argv)
int argc ;
char targy ;

if ({Ep = fopen{*dump.c","w")) =2 NULL)
(

printf{"\nCan’t open dump filo\n<)

exitl(l) :
)

arg = Brgv |

ProceasArguments() ;
CreateGlobals() ;
MakcMasterList() ;

ClimbHills () ;

DisplayMato (AMax, BMax, FMax) ;
fprintf{fp, "\n\n=}) ;
fcloga(fp) ;

gystem{"cat dump.c®) ;

/* Abstract argument information into useful global variables ¢/

void
{

/* Count the number of different characters in string

int

(

Procesafrgumentsd)
int i;
Eprintf(fp, “\n\nis : *, argll]) ;

T = strlen{argil])) ;
M = UniqueCount (argll]) ;

Symbol = (int *) malloc(T * sizeof(int)) ;
Symbol = SymbolCodo{arg(l], Symbol) ;

Tally = (int *) malloc{¥ * sizeof{int))
for (1=0 ; i<M ; ++i)

Tally(i]) = 0 ;
Tally o SymbolCount(Symbol, Tally) :

UnicqueCount(s)
char *n
char ‘L ;
int k, n;

n = gstrlen{s) ;
t = {char *) calloc(n+l, sizcof{charl)
strepy(t,s) ;

*/
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ti1] = NULL ;

k = atrspn{s,t) ;

while{ k !=n )}

(
t = strncat{t, 8+k, 1) ;
k a stropnio.t)

)

returni{strlien(t)) ;

/* Allocata symbols to columns */

int *SymbolCode(s, Symbol}
char ‘g
int *Symbol ;

{
int [

for (£=0 ; t<T ; ++t}
{
j = ote) ;
Symbol{t) = §j - 'a‘' ;

}
return (Symbol) ;

/* Count numbers of pymbola */

int *SymbolCount (Symbol, Tally)
int *Symbol ;
int *Tally ;

(
int 8, t;

for (t=0 ; t<T ; ++4t)

{
3 = Symbol(t] ;
++Tally(s] ;

)

roturn(Tally) ;

/* Create additional global variables */

void CreataGlobals()
{

int i;
N=3;
/1 1f (N >HM)
N=M,; ./

AMax = (double **) malloc{N * sizecof{double *))
BMax = (double **} malloc{N * sizeof(double *)} ;

for (ic0 ; 1i<N ; ++1)

/* N! must be integer */
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{ Current = Parent = Head ;
AMax[i} = {double *) malloc{N * slzcof{double)) : Hend = Tail = NULL ;
BMax[i) = (double *) malloc{M * sizeof(double)) : while ( Current != NULL )
{
FMax = 0.0 ; 1€ ( Singleoton(Current, Parent, T-1} )
} SAppend (Current->seguence, &Head, &Tail}) ;
Current = Current->noxt
)
/* Grow tho lioct of singlotons goneration by generation */ RecycleSList (Parent) ;
List = Head ;
void MakeMastarList () }
{
int i, n, t;
int *Term ; /* Test whether sequonce eclipses another with same final state */
slist Head, Tail, Current, Parent ;
int NoEclipgc(Node, Head, t}
Head = Tail = NULL ; alist Node ;
Torm = (int *) malloc{T * sizeof(int})) ; slist Head :
for {t=0 ; t<T ; ++C} int T ;
Term(t] = 0 ; {
SAappend{Term, &Head, &Tail) ; int nonefound, moreleft ;
free{Term) ; slist Current ;
for (t=l ; teF ; ++t) Current = Head ;
{ nonefound =2 moreleft =1 ;
Current = Head ; while { nonefound && moreleft )
Head = Tail = NULL ; {
while ( Current != NULL )} if { Current == NULL )
{ moralefrt = 0 ;
Parent = Current ; olse if { Current == Node )
Term = Parent->seguence ; Current = Current->next ;
n=290; olse if { Current->sequence(t) !a Node->scquencelt]) )
for (im0 ; i<t ; ¢+l) Current = Curront->noxt ;
if { Term{i) > n } elso {f ( NoPiti{Nede->sequenco, Current->sequence, t) )
n = Term[i) ; Currcnt = Currcnt->poxt
1f { (n+2) > N ) else
ns=N; nonofound = 0 ;
alse H
ne n+2 ; roturni{noncfound) :
for {(i=0 ; i<n ; ++i) )
Tarm(t) = L :
sappend(Torm, &Head, &Tail) ; /* Test whother sequence activates another in list */
)
Current = Parent->next ; int singlaoton{Noda, Hcad, t)
freo(Parent->sequence) ; slist Node ;
frea{Parent) ; slistc Hoad ;
) int t;
¢
Current = Parant = Head ; int nonefound, moreloft ;
Head = Tall = NULL ; glist  Current ;

while { Current t= HULL }
Current = Hoad :
if ( HoEclipse({Current, Parent, t} ) noncfound = morcleft = 1 ;
Shppend (Currcent->sequence, &Head, &Tail) while ( nonofound && moroleft )

Current = Current->anext ;
} Lf ( Current == NULL }
RocycleSList (Parent) moreleft = 0 ;

} glee Lf ( Current == Node )
Current = Currcnt->noxt ;
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else if ( NoAct(Node->sequence, Current->sequence, t) ) IAbsorb{Mat2} ;
Current = Current->next ; return(sw) ;
clse )
noncfound & 0 ; ]
return(nonefound) ;
) /* Test whether terml activates term2 and return 1 for failura */
int NoAct {terml, term2, t)
/* Test whether terml eclipses term2 and return 1 for fallure */ int *torml ;
int *term? ;
int NoFPit(tcrml, term?2, t}) int t
int *torml ; {
int ‘term2 ; int i, 3
int L int BW
{ int *rowsum ;
int i, 3 ; int t4Matl, *4Mat? ;
int BwW ;
int **Matl, **Mat2 ; Matl = MakeAMat(terml, t+1) ;
Mat2 = MakeAMat{term2, t+l) ;
Motl = MakeAMat(torml, t+l} ; rowsum = {(int *) malloc(N * sizeof{int}) ;
Mat2 = MakeAMat(term2, t+l) for (i=0 ; i<N ; ++1)
{
gw s 1 a0 ; rowsum([i] = 0 ;
while ( { !sw } &k ( l<N ) ) for (j=0 ; j<N ; ++J)
{ i€ { Matl(i)(j} t=0)
jo 0 rowsumli] = rowsum{i] + Matl(i)(]}) :
while { ( law )} E&& { J<N } ) )
{
if ( { Matl{i)(3] == 0 ) && { Mat2{il(]j) '= 0 ) ) sw=1=20;
pw 5 1 § while ( ( tsw ) && ( i<N ) )
elsa {
++3 J =20 ;
) while ( ( tow ) && ( <N ) )
if ( 18w ) ++1 ; {
) 1€ ( ( Macl(i)[j) == O } && ( Mat2{ijl]]
IAbsorb(Matl) ; sum[i] != 0 ) )
IAbgorb(Mat2) sw =1 ;
else
1f ( sw ) returnil) ; ++] ;
else )]
4 if ( 18w ) ++¢1
Matl = MakeBMat(terml, L+l} ; }
Mat2 = MakoBMak(term2, t+l) ; 1Absorb{Matl) ;
IAbsorb{Mat2) ;
{=0; free(rowsum) ;
while ( ( lsw ) && ( i<N ) )
( if { sw ) returnil) ;
= 0 ; celace
while { ( 'ow ) && { J<M )} ) {
{ Matl = MakeBMat(terml, t+l)}
if ¢ ( Matl[i}(j) == 0 ) && { Mac2(il(j]) t= 0} Mat2 = MakeBMat{term2, t+l} ;
) rowsum = (int *)} malloc(N * slzeof(int)) ;
aw =1 ; for (i=0 ; i<N ; ++i)
elso (
+3 rowsumli] = 0 ;
} for (=0 ; j<N ; ++3}
1E ¢ ‘ow ) +4i ; if ( Matcl(i}l3j) = 0 )

}
IAbsorb{Matl) ;

rowgum(i]) = rowgum{i] + Matl{i](j]

1= 0 } && { row
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frec(Current-»>sequence) ;
i=0; free{Current) ;
whilae { ( isw ) && ( d<N ) ) . }
{ }
ji=0;
while { ( 'sw } && ( j<M ) )
{ /* Return linked list of immediate neighbors of the glven term */
L€ ( ( Mati(i](3§) == O ) && ( Mat2(ilIj) = 0}
&& { rowsum[i] != 0 ) ) slist NelighborsOf (Term)
sw =1 ; int ‘Term ;
eloe {
143 int **aAMat, **BMat, **FMat ;
} int i, 3, k, 1, o ;
if ( 15w ) i int *1im ;
} slist  Head, Tail ;
IAbsorb(Matl) ; block *NBlock ;
IAbgsorb(Mat2) ;
frea(rowsum) ; Head = Tail = NULL ;
return{aw) ; Sappend (Toarm, &Head, &Tail)
}
] AMat = MakcAMat{Term, T} ; BMat = MakeBMat(Term, T} ;

FMat = (int **) malloc(N * slzeof{int *)) ;
for (i=0 ; I<N ; ++1i}
/* For eoch valid torm, climb among activations/noighbora */ {
FMat([i] = (int *) malloc(M * slzeof{int)) ;

void ClimbHilla() for (4=0 ; J<M ; ++3)

H FMat(i](j] = BMatti) (4]
int **AMnt, **BMat ; )
double ACon, BCon, FMod ;
olist Nelghbora, Current NBlock = BuildBinsPlusOncBlock{BMat) ;

1im = NBlock->rows ;
Current = List ;

while { Current != NULL ) for (m=0 ; m<M ; ++4m)
{ for (1=0 ; 1l<lim{m] ; ++1}
{
AMat = MakeAMat (Currenc-»>sequence, T) k=0 ;
ACon = Contribution{AMat, N, N} ;: =m
BMat = MakeBMat{(Current->scquence, T) for {(i=0 ; 1<N ; ++1)
BCon = Contribution{BMat, N, M} : if ( BMat[i)(j] !'= 0 )
FMod = ACon * BCon ; (
PMat{i]l (j] = NBlock->value(m] [1])(k] ;
if ( FMod > FMax ) ++k
{ )
AMax = Convert (AMat, AMax, N, N) ; for (i=0Q ; i<N ; ++i}
BMax = Convert(BMat, BMax, N, M} ; {f ( pMoc(i)(j) == 0 )
FPMax = FMod ; (
) Puat{i)[j] = NBlock->valua(m]){1) (k) ;
1Absorb(AMat) ; Circumscribo(AMat, BMat, FMat, &Hecad, &T
IAbsorb(BMat) : ail) ;
Current = Current-»next ; FMac(i1(j) = 0 ;
} }
for (1=0 ; i<N ; ++1)
while | List != NULL ) FMac{i]{]] = BMat(i) (3] ;
{ }
Current = List ;
Noighbors = NoighborsOE (Current->goquence) TAbsorb{AMat) ; IAbsorb(BMat) ; IAbaorb{(FMat) :
if { LengthOf(Neighboro) != 1) RecycleBlock {NBlock) ;
Climb(Neighbors, 0) roturn(Head) ;
RecycleSList (Neighbora) ; }

Ligt = Current->next ;
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if { List I= NULL )
/* Examine noighborhood of term */ {
i =8uws=s0;

void Circumscribo(AMat, BMat, Fdat, Hecad, Tail) while ( ( taw } && ( I<T } )
int **AMat ; if ( State(l] != List->sequence(i] )
int **BMat ; ew =1 ;
int **PMat ; alse
slist *Head ; ++1
slist *Tail ; if ( !sw)
( result = 1 ;
int level, *vec, *lim ; elae
block *NBlock ; {
rasult = SLocate(State, List->next) ;
NBlock = BuildBinsBlock(FMat) ; i1f { result '= 0 )
lavel = 0 ; ++result ;
vec = {int *) malloc(¥ * sizeof{int)) ; }
lim = NBlock->rows ;
return{result) ;
Process(AMat, BMat. FMat, NBlock, level, vec, lim, Head, Tail) ; )
RecycleBlock (NBlock} ;
} 7*  Add State to cond of linked slist, avoiding duplicatea */
vold LAppend(State, Hecad, Tail)
/* Adds State to end of linked slist */ inc *Scate ;
alige *Head ;
void SAappend{Stata, Head, Tail) slist *Tail ;
int *State ; (
slist *Heoad ; if { SLocate{State, *Head) == 0}
slist *Tail ; SAppend(Stato, Head, Tail) ;
{ }
int i

oliot nodo j
/* Detormine length of a linked list */
nodo = (avec *) mallocl(oizcof(sveoc)) ;
node->noxt o NULL ; int LengthOf {List)
slist Liast ;

node~>saquence = {int *) malloc{T * sizecof(int)) ; {
for (1s0 ; 1<T ; ++1) if ( List == NULL }
node->sequenceli] = State(i) raturn(0) ;
else
if ( *Hend == NULL ) roturn{l+ LengthOE(List->next)) ;
*Head = *Tall = nodo ; )
else
{
('T?tl)->next = node ; /* MAggembles state permutations inte 3-D block, one plane per col of BMat */
*Tail = nodo :
} block  “BuildsStateBlock(BMat)
} int **BMat ;
{
int i, 1
/* Find state sequence in o linked list of state sequencos */ int sum, *rep, len, *vec, **mne, noxt, lim ;
block ‘result ;
int sLocate(State, Liat)
int *Stata ; regult = (block *) malloc(sizeof(block)) :
slint Liac ; result->plangs = M ;
{ result->rowg = (int *) melloc(M * sizeofi{int)) ;
int {, sw, result ; rasult->cols = (int **) malloc(M * sizeof(int *)) ;

result-»>value = {int ***) malloc{(M * plzooflint **)) ;
result = 0 ;
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rep = (int *) malloc(N * slzeoflint)) ; 1€ ( j==0)
for (=0 ; j<t ; ++3) —=gum ;
{
gum = 0 ; 1im = Splits{sum, bins(j]) ;
for (i=0 ; L<N ; ++1} next = 0 ;
( len = bina(j)
rop(i] = BMat[i) (3] : vaec = (int *) mallec(len * sizeof{int)) ;
gum = sum + repli) : mat = {int ¢*) malloc{lim * olzeof(int *)) ;
}
len = gum ; Enum({sum, bins(j), len, vec, mat, &next) ;
£ (j==0) 1€ (== 0)
( for (1=0 ; i<lim ; ++i)
--gum ; ++mat[i] (0) :
-~repl0] ;
} rasult->rowsa(j] = lim ;
lim = Perma(sum, rep) resule->cols[j] = (int *} malloc(lim * sizeaf(int}) ;
noxt = 0 ; for (i=0 ; i<lim ; ++1)
vec = (int *) malloc(len * alzeof(int}) ; resulc->cols[il[i]) = len ;
mat = (int **) malloe(lim * sizeof(int *}} ; rasult->valual(j) = mat ;
frece{vec) ;
Item{sum, rep, len, vec, mat, &next) ;
tE{J==0) return{result} ;
for (i=0 ; if«<lim ; ++¢i) )
mat (i1 (0) = 0 ;
result->rows(jl = lim ; /* Asacmbles gymbol allocations into 3-D block, onc plane per col of BMat </
rasult->cola[j) = (int *) malloc{lim * pizecof(int}) ;
For (im0 ; i<lim ; ++1) block *BuildBinoPlusOncBlock {BM4at)
result=>cola(jl1 (i) = len ; int **BMat ;
result->value(j]l = mat ; {
freo(vec) ; int i, 3§
) int gum, *bino, len, *vac, **mat, noxt, lim ;
return({result) ; block  ‘*result ;
}
rasult = (block *) malloc(sizeof(block)) ;
result->plancs = M ;
/* Assembles symbol allocations into 3-D block, one plane per col of BMat */ rasult->rows = {(int *) malloc(M * sizeof(int)) ;
rosult->colns = {int **) malloc{M * sizeof{int *}) ;
block spuildBinsBlock (BMat) result->value = (int ***) malloc(M * sizeaof(int **)) ;
int **BMat ;
i bins = (int *) mallociM * sizcof(int)) ;
int i, 3 for (3=0 ;: 3<M ; ++3)
int gsum, *bins, len, *voc, “*mat, noxt, lim ; {
block *raesult ; binolj] = 0 :
for (i=0 ; 1<N ; ++1)
result = (block *) malloc{sizeof(block}) : if ( BMatfil(j] 1= 0 )
raesult->planecs = M ; ++bins(j)
rasult->rows = {int *) malloc(M * sizeof({int)) ;
result->cols = (int **)} malloc(M * sizcof(int *)) : aum = Tally(j] :
result->valuec = (int ***) malloc(M * sizeof(int **}) ; if { { ==0)
--gum ;
bins = (int *) malloc{M * sizecf{int}) ;
for (§=0 ; j<M ; ++]) 1im = Splits(sum, (1l+bins(jl))
{ next = 0 ;
bins(j) = 0 ; len = l+bins{j) ;
for (i=0 ; i<N ; ++1) vec = (int *) malloc(len * sizeof(int)) ;
{f { Mot (i) (]) to O ) mat = {int °**) mballoc(lim * sizcof(inc *))
++bins(3)
Enum{sum, (l+bins(j)}, len, vec, mat, &next} ;
sum = Tallyl(j) : 1f ( J == 0}
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for (i=0 ; i<lim ; ++1) {
++mat (i) (0] ; int i
int rasult ;
result=>rows(j] = lim ;
result->colsfj) = (int *) malloc{lim * sizecof(int}) ; result = 1 ;
for (i=0 ; i<lim ; ++1) for (1=l ; l<r ; ++i)
rasult->colo[j) (1] = len ; rosult = (result ¢ (n+i)) / 1 ;
result->voluc(j] = mat ; return{result) ;
free{vec) : )
return{rasult) ; .
) /* Ligts the pormutations of sum items, with repatitions as per rep */
void ltem(sum, rep. len, vec, mat, next)
/* Lists permutations of n things taken n at a time */ int sum ;
int ‘rep ;
int s*pormutationaof (n) int len ;
int n; int *vec
{ int **mat ;
int i; int *noxt ;
int sum, *rep, len, *voc, **mat, next, lim ; {
int i, n;
rep = (int *} malloc(n * sizacf(int}) ;
for (ia0 ; ie<n ; ++1) if (sum == 0)
repli] =1 ; {
len 2 sum = n ; n = *next ;
lim = (int) Fact{n) ; matin) = (int *) malloc{len * sizeof(int)) :
next = 0 ; for (i=0 ; 1<len ; ++1)
vec = {int *) malloc({len * sizeof({int)) ; mat(n) (i) = vecli] ;
mat = {int **) malloc(lim * sizeoflint *}) ; ‘noxt = n+l ;
}
Item{sum, rep, len, vec, mat, &next) ; eloe
freo({vec) ; for (i=0 ; 1<N ; ++i)
return(mat) ; if ( repii) > 0
) {

vec[len-oum] = i ;
repli) = repli) - 1 ;
/* Computos the peormutations of sum items, allowing for repeticions *f Item{sum-1, rep, len, vec, mat, next) ;
rep(i] o repli] + 1 ;

int Permg (sum, rep) }
int sum ; )
int ‘rep :
(
long num, dom ; /* Enumerates the ways of splitting sum items among a number of bins o/
int result ;
int i; void Enum{sum, bing, len, vec, mat, next)
int Jum ;
num = Fact{sum) ; dom = 1 ; int bins ;
for {1=0 ; i<N ; ++1) int len ;
dom = dom * Factlrepli)) ; inc *yec
result = (int) {(num/dom) ; int *‘mot
returniresult) ; int ‘noxct ;
} (
int i, n;
/* Computos the ways of gplitting n items among r bina */ if (bins == 1)
int splitsin, r} veeilen-1) = sum ;
int n; n = 'next ;
int r; mat{n) = (int *) malloc(len * sizeof(int)) ;

(



Listing for Bill McKee

Page

Fri Sep 314:12:13 1999
17

rx

int

,l
void

Carrics out M levols of nasting, each up to lim, with indices in vec

for (i=0 ; i<len ; ++1)
macin)[i] = vecli]) ;
*next = n+l ;

else
for (iesum ; i>=0 ; =--1)
(
vac(len-bina) = 1 ;
Enum{sum-i, bins-1, len, vec, mat, next) ;
}

Combines tho state pormutations for cach symbol into a sot of scquences */

»*Platten{SBlock)
block *SBlock ;
int level, ‘vec, *lim, **mat, next ;

next = CountRows (SBlock) ;

vac = (lnt *) malloc{i * sizcoflint)) ;

mat = (int **) malloc(next * sizeof{int *}} ;
lim = SBlock->rows .

next = lovel = 0 ;

Nest (SBlock, level, vec,
Eraelvac) ;

return(mat) ;

1im, mat, &next) ;

./

Nest{SBlock, lovel, vec, lim, mat, next)
block *gBlock ;

int levol ;

int *vece

int *lim ;

int *‘mat ;

int ‘next

int i, n;

if { level == H )
{
n = *next ;
mat([n) = Merge(SBlock, vee) ;

‘next = n+l
}
else
(
n = lim(laovel) ;
for (120 ; i<n ; ++i)
{
vec(lavell = i ;
Nest (SBlock, lavel+l, vec, lim, makt, next) ;
)
}
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/* performs recursive processing of all possible combinationn within NBleck */
void Process (AMat, BMat, FMat, NBlock, level, vec, lim, Head, Tall)
int “*AMat ;
int **Biat
int *+FMat :
block *NBlock ;
inr lovel ;
int rveg ;
fnt “1im ;
slist *Head ;
slist *Tafl ;
{
int i, n;
1f ( level s= M)
AppendNeighborsOf (AMat, BMat, FMat, NBlock, vec, lead, Tail)
olse
{
n = lim{level] ;
for (1=0 ; i<n ; ++i)
{
vec(level] = 1 ;
Process (AMat, BMat, FMat, NBlock, level+l, vec, lim, Hea
d, Tail) ;
)
}
}
/* Marge values for each symbol into Einal state saquenca */

int

*Merge(SBlock, veac)

block *Splock
int *vec ;
int j. s, t;
int *planc, ‘*row,
int *State ;
plane = {int *) malloc(M
row = {int *) malloc(#
col = {int *) malloc(M
for (3=0 ; j<M ; ++j)
(
plancli) = § ;
row(j) = veel(jl
col(jl =0 ;

State = {int *) malloc(T
Eor {t=0 ; t<T ; ++L}
(

g = Symbol(lt] ;

*gol

sizeof{int)) ;
sizooE{int)) ;
sizeof(int)) ;

sizeof (int)) ;

State[t) = SBlock->value(plane(s])](row(s]l){col(a]] ;

++colls]
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{
frec(plana) : Sequence = SMak [k}
free(row) ; IMat = MakeAMat (Sequence, T) ;
freec(col) ;
recurn(Statce) ; if { (Distance(AMat, IMat,N,N} + Distancc(BMat,JMat,N,M}}) == 1)
} LAppend (Sequence, Head, Tail) ;
IAbsorb(IMat) ;
/* Capture the scquences which are immodiate neighbors of AMat & BMan */ )
void AppendNeighborsOf (AMat, BMat, FMat, NBlock, vec, Head, Tail) IAbsorb{JMat) ;
int “*AMat ; RecycloPair(SBlock, SMat)
int *eBMat ; )
int **FMat ;
hlock *NBlock
int ‘yec ; /* Count the total number of possible state seqguences within SBlock */
slist *Head ;
slisnt “Tail ; int CountRows (5Block)
{ block *SBlock ;
int **IMat, **JMat, **SMat ; {
int *Sequence ; int j, tot ;
int i, j, k., n;
int “plane, *row, *col ; tot = 1 ;
block *SBlock ; for (420 ; j<M ; ++3)
tot = tot * SBlock->rowsl(j) ;
planc = (int *} malloc(M * mizeof(int)) ; return(tot) ;
row = (int *) malloc(M * gizeof(int)) : )
col = (int *) malloc(M * pizeof(int)) :
for (J=0 ; j<M ; ++3) /* Returns A-matrix associated with state sequence */
plancij) = J : int **MakeAMat (State, t)
row([j] = veclj) ; int *Statao ;
col(j) = 0 ; int i
) (
int **AMat ;
JMat = (int **) malloc(N * sizeof(int *}) ; int i, j. 8 :
for (i=0 ; i<N ; ++i)
JMat[i) = (int *) malloc(M * sizcof(int)) ; AMat = (int **) mallociN * sizeof(int *)) ;
for {(i=0 ; i< ; ++¢1)
for (§=0 ; 3J<M ; ++]) {
for (is0 ; i<N ; ++i) AMat([l) = (int *) malloc({N * pizeof(int)) ;
if ( FMac[ill]j] == 0 ) for (3=0 ; j<N ; ++3)
JMatfij (i) = 0 ; AMat(i)(j) = 0 ;
clse )
for (8=l ; B<t ; ++g)
JMat[i]l[J] = NBlock->value(plane(j])irow(j})(col {
1)) ; i = State[s-1] ;
++coll]) ; 3 = statels) ;
} ++AMat (L103) ;
}
frce(plane) ; recurn(AMat) ;
frae(row) ; )
frea(col) ;
SBlock = DulldStateBlock({JMat) ; /* Returna B-matrix apsoclated with state scquence */
SMat = Flatten(SBlock) ;
int **MakeBMat (State, t)
n o CountRows{SBlock) ; int *Stato ;
for (k=0 ; k<n ; ++k) int L
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{ int **pPormute{Mac, row)

int *epMat int seMat

int 1, j§, o : int ‘row ;

{
BMat = {int **) malloc(N * sizeof(int *}) ; int 1, 1
for (is0 ; i< ; ++i) int **BRMat ;

FL

int

FAl

{
PMat[i) = {int *) malloc{M * sizeof(int)) ;
for (3=0 ; <M ; ++J)
BMat(il(j] = 0

for (g0 ; o<t ; ++8)

{
{ = Statels) ;
J = Symbol{s] ;
++BMat (i) (3]

}

roturn{BMat) ;

By how many dimensions do two matrices differ */

Distanca{Matl, Mat2, n, m)

int **Matl ;

int **Mat2 ;

int n ;

int m ;

int i, 1

int diml, dim2, bina ;
diml a2 0 ;

for {i=0 ; i<n ; ++i}
{

bins = 0 ;
for (=0 ; j<m ; ++])
if ( Morl[i)[3) » 0 )
++bins ;
if ( bina > 1)
diml = diml ¢+ (bins-1) ;
)

dim2 = 0 ;
for (1=0 ; i<n ; ++1)
{

bing = 0 ;
for (450 ; J<m ; ++3)
if { (Maclli)(3) + Mat2{i]l3)) > 0 )
++blna ;
{f { bing > 1)
dim2 = dim2 + (bina-1) ;
}

recurn{dim2 - diml) ;

Permute the rows of Mat ac per row */

’.
vold
{

Il
void
{

’i
void

{

-

BMat = (int **) malloc(N * plzcof(int *)) :
for (i=0 ; <N ; ++1)
{

BMac(i) = (int *}) malloc(M * sizeofl(int)) ;
for (j=0 ; J<M ; ++3}
BMat(i) (31 = Mat[row(i)){j] ;

return (BMat)

Freo up memory occupied by intcgor matrix =/

IAbsorb(Mat)
inc *eMat ;
int i;

for (i=0 ; i<N ; ++i)
froa(Mat(i)) ;

frea({Mat) ;

Free up memory occupied by floating point matrix */

DAbsorb(Mat)
double **Mat ;

int i

for (1=0 ; Ll<N ; ++i}
free(Mac(i)) ;

frec(Mat)

Freo up memory occupied by block of data =/

RecycleBlock {Block)
block *Block ;
int i, 3

int *1m ;

lim © Block->rows ;
for (3=0 ; j<M ; ++3)
(

for (i=0 ; i<lim[3) ; ++1)
freo(Block->value[jl [i])
free(Block->colaljl) ;
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) double result ;
freo(Block->rowa) ;
frec(Block) ; Max = {(double **) malloci(n * sizcof(double *)) ;
} for {i=0 ; d<n ; ++i}
Max(i) = {double *) malloc(m * sizeof(double)) ;
/* Preo up memory occupied by large variables */ Max = Convert{Mat, Max, n, m) ;
result = 1.0 ;
void RecyclePair (Block, Mat) for (i=0 ; 1<n ; ++¢4)
block *Block ; for {j=0 ; j<m ; ++3)
int **Mat ; for (k=D ; k<Mat(i) (3] ; ++k)}
{ result = result * Max{i)(3]) ;
int i, : B
int tot, *lim ; DAbsorb(Max) ;

return{result) ;
tot = 1 ; )
lim = Block->rows ;
for (§=0 ; j<M ; ++j}
( /* Generate floating polnt version of markov matrix ¢/
tot = tot * lim(j]

for {i=0 ; i<lim{j) ; ++i) double **Convert(Mat, Max, n, m)
free(Block->valua(3j) [i]) ; int **Mat ;
freo(Block->colaijl) ; double **Max ;
) int n;
frec(Block->rows) ; int m ;
free(Block) ; (
int i, 3
for (j=0 ; j<tot ; ++3j) int *Sum ;
froo(Mat(jil) :
free(Mat) ; sum = (int *) malloc(n * sizeof(int)) ;
) for (i=0 ; i<n ; ++i)
{
Sum{i] = 0 ;
/* FPree up memory occupled by slist */ for (=0 ; J<m ; ++3)
Sumfi) = Sum(i) + Matli)(3j) ;
void RocycleSList (List} )
slist List ; for (1=0 ; i<n ; ++i)
{ for (§=0 ; j<m ; ++3}
alist Current, Node ; if ( Sum{i] t= 0 )
Max[i](J] = ({double) Matlilljl} / {{double) Sum
Current = List ; lin ;
while ( Currant != NULL ) ¢loo
{ Max(i)(j] = 0.0 ;
Node = Current ; free(Sum) ;
Current = Current->next ; return{Max) ;
frea (Nodo->sequence) ; )
frec(tiode) ;
)
) /* Calculate factorial */
long Fact(n)
J* Contribution given by Mat (having the stated dimensions) */ int n;
{
double Contribution(Mat, n, m) long rasult ;
int **Mat ;
int n ; result = 1 ;
inc m ; if {n>1)
{ reoult = n * FPactin-1} ;
int 1, 3. k; return{result) ;

doubla **Max ; )
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int i, ¢ ;
/* Perform B-W reestimation, clither from given term or from pseudo-COG  */ AOld = {double **) malloc(N * sizeof(double *)) ;
BOld = {(double **) malloc(N * sizeof(doublo *)) ;
void Climb(List, pos) ANcew = {(double **) malloci{N * pizeof({doublo *}} ;
slist List ; DNew = (double **) malloc(N * sizeof(double *)} ;
int pos
( for (i=0 ; i<N ; ++i)
int i, 3., convergod ; {
doubla **AOld, **BOld, *‘*ANcw, **BNow ; AOld[i) = (double *) malloc(N * sizeof(double)) ;
doublao **Alfa, **Beta, **Gamn., *°*Neta ; ANew([i] = (double *) malloc(N * sizcof(double)) ;
double Funec, Prev ; BOld[i) = (double *) malloc(¥ * sizaofidouble)) ;
BMew(i] = (double *) malloc(M * sizeof{double)) ;
CrecatoVars (&§A01d, &BOld, &ANew, &BNew, &Alfa, &Beta, &Goma, E&Neta) ; )

InitVarao(ANew, BNaw, List, pos) ;
AlEa = (doublo **} mallec(T * sizcof(doublo *))

Func = 0.0 ; Beta = (double *¢} malloc{(T * sizeof(double *))
{ = converged = 0 ; Gama = (doublo **) malloc(T * gizcof{(double *))
while { { 'converged ) && ( 1 < 20 ) }
{ for {t=0 ; teT ; ++t)
Record0ld{A0ld, BOld, ANow, BNew} ; {
Prev = Punc ; Alfa[t] = (double *) malloci(N * sizeof(double)) ;
Func = CalcNew{ANow, BNew, Alfa, Bota, Gamn, Neta) Betat] = {(double *) malloc{N * sizeof{double)) ;
if { {Func - Prev) < 0.000001 ) Gamalt]) = (double *) malloc{N * sizeof(double)) ;
converged = 1 ; )
clae
+ei Nota = {double **) malloc(N * slzeof{double *}) ;
} for (i=0 ; i<N ; ++i)
Neta{i] = {doublc *) malloc(N * oizcof(double)) ;
it pisplayMata(AOld, BOld, Prev) ; ./
*acld = AQld ;
if ( Prev > Flax } *beld = BO1d ;
{ ‘ancw = ANew ;
for (i=0 ; 1<N ; ++1) *bnow = BNaw ;
for (j=0 ; J<N ; ++j} *alfa = Alfa ;
AMax(1)(3) = A0ldlil(]] ; *beta = Beta ;
for (i=D ; i<N ; ++i) ‘gama = Gama ;
for (§=0 ; j<M ; ++3) *nota = Neta ;
BMax(111j) = Bold(ill3] ; )

FMax = Prav ;
)
/* Asscign initial values to model */
ReleasoVars (AOld, BOld, ANow, BNow, Alfa, Beta, Gama, Nota) ;
} volid Initvars (ANew, BNew, List, pos)
double **ANcw ;
double *"BNow ;

/* Allocate memory for main variables */ slist List ;
int pos ;
void CreatevVara{aold, bold, anew, bnow, alfa, beta., gama, ncta) (
double ***aold ; int **AMat, **BMat ;
double ***bold int *State ;
double ***ancw int h ;

doubla ***bnew ; slist Current ;
double **‘*alfa ;
H if ( pos o= 0 )
H CalcCOG (ANew, BNew, List) ;

doublc ***bota
double ‘*t*‘gama ;
double ***neta ; elae

{ {
double **h0ld, **BO1d, **ANow, **BNow ; Current = List ;
double **Alfa, **Bota, **Gama, **Neta ; h=1;
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while { h < poo )
{
Currcent = Current->next
++h ;
}
State = Qurrent->acquenco
AMat = MakecAMat{State, T)
BMat = MakeBMat({Stato, T)
ANow
Blicw = Convort(BMat, BNew, N, M
IAbsorb{aMat) ;
IAbsorb({BMat) ;

/+ cCalculate pseudo-Center of Gravity of the particlpating terms

void CalcCOG (ANcw, BNew, List)
double **ANew ;
double **BNew ;
slist List ;

{
int ***AEXp, ***BExp :
int *2ASum, **BSum ;
int P, *State ;
int h, 4, 3
double num, dom :
alist Current ;

P = LengthOf(Liat) ;

AExp = (int ***) malloc(P * sizeof(int
BExp = (int ***) malloc{P * olzoof{int
ASum = (int **) malloc(P * sizeof(int
BSum = (int **) malloc{P * sizeoftint

Current = List ;

for (h=0 ; h<P ; ++h)

(
State = Current-»sequence ;
AExp[h] MakeAMat {State, T) ;
BExp[h) MakaBMat (State, T) ;

ASum|h) = {int *} malloc(N* sizoof(int))
o (int *) malloc(N * sizeof(int})

BSum(h]
for (i=0 ; i< ; ++i)
{
ASum[h]) (i} = 0 ;
BSum(h] (i) = 0 :
for {3=0; j<N ; ++j)

ASumfhl[i) = ASumfh] (i) + AExplh)(i}13)

for (j=0; j<M : ++j)

psum(h] (1) = BSum(h} (i) + BExp(h) (i) (3]

}
Current a Current->next ;

)

for (1=0 ; f{<N ; ++1)
{
dom = 0.0 ;

for (h=0 ; h<P ; ++h)

Convert (AMat, ANcw, N, N}

}

o
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dom = dom + ({(double) Asum{h]([i])) ;

for (=0 ; J<N ; ++J}
{

}
for (i=0 ; i<N
{

num = 0.0 ;
for (h=0 ; h<P ; ++h)
num = num + ({doubla) RExplh]l(ilLj))
if (num < 0.000001}
ANcw(i)(3) = 0.0 ;
elso
ANew[i}(J) = num / dom ;

++1)

dom = 0.0 ;
for (h=0 ; h<P ; ++h)

dom = dom + ({double) BSum(h)[i]} ;

for (j=0 ; J<M ; ++j)
{

}
for (h=0 ; h<P

for (i=0

{

}
for (h=0 ; h<P ;

(

num = 0.0 ;
for (h=0 ; h<P ; ++h)

num = num + ({(double) BExplh)({il(]))
i1f (num < 0.000001)

BNewl[i) () = 0.0 ;

alse
BNew(i}[j] = num / dom ;
++h)
: LaN ; ++i)

Erea(AExp(h] (1)) ;
free(BExp[h) (1))

’

++h)

free (AExp(h))
free(BExplh)) ;

)
frec (AExp)
Eree (BExp) :

for (h=0 ; heP ;

{

++h)

frec(ASumlh]) ;
freo{BsSuml(h]) ;

free(ASum) ;
free(BSum) ;

/* Rotain old A & B matrices prior to next iteracion */

void
double
double
double

*+B01d
* *ANow

3
i

Record0ld (AQld, DOld, ANow, BNew)
*+n0ld ;

H
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double **BNew :
int i, 3
for (1=0 ; i<N ; ++1)

{
for (j=0 ; j<N ; ++3)

AOld(il (3] = ANew(i)(3)

for (j=0 ; j<M ; ++])

BO14[4) (i) = BNewli) (]3] :

/* calculate revised elements of the

A &L B matrices */

double CalcNew(a, b, alfa, bota, gama, neta)

double **a ;
double **b ;
double *calfa
double **beta
doubla **gama
double *‘neta

int i, 3, k, £
int 0 ;

double opum, num, dom ;
doubla P ;

0 = Symbol ;

alfa[D]1{0) = b[O)IO[O]] ;
for (iml ; LN | ++i)
alfa(0)I(i) = 0.0 ;
for (te0 ; t<(T-1) ; ++t}
for (3=0 ; j<N ; ++3j}

if ( b[j)}(O0(t+1)) > 0.000001 }
(

sum = 0.0 ;
for (i=0 ; i<N ; ++1)

if ( ali)iil > 0.000001)

aum = sum + alfaft) (i)

alEa[t+1){3) = sum * b[j){O[t+1)] ;

}
else

alfaft+1](j) = 0.0 ;

Eor (3=0 ; j<N ; ++3)
beta[T~-11(3) = 1.0 ;
for (teT-2 ; t>=0 ; --t)
for (i=0 ; i<N ; ++i})
(
gum = 0.0 ;
for (=0 ; j<N
if ( (
0.000001 } )

a(e+l)(d)

it
alilt

sum = sum + a[i]{j] * bli){0(t+1]]

betalt){i} = sum ;

)
4] > 0.000001 ) && ( b[3]1[0(t+1]) >
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)

for (i1=0 ; i<N ;

++1)

for (3=0 ; J<N ; ++3)

¢+ b(j)(o(c+l)) * bota{t+1)[])

for (t=0 ; t<T ;

if { ali)l3i) » 0.000001 )
(

gun c 0 ;
for {t=0 ; t<(T-1) ; ++k)
i€ ( brjl(ole+11) > ©.000001 )
sum = sum + alfale]l (i) * a(i)(])

"netalil (] = sum ;
)

alsa

nctalil(§] = 0.0 ;

+4k)

for (1=0 ; i<N ; ++i)

for (=0 ; i<N ;
{
dom s 0.

gama(t) (1) = alfalt) (i) * betalt]) (i) ;
+44)
0 ;

for (t=l ; t<(T-1}) ; ++t)

dom = dom + gama(c) (i) ;

for (§=0 ; j<N ; ++J)
(

]
for (3=0 ; j<N ;
(

dom = 0.
for (t=0

for (k=0
{

}

sum = 0.0 ;
for (i=0 ; i<N ;

num & neta(i) (i) ;
if ( num > 0.000001 )

ali)(j) = num / dom ;
else

afil(i) = 0.0 ;

++3)

Q
; teT ; ++L)

dom = dom + gamaitl{j) ;
i k<t ; 41k}

num = 0.0 ;
for (=0 ; L<T ; #+L)

if ( Olt) == k)

num = num + gamalt] (3] ;

i1f£ ( num > 0.000001 }

bljl{k] = num / dom ;
else

bljllk) = 0.0 ;

++i)

sum = sum + alfal?T-1)1i] ;

P = sum ;
return(P) ;
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froo(alfa) ;
/* Computc cbjective value at modal position using B-w forward calculation */
recurn(P} ;
double FullValuc(AMat, BMat) }
int "*AMatT ;
int **BMat ;
{ f* Write A & B matrices to file */
int i, 4, & ;
int 0 void DisplayMats {AQld, DOld, Prev)
doubla **a, *'b ; double **A0ld ;
double **alfa, sum ; double **BOld ;
double P ; double Prev ;
{
0 = Symbol ; int i. 3

double Fune, Round ;
a = (double **) malloc(N * sizeof{double *}} ;

b = {(double **) malloc(N * sizeof{double *}} ; fprintE{fp, “\n\nA-matrix : \n*") ;
for (1=0 ; i<N ; ++1) for (is0 ; i<N ; ++l})
( {
ali]l = (double *} malloc(N * sizeof(double)) ; fprintf(fp, "\n") ;
bli) = (double *)} malloc(¥ * sizcof(double}) ; for (§=0 ; j<N ; ++j)
) fprintE(fp, "SLE ", AOld{i)(f)) ;
a = Convert{AMat, a, N, N) ; H

b = Convort(BMat, b, N, M) ;
fprincf(fp. *\n\nB-matrix : \n-) ;

alfa = {double **) malloc(T * sizeof{double *)} ; for (i=0 ; f<N ; ++i})
for (sl ; t<T ; ++t) {
alfalt] = (double *) malloc(ny * sizeof (double)) ; Eprintf{fp, "\n") ;
alfal(0]1{0] = b(o}[C[0]) ; for (=0 ; J<M : ++3}
for (ial ; i1<N ; ++i) fprintf(fp, =%1f =, BOld[i)(3]) :
alfal0)(i) = 0.0 ; )
for (e=0 ; t<(T-1) ; ++t) Punc = Prov ;
for (§a0 ; <N ; ++3) Round = {{doubla) (({long) ({{1.0/Func) * 100.0) + 0.5))} / 100.0 ;
1f ( blil[O[t+1]) > 0.000001 ) ) fprintf(fp, *\n\nFunc = %1f = 1/%1f", Func, Round) ;
(

sum = 0.0 ;
for {(i=0 ; i<N ; ++i)
if { afilfj) > 0.000001) /* Frae up memory occupied by large variables ¢/
sum = sum + alfaft) (i) * ali)(]] ’

: void ReleaseVars (AOld, BOld, ANew, BNew, anlpha, bota, gomma, nota)
alfalt+1][3) = sum * b{j)(Olt+l]]) ; double **A0ld ;
)] double **BOl1d ;
alseo double **Alew ;
alfa{t+1)(j) = 0.0 ; double **BNew ;
doublae **alpha ;
sum = 0.0 ; double **beta ;
for (i=0 ; i1<N ; ++i) double **gamma ;
pum = sum + alfa(T-1][i]) ; double **neta ;
P = sum ; {
int i, e ;
for (i=0 ; i<N ; ++1)
{ for (=0 ; d<N ; ++1)
froofalll) ; {
free(b[i}) ; froo{ACld{i]}) ;
} frecc(BOld[i]) ;
frec(n) ; froo{ANew([i]) :
free{b) ; Erce{BNewiil}) ;
}
for {t=0 ; t<T ; ++C) frece{aold) ;
frea{alfalc)) ; frea{B0ld) ;
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freo(ANew) ;
frec(Blew) ;

for (t=0 ; t<T ; ++t)
{

frec(alphaf{t]) :
freaibetafe)) ;
froc{gammalt]) ;

)

freco({alpha)
freo(bota) ;
froe(gamma) ;

for (i=0 ; 1<N ; ++i}
free{netalil)
froe{ncta) ;




F. Summary of Test Results

F.1. Function Evaluations on Gnd

This section presents the results of test three, described originally in Section 5.7. in the
final paragraph of page 137 .

During this test, the parameter space was searched for the global optimum solution by
performing evaluations of the objective function* over a grid of equally-spaced points in

the interior of the space, and the highest located function value was then recorded.

Each trial required three inputs: a single character sequence having length T (these are
listed down the side), the model size N, and a parameter D which governs the grid
density.

The grid of points for evaluation was constructed as follows (see the example on the next

page) :

First, the number of ways in which D items can be distributed among N boxes (M for

the B matrix) is enumerated. There are

K = (D+N-1) _ DN
N-1 DI(N-1)!

such ways. Then the number 1 is added to each box to bring the grid point into the
interior of the parameter space. Finally, the contents of the boxes are divided by D + N
(or D+ M forthe B matrix) . The result is a collection of X N-tuples constifuting
the coordinates of the grid points applicable to a single row of the A (or B) matrix.

* a different objective function for each training sequence and model size
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Obviously, the higher the grid density, the more effective the test. However, in the case
for simplicity when N = M , this involves K ?¥ function evaluations (where each of the
rows of 4 and B must independently receive each of the X AN-tuples). For larger

values of N, M and D, this number of evaluations soon becomes prohibitive.

Two sets of numbers are presented in the tables. For ease of comparison, the large
(lower) numbers give the reciprocal of P(O) . The smaller this value, the higher the
objective value. The little numbers appearing above them represent the CPU elapsed
time in hours required to perform that trial.
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ababb

abccc

abcad

abbaa

aabac

aabaa

aaaab

aabca

ababc

abbac

0:1:45.5

7.66

26:29:54.6

61.08

D=6

0:6:24.7
7.00
7:11:58.7

8.53

aborted

7:15:02.8

23.78

7:13:18.8
24 .99
7:15:28.8
21.04

7:12:129

25.06

D=7

0:20:44.1
6.58
32:34:25.8

6.82

aborted

32:28:48.3

20.14

32:34:41.0
20.65
32:33:50.6
17.71

32:35:2).8

21.02

D=8

aborted

aborted

aborted

aborted

D=9
2:23:20.0
5.98

aborted

aborted

aborted

5:26:41.6
5.76

aborted

aborted

5:20:01.5
7.12

aborted

5:26:50.1
2.62

3:26:12.6

7.15

3.76
1.00
4.00
4.00
4.00
1.00
4.00
4.00
4.00

4.00



aabbch

aaabaa

aaabca

ababch

abbbba

abbach

aabaaa

aaaabc

ababbb

aabced

237334

529.52

29:08:19.6

391.70

D=6

8:15:03.2

67.53

B:15:44.4
57.53
8:16:02.0

31.37

8:22:44.2

39.19

8:15:38.6

63.59

aborted
6:16:24.5
7.177
aborted

aborted

6:16:05.4

9.36

6:19:44.2

6.47

6:13:47.2

7.21

9.48
3.38
6.75
4.00
4.00
4.00
4.00
948
4.00

27.00



- Z
o
~ w

abacded

aaaabbc

abbaaaa

abaacaa

aaabaca

aabbcbc

aaabcac

abbcdda

aabbbac

abchdea

aborted

33:20:17.7

1650.68

aborted

D=6

9:18:37.4

180.00

9:23:22.7
56.93

9:19:42.2

108.05
9:23:26.4
188.49

2:17:37.8

193.98

9:27:13).6

216.34

D=7

D=8

7:04:23.7

11.48

108.00
27.00
4,00
4.00
16.00
27.00
27.00
108.00
27.00

108.00



- Z
o
o0 W

abaaaabb

abbbbbbb

aaabbaba

abbaacdb

aaaaabcb

aaaabbbc

abcdbdeb

abcdedee

abcacced

aaabacdc

D=3

0:59:52.6
42,168.71
1:00:35.5

45,730.64

D=4

3:14:173

8001.71

26:38:27.5
21,069.74
27:15:39.3
26,597.99
3:14:30.7
3480.95

3:14:04.6

4240.48

36:21:13.1

5594.86

36:16:34.3
2683.41

36:22:423

3113.59

10:49:40.9
199.70

11:06:30.1

342.76

7:5701.1
51.86
7:57:05.2
333

7:56:51.3

54.50

27.00

1.00

27.00

182.25

12.21

37.93

108.00

432.00

182.25

149.01




-] Z
| ]
o

abccbdaeb

abcbabedb

abcbbabch

aabbcddec

aabcbadda

ababbbbcc

aabbacaad

abbcbeddc

abbaacbba

aabcbbdba

D=3

1:06:07.8

231,962.74

1:06:11.5

327,374.83

D=4

3:35:184

10,743.98

3:35:25.5

28,442.12

3:35:31.0
15,352.50

3:35:13.5

28,220.35

3:35:.01.1

16,564.20

D=5

12:27:20.1

666.74

12:10:11.9

92224

12:09:55.6

1398.25

10

NHB

1230.19
151.70
45.56
3125.00
1025.01
115.74
182.25
837.24
182.25

606.81



-1 Z
o
Eu

aabacccabb
abbbbcaabd
abaabbbcca
aababaaabc

aaabaccede
1:11:09.3

abcdecebca 718,067.04

17:24:46.9

aabcbdefdg 21,414,836.47

1:11:213

abccaaddae 1,200,011.14

aabaabacab

abccbdcecdb

abbaaabbaa

3:52:48.4

39,962.61

3:54:129

29,162.40

D=5

43:46:40.3

27,755.33

43:46:54.9

21,152.21

32:00:04.9

291,971.98

32:19:58.7

765,844.40

3:51:10.5

77,310.33

43:55:14.7

52,308.67

D=6

13:27:40.3

9789.45

13:07:25.3
6251.27

13:28:18.5

1389.66

13:27:43.6

1136.49

9:38:274

142.73

1728.00

781.25

607.18

115.74

329.59

432.00

46,656.00

6912.00

64.00

2075.94

2894



= Z
1
— W

abaccbedadb

aaaabbcadda

abcadbaabac

aaaababacde

abcbdbbeacd

aaabchaaacd

ababacdbeed

abachaccaaa

abcbeabddced

abbbecdeabe

4:15:31.9
733,349.38
4:15:04.3
206,384 .45
4:15:28.9
184,471.57
34:36:24.4
713,597.88
4:15:24.0
368,983.76
4:15:49.1
181,489.48

4:15:254

275,375.47

4:15:51.3
329,406.08

34:39:56.3
2,909,207.25

47:02:54.0

202,117.52

14:24:32.4

9024.91

D=7

D=8

D=9

27,648.00
5273.44
1728.00
4096.00
6912.00
4651.74
2916.00
508.26

2601.23

16,093.25



- Z
[
:3 w

D=3 D=4 D=5 D=6 D=7 D=8 D=9 D=10 NHB

11:18:26.5
aaaaaaabbaba 251.29 100.78
2:45:15.2
aaaabcacabab 22.915.56 1438.38
2:41:21.3
aabaabaccabb 29.204.58 606.81
1:22:34.1 37:17:36.0
abacdbdabbce 21,474 836.47 16,130,614.53 152,587.89
4:36:44.9 $0:35:21.0
aaaabacccbde 486,119.38 343,450.51 8303.77
4:40:33.7 50:32:23.5
abacccbddddb 1,313,505.77 867,159.51 14,012.60
1:22:23.9 37:18:25.3
abccddbeebee 14,891,699.57 6,300,783.09 17,558.30
5:45:09.3
abaccdefefch 21,474,836.47 569,531.25
4:41:05.0
abcccaaadadd 1,100,482.12 10,711.12
4:40:26.2 50:32:31.6

abcccaccecad 133,632.13 83,620.48 1230.19



= 2
"

=13
D=3
1:27:409
abcccaccdeaec?1,474,836.47
1:27:413
aaabccacadace20,094,333.35
1:27:54.7

aaabcdeabcbdc?1,474,836.47

aabbbaccacaba

1:27:47.1
aabaaacchdcee21,474,836.47

aaabbbbcbacac

6:07:07.3
abcaaaadebfeb21,474,836.47

1:27:30.9
aabbcdbeacbed?1,474,836.47

aaaababcabcda

6:05:48.7
abcbdddeceefb21,474,836.47

D=4

43:21:02.9
15,722,938.32
39:55:05.0
11,850,812.85

aborted after
109:52:29.5

4:57.01.9
1,609,403.89

D=5 D=6 D=7

2:53:393 16:31:36.5

195,646.04 162,162.86

2:57:49.7 16:27:43.7

198,616.37 168,317.93

54:07:19.6
1,054,282.31

81,048.98
84,375.00
361,689.81
12,601.99
314,928.00
12,988.01
214,334.71
361,689 81
16,384.00

2,153,581.37



-1 Z
il
o

ababb
abcce
abcad
abbaa
aabac
aabaa
aaaab
aabca
ababc

abbac

D=3

0:55:19.5
9.66
3Ts6:11.2
24.50
aborted afler
168 hours
0:55:18.2
11.17
37571527

56.43

0:58:23.7
8.49
0:55:18.1
10.49
37:57:09.7
36.64
37:55:10.5
49.99

37:56:45.2

63.31

D=4

21:08:28.4

8.05

21:09:31.5

8.49

21:09:09.3
6.57
21:08:52.8

9.24

D=7

aborted after
119:54:48.2

D=8

aborted after
120 hours

D=9

aborted after
120 hours

aborted after

120 hours

1.00

1.00

4.00

1.00

4.00

1.00

3.05

1.00

3.38

4.00




- Z
Il
Vo on

ababb
abccc
abcad
abbaa
aabac
aabaa
aaaab
aabca
ababc

abbac

D=3

aborted after
144:07:15.2

nborted after
144:06:39.7

aborted afler
144:06:59.3
aborted afler

144:06:25.3

D=4

1.00

1.00

1.00

1.00

1.00

1.00

1.00

1.00

1.00

1.00



F.2. Baum-Welch Programs

This section presents the results of the final test, described originally in Section 5.7. on
page 138 .

During this test, the New HMM Building algorithm was set against a battery of four
HMM model-building programs, all performing classic Baum-Welch re-estimation (i.e. a
single hill-climb), but differing in the model architecture and choice of starting point :

Fully-connected Left-right
(2 skip states)
Initialized
uniformly BW1 BW2
Initialized
randomly BW3 BW4

The following few pages do not attempt to give the complete set of results, but merely
present a typical cross-section. For ease of comparison, the numerical values displayed

are the reciprocal of P(0) .
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number of states N =13
sequence length T=35
Training Sequence
ababb

abccc

abcad

abbaa

aabac

aabaa

aaaab

aabca

ababc

abbac

BWI

28.94

115.74

781.25

28.94

115.74

12.21

12.21

115.74

195.31

195.31

BW?2

9.22

1.00

27.00

4.00

16.00

4.00

4.82

16.00

36.00

16.00

Algorithm
BW3

3.70

1.00
27.00
4.00
4.00
1.00
4.82
4.00
4.00

4.00

BW4

9.22

1.00

27.00

4.00

16.00

4.00

4.82

16.00

27.00

16.00

3.76

1.00

4.00

4.00

4.00

1.00

4.00

4.00

4.00

4.00



number of states N =3
sequence length T=6
Training Sequence
aabbch

aaabaa
aaabca

ababch
abbbba
abbach
aabaaa
aaaabc
ababbb

aabceccecd

BW]
432.00
14.93
182.25
432.00
45.56
432.00
14.93
182.25
45.56

2,916.00

BW2

9.48

922

53.87

74.82

7.23

55.90

4.00

21.33

10.59

27.00

Algorithm
BW3

9.48
3.38
6.75
6.75
4.00
4.00
4.00
9.48
4.00

27.00

Bw4

9.48

11.42

53.87

74.82

7.23

55.90

4.00

21.33

10.59

27.00

9.48

3.38

6.75

4.00

4.00

4.00

4.00

0.48

4.00

27.00



number of states N=3
sequence length T =7
Training Sequence
abacded
aaaabbc
abbaaaa
abaacaa
aaabaca
aabbcecbc
aaabcac
abbcdda
aabbbac

abcbdea

BW1
51,471.44
804.24
65.88
263.53
263.53
1,906.35
804.24
12,867.86
1,129.69

51,471.44

BwW2
307.55
36.00
4.00
12.21
45.56
28.94
45.56
256.73
108.07

1,233.43

Algorithm
BW3

182.25
36.00
9.48
4.00
27.00
28.94
27.00
307.63
27.00

182.26

BW4
307.55
36.00
4.00
12.21
105.93
55.91
45.56
256.80
108.07

1,234.28

108.00

27.00

4.00

4.00

16.00

27.00

27.00

108.00

27.00

108.00
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