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Abstract – This paper presents an analytical model to describe the influence of mechanical 

deformation on the effective electrical conductivity of CNTs reinforced composites. The model 

shows that the effect of mechanical strain on the effective electrical conductivity of CNTs 

reinforced composites are via two mechanisms; one is the strain-induced alteration of volume 

fraction of inclusions and the other is the strain-induced change of the tunnelling electrical 

conductivity of inclusions. Analytical formulations are developed for calculating the 

dependence of the effective electrical conductivity of the composite on the mechanical strain. 

The model is validated by using experimental data published in literature for CNTs reinforced 

polymer composites. 
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1. Introduction 

 

Nanocomposite materials represent one of the fast-growing technologies in recent years. 

Carbon nanotubes (CNTs) have excellent thermal, electrical and mechanical properties [1]. 

CNTs have been incorporated into various materials to improve their performance [2,3] or 

make smart materials [4,5]. It is now well understood that in polymer composites filled with 

CNTs, their thermal and electrical conductivities change substantially with applied strains. The 

piezoresistive behaviour of the polymer composites with embedded CNTs forms the basis for 

using the composite itself as strain sensors for structural health monitoring [6,7].  

 

In order to design and optimize the composite sensors, it is necessary to develop theoretical 

models capable of representing the relationship between their effective electrical conductivity 

(EEC) and the mechanical strain applied. In literature there have been numerous studies on the 

piezoresistive behaviours of polymer composites with embedded CNTs. For example, Böger 

et al. [8] experimentally investigated the electrical conductivity of epoxy resin filled with CNTs 

and carbon black. During the mechanical tests of the specimens the electrical conductivity of 
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the nanocomposite was also monitored and the relationship between the mechanical strain and 

electrical conductivity of the material was identified. Park et al. [9] studied the strain-dependent 

electrical resistance of multi-walled CNTs reinforced polyethylene oxide composites. It was 

shown that the electrical resistance of the composites increases initially linearly and then 

nonlinearly with the applied strain. Li and Chou [10] developed a two-dimensional finite 

element model to analyse the damage detecting mechanism in fibre composites using CNTs 

networks. Hu et al. [11] developed a three-dimensional numerical simulation model, in which 

the CNTs reorientation under the applied strain was simplified as rigid-body movement and 

was used to calculate the tunnelling resistance between the contacted CNTs and the overall 

piezoresistive properties of the composite. Kang et al. [12] investigated the effect of percolation 

threshold on the piezoresistive characteristics of CNTs/polyimide composites. Yasuoka et al. 

[13] reported their experimental results on the electrical resistance change of CNTs reinforced 

epoxy composites when subjected to applied strains. Alamusi et al. [14] presented a three-

dimensional numerical model to simulate the piezoresistivity of CNT/polymer composites. 

Oliva-Aviles et al. [15] investigated the influence of CNTs alignment on the piezoresistivity of 

multi-walled CNTs/polymer composites. It was shown that the alignment of CNTs improved 

the strain sensing capability of the nanocomposites. Li et al. [16] developed an in-situ sensor 

using woven glass fabric reinforced epoxy composites filled with CNTs-Al2O3 hybrids to 

monitor the damage initiation and propagation under mechanical loading. The hybrids with 

CNTs grown on Al2O3 micro-spheres were synthesized by chemical vapor deposition. The 

electrical resistance of the composites was measured during quasi-static tensile tests. It was 

found that the electrical resistance response of the composites to the strain change could reflect 

various different damage modes of the composites, including microcracks, fibre/matrix 

interfacial debonding, transverse cracks, delamination, and fibre breakage. Konsta-Gdoutos 

and Aza [17] investigated the self-sensing properties of cementitious composites reinforced 

with well dispersed CNTs and carbon nanofibers. Their results demonstrated the piezoresistive 

properties of the nano-composites when they were under the action of cyclic compressive 

loading. Han et al. [18] studied the mechanical, electrically-conductive, and piezoresistive 

behaviours of smart cement mortars filled with CNTs and carbon nano-black. It was found that 

the CNTs and carbon nano-black fillers can effectively enhance the flexural strength and 

electrical conductivity of cement mortars and provide stable and sensitive piezoresistivity to 

the cement mortars at low filler contents. Pissis et al. [19] reported their work on the use of 

electrical DC measurement to monitor strain and to follow the onset and evolution of damage 

in composites made from poly-propylene filled with multi-walled CNTs, styrene butadiene 

rubber filled with carbon black, and poly-ether-ether-ketone reinforced with carbon fibres. 

Aviles et al. [20] examined the influence of CNTs on the piezoresistive behaviour of multi-

walled CNTs/polymer composites. It was found that the electromechanical behaviour of CNTs 

reinforced composites is strongly influenced by the mechanical properties of the matrix and 

the aspect ratio of CNTs. García-Macías et al. [21] presented an electromechanical model of 

DC electrical resistance of CNTs reinforced cement paste sensors based on a piezoelectric 

lumped circuit. Deplancke et al. [22] investigated the impact of CNTs pre-localization on the 

ultra-low electrical percolation threshold and on the mechanical behaviour of sintered ultra-

high molecular weight polyethylene based nanocomposites. García-Macías et al. [23] presented 

a mixed micromechanics and finite element approach for the analysis of CNTs-reinforced 
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composites subjected to arbitrary strain states. Two mechanisms that contribute to the electrical 

conductivity of CNTs-reinforced composites, namely the electron hopping and the conductive 

networking, are contemplated within a percolation framework in the micromechanics model. 

Alian and Meguid [24] developed a coupled electromechanical model for CNTs-reinforced 

composites, in which the representative volume element (RVE) of polymer matrix filled 

randomly with CNTs was generated using Monte-Carlo based algorithm. The model was used 

to compute the piezoresistive behaviour of CNTs-epoxy composites under tension, 

compression, and shear loads. The results showed that the composite gauge factor can reach up 

to 3.95 and is sensitive to the loading direction and CNTs volume fraction. Tanabi and Erdal 

[25] performed a series of experiments to examine the effects of dispersion process parameters 

and CNTs concentration on the electrical, mechanical and strain sensing properties of 

CNTs/epoxy nanocomposites. It was found that the nanocomposites fabricated by dispersing 

of lower amount of CNTs with high mixing speeds and long mixing times improved sensory 

properties and were more suitable for strain sensing applications. Sánchez-Romate et al. [26] 

proposed an analytical model for determining the electrical and electromechanical properties 

of CNTs nanocomposites. The model was developed based on the tunnelling mechanism of 

CNTs. Microscopy analysis and electrical and strain monitoring tests were also carried out on 

CNTs nanocomposites to demonstrate their model. Chen et al. [27] also developed a coupled 

electromechanical model for CNTs-reinforced composites. The model is similar to one given 

in literature [24], which used the Monte-Carlo based algorithm to generate the RVE of a two-

phase composite (matrix and CNTs). The percolating CNTs networks were identified and 

transformed into an equivalent electric circuit consisting of tunnelling and intrinsic resistances. 

The electrical conductivity of the composite was obtained by using the modified nodal analysis 

method. After the structural analysis the displacements of the deformed CNTs were updated in 

the electrical model for calculating the corresponding tunnelling distances and the resistance 

of the deformed system. More recently, Jang and Li [28] presented an experimental 

investigation on the effects of thermal and mechanical loading on the effective electrical 

conductivity of carbon nanotube-polymer composites.  

 

The above-described literature survey shows that there have been numerous experimental and 

numerical investigations on the piezoresistive properties of CNTs reinforced composites. 

However, very limited analytical work exists in literature to describe the piezoresistive 

behaviour of nanocomposites under the action of thermal and/or mechanical loadings. The aim 

of the present paper is to develop an analytical model which is able to describe the effect of the 

externally applied mechanical strain on the electrical conductivity of CNTs reinforced 

composites. Analytical formulations for calculating the electrical conductivity of the 

composites are derived based on the strain-induced changes in the volume fraction and 

tunnelling conductivity of inclusions. To demonstrate the present model, comparisons between 

the present analytical solution and existing experimental result are also provided for a number 

of different loading cases. 

 

2. Calculation of electrical conductivity of two-component constituted composites 
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Recently, Fang et al. [29] proposed a simple analytical model for calculating the electrical 

conductivity of composites constituted with two components, named the inclusions and 

medium (or matrix). The model was developed based on the conventional spherical model by 

considering the effect of aspect ratio of inclusions, in which the EEC of the composite is 

expressed as follows, 

𝜎𝑒 =
2𝑉𝑚𝜎𝑚

2 +(3𝑉𝑖+𝑉𝑚)𝜎𝑖𝜎𝑚

(3𝑉𝑖+2𝑉𝑚)𝜎𝑚+𝑉𝑚𝜎𝑖
[1 − 𝑓(𝑉𝑖)] +

2𝑉𝑖𝜎𝑖
2+(3𝑉𝑚+𝑉𝑖)𝜎𝑖𝜎𝑚

(3𝑉𝑚+2𝑉𝑖)𝜎𝑖+𝑉𝑖𝜎𝑚
𝑓(𝑉𝑖)             (1) 

where e is the EEC of the composite, i and Vi are the electrical conductivity and volume 

fraction of the inclusions, m and Vm are the electrical conductivity and volume fraction of the 

medium, respectively, f(Vi) is the weight function, which is defined as follows, 

𝑓(𝑉𝑖) = {

0                      𝑉𝑖 ≤ 𝑉𝑖,𝑡ℎ

(
𝑉𝑖−𝑉𝑖,𝑡ℎ

1−𝑉𝑖,𝑡ℎ
)

𝛼

𝑉𝑖 > 𝑉𝑖,𝑡ℎ

                (2) 

where  is a constant, Vi,th = 3/2-2/3 is the percolation threshold of the composite or the 

threshold volume fraction of the inclusions, and  is the aspect ratio of inclusions. For the 

composite in which the inclusions and medium have distinct electrical properties, that is 

i>>m, Eq.(1) can be simplified as follows, 

𝜎𝑒 = {

0                               𝑉𝑖 ≤ 𝑉𝑖,𝑡ℎ

2𝑉𝑖𝜎𝑖

3−𝑉𝑖
(

𝑉𝑖−𝑉𝑖,𝑡ℎ

1−𝑉𝑖,𝑡ℎ
)

𝛼

𝑉𝑖 > 𝑉𝑖,𝑡ℎ

                (3) 

 

Eq.(3) indicates that the EEC of the composite with strongly distinct electrical properties in its 

two constituted components is mainly dependent on the electrical conductivity and volume 

fraction of the inclusions, and the percolation threshold of the composite. If the volume fraction 

of the inclusions is not greater than its threshold value, the EEC of the composite can be 

ignored. 

 

Note that Eq.(3) was developed based on the assumption of perfect connections between 

inclusions. When the tunnelling between inclusions in the composite is considered a reduced 

electrical conductivity for the inclusions should be utilised. 

 

 

 

(a)                                                      (b) 

 

Inclusions

Medium

Tunnelling
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Fig.1 (a) RVE of CNTs reinforced polymer composite (connective (red) and non-connective 

(black) inclusions). (b) Spherical model of two-component composite with considering 

tunnelling effect of inclusions. 

 

Assume that the inclusions are connected in series in the spherical model and the conductivity 

at connections is represented by the representative tunnelling electrical conductivity (see 

Fig.1). In this case, the EEC of the inclusions in the spherical model can be calculated as 

follows, 

𝜎𝑖 =
𝜎𝑖𝑜𝜎𝑖𝑡

𝛽𝜎𝑖𝑜+(1−𝛽)𝜎𝑖𝑡
        (4) 

where i is the EEC of the inclusions in the spherical model with considering their tunnelling 

effect, io is the electrical conductivity of the inclusion material, it is the tunnelling electrical 

conductivity of the inclusions, and 1≥≥0 is a constant representing the contribution of 

tunnelling. Substituting Eq.(4) into (3), for Vi>Vi,th, it yields, 

𝜎𝑒 =
2𝑉𝑖𝜎𝑖𝑜

3−𝑉𝑖
(

𝑉𝑖−𝑉𝑖,𝑡ℎ

1−𝑉𝑖,𝑡ℎ
)

𝛼
𝜎𝑖𝑡

𝛽𝜎𝑖𝑜+(1−𝛽)𝜎𝑖𝑡
      (5) 

 

When Eq.(5) is applied to the CNTs reinforced composites, according to the Landauer-Buttiker 

formula [30], the tunnelling electrical conductivity of inclusions can be approximated as 

follows, 

𝜎𝑖𝑡 =
2𝑒2

ℎ
𝑀𝐽         (6) 

where e is the electron charge, h is the Planck’s constant, M is the total number of conduction 

channels, and J is the transmission probability of an electron through the matrix barrier between 

two CNTs, which can be obtained by solving the Schrödinger equation or obtained from the 

WKB approximation [31,32,33],  

𝐽 = {
𝑒𝑥𝑝 (−

𝑑𝑣𝑑𝑊

𝑑𝑡𝑢𝑛𝑛𝑒𝑙
) 0 ≤ 𝑑 − 𝐷 ≤ 𝑑𝑣𝑑𝑊

𝑒𝑥𝑝 (−
𝑑−𝐷

𝑑𝑡𝑢𝑛𝑛𝑒𝑙
) 𝑑𝑣𝑑𝑊 ≤ 𝑑 − 𝐷 ≤ 𝑑𝑐𝑢𝑡𝑜𝑓𝑓

              (7) 

where d is the minimum distance between the axes of two neighbouring CNTs where electron 

tunnelling is most likely to occur, dvdW and dcutoff are the distances representing the lower-bound 

and upper-bound of the distance d, respectively, dtunnel is the constant representing the 

tunnelling characteristic length, and D is the diameter of the CNTs. If d is greater than the 

distance of D+dcutoff then the tunnelling electrical resistance becomes infinite and thus J=0. If 

d is shorter than the distance of D+dvdW then the tunnelling electrical resistance reaches to its 

lowest value and thus J becomes constant. Eq.(7) indicates that the transmission probability J 

decreases in an exponential function of the distance between two neighbouring CNTs. 

 

3. Effect of mechanical loading on electrical conductivity of CNTs reinforced composites 

 

In order to consider the effect of externally applied mechanical loading on the EEC of CNTs 

reinforced composites, we consider a unit volume of the RVE of the composite. After it is 
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subjected to a mechanical loading in x-direction, the volume of the RVE changes. The new 

volume of the RVE can be expressed as follows, 

𝑉𝑐,𝑛𝑒𝑤 = (1 + 𝜀𝑥)(1 − 𝜈𝑐𝜀𝑥)(1 − 𝜈𝑐𝜀𝑥)     (8) 

where Vc,new is the new volume of the deformed composite, x is the normal strain of the 

composite in x-direction, and c is the Passion’s ratio of the composite. The volume increase 

in the composite is attributed to the volume increases in both the medium and inclusions. For 

most of CNTs reinforced composites, they have the following features: (1) the volume fraction 

of CNTs in the composite is much lower than that of the medium; (2) the stiffness of CNTs is 

much greater than that of the medium material; (3) the CNTs used in the composite normally 

have large aspect ratio. Assuming that the CNTs are equally dispersed in x-, y- and z-axial 

directions, the new volume of CNTs in the RVE caused by the strain x of the composite can 

be approximately expressed as, 

𝑉𝑖,𝑛𝑒𝑤 = (1 +
1−2𝜈𝑖

3
𝜀𝑥) 𝑉𝑖       (9) 

where Vi,new is the volume of CNTs in the deformed composite and i is the Passion’s ratio of 

the CNTs. By using the assumption of small strains, the new volume fraction of the CNTs in 

the deformed composite, Vi*, thus can be expressed as follows, 

𝑉𝑖
∗ =

𝑉𝑖,𝑛𝑒𝑤

𝑉𝑐,𝑛𝑒𝑤
=

1+
1−2𝜈𝑖

3
𝜀𝑥

(1+𝜀𝑥)(1−𝜈𝑐𝜀𝑥)(1−𝜈𝑐𝜀𝑥)
𝑉𝑖 ≈ [1 −

2

3
(1 + 𝜈𝑖 − 3𝜈𝑐)𝜀𝑥] 𝑉𝑖         (10) 

 

Note that the strain x of the composite not only causes the change of volume fraction of CNTs 

in the composite, but also leads to the change of the transmission probability and thus the 

alteration of the tunnelling electrical conductivity. Assume that the new minimum distance 

between the axes of two neighbouring CNTs in the deformed composite is expressed as (d-

D)(1+x)+D. According Eqs.(6) and (7), the new tunnelling electrical conductivity of the CNTs 

in the deformed composite can be expressed as follows, 

𝜎𝑖𝑡
∗ ≈ 𝜎𝑖𝑡(1 − 𝛾𝜀𝑥)                  (11) 

where it is the new tunnelling electrical conductivity of the CNTs in the deformed composite, 

and =(d-D)/dtunnel is a dimensionless parameter. Note that Eq.(11) is applicable only when 

dvdW<(d-D)(1+x)+D<dcutoff. If (d-D)(1+x)+D<dvdW, it=it; and if (d-D)(1+x)+D>dcutoff, 

it=0. The latter represents the case where the percolation of the composite is broken. Also, it 

should be noted that Eq.(11) is only for a representative tunnelling distance. When it is applied 

to the RVE, a correction coefficient need be introduced by considering the fact that the REV 

involves many parallel or series connected tunnelling distances. Thus, Eq.(11) is modified as 

follows, 

𝜎𝑖𝑡
∗ = 𝜎𝑖𝑡(1 − 𝜇𝛾𝜀𝑥)                  (12) 

where  is a dimensionless constant representing the effect of the group tunnelling distances in 

RVE on the calculation of the representative tunnelling electrical conductivity of the CNTs.  

Additionally, since both it and x are the direction-dependent parameters, the value of for 

the case where it and x are in the same direction would be different from that for the case 

where it and x are in different directions. 

 

Substituting Vi and it in Eq.(5) with Vi* defined by Eq.(10) and it defined by Eq.(12), it 

yields, 
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𝜎𝑒
∗ =

2[1−
2

3
(1+𝜈𝑖−3𝜈𝑐)𝜀𝑥]𝑉𝑖𝜎𝑖𝑜

3−[1−
2

3
(1+𝜈𝑖−3𝜈𝑐)𝜀𝑥]𝑉𝑖

(
[1−

2

3
(1+𝜈𝑖−3𝜈𝑐)𝜀𝑥]𝑉𝑖−𝑉𝑖,𝑡ℎ

1−𝑉𝑖,𝑡ℎ
)

𝛼
𝜎𝑖𝑡(1−𝜇𝛾𝜀𝑥)

𝛽𝜎𝑖𝑜+(1−𝛽)𝜎𝑖𝑡(1−𝜇𝛾𝜀𝑥)
            (13) 

where e* is the new EEC of the deformed composite. The relative change of the EEC of the 

composite caused by the strain x thus can be expressed as follows, 

Δ𝜎𝑒

𝜎𝑒
=

𝜎𝑒
∗−𝜎𝑒

𝜎𝑒
=

𝜎𝑒
∗

𝜎𝑒
− 1                   (14) 

where e* and e are calculated using Eq.(13) and Eq.(5), respectively. Eq.(13) shows that the 

influence of the mechanical strain on the EEC of the composite can be evaluated by two parts. 

One is its influence on the volume fraction of inclusions; the other is its influence on the 

tunnelling conductivity. Figs.2 and 3 graphically show the individual influences of the 

mechanical strain on the EEC of the CNTs reinforced composite via the volume fraction of 

inclusions and the tunnelling conductivity. The parameters employed in the calculation are: 

io=1.0x104 S/m (for MWCNTs), it=250 S/m (for CNTs tunnelling), Vi,th=0.326% (for CNTs’ 

aspect ratio of 30), c=0.30, i=0.17, =1.0, =0.20, =1.0, =0.20 (when Vi=2%) and =0.40 

(when Vi=0.5%) [27].  

 

The results shown in Fig.2 consider only the influence of volume fraction change of inclusions 

caused by the strain while the tunnelling conductivity change is ignored (that is it≡it). It can 

be seen from the figure that the relative change of EEC of the composite is nearly linear with 

the strain. This indicates that for small strains linear relationships hold between the strain, the 

volume fraction change of inclusions, and the EEC change of the composite. The linear 

relationship is also demonstrated by the fact that the changes of the EEC of the composite to 

the tensile and compressive strains are almost identical but with opposite signs. The 

compression of the composite leads an increase of the EEC; whereas the tension of the 

composite leads a decrease of the EEC. It is also observed from the figure that the relative 

change of the EEC of the composite is more significant in the composite with lower volume 

fraction of inclusions. This indicates that the composite with low volume fraction of inclusion 

is more sensitive to the strain. These features appear to be consistent with what were observed 

in the experiments [8,19] and numerical simulations [24,27]. 

 

The results shown in Fig.3 consider only the influence of tunnelling conductivity change 

caused by the strain while the volume fraction change of the inclusions is ignored (that is 

V*i≡Vi). It can be observed from the figure that the variation of the EEC of the composite is 

also nearly linear with the strain. The compression or tension of the composite leads to an 

increase or a decrease of the EEC of the composite. The influence of the strain-induced 

tunnelling conductivity change on the EEC of the composite is more significant on the 

composite with lower volume fraction of inclusions. It should be mentioned here that the 

dimensionless parameter  depends on the volume fraction of inclusions. For the case where 

the volume fraction of inclusions is sufficiently large the distance between any two 

neighbouring CNTs would be smaller than dvdW and thus in this case the strain will have no 

influence on the tunnelling conductivity. On the other hand, for the case where the volume 

fraction of inclusions is sufficiently small the distance between any two neighbouring CNTs 

would be larger than dcutoff and thus in this case the tunnelling conductivity would be zero. Fig.4 
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shows the combined influence of the mechanical strain on the EEC of the CNTs reinforced 

composite via the volume fraction of inclusions and the tunnelling conductivity, in which the 

results plotted represent the sum of those shown in Fig.2 and Fig.3.  

 

 

 

Fig.2 Variation of effective electrical conductivity of composite with axial 

tensile or compressive strain caused by volume fraction change of inclusions. 
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Fig.3 Variation of effective electrical conductivity of composite with axial 

tensile or compressive strain caused by tunnelling conductivity change. 

 

 

Fig.4 Variation of effective electrical conductivity of composite with axial 

tensile or compressive strain caused by both volume fraction change of  

inclusions and tunnelling conductivity change. 

 

 

The analysis described above indicates that the change of the EEC of composites with axial 

tensile or compressive strain can be expressed in terms of its increment form. Note that for 

most CNTs reinforced composites the volume fraction of CNTs in the composites is very small, 

that is Vi<<1. In this case, Eq.(5) can be simplified as follows, 

𝜎𝑒 =
2𝑉𝑖𝜎𝑖𝑜

3
(𝑉𝑖 − 𝑉𝑖,𝑡ℎ)

𝛼 𝜎𝑖𝑡

𝛽𝜎𝑖𝑜+(1−𝛽)𝜎𝑖𝑡
               (15) 

By differentiating e in Eq.(15) with respect to Vi and it, respectively, it yields, 

∆𝜎𝑒 =
(1+𝛼)𝑉𝑖−𝑉𝑖,𝑡ℎ

𝑉𝑖(𝑉𝑖−𝑉𝑖,𝑡ℎ)
𝜎𝑒∆𝑉𝑖 +

𝛽𝜎𝑖𝑜

𝜎𝑖𝑡[𝛽𝜎𝑖𝑜+(1−𝛽)𝜎𝑖𝑡]
𝜎𝑒∆𝜎𝑖𝑡              (16) 

According to Eqs.(10) and (12), Vi and it can be expressed in terms of the strain x. Thus, 

Eq.(16) can be rewritten as, 

∆𝜎𝑒

𝜎𝑒
= − (

2(1+𝜈𝑖−3𝜈𝑐)[(1+𝛼)𝑉𝑖−𝑉𝑖,𝑡ℎ]

3(𝑉𝑖−𝑉𝑖,𝑡ℎ)
+

𝛽𝜇𝛾𝜎𝑖𝑜

𝛽𝜎𝑖𝑜+(1−𝛽)𝜎𝑖𝑡
) 𝜀𝑥                     (17) 

For most CNTs reinforced composites, we have it<<io and thus the second term inside the 

parentheses in the right hand side of Eq.(17) can be approximately taken as . That is, 

∆𝜎𝑒

𝜎𝑒
= − (

2(1+𝜈𝑖−3𝜈𝑐)[(1+𝛼)𝑉𝑖−𝑉𝑖,𝑡ℎ]

3(𝑉𝑖−𝑉𝑖,𝑡ℎ)
+ 𝜇𝛾) 𝜀𝑥                         (18) 
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Fig.5 graphically shows the variation of the change rate of the relative EEC of CNTs reinforced 

composite with the volume fraction of inclusions at four different  values, calculated from 

Eq.(18). It can be seen from the figure that the rate of change increases with increased  value 

but decreases with increased volume fraction of inclusions. However, when the volume fraction 

of inclusions is much greater than its threshold value, the rate of change becomes insensitive 

to the volume fraction of inclusions, indicating that the influence of the volume fraction change 

of inclusion on e/e becomes stabilized.  

Physically,  should be proportional to Vi,th/Vi. By assuming 𝜇𝛾 = 𝑘 (
𝑉𝑖,𝑡ℎ

𝑉𝑖
)

𝑠

, Eq.(18) becomes, 

∆𝜎𝑒

𝜎𝑒
= − [

2(1+𝜈𝑖−3𝜈𝑐)[(1+𝛼)𝑉𝑖−𝑉𝑖,𝑡ℎ]

3(𝑉𝑖−𝑉𝑖,𝑡ℎ)
+ 𝑘 (

𝑉𝑖,𝑡ℎ

𝑉𝑖
)

𝑠

] 𝜀𝑥                        (19) 

where s and k are the constants that can be determined by experimental data. Eq.(19) gives the 

prediction of the relative change of the EEC of CNTs reinforced composites with strain. The 

first and second terms in the parentheses reflect the influences of the strain-induced volume 

fraction change of CNTs and the strain-induced tunnelling conductivity change of CNTs in the 

composite, respectively. Physically, the parameter k reflects the weight of the tunnelling 

conductivity of CNTs on the EEC of the composite. The larger the k value, the more important 

of the tunnelling conductivity of CNTs on the EEC of the composite. 

 

In most experiments, one usually measures the electrical resistance of the material. According 

to the reciprocal relation between the electrical resistance and electrical conductivity, the 

change in the electrical resistance of a composite due to the mechanical deformation can be 

expressed as follows, 

Δ𝑅

𝑅
=

𝑅𝑛𝑒𝑤−𝑅

𝑅
=

𝑅𝑛𝑒𝑤

𝑅
− 1 =

𝜎𝑒

𝜎𝑒+∆𝜎𝑒
− 1 = −

∆𝜎𝑒

𝜎𝑒
              (20) 

where R and Rnew are the electrical resistances of the undeformed and deformed composites, 

respectively, and ΔR is the corresponding change of the electrical resistance of the composite 

caused by mechanical deformation.   
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Fig.5 Change rate of relative effective electrical conductivity of composite with  

volume fraction of inclusions (c=0.30, i=0.17, =1.0, =1.0). 

 

4. Experimental validation of the model 

 

To demonstrate the formulations developed in the preceding section, that is Eqs.(19) and (20), 

the comparisons between the calculated electrical resistance using Eqs.(19) and (20) and that 

measured in experiments are made for three different CNTs reinforced composites. The first 

one is the multi-walled CNTs reinforced polyethylene oxide composite films. The experimental 

data are the averages obtained from two repeat tensile tests of the specimens on which the 

multi-walled CNTs reinforced composite films were bonded [9]. The experiments used two 

representative volume fractions (Vi=0.56% and Vi=1.44%) of multi-walled CNTs in composite 

films. In the calculations the Poisson’s ratio is taken as c=0.3 for the composite and i=0.17 

for the multi-walled CNTs, the percolation threshold is taken as Vi,th=0.28% which was 

commented in the experiments [9]. The other parameters used in calculations are =1 and 

s=1/3. Fig. 6 shows the best fit of the calculated electrical resistance with the experimentally 

measured data, which gives the fitting constant k=25. It is evident from the figure that there is 

a good agreement between the calculated and measured electrical resistances for the 

composites with two different CNTs volume fractions. A large k value reflects the sensitivity 

of the EEC of the composite to the tunnelling conductivity of the CNTs. This is probably due 

to the two-dimensional nature of the composites used in the tests. 

 

The second set of experimental data were obtained from the compressive tests of carbon-fibres 

reinforced epoxy composites [13,27]. The composites tested used two volume fractions 

(Vi=0.50% and Vi=2.0%) of carbon-fibres. The percolation threshold of inclusions in the 

composites is about Vi,th=0.35%. Similar to Fig.6, in the calculations the Poisson’s ratio is taken 
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as c=0.3 for the composite and i=0.17 for the carbon-fibres, the two other parameters are also 

taken as =1 and s=1/3. Fig. 7 shows the best fit of the calculated electrical resistance with the 

experimentally measured data, which gives the fitting constant k=0. This means that for the 

carbon-fibres reinforced epoxy composites the change of EEC of the composites is mainly 

caused by the volume fraction change of carbon-fibres in the composites. This is probably due 

to the fact that the carbon-fibres used in the experiments are well dispersed, which makes the 

tunnelling conductivity less sensitive to the deformation. Again, it is observed from the figure 

that the prediction is in good agreement with the experimental data for the composites with two 

different volume fractions of inclusions.  

 

The third set of experimental data were obtained from the tensile tests of CNTs-reinforced 

epoxy composites [34]. The experiments used two mass fractions of CNTs (0.2% and 0.5%). 

According to the following relationship between the volume fraction Vi and mass fractions mi 

of CNTs in the composite, 

𝑉𝑖 =
𝑚𝑖𝜌𝑚

𝑚𝑖𝜌𝑚+(1−𝑚𝑖)𝜌𝑖
                   (21) 

where i=2250 kg/m3 and m=1150 kg/m3 are the densities of the CNTs and hardened epoxy 

resin, respectively, their corresponding volume fractions are Vi=0.102% and Vi=0.256%. Fig. 

8 shows the comparison between the calculated and measured electrical resistances of the 

CNTs-reinforced composites. Again, the test data are the averages obtained from two repeat 

tests. In the calculations the Poisson’s ratio is taken as c=0.3 for the composite and i=0.17 

for the CNTs, the two other parameters are also taken as =1 and s=1/3. The percolation 

threshold of CNTs in the composites is taken as Vi,th=0.077% because of the large aspect ratio 

of CNTs employed. The fitting constant is found to be k=1.64. It can be seen from the figure 

that the predicted electrical resistance is in very good agreement with the experimental data. 

This demonstrates that the present model is appropriate although mathematically it is very 

simple. 
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Fig.6 Comparison of calculated and measured electrical resistances of multi-walled 

CNTs/polymer composite films (c=0.3, i=0.17, =1, s=1/3, k=25, Vi,th=0.28%). 
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Fig.7 Comparison of calculated and measured electrical resistances of CNFs/epoxy 

nanocomposites (c=0.3, i=0.17, =1, s=1/3, k=0, Vi,th=0.35%). 

 

 

Fig.8 Comparison of calculated and measured electrical resistances of CNTs/epoxy 

nanocomposites (c=0.3, i=0.17, =1, s=1/3, k=1.64, Vi,th=0.077%). 

 

5. Conclusions 

 

This paper has presented an analytical study on the influence of the mechanical strain on the 

EEC of CNTs reinforced composites. Analytical formulations have been derived for 

calculating the dependence of the EEC of the composite on the mechanical strain. The 

analytical model has been validated by using experimental data published in literature for CNTs 

reinforced polymer composites. From the present study the following conclusions can be 

drawn. 

 

 The influence of mechanical strain on the EEC of CNTs reinforced composites can be 

apportioned by considering its individual influences on the volume fraction change of 

inclusions and the tunnelling conductivity change of CNTs in the composites. The 

influence functions of the volume fraction of inclusions and the tunnelling conductivity 

on the EEC of the composites have been derived.  

 Under the assumption of small strains, both the strain-induced volume fraction change 

of inclusions and the strain-induced tunnelling conductivity change of CNTs can be 

treated as the linear functions of the strain. The relative change of the EEC of the CNTs 

reinforced composites resulted from the strain-induced volume fraction change of 
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inclusions or the strain-induced tunnelling conductivity change of CNTs is also found 

to be almost linear with the strain. 

 The influence of the mechanical strain on the EEC of the CNTs reinforced composites 

is found to depend on the volume fraction of inclusions and the tunnelling distance 

between two neighbouring CNTs. The mechanical strain has more influence on the EEC 

of the composite with lower volume fraction of inclusions or longer tunnelling distance 

than that with higher volume fraction of inclusions or shorter tunnelling distance. 

 The compressive strain leads to an increase of the EEC of the CNTs reinforced 

composites; whereas the tensile strain leads to a decrease of the EEC of the CNTs 

reinforced composites. However, the increase rates or decrease rates of the EEC of the 

CNTs reinforced composites are different in different directions. The EEC change 

resulted from the strain-induced volume fraction change of inclusions has no 

directionality; but the EEC change resulted from the strain-induced tunnelling 

conductivity change has. Thus, the directions of conductivity and mechanical strain 

used in calculations or experiments should be indicated.     
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