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The framework of“ time-dependent basis light-front quantization” (tBLFQ) offers a nonperturbative
approach to scattering problems in external fields, based on Fock space truncation. Here we extend tBLFQ
to include spatio-temporal field inhomogeneities in multiple spacetime directions. This extension is
necessary for the proper modeling of e.g. intense laser fields. We focus on the example of nonlinear
Compton scattering of an electron on an axicon-type laser, with an emphasis on the transverse structure of
the beam. We analyze the impact of field intensity and particle energy, as well as basis truncation effects, on
the radiation spectrum of the scattered electron.

DOI: 10.1103/PhysRevD.102.016017

I. INTRODUCTION

The theoretical predictions of perturbative QED, such as
electrong � 2 [1,2] and the Lamb shift[3], have been
experimentally verified to extremeprecision.However, there
are many problems for which standard perturbative methods
are insufficient, such as bound states[4], or break down
completely, such as strongly coupled systems. Thus other
methods are required to accessnonperturbativephysics.

In the context of external field problems, perhaps the most
famous nonperturbative effect is the spontaneous conver-
sion of a sufficiently strong electric field into electron-
positron pairs, or Schwinger pair production, the probability
of which is a nonperturbative function of the coupling[5]. It
may be possible to observe Schwinger pair creation using
the ultra-intense electromagnetic fields of future lasers[6,7],
and there is currently an international effort to develop both
the theoretical and experimental tools necessary to inves-
tigate this and other quantum effects in strong (external)
fields, such as vacuum birefringence; for a review see[8].

When investigating nonperturbative phenomena, exactly
solvable systems offer intuition, but one often turns to
numerical schemes which do not rely on perturbative
approximations. The lattice is a well-known example, and
real-time lattice techniques can now be used to analyze
e.g. string breaking and the Schwinger effect[9]. Within

laser-plasma physics, a common tool is the simulation of
processes using particle-in-cell (PIC) codes, in which
Monte Carlo routines based on QED calculations are
included to simulate (tree level) quantum effects; for a
review see[10]. The advantages of such approaches are that
extremely complicated electron-positron-photon inter-
actions can be simulated, with arbitrarily complex laser
fields. The disadvantage, though, is that such methods are
firmly rooted in classical physics, and the approximations
behind the inclusion of quantum effects are known to break
down at both low[11–13]and high energy[14,15]. Here we
consider a different approach; it is not our goal to compete
with e.g. PIC schemes, but to complement them with an
alternative, and fully quantum mechanical, framework.

Any numerical implementation of QFT requires a cutoff
in order to render problems finite-dimensional. Because the
set of all products of one-particle states gives a possible
basis of Hilbert space[16], one can try to solve problems
using a finite truncation of this basis, corresponding to a
truncation in particle number[17,18]. This is the main idea
of basis light-front quantization (BLFQ)[19]; one solves
the Schrödinger equation in a truncated Fock space, rather
than a perturbative expansion. Thus BLFQ is a nonpertur-
bative approach. An extension of this framework which is
suitable for investigating e.g. QFT scattering processes in
time-dependentbackground fields is time-dependent basis
light-front quantization (tBLFQ)[20,21]. The idea of
tBLFQ can also be used in nuclear physics[22].

Previously the emission of photons from an electron
scattering off an intense background field (called nonlinear
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Compton scattering)[23] has been studied in tBLFQ, but in
the approximation that the background has essentially
univariate spacetime dependence[20,24]. However, intense
laser fields for example are strongly spatially focused, and
so further progress in high-intensity laser-matter inter-
actions requires the consideration of complex background
field geometries. Motivated by this, and by a desire to
improve the overall scope of tBLFQ, we here extend the
framework to include effects due to multidimensional field
inhomogeneities.

This paper is organized as follows. We review the main
ideas of BLFQ and tBLFQ in Sec.II. In Sec.III we use
tBLFQ to study the simpler system of a single electron in a
static, but position-dependent, background field (what will
be the“center-of-mass” motion of the system). In Sec.IV
we reintroduce the dynamical photon fields and study
photon emission from the electron; observables are defined
and their time-evolution is studied. In Sec.V, we add a time
dependence to the background. We present our conclusions
and outlook in Sec.VI. The appendixes include conven-
tions and other details behind the calculations in the text.
A comparison of our results with perturbation theory, in the
limit of weak background fields, is also included in the
appendixes.

II. BACKGROUND

In the light-front formalism, field theories are quantized at
fixed light-front timexþ ¼ x0 þ x3, following [25], rather
than at fixedx0 as in the equal-time formalism; see[26,27]
for reviews. The remaining coordinates arex� ¼ x0 � x3

(longitudinal) andx� ¼ f x1; x2g (transverse).
Due to the larger number ofkinematicLorentz gener-

ators, overdynamicalgenerators, in light-front coordinates,
wave functions in one frame can be more easily mapped to
those in other frames. Furthermore, light-front kinematics
forbids massive particles from contributing to the vacuum,
therefore making the trivial Fock vacuum the vacuum of the
full theory. (This holds only if one neglects zero-mode
contributions, which it is not always safe to do[28–35].)

One consequence of this is that the physical cases of
interest here are easily expandable in simple Fock modes.
For example, if the vacuum received its most significant
contribution from some higher Fock sector, take for
examplejeþ e� i , then the Fock expansion of the physical
electron would“begin” with jei phys � jeeeþ i . The triviality
of the vacuum means though that the first contributions take
the formjei phys ¼ ajei þ bje� i . It is the simplicity of the
Fock expansion that makes the Hamiltonian formalism
feasible in QFT.

A. Time-evolution in light-front field theory

In the Hamiltonian formalism of QFT, the time-evolution
of a system is governed by the Schrödinger equation, which
in light-front quantization takes the form

i
�

� xþ j� ; xþ i S ¼
1
2

P�
Sðxþ Þj� ; xþ i S; ð1Þ

in which the Schrödinger picture HamiltonianP�
S contains

two parts,

P�
Sðxþ Þ ¼P�

QED þ VSðxþ Þ; ð2Þ

whereP�
QED is the full light-front Hamiltonian of, here,

QED, and VS consists of additional interaction terms
introduced by a background field, to be specified explicitly
below. If the effects introduced by this background are the
primary source of interest, then it is convenient to work in
an interaction picture in which the“free” states are
eigenstates of the full QED HamiltonianP�

QED, and where
the only nontrivial time-evolution is induced by the new
interactionVS. It is of course not possible to do this exactly
for QED, and hence a numerical approximation will be
introduced below. In principle, though, in this interaction
picture, the Schrödinger equation becomes

i
�

� xþ j� ; xþ i I ¼
1
2

VI ðxþ Þj� ; xþ i I ; ð3Þ

the formal solution to which is

j� ; xþ i I ¼ T þ exp
�

�
i
2

Z
xþ

0
dx0þVI ðx0þÞ

�
j� ; 0i I : ð4Þ

States and operators in the two pictures are as usual
related by

j� ; xþ i I ¼ e
i
2P

�
QEDxþ

j� ; xþ i S;

AI ðxþ Þ ¼e
i
2P

�
QEDxþ

ASðxþ Þe� i
2P

�
QEDxþ

: ð5Þ

In this interaction picture, we work in a basis of eigenstates
of P�

QED. This basis, called the“tBLFQ basis” j� i (more
details will be presented in the next section), will simplify
the operator exponentials in the definition of the operators
in Eq. (5). In this basis the matrix elements of the
interaction HamiltonianVI become

h� 0jVI j� i ¼ h� 0jVSj� i exp
�

i
2

ðP�
� 0 � P�

� Þxþ Þ
�
: ð6Þ

It is then straightforward to evolve the quantum state
according to Eq.(4), by decomposing the time-evolution
operator into many small steps of light-front timexþ with a
step size� xþ

T þ exp
�

�
i
2

Z
xþ

0
dx0þVI ðx0þÞ

�

�
�
1 �

i
2

VI ðxþ
n Þ� xþ

�
� � �

�
1 �

i
2

VI ðx
þ
1 Þ� xþ

�
: ð7Þ
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This discretization is the Euler scheme; it is however not
usually a good choice. The most significant shortcoming of
this scheme is its poor stability (which means that the norm
of the state vectorj� ; xþ i changes as time evolves).
Instead, we will adopt the second-order difference scheme
MSD2, which has been proved to have better stability[36].
This scheme relates the state atxþ þ � xþ to those at both
xþ andxþ � � xþ (rather than just that atxþ as in the Euler
scheme), thus:

j� ; xþ þ � xþ i I

¼ j� ; xþ � � xþ i I þ ðe� iV I � xþ =2 � eiV I � xþ =2Þj� ; xþ i I

� j� ; xþ � � xþ i I � iV I j� ; xþ i I : ð8Þ

Once the quantum state at each time step is obtained, it is
straightforward to construct observables from it.

B. Basis light-front quantization

As mentioned above, it is convenient to evolve the system
in the tBLFQ basis, which by definition comprises the
eigenstates ofP�

QED. In such a basis, the complicated
exponentials of the operator in Eq.(5) reduce to phase
factors, which greatly simplifies the computation. The
eigenstates themselves are constructed in BLFQ, which is
a Hamiltonian formalism incorporating the advantages of
light-front dynamics. The main idea is to solve, numerically
and in a Fock space truncation, the time-independent
Schrödinger equation

P�
QEDj� i ¼ P�

� j� i : ð9Þ

BLFQ has the advantage of being able to solve bound
state problems involving positronium[37] and hadron
structures[38–53]. In this paper we follow previous work
on thephysicalelectron eigenstates in BLFQ[54]. A sector-
dependent renormalization[55,56] of the electron mass is
performed, improving over[20]. We review the main steps
here; more details may be found in[20].

Equation (9) is infinite-dimensional. To reduce the
equation to a finite-dimensional problem a truncation of
the basis should be implemented. We are in this paper
interested in transitions between the physical electron state
and its excitations, which are scattering states, due to the
interaction introduced by a background field. For simplicity
we retain only the first two Fock sectorsjei andje� i , which
are enough to give a description of the photon emitted from
the electron excited by the background field. In this
approximation, the physical electron and photon states
have the form, with# indicating some coefficients,

jei phys ¼ #jei þ #je� i ; j� i phys ¼ #j� i : ð10Þ

This truncation of the Fock space implicitly assumes that
higher Fock sectors give decreasing contributions to the

low-lying eigenstates, in which we are most interested; one
motivation for this is the success of perturbation theory in
QED, and further details of this approximation to the
physical states will be discussed in Sec.IV C.

We now characterize the single-particle Fock sector
states themselves. These carry four quantum numbers,
ultimately corresponding to three momentum components
and a spin or helicity. The first quantum numberk labels the
longitudinal momentumpþ of the particle. We compactify
the longitudinal directionx� on a circle of length2L and
impose (anti)periodic boundary conditions on (fermions)
bosons. The longitudinal momentumpþ therefore takes the
discrete values

pþ ¼
2�
L

k; ð11Þ

where the dimensionless quantityk ¼ 1; 2; 3; … for bosons
(neglecting the zero mode) andk ¼ 1

2 ; 3
2 ; 5

2 ; … for fermions.
The next two quantum numbersn andm are those of a 2D
harmonic oscillator (2D-HO) in the transverse plane, of
massM and frequency� . These numbers therefore encode
the transverse momenta. The 2D-HO eigenstates have the
corresponding eigenvalues

En;m ¼ ð2n þ j mj þ 1Þ� : ð12Þ

Note though that the only parameter of the 2D-HO that
enters the eigenstates is the scale parameterb �

��������
M�

p
; for

details see AppendixC. The fourth and final quantum
number� is the light-front helicity of the particle. We write
�̄ ¼ f k; n; m;� g as a shorthand for the four quantum
numbers and define the corresponding single-particle state
as j�̄ i [20]. These states are chosen so as to preserve as
many symmetries of the Hamiltonian as possible, and thus
simplify calculations in BLFQ. Compared with a standard
plane-wave basis, the 2D-HO basis preserves rotational
symmetry in the transverse plane, even in the finitely
truncated BLFQ basis. The shortcoming of the 2D-HO
basis states is that they are not eigenstates of momentum
and consequently it becomes difficult to separate the
relative motion from the center-of-mass motion. We will
however identify a method to resolve this, in Sec.IV D. For
more details of the symmetries of the QED Hamiltonian
and the basis, see[20,57]. To constructN-particle states
j�̄ Ni , we simply take the direct product of single-particle
statesj�̄ Ni ¼� j�̄ i . The working BLFQ basisj� i is then
the direct sum of all single- and multiparticle states retained
within after the Fock truncation.

Even with the restriction in Fock number, the parameters
in �̄ (aside from the helicity) are still unbounded and must
also be truncated. To impose this, we introduce two
parametersKtotal and Nmax with which to truncate the
BLFQ basis in the longitudinal and transverse directions
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respectively. For the longitudinal degrees of freedom,Ktotal
is defined by

Ktotal ¼
X

i

ki ; ð13Þ

where the sum runs over all single-particle states. If the
total longitudinal momentum is conserved, as is the case in
this paper, then only a singleKtotal is enough to describe the
system. Furthermore, because the light-front wave func-
tions are functions of longitudinal momentum fractions
xi ¼ ki=Ktotal, rather than longitudinal momenta them-
selves, largerKtotal only provides a finer description of the
system.

In the transverse plane, we define the total transverse
quantum number for a BLFQ basis statej� i as

N� ¼
X

i

2ni þ j mi j þ 1;

where the sum again runs over all particles in the state. All
the retained basis states satisfy

N� � Nmax: ð14Þ

Physically,Nmax limits the total“energy” of 2D-HO states
summed over all particles.Nmax is specified globally across
all Fock sectors to ensure that the transverse motion in
different Fock sectors is truncated at the same energy. As a
result,Nmax determines both the UV and IR cutoffs for the
transverse basis; for details, see[58,59].

At this stage we have a finite basis in which to work.
Working in the BLFQ basisj� i we can diagonalize the
Hamiltonian in order to find the QED eigenstatesj� i and
eigenvaluesP�

� satisfying the time-independent Schrödinger
equation(9). [It is straightforward to obtain the matrix
elements in the BLFQ basis by using the commutation
relations of the creation and annihilation operators of the
Fock states; see the Appendix, Eq.(B9).] From there, matrix
elementsh� 0jVI j� i as in Eq.(6) are easily calculated in
terms of the wave functionh� j� i ; for more details see
AppendixD.

III. PARTICLE IN AN EXTERNAL FIELD

In this section, we consider the simplest limit of our
system, namely single particles in an external field. In the
language of tBLFQ, this means that we retain only the
single-electron sectorjei in our calculations, neglecting
the electron-photon sectorje� i (and others). In doing so, we
effectively turn off dynamical photon generation and
absorption. These will be reinstated in Sec.IV.

A general background field generates four new inter-
action terms in the full light-front Hamiltonian of QED,
given in full in Eq.(A2). Three of these vanish if we can
represent the background by a potential having only a

single, longitudinal, componentA � . We make this sim-
plifying assumption from here on; note that there remains a
large amount of freedom in the choice of the background
field. Our choice is motivated by the desire to go beyond
previous tBLFQ results[20] and include field dependence
on the transverse coordinatesx� . Consider then an
“axicon” laser beam propagating in thez-direction. The
beam has a radially polarized electric field and an azimu-
thally polarized magnetic field, both transverse to the
propagation direction. This implies the vanishing of the
electric field on the symmetry, orz, axis[60,61]. Typically
one takes the transverse fields to go like� jx� j exp� jx� j2.
Axicon beams also have longitudinal fields (i.e. fields
pointing in the z-direction) with essentially the same
temporal (orxþ ) dependence as the transverse fields, but
which are suppressed relative to the transverse by a small
focusing parameter. Thus a toy model of an axicon beam
can be given by ignoring the longitudinal fields, and taking
the potential to be

eA � ðxÞ ¼� �
�

mea0���
�

p exp
�

�
1
2

b2
l x

� x�

�
f ðxþ Þ; ð15Þ

in which f ðxþ Þencodes the time dependence of the field;
a0 is a dimensionless amplitude, andbl is a width. We will
set f � 1 to begin with, reintroducing explicit time
dependence in Sec.V. Figure 1 shows the resulting,
transverse, electric and magnetic fields. These are radially
and azimuthally polarized respectively (as desired),
orthogonal and of equal magnitude at every point. The
transverse field profile as a function ofbl is also shown.

A further motivation for this choice of background is that
its symmetries match well with those of the BLFQ basis;
the potential(15)is proportional to the lowest order 2D-HO
eigenstate� 00 in coordinate space (recallf � 1 for now
and see AppendixC for details on the basis),

eA � ðxÞ ¼� �
�

mea0

bl
� bl

00ðx
� Þ: ð16Þ

The classical physics of a particle in the model axicon field
above is straightforward. Consider a particle near the
symmetry axis. Depending on its charge, or equivalently
the sign of a0, the particle is either repelled from or
attracted to the axis. In the former case, see the right-hand
panel of Fig.1, the particle will be accelerated into the
weak-field region and then drift outward at some acquired
velocity. Particles of opposite charge will be attracted to the
symmetry axis, which is also a weak field region, but will
overshoot, and may then be attracted back again, oscillating
around the axis. This intuition will help us analyze the
results of the tBLFQ calculation, below.

A. Time-evolution in tBLFQ

We now give the first tBLFQ calculation. We begin with
a single-electron state and consider its evolution in the
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axicon background above. We take the longitudinal
dependence of the initial state to be a plane wave of
momentumpþ . As the background has no longitudinal
position dependence, longitudinal momentumpþ is con-
served (both classically and quantum mechanically). Thus
we need only consider the physics of the transverse
directions. For the transverse degrees of freedom, we take
the initial wave function to be a normalized Gaussian wave
packet, also proportional to the HO eigenstate� b

00ðx
� Þ. We

will take the initial state widthbi to be equal to electron
massme because it is the only mass scale in QED. Hence
the electron is localized to within� me in transverse
momentum space and� 1=me in transverse position space.

We evolve the wave function in time numerically by
solving the Schrödinger equation(4) using the MSD2
scheme described above. This gives the wave function at
each time step. In our calculation, the width of the 2D-HO
basis in the transverse planeb is chosen to coincide with the
width of the initial statebi ¼ me, in order to improve
convergence. The mod-square of the wave function then
gives the particle probability distribution in either coor-
dinate or momentum space, as desired. (See[62] for a
comprehensive discussion of the position operator in light-
front quantization, and[63] for an application to radiation
reaction in the front form.)

Figure2 shows the time-evolution of the wave packet for
a0 > 0. (The background field Hamiltonian conserves
angular momentumLz, and our initial state is rotationally
symmetric; hence it is enough to pick a slice through the
transverse plane.) As time passes, the wave packet is
dispersed and repelled from the origin, with the initial
peak of high probability density being pushed to large
transverse positions. This is the analog of the classical
repulsion described above. We can also make a more

quantitative check against the classical theory, as follows.
The classical equations of motion reduce, in the transverse
directions, to the coupled ordinary differential equations

�x� ¼
mea0b2

l

2pþ ���
�

p x� exp
�

�
1
2

b2
l x� x�

�
; ð17Þ

where a dot indicates anxþ derivative. We numerically
integrate this equation for a large number of initial
conditions sampled from the same Gaussian position
and momentum space distributions as define the wave
packet in the quantum calculation. The idea is then to track
the position of the peak of the time-evolved distribu-
tion, expecting that this would be reproduced to some
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