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Scattering processes in laser backgrounds are degenerate to the emission of unobservable photons
collinear with the laser. We identify processes and observables for which such degeneracies factorize and
exponentiate, obtaining the leading-order intensity dependence of these inclusive observables at high laser
intensity, correct to all orders in the fine-structure constant (all loops, all emissions). The results show an
exponential intensity dependence distinct from that predicted by the Narozhny-Ritus conjecture on the
high-intensity behavior of quantum electrodynamics in strong fields.
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I. INTRODUCTION

It has been conjectured that QED perturbation theory
breaks down in the presence of sufficiently strong back-
ground fields, even when these fields can be accounted for
without approximation[1–4]. This Narozhny-Ritus (NR)
conjecture arose in the context of intense laser-matter
interactions, where it was observed that loop effects
calculated in constant“crossed” fields (the simplest model
of laser fields, obeyingE2 � B2 ¼ E:B ¼ 0, and denoted
CCF), scaled dominantly not with powers of the fine
structure constant� , but with powers ofg � �� 2=3 in
which� is, roughly, the product of field intensity and probe
particle energy[5]: for sufficiently high intensityg can
exceed unity, implying that all orders of perturbation theory
must be included in any calculation. It has now been
verified that certainn-loop self-energy contributions to the
electron propagator in a CCF indeed scale asgn [6].

It is important to ask whether the NR conjecture applies
in general backgrounds, or if it is a peculiarity of the
(unphysical) CCF case. The“LCFA,” an approximation
which argues that any strong field may be approximated as
locally constant and crossed[5,7], suggests that the con-
jecture could hold generally; however, exactly solvable
examples show that this cannot be the case[8]. It is also
known that the NR conjecture does not hold, outside of the
CCF case, at high energy[9,10].

Making general statements about the conjecture is
difficult, especially beyond CCF, if one cannot appeal to
perturbation theory to any finite order. One may, though, try
resummingperturbative results. The state-of-the-art in a
CCF is that the resummed“bubble chain” of self-energy
corrections to the electron propagator scales withg

���
�

p
and

g3=2 ���
�

p
[6]. We note, for what follows, that this does not

appear to be an exponentiation of the perturbative series.
We will here investigate high-intensity behavior and

resummation in fields more general than a CCF. Our
investigation is based on degenerate processes and inclu-
sive observables. As motivation, recall that in QED any
process is degenerate with that in which, in addition,
arbitrarily many soft, undetectable, photons are emitted.
These degeneracies are summed over to obtaininclusive
observables. Consistency then requires that soft contribu-
tions from photon loops also be included; doing so yields
infrared (IR) finite, inclusive observables[11,12]. When a
background laser is present, however, there are additional
degeneracies: in a given scattering process, any photons
emitted almost collinear with an intense laser and with
energies not dissimilar from it, will be indistinguishable
from laser photons, or masked by the high flux of the field.
Physical observables should be made inclusive with respect
to these emissions—we will account for them here.

The immediate difficulty to confront is that there is no
exact method for calculating scattering amplitudes in
generalhigh-intensityfields. (As indicated above, relying
on the LCFA conflates the validity of the NR conjecture
with the limited accuracy of that approximation[13–15].)
Consider then plane waves, in which amplitudes can be
calculated exactly at arbitrary intensity. While lacking in
realistic spatial structure (focusing), plane waves have a
direction and typical frequency, so that it makes sense to
speak of degeneracies due to photon emissioncollinear
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with the plane wave. By summing over such degeneracies
we will here calculate inclusive observables in plane wave
backgrounds to all orders in� . Crucially, we will show that
these observables introduce a nontrivial intensity depend-
ence to which the CCF and LCFA are blind, which leads to
a high-intensity scaling distinct from that predicted by the
NR conjecture.

The delicate part of our calculation is the identification of
relevant scales and approximations: this and final results
are presented in Sec.II. The calculation itself uses now-
standard literature methods[5,17], and is not dissimilar to
textbook calculations of soft IR effects (though the physics
is different—see[18] and references therein for recent work
on soft and soft-collinear factorization in QED). As such,
details are given in the appendices. The calculation, being
all orders in � , is still challenging, so we keep track
throughout only of theleading intensity dependence. We
conclude in Sec.III .

II. RESULTS

A. Laser-collinear degeneracy

Consider a collision between particles and a laser pulse,
the latter propagating in the directionn� ¼ ð1; 0; 0; 1Þ. An
angular cutoff� 0 about this direction may be defined by
e.g., the laser opening angle: any photons emitted within
this cone will be indistinguishable from laser photons if
their energy is similar to that of the laser, typified by� 0
(order 1 eV for optical beams), due to either limited
detector resolution in energy and angle, or to oversaturation
from the large flux of the intense field. We assume that any
lower energy photons emitted within the same cone are also
unobservable—Notch filters allow for more sophisticated
setups[19,20], but we consider only the simplest here.

A photon of momentumq� emitted within an angle
� < � 0 relative to the laser direction obeys, for� 0 small,
q� ¼ q0n� þ Oð� 0Þ, or, in explicit components,q� �
ðq0 � q3Þ=2� 0, q� � ðq1;q2Þ� 0, qþ � ðq0 þ q3Þ=2� q0.
The leading contribution of such photons in scattering
amplitudes may thus be found by settingq� ¼ qþ n� in
calculations. Another way to see this is to observe that these
photons obeyjq� j � qþ � and q� � � 2

4 qþ , which yields,
given that� is itself restricted to small values, the hierarchy
q� < q � < q þ . For each such photon probabilities/cross
sections are integrated over, using the usual on-shell
measure,

Z
d3q

ð2� Þ32q0
�

� 2
0

4ð2� Þ2

Z
� 0

0
dqþ qþ : ð1Þ

B. Laser-collinear emissions

We consider nonlinear Compton scattering (NLC)
[5,7,17,22–26], that is the emission of a photon,

momentuml � , from an electron, momentump� , traversing
a plane wave described by the two-component transverse
potentialaðn · xÞ (the integral of the electric field[27]).
This exclusiveprocess shows, for constant crossed fields,
the high-intensity scaling associated with the NR conjec-
ture. Our interest is in the correspondinginclusiveprocess
which accounts for the additional emission of arbitrarily
many laser-collinear degenerate photons described above;
see Fig.1. In the corresponding scattering amplitudes, there
are nontrivial integrals over“ lightfront time” xþ

j � n · xj

at each emission vertexx�
j , due to the spacetime depend-

ence of the background plane wave. (See AppendixA for
details.) In particular, the degenerate emissions introduce a
lightfront time-ordered dependence onx�

j which prevents
their contributions from factorizing out in general, as would
be the case with leading soft factors.

It is however possible to find observables for which
collinear corrections do factorize. In that part of the
observable photon spectrum for whichl � obeys
s � n · l =n · p � 1, we find that the effect of adding a
collinear emission is simply to multiply the amplitude by a
scalar factor, up to an error of orders. Let us analyze this
restriction. It is important to emphasize thatl � is supposed
to be observable, and smalls does notmean thatl � is itself
degenerate with the laser. To illustrate this, suppose we
insist ons � 0.01, which means a 1% error induced by our
approximation. Then for a head-on collision of a 1 GeV
electron with the laser, see Fig.2, we are restricted to

FIG. 1. Exclusive (left) and inclusive (right) nonlinear Comp-
ton scattering at tree level. The double lines indicate Volkov
electron wave functions, dressed exactly and to all orders by the
background[21]. Photons with momentumq�

j are degenerate
with the laser.

FIG. 2. The error induced by our approximation, in terms of the
observed photon energyl 0 and emission angle� (relative to the
laser direction), in the case of a head-on collision between a
1 GeV electron and a laser pulse. Each curve bounds a region of
percentage error, as highlighted.
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considering emitted photon energies of< 10 MeV when
those photons are scatteredforward of the electron, and
< 20 MeV for scattering at right angles to the collision axis:
these emissions are not laser degenerate, and are exper-
imentally measurable.

It is also important to stress that, in considering observ-
able photons at smalls, and degenerate emissions which
haves ¼ 0, we are focusing on that part of the emission
spectrum in which the LCFA is known to fail[13–16].
To be explicit, letN be the tree-level NLC amplitude, and
let a0 � jaj=m be the“dimensionless intensity parameter”
characterizing the strength of the background. The LCFA
predicts that the small-s emission probability in NLC
behaves as[5,7]

dP
ds

�
�
�
�
s� 1

�!
Z

d2p0
� jN j2LCFA �

a2=3
0

s2=3 ; ð2Þ

at high intensity, exhibiting the typical2=3-power scaling
of the NR conjecture. However, it can be shown without
approximation that the true behavior is[14]

dP
ds

�
�
�
�
s� 1

�
Z

d2p0
� jN j2 � a2

0: ð3Þ

As such, the high-intensity behavior of our inclusive
observables may be expected to, and indeed will, differ
from that in constant fields.

Returning to our calculation, laser-collinear emissions
both factorize and exponentiate in the considered part of the
spectrum. We write a prime on amplitudes to indicate that
we restrict to this regime. LetjM j2 be the inclusive sum
over (mod squared) amplitudes with any number of
collinear emissions, all at tree level, see Fig.1. We show
in Appendix A that the leadingintensitydependence of
jM 0j2 is, for ã the Fourier transform ofa,

jM 0j2 � exp
�
� � 2

0

4�

Z
� 0

0
dqþ qþ

jãðqþ Þj2

ðn · pÞ2

�
jN 0j2: ð4Þ

The exponent is positive, and we conclude that degenerate
emissionsenhancethe measured emission probability (as
soft emissions do[11,12]). This enhancement is exponen-
tially increasing with intensity—by unitarity, this must be
compensated for by a similar exponential factor from loop
corrections. We confirm this below, but(4) already tele-
graphs the final result—the high-intensity scaling of
inclusive observables will be exponential.

C. Loop corrections

As (4) contains all orders of� , we must for consistency
also consider all orders of loop corrections to NLC; to
illustrate, the relevant one-loop diagrams are shown in
Fig. 3, two self-energies[5,28] and the vertex correction

[29–31]. Note that we are only interested ina-dependent
terms, which are UV finite[32,33]. We cannot, and do not
aim to, calculate exact loop effects to all orders in� , but
only to include effects fromlaser-collinearvirtual photons
which (i) must compete with the real emissions investigated
above and (ii) will be incorrectly captured by the LCFA, as
real emissions are.

We begin as we did for real emissions by addressing the
momentum integration region for virtual laser-collinear
photons, which is again more involved than for soft
corrections. We need to identify the full region over which
the approximations we made for real emissions continue to
hold. This is simplified, as described in AppendixB, by
performing the contour integral in the photon propagator,
which allows us to take the virtual photons to obey the on-
shell relationqþ ¼ q2

� =4q� . Collinearity requires that the
transverse momentumq� be less than someabsolute
cutoff, as otherwise the photon momentum will no longer
be approximately degenerate with the laser (and distinct
from the observable momenta in the game). It can be
checked that, for the real emissions above, the energetic
restriction on the photon momentum impliesq� < � 0� 2

0=4
andjq� j < � 0� 0; but these inequalities, and the hierarchy
q� < q � < q þ , are obeyed over the larger region of
momentum space shown in Fig.4, which encloses the real
emission region, but also admits increasingly high photon
energy at smaller (closer to laser-collinear) emission angles.
(Essentially, we can make the virtual photon momentumq�
small by takingqþ to be arbitrarily large,1 providedq� is
bounded.) The complete region over which we may
integrate virtual photon momenta while staying within
our approximation is then conveniently characterized by
jq� j � q0� < � 0� 0. We note that this includes a region with
� > � 0 butq0 < � 0 (not marked in the figure), which takes
us away from collinear and into the IR; we neglect this
region, as we are not here keeping track of IR effects
(but see the appendixes.)

We find, as at tree level (see AppendixB for the full
calculation), that these laser-collinear virtual photons
introduce lightfront-time ordered terms into theintegrand
of the NLC amplitude, which prevents factorization in
general. Making the same assumption as above, i.e.
restricting attention to that part of the emission spectrum
with n · l � n · p, we again obtain factorization.

FIG. 3. The one-loop contributions to nonlinear Compton
scattering; the vertex correction (left diagram) and self-energies.

1In contrast to soft effects, we can integrate over arbitrarily
high energies, but we repeat that the terms of interest are UV
finite (they simply yield Fourier transforms).
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Integrating over the region marked in Fig.4, we find
that the contribution from the virtual photons entirely
cancels that from real emissions. (Recall that in the IR,
soft divergences cancel between emissions and loops
[11,12].) What remains yields our final result for the all-
loops inclusive amplitude:

jM 0j2all loops� exp
�
�

�� 2
0� 2

0

4�

Z
�

� 0

dqþ

qþ

jãðqþ Þj2

ðn · pÞ2

�
jN 0j2: ð5Þ

We have thus found that inclusive corrections lead to an
exponentialintensity dependence at high intensity. Let us
compare with[6] in which one-loop polarization operator
insertions to the electron propagator (the bubble chain) are
resummed exactly in a CCF. This gives essentially the
elastic scattering amplitude, whose imaginary part is the
probability of NLC. The resummed amplitude still scales
with a positive, fractional power of intensity: curiously, this
might suggest that resummed results, and observables
constructed from them, could still be made arbitrarily large
at high intensity. In our resummed result, on the other
hand, the exponential damping controls the high-intensity
behavior, in line with both unitarity and the behavior of
resummed soft corrections. See AppendixC for the
phenomenology of the corrections implied by(5); for
upcoming experiments, these are certainly negligible, but
this is not the regime of interest.

Our results are not in contradiction to CCF results. As in
(2)–(3), the small-s behavior in genuinely constant fields is
very different to that in any field which switches on and off
asymptotically, as is also true of soft effects[27]. Indeed the
small-s region we consider is precisely that in which the
locally constant field approximation breaks down[13–15].
Our results show that collinearn-loop (and emission)
effects beyond CCFs scale with powers not of� n but with
ð� a2

0Þn, which grow faster with intensity than the� a2=3
0

scaling predicted by CCF results. We have shown that these
effects exponentiateupon resummation, changing for
example the exclusive NLC intensity dependence(3) to
the inclusive result

dPinc

ds

�
�
�
�
s� 1

�
Z

d2p0
� jM 0j2 � a2

0 expð� � a2
0 · constÞ: ð6Þ

III. DISCUSSION

In the context of the NR conjecture, on the high-intensity
behavior of QED in external fields, we have investigated
inclusive observables in the nonlinear Compton scattering
of a photon from an electron in an intense laser pulse, in
which we include laser-collinear (degenerate) emissions.

To assess the relevance of the conjecture beyond the case
of constant crossed fields (CCFs), we have specifically
addressed that part of the photon emission spectrum in
which locally constant field approximations, commonly used
to generalize CCF results to general fields, are well known to
break down[13–15]. In this part of the spectrum, laser-
collinear emissions were found to factorize and, resummed to
all orders in� (all emissions, all loops), yield anexponential
dependence on intensity (and not on the product� of energy
and intensity)which isdistinct from any behavior seen to date
for constant fields, even when resummed, and cannot be
captured by locally constant field approximations.

As such our results do not contradict CCF results. Rather
we have shown that high-intensity behavior, outside of a
CCF, can differ significantly from that predicted by the NR
conjecture, both at finite order in perturbation theory and
after resummation. Our findings thus reinforce the idea
that the conjecture has limited relevance beyond the CCF
case[8–10]. (While our calculation of degenerate pro-
cesses assumed a pulsed plane wave background, see also
Appendix C, similar, in fact richer, degeneracies clearly
exist for more realistic fields.)

We can view our results from a different angle. As part of
our calculation we have shown that, outside of CCFs, higher
loops in strong backgrounds can induce effects scaling with
powers not of� , but with� a2

0, which is a stronger scaling than
that predicted by the NR conjecture. This also suggests a
breakdown of perturbation theory. We have shown that the
considered effects can be resummed, upon which they
exponentiate, and bring with them both a nontrivial intensity
dependence due to the presence of the background, and a
portion of the usual soft IR divergence. This can be cancelled
by also including laser-collinear degenerate emissions,
which also introduce an extra intensity dependence; what
remains is of course(5) with its exponential high-intensity
behavior. Thus, outside of constant fields, resummation
yields well-behaved results consistent with unitarity and in
line with the behavior of soft corrections.

We restricted our study to a particular part of the NLC
spectrum. It could well be that in another part of the spectrum
(e.g., high lightfront energy, rather than low) the resummed
high-intensity behavior is different again. It would be
interesting to investigate this. The high-intensity behavior
of other processes and more general observables, and their
degeneracies, remain an open question. Let us briefly discuss
some effects which should be included in future calculations.

In general, there are other sources of (potentially collinear)
radiation, such as vacuum emission[34,35], but in a plane
wave background such“dressed tadpole” contributions are

FIG. 4. Region of momentum integration for virtual laser-
collinear photons; this covers both the real emission region (blue)
and photons and a region of high energy, but small emission angle
(orange).
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vanishing[36], hence there is nothing to include in our case.
One might expect that such emissions would, in any case, be
less significant than those from charged particles being
rapidly accelerated by the strong field, and indeed an
abundance of produced photons has been identified as an
experimental signature of e.g., Schwinger pair production
[37,38]. A preliminary estimate of the impact of soft
emissions could be obtained by evaluating the Weinberg
soft factors[39] for our process, following the methods in
[40], and seeing howa0 enters. It may be that more
comprehensive results could be obtained in constant crossed
fields using the resummation techniques of[6]; however, the
crossed field approximation is well known to fail in the IR.

It is expected that backreaction on the driving laser field
becomes significant for scattering in the high-intensity
regime[41]. How backreaction impacts the NR conjecture
remains a challenging open question. We note that no
analogous perturbative breakdown appears in the simplest
toy models for which backreaction can be included[42],
but this may be due to the simplicity of the model.

We can draw one final conclusion. Experimental proposals
[43–46] for observing signals of the (anticipated) nonper-
turbative physics at�� 2=3 � 1often rest on observing“some”
deviation from literature predictions, as intensity is made
large. These predictions are, though, based onlowest-order
perturbative calculations ofexclusiveobservables (or phe-
nomenological models built from them), while any measured
observable will be partiallyinclusive, since no experiment
has 100% detector coverage. Our results show that it is not
enough, in making experimental predictions at high intensity,
to take deviations from lowest order predictions as evidence
for entering the nonperturbative regime: there are other
effects with a competing intensity dependence.
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APPENDIX A: LASER-COLLINEAR EMISSIONS
AND DEGENERACY

1. Notation, conventions, and the background field

Our focus is on degeneracies due to unobservable photon
emissions that are collinear with (the photons in) a

background plane wave field, of arbitrary temporal profile,
but compact support: a pulse. The field depends onn · x
wheren� is a null vector,n2 ¼ 0. We can always choose
n · x ¼ x0 þ x3, lightfront time. We use lightfront coordi-
natesx� ¼ x0 � x3, x� ¼ ðx1; x2Þfor position andp� ¼
ðp0 � p3Þ=2, p� ¼ ðp1; p2Þ for momenta. As such
v� ¼ 2v� for all vectorsv� . The background isa� ðxÞ ¼
� �

� a� ðxþ Þin which the two transverse componentsa� arise
as lightfront time integrals of the two electric field
components of the plane wave, witha� ð�� Þ ¼0. For a
typical (e.g., Gaussian) pulse shape, the field will be
characterized by some dimensionless peak field strength
a0, i.e., aðxþ Þ� ma0, which is the effective coupling
between the background and fermions.a0 easily exceeds
unity in modern laser pulses.

2. Classical and quantum particle dynamics

The on-shell kinetic momentum of a classical particle in
the plane wave (theexact solution to the Lorentz force
equation) is, forp� the initial momentum before entering
the wave,

� � ðxþ Þ ¼p� � a� ðxþ Þ þ n�
2p · aðxþ Þ� aðxþ Þ2

2n · p
: ðA1Þ

In the quantum theory, scattering amplitudes are calculated
in the Furry picture, which treats the couplinga0 as part of
the “ free” theory, i.e., without approximation, and then
treats the couplinge between dynamical (quantized) fields
in perturbation theory, as normal. (It is this perturbative
expansion which is conjectured to break down at suffi-
ciently high field strength, at least in constant crossed
fields.) Hence the interaction vertex is� ie	 � as usual, but
the fermion propagator and external legs become dressed
by the background. (For a recent overview see[17].) The
asymptotic wave function describing an incoming electron
of initial momentump� in amplitudes is


 pðxÞ ¼
�
1þ

=aðxþ Þ=n
2n·p

�
up exp

�
� ip ·x � i

Z
xþ

��

2p ·a � a2

2n·p

�
;

ðA2Þ

where up is the usual u-spinor. For discussions of the
physical content of these wave functions see for example
[17,27,47]. The corresponding fermion propagator is

Sðx; yÞ ¼i
Z

d4p
ð2� Þ4

�
1 þ

=n=aðxþ Þ
2n · p

�
=p þ m

p2 � m2 þ i �

�
1 þ

=aðyþ Þ=n
2n · p

�
e

� ip ·ðx� yÞ� i
R

xþ

yþ
2p:a� a2

2n:p : ðA3Þ
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3. Laser-collinear emissions

We recall that the Lorentz-invariant measure for on-shell photons may be written, in terms of Cartesian coordinates or
lightfront coordinates, as

dqo:s: �
d3q

ð2� Þ32q0
¼

d2q� dq�

ð2� Þ32q�
� ðq� Þ; ðA4Þ

with the unintegrated momentum component being determined by the mass-shell conditionq� q� ¼ 0. In the text and in
what follows we will use each of the three forms of the on-shell measure above, as necessary.

Since the plane wave is univariate, depending on onlyn · x ¼ xþ , the only nonzero laser momentum component isqþ . As
such laser-degenerate photons must havef q� ; q� g � 0. How these conditions are imposed, and to what tolerance, depends
on the situation of interest. As in the main text, real photons degenerate with the laser obeyq0 � � 0 and� < � 0 for � 0 and
� 0 given cutoffs in energy and emission angle relative to the laser direction, respectively. Using Cartesian coordinates, this
gives a measure

Z
d3q

ð2� Þ32q0
�

1
2ð2� Þ3

Z
� 0

0
dq0q0

Z
� 0

0
d� sin�

Z
2�

0
d� �

� 2
0

16� 2

Z
� 0

0
dq0q0 ; ðA5Þ

where, in the final step, we have assumed� 0 � 1 and truncated the integrand, whatever it may be, to zeroth order in� 0. In
lightfront coordinates, which are often more useful in our investigation, the energetic and angular restrictions above reduce
to, again for� 0 small,qþ < � 0 and jq� j < q þ � 0. Hence our integral may also be written

Z
d2q� dqþ

ð2� Þ32qþ
� ðqþ Þ�

1
2ð2� Þ3

Z
� 0

0

dqþ

qþ

Z
d2q� � ðq� � qþ � 0Þ�

� 2
0

16� 2

Z
� 0

0
dqþ qþ ; ðA6Þ

which agrees with(A5) becauseq0 ¼ qþ to leading order in� 0.

4. Laser-collinear emission amplitudes

Consider an incoming electron leg of momentump� in a given scattering amplitude, connecting to a vertex at positionx� ,
and so represented by a Volkov wave function
 pðxÞ. On that leg we add a laser-collinear emission. In the amplitude,
 pðxÞ
is then replaced by (stripping off the photon polarization vector)

Z
d4ySðx; yÞ	 � eiq·y
 pðyÞ ¼eiq·x

�
i=n	 �

2n · p
þ

Z
xþ

��
dyþ � � ðyÞ

n · p
e� iqþ ðx� yÞþ

�

 pðxÞ; ðA7Þ

inwhich the left-hand expression follows from theFeynman rules, and the right-handside isexactforq� � qþ n� , collinear with
the plane wave. Ifq� deviates from collinear in some small parameter, as in(A3) above, then the right-hand side of(A7) is
correct to leading order in that parameter. For emission from an outgoing leg of momentump0

� we have, similarly,


̄ p0ðxÞ�
Z

d4y
̄ p0ðyÞ	 � eiq·ySðy; xÞ ¼
̄ p0ðxÞ
�

i 	 � =n
2n · p0þ

Z
�

xþ
dyþ � 0� ðyÞ

n · p0 e� iqþ ðx� yÞþ

�
eiq·x; ðA8Þ

in which� 0depends onp0as� depends onp in (A2). We remark that damping factors are understood to be in place, in these
expressions, for the terms in� � whichare field independent[24,48]. These are the terms contributing to thevacuum limit, where
the factor in square brackets of(A7) reduces to

i
=n	 �

2n · p
� i

p�

p · q � i �
; ðA9Þ

and similarly for(A8), which we recognize from textbook discussions of collinear emission factors, see e.g.,[49]. Note that the
second term in(A9) carries a factor of1=qþ , equivalent to1=q0 here, which is where the usual IR divergence arises.2

We already know that such divergences drop out of inclusive observables, but wewill keep track of them for the time being. The
two results(A7) and(A8) are the basic building blocks of the following calculations.

2While there are, strictly, nocollineardivergences in massive QED, we mention that, contrary to what is often inferred from the Lee-
Nauenberg theorem, the cancellation of collinear divergences in massless theories is far from resolved, see[50,51] and also below.
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5. Laser-collinear emission correction
to nonlinear Compton

We consider nonlinear Compton scattering (NLC), the
emission of a photon of momentuml � and polarization �

l ,
from an electron of initial momentump� scattering off the
plane wave to momentump0

� . Beginning at tree level, the
scattering amplitude is, see also Fig.5,

N � � ie
Z

d4x
̄ p0ðxÞeil ·x= l 
 pðxÞ; ðA10Þ

the detailed evaluation of which is well covered in the
literature[5,17,23,24,52,53]; the only detail we will need
here is that thef x� ; x� g integrals in any part of an
amplitude on a plane wave background can be performed
to yield momentum-conserving delta functions inthree
directions. For NLC this means

N � � 3
� ;� ðp0þ l � pÞ: ðA11Þ

We next consider the same process but with an additional,
unobservable, photon emission (almost) degenerate with
the plane wave, i.e., with photon momentumq� ¼ qþ n� .
The scattering amplitude is

M 2 � ð� ieÞ2
Z

d4xd4y
̄ p0ðxÞeil ·x= l Sðx; yÞ= qeiq·y
 pðyÞ þ 
̄ p0ðyÞ= qeiq·ySðy; xÞeil ·x= l 
 pðxÞ; ðA12Þ

in which the second term is the photon exchange diagram, and where �
l ,  �

q, are the polarization vectors for the photons of
momental � andq� respectively. Applying(A7) and(A8) we find

M 2 ¼ ð� ieÞ2
Z

d4x
̄ p0ðxÞeil :x

�
i= q=n= l

2n · p0þ
i= l =n= q

2n · p

�
eiq·x
 pðxÞ

þ 
̄ p0ðxÞeil ·x= l 
 pðxÞ
� Z

�

xþ
dyþ  q · � 0ðyþ Þ

n · p0 eiqþ yþ
þ

Z
xþ

��
dyþ  q · � ðyþ Þ

n · p
eiqþ yþ

�
: ðA13Þ

Recall that our interest is in the behavior of this, and related,
processes at high intensity, i.e., largea0. We will therefore
keep track (in addition to possible soft divergences) of the
leading-ordera0 dependence introduced by collinear ef-
fects, much as one might only keep track of leading logs in
an IR calculation.

Observe that in the second line of(A13), the termoutside
the large round brackets is just the integrand of the NLC
scattering amplitudeN , as in(A10). Multiplying this, inside
the brackets, are the two scalar terms from(A7) and(A8).
Now, we can choose to work in lightfront gauge such that
n ·  ¼ 0 for photon polarization vectors ; hence we can set,
directly from (A1),  q · � ¼  q · ðp � aÞ, so that we have
 q · � � �  q · a � a0 for a0 large; for a moment we retain
also the q · p term, as this carries the IR divergence in(A9).
Compared to these terms, those in the first line of(A13) are
subleading in both the IR and ina0, sowe drop them. Herewe
would seem to be stuck—there is no further simplification we
can make in general. In particular, thexþ dependence of the
integrals stops us from factorizing collinear contributions out
of the amplitude, in contrast to soft effects[40].

6. Factorization and exponentiation

There is however a subset of observables for which
collinear corrections factorize. Consider that part of the

photon spectrum for whichs � n · l=n · p � 1 for the
emitted photon. As discussed in the main text, this does
not mean the emission is itself collinear with the laser, even
though laser photons haves ¼ n · q=n· p ¼ q� =p� ¼ 0.
In this regime, we may replace, in the expressions above,

1
n · p0 ¼

1
n · p

�
1 þ

n · l
n · p

þ …
�

�
1

n · p
; ðA14Þ

in which we have used the momentum conservation rule in
(A11), which continues to hold because the emissions we are
adding are collinear to the laser. As in the main text, we use a
prime on amplitudes to indicate that we restrict our dis-
cussion to that part of the spectrum for which(A14) applies
up to some acceptable error. With this assumption, thefield-
dependentparts of the scalar factors in(A13)combine into a
single integral which isx independent and computes the
Fourier transform of the background. We then have

M 0
2 � � ie

�
i
 q · p0

q · p0 � i
 q · p
q · p

�
 q · ãðqþ Þ

n · p

�
N 0: ðA15Þ

Hence, in thegiven part of the spectrum, the effect of adding a
collinear emission is simply to multiply theS-matrix element
by a scalar factor. Mod-squaring, summing over polariza-
tions  �

q and integrating overq� using the measure(A5) or
(A6) yields

FIG. 5. The first diagram is NLC at tree level. Adding a laser-
degenerate photon emission yields the second and third diagrams
(“double” NLC at tree level, for investigations of which see
[54–57]).
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