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Abstract

We calculate the ultraviolet divergences in a weak field expansion of the
Volkov propagator. This is done for the full Lorentz class of gauges. The
expected gauge invariance of the vacuum mass shift in each sideband is recov-
ered. However, the renormalisation of the background induced mass shift is
shown to be gauge dependent. In particular, we show that it vanishes in Lan-
dau gauge. We find that only in that gauge does the vacuum renormalisation
remove all ultraviolet divergences.
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The Volkov solution [1] of an electron in a plane wave background is the
paradigm for models of charged matter in a laser background. One of the
most striking features of this model is the laser induced mass shift at tree
level. Additionally, the electron two point function exhibits a sideband struc-
ture consisting of a sum over propagators where the momentum is shifted by
integer multiples of the laser momentum [2]. This solution has been devel-
oped for a wide class of polarisations [3]. We note that these results are all
obtained by using the background field gauge condition k · A = 0, where Aµ
is the background potential and kµ is the null momentum pointing along the
laser direction.

Loop corrections in a laser background have been looked at several times,
as for example in [4][5][6][7][8][9][10][11][12][13][14][15][16][17][18]. In a recent
paper [19], we have calculated the ultraviolet divergences for the electron two
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point function to one loop in a weak field expansion of the Volkov solution.
Among other things, we showed there that, as well as the usual vacuum
renormalisation of the wave function and vacuum mass shift, an additional
renormalisation of the background induced mass shift was required. The
loop calculations in that paper, as is commonplace in the literature, were
performed in Feynman gauge. The aim of this paper is to extend those
calculations to the full Lorentz (or Rξ) class of gauges. See also [20] for a
discussion of gauge transformations and the Volkov propagator.

As discussed in, for example, Section 8.5 of [21], the photon propagator
in the Lorentz class of gauges is given by

Dµν(s) =
−i

s2 + iε

(
gµν + (ξ − 1)

sµsν
s2

)
, (1)

where Feynman gauge corresponds to ξ = 1 and Landau (or Lorenz) gauge to
ξ = 0. In a laser background, the tree level electron propagator of momentum
p picks up multiples of the laser momentum, k. We write this propagator
after n net absorptions as

Pn =
i

/p+ n/k −m+ iε
. (2)

Loop corrections to this will introduce a gauge dependence that we will cal-
culate below.

The absorption of a laser photon by the electron is given by the vertex

A = −i /A . (3)

Note that a factor of the coupling has been absorbed into the definition of the
background field, see the discussion in [19] for more details. The tree level
absorption of Fig. 1 a) is then given by Pn+1APn. This can be rewritten in
terms of the difference of two propagators by using the absorption identity

Pn+1APn = IPn − Pn+1I , (4)

where the ‘In’ factor is given by the matrix term

I =
2p·A+ /k /A

2p·k
. (5)

This ability to write an interaction with the background in terms of a sum
of propagators is generically called a sideband description.
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The dual emission process is characterised by the vertex E = −i /A∗. This
leads to the corresponding dual emission identity PnEPn+1 = PnO−OPn+1,
where the ‘Out’ factor is

O =
2p·A∗ + /A∗/k

2p·k
. (6)

Figure 1: Laser absorption by the electron and its one-loop corrections.

The loop corrections to the absorption process in Fig. 1 are of two types:
a vertex correction in b) and self-energy corrections in c) and d). The self-
energy corrections are, for term c), Pn+1Σn+1Pn+1APn, while for term d) we
have Pn+1APnΣnPn. Here Σn is the ultraviolet pole of the self-energy for
an electron of momentum p + nk in the Lorentz class. This can be directly
evaluated using similar arguments to those used in Section 18.2.1 of [21]. A
more detailed discussion of the required integrals can be found from page 67
onwards of [22]. Extracting the ultraviolet pole, we find

Σn =
(
i3m+ ξP−1

n

)
δ
UV
, (7)

where, in dimensional regularisation with D = 4− 2ε dimensions,

δ
UV

= − e2

(4π)2
1

ε
. (8)

An ultraviolet, vertex correction is shown in Fig. 1 b). We denote this by
Σin, so that Fig. 1 b) becomes equal to Pn+1ΣinPn. We find Σin by extracting
the ultraviolet pole from the loop contribution

−ie2
∫

UV

d̄Ds
γµ(/s + /p+ (n+ 1)/k +m) /A(/s + /p+ n/k +m)γν(

(s+ p+ (n+ 1)k)2 −m2 + iε
)(

(s+ p+ nk)2 −m2 + iε
)Dµν(s) .

(9)
Expanding the numerator in powers of the loop momenta, the ultraviolet
pole comes from the highest power. We thus obtain

Σin = −ξAδ
UV
. (10)
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In a similar way, the loop correction to an emission into the background is
found to be Σout = −ξEδ

UV
.

Using the absorption identity (4) allows us to write this vertex correction,
in terms of sidebands, as

Σin = ξ
(
IP−1

n − P−1
n+1I

)
δ
UV

= IΣn − Σn+1I . (11)

Note that the ξ-independent terms in the self-energies cancel in the last step.
The dual emission version of this is then

Σout = ΣnO−OΣn+1 . (12)

We thus see that, in the full Lorentz class of gauges, the absorption
processes given in Fig. 1 have the sideband expansion

Pn+1APn+Pn+1ΣinPn + Pn+1APnΣnPn + Pn+1Σn+1Pn+1APn

= I
(
Pn + PnΣnPn

)
−
(
Pn+1 + Pn+1Σn+1Pn+1

)
I .

(13)

In this sideband description we see that each of the tree level propagators
acquires the expected gauge dependent, one loop correction in the Lorentz
class of gauges. The dual emission results are seen to have the same renor-
malisation structure.

We now extend this analysis to the case of absorption and emission. This
is important as such processes generate the laser induced mass shift. The
relevant diagrams are given in Figs. 2 and 3. Note that we have not included
loops spanning more than one vertex as their contributions are ultraviolet
finite.

Figure 2: Absorption then emission at tree level and one-loop.
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Figure 3: Emission then absorption at tree level and one-loop.

The tree level processes, Fig. 2a) and Fig. 3a), generate the following
sideband structures:

PnEPn+1APn+PnAPn−1EPn = IPn−1O−OIPn−PnOI−Pni /MPn+OPn+1I .
(14)

We see that they depend on three propagators, Pn, Pn±1, as well as a new
double pole, mass generating term

Mµ := −A
∗·A
p·k

kµ , (15)

which we note is independent of the polarisation. The rest of the diagrams
contain the ultraviolet divergent one loop corrections to this. The identity

OΣn+1I + IΣn−1O = OIΣn + ΣnOI− iξ /Mδ
UV
, (16)

is key to the evaluation of these contributions. This result is the Lorentz class
generalisation of equation (39) in [19], and can be derived using the methods
outlined in that paper. Note that every term in this expression contains an
implicit or explicit dependence on the gauge parameter ξ.

Using these ultraviolet results, the processes in Fig. 2 and Fig. 3 can be
shown to have the sideband expansion in the general Lorentz class of gauges
given by

I
(

Pn−1 + Pn−1Σn−1Pn−1

)
O

−OI
(

Pn + PnΣnPn

)
−
(

Pn + PnΣnPn

)
OI

−
(

Pn + PnΣnPn

)
i
(
/M+ ξ /Σ

M

)(
Pn + PnΣnPn

)
+ O

(
Pn+1 + Pn+1Σn+1Pn+1

)
I ,

(17)
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where

/Σ
M

=
e2

(4π)2
1

ε
/M, (18)

is the one loop, laser induced mass correction previously found in the Feyn-
man gauge, see [19].

From the form of the self-energy (7), we see that in (17) the wavefunction
renormalisation in the individual sidebands is gauge dependent as in the
vacuum theory. Similarly the usual double pole mass shift in each of the
sidebands is gauge independent, again just as in vacuum. What is new and
unexpected in (17) is the explicit gauge dependence of the loop correction to
the laser induced mass shift.

Note that in the full class of gauges considered in this paper, the theory
can be renormalised by introducing an additional counterterm for the laser
induced mass shift. This was previously seen in Feynman gauge in [19].

It is interesting to note that in Landau gauge, ξ = 0, this additional
counterterm is not needed. The only loop corrections, and hence renormal-
isation, are those of the vacuum theory. This agrees with the results found
by Brouder [7] who used a dressing approach [23][24] which effectively kept
his calculations in Landau gauge.

A possible reason why Landau gauge plays this special role is the fact
that two gauge fixing conditions are being used in this theory: the Lorentz
class in the loop calculation and the background gauge condition that k·A =
0. This last condition on the background corresponds to a Lorenz gauge
choice for the single mode making up the background field. In terms of the
photon propagator, this corresponds to ξ = 0, which is normally referred to
as Landau gauge in perturbative calculations. This could account for the
unique property of Landau gauge in the loop calculation. Note that one
could equally interpret the background gauge condition as a light cone gauge
fixing, which would suggest that if we had carried out the loop calculation in
the light cone gauge, then again vacuum renormalisation might have sufficed.

The results presented here should be contrasted with the gauge invariant
photon polarisation. This has been calculated, see for example [4][6][8][12][13]
[15], in various backgrounds and at higher orders. Those calculations confirm
that for these processes the vacuum subtraction suffices.

Finally we note that our analysis has focused on the ultraviolet structure
of the theory and its renormalisation in this full class of gauges. Future
work is needed to calculate the finite parts and the infrared structure of this
theory.
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