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Abstract

A rectangular barge consisting of multiple oscillating water columns (OWCs) is

considered in this paper, hereinafter referred to as a multi{OWC platform. Each

OWC chamber is enclosed by two partially submerged vertical walls and the deck

of the platform. An incident wave produces oscillation of the water column in

each OWC chamber and hence air is pumped by the internal water surface to


ow through a Wells turbine installed at the chamber top. The e�ect of the tur-

bine is characterised as a linear power take{o� (PTO) system. A semi{analytical

model based on linear potential 
ow theory and the eigen{function expansion

method is developed to solve the wave radiation and di�raction problems of the

multi{OWC platform. The hydrodynamic coe�cients evaluated with direct and

indirect methods of the model are shown to be in excellent agreement, and the

energy conservation relationship of the multi{OWC platform is satis�ed. The

validated model is then applied to predict wave motion, dynamic air pressure,

wave power extraction, and wave re
ection and transmission coe�cients of the

multi{OWC platform. The e�ects of the PTO strategies, the number of cham-

bers, the overall platform dimensions and the relative dimensions of adjacent
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chambers on wave power extraction and wave attenuation are investigated. A

smaller{draft front wall and a larger{draft back wall are found to be bene�-

cial for broadening the range of high{e�ciency performance of the platform.

The same wave transmission coe�cient can be obtained by two multi{OWC

platforms with inverse geometric constructions.

Keywords: Marine renewable energy, Oscillating water columns, Wave power

extraction, Wave transmission, Potential 
ow theory

1. Introduction

A large number of wave energy converters have been developed so far to

capture energy from ocean waves. Among the large range of concepts for wave

energy conversion, oscillating water columns (OWCs) are recognized as one of

the most successful due to their mechanical and structural simplicity (He and5

Huang, 2014; Pereiras et al., 2015; Sheng, 2019; Zheng et al., 2019a,b). A typical

OWC consists of a hollow chamber with its bottom opening to the sea below

the waterline. As ocean waves propagate through the OWC, the water column

enclosed by the chamber moves up and down, pumping the air in{ and outside

the chamber to 
ow through a turbine, which in turn drives a generator to10

produce electricity.

Until now, most studies of OWCs have been focused on single{chamber OWC

devices. Falnes and McIver (1985) carried out a numerical study of an o�shore

two{dimensional (2D) single{chamber OWC device, the chamber of which was

enclosed by two rigidly connected vertical thin barriers of unequal length. The15

resonance was found to occur not only at a frequency between the fundamental

frequencies for water columns of length equal to the front and back barriers,

but also at higher frequencies associated with the existence of standing waves

between the barriers. In order to investigate the hydrodynamics of a nearshore

single{chamber OWC device consisting of a thin vertical surface{piercing bar-20

rier in front of a vertical wall, Evans and Porter (1995) proposed an analytical

model based on potential 
ow theory and a Galerkin method. The analytical re-
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sults demonstrated that all incident wave power could be captured at resonance

conditions. The e�ect of a stepped bottom topography in increasing the e�-

ciency of such a nearshore single{chamber OWC was analytically, numerically25

and physically investigated by Rezanejad et al. (2013, 2016). While the OWC

captures wave power from ocean waves, it also works similar to a breakwater to

attenuate waves (He et al., 2017). Recently, He et al. (2019) investigated hy-

drodynamics of an o�shore pile{supported OWC breakwater. Both wave power

extraction and wave attenuation from the OWC breakwater were examined. It30

was found that both satisfactory power extraction and wave attenuation could

be achieved by optimizing the power take{o� (PTO) damping for maximum

power.

In addition to the traditional single{chamber OWC, the concepts of dual{

and multi{chamber OWC devices were also proposed to improve wave power35

extraction by broadening the range of high{e�ciency performance. Rezane-

jad et al. (2017) evaluated the wave power extraction from a nearshore dual{

chamber OWC in �nite water depth by using both analytical and numerical

models. The draft of the outside chamber was found to be the dominant pa-

rameter in determining the basic resonance period that contributed to wave40

power absorption. The performance of the dual{chamber OWC with steps on

the sea bed was analysed by Rezanejad et al. (2015). A wide frequency band-

width in the computed range of wave periods was observed when the OWC was

placed over the stepped sea bottom. Numerical and physical studies on dual{

chamber OWC can also be found (He et al., 2013, 2017; Ning et al., 2018, 2019).45

Noad and Porter (2017) proposed a simpli�ed analytical study of an o�shore

multi{chamber OWC. Results showed that varying chamber size could lead to

a broader{band power absorption e�ciency response, and avoided the zeros in

power absorption that occurred for equally{sized chambers. Note that their

model is restricted by the assumptions of thin walls, shallow{draft, and in�nite50

water depth.

In this paper, a stationary rectangular barge, which is composed of multi-

ple OWCs is considered, hereinafter referred to as a multi{OWC platform (Fig.
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1). A semi-analytical model of the multi{OWC platform is developed based

on linear potential 
ow theory and an eigen{function expansion method in the55

absence of the thin{wall and the shallow draft assumptions, which were applied

in most of the previous analytical models of OWCs. This enables more details

of the properties of the platform to be captured, such as the e�ect of the thick-

ness and draft of the walls on the performance of the multi{OWC platform. An

obvious advantage of the semi{analytical model lies in its high computational60

e�ciency, which allows sensitivity analysis to be carried out for a large range of

parameters. Speci�cally, the e�ects of the PTO strategies, the number of cham-

bers, the overall platform dimensions and the relative dimensions of adjacent

chambers (width, thickness and draft of chamber walls) on the power extraction

of the multi{OWC platform are investigated.65

The remainder of this paper is organized as follows. x2 presents mathemat-

ical model for solving wave di�raction/radiation problem and evaluating wave

power extraction, wave re
ection and transmission from the multi{OWC plat-

form. The convergence analysis and validation of the semi-analytical model can

be found in x3. x4 presents case studies of the multi{OWC chamber platform70

with the employment of the validated semi-analytical model and discussion.

Finally, conclusions are drawn in x5.

2. Mathematical model

2.1. Problem description

As shown in Fig. 1, a stationary o�shore multi{OWC platform is located75

at the free{surface of the sea with the water depth h and water density �. A

Cartesian coordinate Oxyz is adopted with the origin O in the mean water

level and Oz pointing vertically upwards. The length of the platform in the

Oy direction is assumed to be far longer than a wave length and there are no

intermediate walls along the Ox direction, so the hydrodynamic problem can be80

treated in 2D. The platform is comprised of a series of N rectangular chambers

in the Ox direction, in which the n{th chamber is enclosed by the n{th and
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Figure 1: Side view of the multi{OWC platform.

(n + 1){th walls. The width of the n{th chamber is denoted as Dn, and the

thickness and draft of the n{th wall are represented by an and dn, respectively.

As ocean waves propagate through the multi{OWC platform in the Ox{axis,85

the water column enclosed in each chamber rises and falls, causing an oscillating

dynamic air pressure inside the chamber and in turn driving the air 
ow through

a Wells turbine installed at the top of the chamber. It is assumed that the mass


ux through the Wells turbine is proportional to the dynamic air pressure inside

the OWC chamber and the e�ect of air compressibility in the chamber is linear90

(Sarmento and Falc~ao, 1985; Zheng et al., 2020). The e�ect of the Wells turbine

in the n{th OWC chamber can be characterized as a linear damping, cn. In this

paper, regular incident waves with weak non{linearity are considered, and the

amplitude and angular frequency are represented by A and !, respectively.

2.2. Formulation of the wave di�raction/radiation problem95

In common with the assumptions that have been employed by (Zheng and

Zhang, 2016, 2018), the semi-analytical model developed in this paper is based

on linearised hydrodynamic theory for an ideal irrotational 
uid, and the de-

formation and motion of the platform are neglected. These assumptions have

been adopted for the design of various wave energy converters, e.g., point ab-100

sorber (Bozzi et al., 2013, 2017; Gaeta et al., 2020), raft{type device (Zheng
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and Zhang, 2017) and OWC (Konispoliatis and Mavrakos, 2016, 2019).

The 
uid motion can be expressed by the velocity potential � = Re[�(x; z)e�i!t],

where i is the imaginary unit, t is the time. � is a complex spatial velocity po-

tential satisfying the Laplace equation, and can be decomposed into an incident

wave spatial potential �I , a di�racted wave spatial potential �0, and N radiated

wave spatial potentials:

� = �I + �0 +
NX

L=1

pL�L; (1)

where pL is the complex amplitude of the dynamic air pressure above the in-

ternal air-water interface of the L{th OWC chamber; �L (L = 1; 2; � � � ; N) is

the corresponding spatial velocity potential due to unit oscillating dynamic air105

pressure inside the L{th OWC chamber in absence of incident waves.

An expression for �I , the dominating equation, and the boundary conditions

that �0 should satisfy, can be found in our previous paper (Zheng and Zhang,

2016). Here, we only give the governing equation and boundary conditions that

�L(L = 1; 2; � � � ; N) should satisfy:

@2�L
@x2 +

@2�L
@z2 = 0; (2)

@�L
@z
�
!2

g
�L = �L;n

i!
�g
; z = 0; x 2 (�1; xl;1)[(xr;n; xl;n+1)[(xr;N+1) (3)

@�L
@z

= 0; z = �h; (4)

@�L
@z

= ��L;0
@�I
@z

; z = �dn; x 2 (xl;n; xr;n); (5)

@�L
@x

= ��L;0
@�I
@x

; z 2 (�dn; 0); x = xl;n or xr;n; (6)

in which xl;n and xr;n denote the positions of the left and right edges of the

n{th wall in Ox{axis; � denotes the Kronecker delta; g is the acceleration due

to gravity. �L is outgoing with a �nite value when jxj =1.
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2.3. Solution to di�racted/radiated potentials110

To solve the wave di�raction and radiation problems, the 
uid domain is

divided into 2N+3 subdomains denoted as 
n (n = 1; 2; � � � ; 2N+3) as shown in

Fig. 1. Utilizing the method of separation of variables, the analytical expressions

for unknown �L (L = 0; 1; 2; � � � ; N) in each subdomain, i.e., regions 1, 2n+ 1,

2n and 2N + 3, can be expressed as follows (e.g., Zheng and Zhang (2016);

Falnes (2002)):

�(L)
1 =

1X

j=1

A(L)
1;j e�jxZj(z); in 
1; (7)

�(L)
2n+1 =

1X

j=1

(A(L)
2n+1;je

�jx +B(L)
2n+1;je

��jx)Zj(z)�
i�L;n
�!

; in 
2n+1; (8)

�(L)
2n = ��L;0�I+A

(L)
2n;1x+B(L)

2n;1+
1X

j=2

(A(L)
2n;je

�n;jx+B(L)
2n;je

��n;jx) cos[�n;j(z+h)]; in 
2n;

(9)

�(L)
2N+3 =

1X

j=1

A(L)
2N+3;je

��jxZj(z); in 
2N+3; (10)

in which A(L)
1;j , A(L)

2n+1;j , B
(L)
2n+1;j , A

(L)
2n;j , B

(L)
2n;j , and A(L)

2N+3;j are unknown co-

e�cients to be determined; �n;j and �j are the eigen{values of the j-th wave

modes in subdomain 2n, and other subdomains, and Zj is an eigen{function as:

�1 = �ik; j = 1; (11)

!2 = ��jg tan(�jh); j = 2; 3; 4; � � � ; (12)

�n;j =
(j � 1)�
h� dn

; j = 2; 3; 4; � � � ; (13)

Zj(z) = N�0:5
j cos[�j(h+ z)]; Nj = 0:5

�
1 +

sin(2�jh)
2�jh

�
; (14)
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where k is the wave number satisfying !2 = gk tanh(kh).

The continuity conditions of pressures or/and normal velocities at the in-

terfaces between any two adjacent subdomains that should be satis�ed by �L

(L = 0; 1; 2; � � � ; N) are presented as follows:

@�(L)
2n�1

@x
=

8
><

>:

��L;0 @�I
@x ; x = xl;n; z 2 (�dn; 0);

@�(L)
2n
@x ; x = xl;n; z 2 (�h;�dn);

(15)

@�(L)
2n+1

@x
=

8
><

>:

��L;0 @�I
@x ; x = xr;n; z 2 (�dn; 0);

@�(L)
2n
@x ; x = xr;n; z 2 (�h;�dn);

(16)

�(L)
2n�1 = �(L)

2n x = xl;n; z 2 (�h;�dn); (17)

�(L)
2n = �(L)

2n+1 x = xr;n; z 2 (�h;�dn); (18)

Upon substituting Eqs. (7){(10) for �L in di�erent subdomains into these

continuity conditions Eqs. (15){(18), utilizing the orthogonality relations of the

integration of eigen{functions over the vertical dimension and taking the �rst

M terms in the in�nite series, a linear system of 4(N + 1)M complex equations115

for each �L with the same number of unknown coe�cients are obtained. The

unknown coe�cients can be easily evaluated by solving a 4(N + 1)M{order

linear matrix equation (Zheng and Zhang, 2016, 2018).

2.4. Hydrodynamic coe�cients due to wave di�raction and radiation

2.4.1. Direct Method (DM) for solving hydrodynamic coe�cients120

The upward 
ux at the water surface inside the n{th OWC chamber due

to the contributions of undisturbed incident wave and the di�racted wave, the

so{called wave excitation volume 
ux, can be written as Re[F (n)
e e�i!t],

F (n)
e =

Z xl;n+1

xr;n

@(�I + �0)
@z

jz=0dx: (19)

The complex amplitude of the upward 
ux at the water surface inside the

n{th OWC chamber due to the radiated waves induced by the oscillations of
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the OWC chambers can be written as

F (n)
R =

Z xl;n+1

xr;n

@
� NX

L=1

pL�L
�
=@zjz=0dx

=
!2

g

NX

L=1

pL
1X

j=1

�
A(L)

2n+1(e�jxl;n+1 � e�jxr;n)�B(L)
2n+1(e��jxl;n+1 � e��jxr;n)

�
Zj(0)
�j

=
NX

L=1

pL(i�n;L � cn;L);

(20)

where �n;L and cn;L are the so{called radiation susceptance (added-mass) and

radiation conductance (wave radiation damping), respectively,

�n;L =
!2

g
Im

1X

j=1

�
A(L)

2n+1(e�jxl;n+1�e�jxr;n)�B(L)
2n+1(e��jxl;n+1�e��jxr;n)

�
Zj(0)
�j

;

(21)

cn;L = �
!2

g
Re

1X

j=1

�
A(L)

2n+1(e�jxl;n+1�e�jxr;n)�B(L)
2n+1(e��jxl;n+1�e��jxr;n)

�
Zj(0)
�j

:

(22)

2.4.2. Indirect method for solving hydrodynamic coe�cients

Apart from using the direct method, the excitation volume 
ux may also be

expressed in terms of the radiated wave’s far{�eld coe�cients using the Haskind

Relation (HR) as:

F (n)
e =

2i�gAkhA(n)
1;1

Z1(0)
; (23)

Similarly, with the employment of the Haskind Relation (HR), cn;L can be

written in terms of the radiated wave’s far{�eld coe�cients as follows

cn;L = !�kh(A(n)�
2N+3;1A

(L)
2N+3;1 +A(n)�

1;1 A(L)
1;1 ); (24)

where the superscript * denotes complex-conjugate.
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2.5. Wave power absorption125

After solving the wave di�raction/radiation problem and obtaining the hy-

drodynamic coe�cients, the water column motion response of the multi{OWC

platform in the frequency domain can be calculated by the equation:

[�i(Ma + MPTO) + (Cd + CPTO)] _X = Fe; (25)

where Ma and Cd are the matrices of �n;L and cn;L, respectively; CPTO de-

notes a diagonal damping matrix induced by the PTO system (i.e., turbines)

(Sarmento and Falc~ao, 1985); MPTO represents a diagonal matrix adopted to

consider the e�ect of air compressibility, where the n{th element in the diagonal

can be expressed as �(n)
PTO = !Vn=(v2�0), in which Vn is the air chamber volume130

of the n{th OWC, v denotes the speed of sound in air and �0 represents the

static air density. In this paper, the platform deck is assumed 0:2h above the

mean water level, hence Vn = 0:2hDn is adopted. _X = [p1 p2 � � � pN ]T is the

dynamic air pressure response vector of the multi{OWC platform to be deter-

mined, where the superscript T denotes the transpose; Fe is the wave excitation135

volume 
ux vector.

The time averaged wave power absorbed by the multi{OWC platform can

be evaluated by

P =
1
2

NX

n=1

cnjpnj2: (26)

The wave power absorption e�ciency is de�ned as

� =
P

0:5�gA2cg
; (27)

where the denominator denotes the incident wave power, in which cg represents

the wave group velocity.

2.6. Wave re
ection and transmission coe�cients

The wave re
ection coe�cient and the wave transmission coe�cient of the

multi{OWC platform, denoted as R = jR̂j and T = jT̂ j, respectively, in which R̂

10



and T̂ are the corresponding complex amplitudes of the coe�cients calculated

as:

R̂ =
!
gA

Z1(0)
�
A(0)

1;1 + _X
T

A�
�
; (28)

T̂ = T̂0 +
i!
gA

Z1(0) _X
T

A+ = 1 +
i!
gA

Z1(0)
�
A(0)

2N+3;1 + _X
T

A+�; (29)

where A� = [A(1)
1;1 A

(2)
1;1 � � � A

(N)
1;1 ]T, A+ = [A(1)

2N+3;1 A
(2)
2N+3;1 � � � A

(N)
2N+3;1]T, and140

T̂0 represents the complex transmission coe�cient of the multi{OWC platform

without any deck (i.e., no dynamic air pressure exist inside each OWC chamber).

3. Convergence analysis and model validation

In the following sections, the hydrodynamic quantities, together with the

parameters associated with PTO system, are nondimensionalized by

�F (j)
e =

jF (j)
e j

A
p
gh
; f�ci;j ; ��i;j ; �c

(j)
PTO; ��(j)

PTOg =
�g
p
gh
fci;j ; �i;j ; c

(j)
PTO; �

(j)
PTOg: (30)

3.1. Convergence analysis

A convergence analysis is performed for a multi{OWC platform with h=10145

m, a1=h=a2=h=a3=h=0.05, D1=h=0.5, D2=h=0.8, d1=h=0.1, d2=h=0.2, d3=h=0.3,

xl;1=0.0 in waves of kh ranging from 0.05 to 10. Figs. 2 and 3 illustrate the

impact of vertical truncated cut{o�s (i.e., the number of the �rst terms trun-

cated in the in�nite series of eigen-functions, in terms of M) on �F (1)
e , �(1)

e , �c1;1

and ��1;1, in which �(1)
e represents the phase of F (1)

e . It can be seen from Fig. 2150

for a wide range of wave frequencies and Fig. 3 for kh = 3:0 that convergence

is achieved when M � 20 is used.

The variation of the CPU time required for the simulation of 100 wave

frequencies with the vertical truncated cut{o�s in terms of M is plotted in Fig.

3 as well. The CPU time is found to increase more and more quickly with the155

increase of the vertical truncated cut{o�s. In order to obtain converged results

and, meanwhile, to ensure high computational e�ciency of the semi-analytical

model, M = 20 is adopted hereinafter.
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