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1 Introduction

This article summarizes recent progress in an algebraic analysis approach to systems of linear
functional equations and emphasizes computational issues. Concentrating predominantly on
work by a small group of people including the author of this article, the paper adopts a
rather subjective viewpoint. Nevertheless, we hope that this article could also serve as an
introduction to this subject.

We assume that a system of linear functional equations is given; e.g., a system of linear
ordinary or partial di�erential equations, a linear di�erential time-delay system, or a multi-
dimensional discrete linear system, etc. The origin of such a system could be mathematical
physics or the engineering sciences, prominently control theory; e.g., the given equations could
describe a �nite-dimensional deterministic linear control system. The equations are assumed
to be linear in the unknown functions and their derivatives, shifts, etc., but their coe�cients
may be non-constant (e.g., time-varying).

Employing the philosophy and the techniques of algebraic analysis and the theory of
D-modules, i.e., the theory of modules over rings of partial di�erential operators, cf., e.g.,
[Kas95], [Bj•o79], we associate to the system a module over a (not necessarily commutative)
ring D which contains the operators that occur in the given description of the linear system.
The system module reects structural properties of the solution set of the given system in an
appropriate signal space. In this article we mainly address certain degrees of parametrizability
of this solution set, which is also referred to as a behavior. The favorable case is that the
vector space of solutions can be realized as the image of aD-linear map. An even more
desirable situation is given if such a linear map can be chosen to be injective. An example is
provided by the de Rham complex on an open and convex subset ofRn (which we consider as a
smooth manifold). The behavior de�ned by the divergence operator admits a parametrization
in terms of the curl operator (not, however, an injective one), and the solutions of the system
de�ned by the curl operator are parametrized by the gradient operator (cf. Example 4.2
below). Apart from the general interest in solving systems of linear functional equations,
we note that the notion of parametrizability is equivalent to controllability in the context of
linear control theory (cf. Section 4), which explains the impact of the above questions.

� This is the author's accepted manuscript. The �nal published version of this work (the version of record)
is published by Springer in Multidimensional Systems and Signal Processing 26:2 (2015), available at: DOI
10.1007/s11045-014-0280-9. This work is made available online in accordance with the publisher's policies.
Please refer to any applicable terms of use of the publisher.
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Methodically, this paper employs module theory over non-commutative rings, in partic-
ular, Ore algebras, as well as homological algebra. We owe much to work by many other
authors, in particular, to the works in the following (not exhaustive) list: [Obe90, PQ99b,
Qua99, Woo00, Zer00, Pom01, Zer01, PQ03, Qua10a, Qua10b] (in order of appearance).

For lack of space, more recent developments could not be included in this survey. For
instance, recent progress in the study of autonomous systems using the technique of purity
or grade �ltration, cf., e.g., [Bar10], [Qua13]. In the present context, e�ective methods have
been developed to simplify (e.g., factorize) systems of linear functional equations (cf., e.g.,
[CQ08]), in particular, the technique of \Serre's reduction" (cf. [BQ10], [CQ12]), which tries to
reduce the number of equations and the number of unknowns of a system of linear functional
equations. Moreover, recent work (cf. [QR13b, QR]) developing e�ective versions of Sta�ord's
theorems (cf. [Sta78]) can only be mentioned here. (Subsection 5.4 presents only one of
Sta�ord's theorems.) Speci�c results about (multidimensional) codes cannot be dealt with
here either (cf., e.g., [LLO04]).

Section 2 introduces the point of view adopted in this paper, using module theory and
homological algebra. We concentrate on a certain class of rings in what follows, which is
introduced in Section 3. This choice allows to perform e�ectively the module-theoretic con-
structions which are necessary to study the structural properties of systems of linear functional
equations, using Janet bases or Gr•obner bases. The central Section 4 addresses the problem
of deciding whether or not the solution set of a linear system can be parametrized. In the
context of control theory this property amounts to controllability of the system. The more
re�ned question about injective parametrizability, i.e., atness of linear control systems, is
dealt with in Section 5. Finally, Section 6 lists several software packages which have been
developed in the context of investigating the topics of this article. We conclude in Section 7.

The following notation is used throughout this paper. If D is a ring and R 2 D q� p, then
we denote by :R the homomorphism D 1� q ! D 1� p of left D -modules which is de�ned by
right multiplication with R. Similarly, and more generally, for any left D -module F we write
R: for the homomorphism F p� 1 ! F q� 1 of abelian groups induced by the left action ofR
on column vectors with entries in F , the reference ofR: to F being clear from the context.
Finally, we denote by I n the (n � n) identity matrix and by GL( n; D ) the group of (n � n)
matrices with entries in D which are invertible over D (i.e., the general linear group). All
rings will be associative algebras with an identity element 1, all ring homomorphisms will
preserve the identity elements, and all modules will be unital. We use the standard notations
N = f 1; 2; 3; : : :g, Z, Q, R, C for the sets of natural numbers, integers, rational, real, and
complex numbers, respectively.

The author would like to express his gratitude to A. Quadrat and J.-F. Pommaret who
introduced him to the algebraic analysis approach to systems theory. The e�orts of two
referees, whose detailed comments led to a substantial improvement of the paper, are very
much appreciated as well.

2 The system module and behaviors

Inspired by conventions in the study of modules over rings of di�erential operators, we denote
by D the ring of linear functional operators that allow to formulate a given system of linear
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functional equations as

R y = 0 ; R 2 D q� p; y a vector of p unknowns: (1)

We assume thatD is a (not necessarily commutative) Noetherian domain, i.e., the product
(composition) of two non-zero elements (operators) inD is non-zero, and every submodule of a
�nitely generated (left or right) D -module is �nitely generated. This entails a straightforward
generalization of the notion of rank from vector spaces toD-modules. For computational
purposes we con�ne ourselves to certain iterated skew polynomial rings1 as de�ned in the
next section.

The set in which solutionsy of (1) are to be found is assumed to be of the formF p� 1, where
F is a left D -module, the left action of D being chosen accordingly to the given equations in
(1). We refer to F as asignal space.

All (linear) consequences of (1) are obtained by multiplying the equation by matrices with
q columns and entries inD from the left. Hence, we study the cokernel of the homomorphism
:R : D 1� q ! D 1� p of left D -modules induced by R, which is in some sense an intrinsic
representation of (1) (cf. Remark 2.10).

De�nition 2.1. We refer to the left D -module

M := D 1� p=D1� qR

as the system modulede�ned by R y = 0.

We denote bye1 := (1 ; 0; : : : ; 0), . . . , ep := (0 ; : : : ; 0; 1) the standard basis vectors ofD 1� p.

Remark 2.2. The above description ofM is a �nite presentation of M in terms of generators
and relations. We call R a presentation matrix of M . The residue classese1 + D 1� q R, . . . ,
ep + D 1� q R of e1, . . . , ep form a generating set forM , and the rows of R form a generating
set for the left D -linear relations that are satis�ed by these generators (in the given order).
If � : D 1� p ! M denotes the canonical projection, then every element of ker(� ) is a left
D -linear combination of the rows of R. Usually we express these facts by saying that

0 Moo D 1� p�oo D 1� q:Roo

is an exact sequenceof left D -modules, i.e., the kernel of each homomorphism in this se-
quence coincides with the image of the previous homomorphism if present. A sequence of
left D -modules and homomorphisms as above which satis�es the weaker condition that the
composition of each two consecutive homomorphisms is the zero map is called acomplex of
left D -modules.

Remark 2.3. A module-theoretic construction allows to relate theset of solutionsor behavior
of the linear system (1) in F p� 1

SolF (R) := f y 2 F p� 1 j R y = 0 g

1The assumption that D is a left Noetherian domain actually implies (cf. [MR00], Thm. 2.1.15) that D
satis�es the left Ore condition , i.e., every pair of non-zero elements ofD has a non-zero common left multiple,
a property shared by all Ore algebras (cf. also Proposition 3.7).
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to the system moduleM = D 1� p=D1� qR. By de�nition of a solution y of (1) with components
y1, . . . , yp, the homomorphism of left D -modules

D 1� p �! F : ei 7�! yi ; i = 1 ; : : : ; p;

induces a homomorphism of leftD -modules M ! F . Conversely, any such homomorphism
' : M ! F de�nes a solution

(' (e1 + D 1� qR); : : : ; ' (ep + D 1� qR))T 2 SolF (R):

This correspondence (observed by Malgrange in [Mal62, Subsect. 3.2]) establishes an isomor-
phism

homD (M; F ) �= SolF (R) (2)

of abelian groups.

Example 2.4. Let 
 be an open and convex subset of R2, F the real vector space of all
smooth real functions on 
, and D = R[@x1 ; @x2 ] the commutative algebra of polynomials in
@x1 , @x2 with real coe�cients. Then F is a D-module, where@x i acts on functions by partial
di�erentation with respect to x i , i = 1, 2. Let us consider the linear systemR y = 0, where

R :=
�

@x1

@x2

�
2 D 2� 1;

i.e., p = 1, q = 2, which can be understood as the gradient operator on the two-dimensional
smooth manifold R2. The system module is de�ned by M := D=D 1� 2 R. For any solution
y 2 F , the map

M �! F : d (e1 + D 1� 2 R) 7�! d y; d 2 D;

is well-de�ned (i.e., d e1 2 D 1� 2 R implies d y = 0), and is D-linear. On the other hand, given
a homomorphism' : M ! F , we have

@x i ' (e1 + D 1� 2 R) = ' (@x i e1 + D 1� 2 R) = ' (0 + D 1� 2 R) = 0 ; i = 1 ; 2:

Certain manipulations of the system equations or the system module should be reected
by certain operations on the solutions of the system or the signal space, as exempli�ed next.

Example 2.5. In the context of the previous example, we consider the inhomogeneous linear
system R y = u, where u 2 F 2� 1 is given. Every matrix S 2 D r � q for some r 2 N which
satis�es S R = 0 yields a compatibility condition S u = 0 for R y = u to be solvable. The fact
that D is Noetherian implies that there existsR2 2 D p2 � q such that every matrix S as above
is a left multiple of R2. In other words, we have the exact sequence ofD-modules

0 Moo D 1� p0oo D 1� p1
:R1oo D 1� p2

:R2oo (3)

where p0 := p, p1 := q, and R1 := R. We can choose (by a computation described in Exam-
ple 3.10) R2 :=

�
@x2 � @x1

�
2 D 1� 2. The contravariant functor hom D (� ; F ) transforms

the exact sequence ofD-modules (3) into the complex ofR-vector spaces

0 //homD (M; F ) //F p0 � 1 (R1 ): //F p1 � 1 (R2 ): //F p2 � 1 (4)
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where canonical isomorphisms homD (D 1� m ; F ) �= F m� 1 are used. The particular choice
of F is irrelevant for showing that the complex (4) is exact at homD (M; F ) and at F p0 � 1.
In the present context this general fact is consistent with Malgrange's isomorphism (2) be-
cause SolF (R) �= homD (M; F ) is a subset ofF p0 � 1 and is the kernel of the homomorphism
(R1): : F p0 � 1 ! F p1 � 1. If (4) is exact at F p1 � 1, i.e., we have ker((R2):) = im(( R1):), then
R1 y = u has a solution in F p0 � 1 if and only if R2 u = 0, as expected. We would like that
the construction of (3) and its meaning for system equations are translated by the functor
homD (� ; F ) into the expected statement about solutions of the system as formulated in (4).
For an appropriate choice of the signal spaceF this is true (cf. also Remark 4.12).

De�nition 2.6. a) A left D -module F is said to be injective if the functor homD (� ; F )
is exact, i.e., if homD (� ; F ) transforms exact sequences into exact sequences.

b) A left D -module F is said to be acogenerator for the category of leftD -modules if for
every left D -module M the element 02 M is the only element which is in the kernel of
every homomorphismM ! F .

Remark 2.7. If F is a cogenerator for the category of leftD -modules, then the exactness of
(4) implies the exactness of (3).

In the present context injective modules that are cogenerators for the category of leftD -
modules have a meaning that is analogous to algebraically closed �elds in algebraic geometry.

Theorem 2.8 (cf., e.g., [Rot09], Lemma 5.49). For every ring D there exists an injective left
D -module which is a cogenerator for the category of leftD -modules.

For the computational point of view of this article the abstract construction of the previous
theorem is not useful. However, for certain rings of functional operators, which are relevant
in this context, concrete modules satisfying the above properties are known.

Example 2.9. a) Let k 2 f R; Cg and D = k[@1; : : : ; @n ]. The following k-vector spaces
F are injective D-modules that are cogenerators for the category ofD-modules (cf.
[Mal62, Thm. 3.2], [Ehr70, Thm. 5.20, Thm. 5.14], [Pal70, Thm. 3 in VII.8.2, Thm. 1
in VII.8.1], [Obe90, Thm. 2.54, Sections 3 and 4]):

(i) sequences (aj ) j 2 (Z � 0 )n , where@i acts by shifting the i -th index; equivalently, formal
power series, where@i acts by partial di�erentiation;

(ii) convergent power series inn variables, where@i acts by partial di�erentiation;

(iii) k-valued smooth functions on an open and convex subset 
 ofRn , where @i acts
by partial di�erentiation, i.e., F = C1 (
);

(iv) k-valued distributions on an open and convex subset 
 of Rn , where @i acts by
partial di�erentiation.

b) Let D = B1(R) be the algebra of di�erential operators with rational function coe�cients
(cf. Example 3.8 b)). Then the R-valued functions on R which are smooth except in
�nitely many points form an injective cogenerator for the category of left D -modules
(cf. [Zer06, Thm. 3]).
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c) Let 
 be an open interval in R, A = f f=g j f; g 2 C[t]; g(� ) 6= 0 for all � 2 
 g, and
D = A[@] the skew polynomial ring with the commutation rules that are implied by
the product rule for @= d

dt (cf. also Example 3.8 b)). Then Sato's hyperfunctions on 

form an injective cogenerator for the category of leftD -modules (cf. [FO98, Thm. 4]).

d) Let D be an Ore algebra as in Remark 3.9. Then homk (D; k ) is an injective cogenerator
for the category of left D -modules (cf. [Rob06, Thm. 4.4.7]; cf. also [Bou80,x 1.8,
Prop. 11, Prop. 13], [Obe90, Cor. 3.12, Rem. 3.13]).

Remark 2.10. Let F be an injective cogenerator for the category of leftD -modules. Let
S z = 0 be a linear system with S 2 D s� r that is equivalent to R y = 0 in the sense that there
exist matrices T 2 D p� r and U 2 D r � p such that T: : F r � 1 ! F p� 1 and U: : F p� 1 ! F r � 1

induce isomorphisms SolF (S) ! SolF (R) and SolF (R) ! SolF (S), respectively, which are
inverse to each other. The assumption onF implies that this condition is equivalent to the
condition that the homomorphisms

D 1� p �! D 1� r : v 7�! v T; D1� r �! D 1� p : w 7�! w U

induce isomorphisms

D 1� p=D1� q R �! D 1� r =D1� s S; D1� r =D1� s S �! D 1� p=D1� q R;

respectively, which are inverse to each other. Hence, equivalent behaviors correspond to
isomorphic system modules, and if some property is recognized as being satis�ed by each
module of an isomorphism class of modules corresponding to a linear systemR y = 0, then
this property reects some structural feature of the behavior that does not depend on the
choice of the de�ning equations (e.g., the feature of admitting solutions, or, more interestingly,
of being controllable, or at, etc.).

We recall the following basic notions of module theory.

De�nition 2.11. Let D be a left Noetherian domain2. A �nitely generated left D -module
M is said to be

a) free if there exists r 2 Z � 0 such that M �= D 1� r ,

b) stably free if there exist r , s 2 Z � 0 such that M � D 1� s �= D 1� r ,

c) projective if there exist a left D -module N and r 2 Z � 0 such that M � N �= D 1� r ,

d) reexive if M ! homD (homD (M; D ); D ), de�ned by evaluation of homomorphisms
M ! D at the given element ofM , is an isomorphism,

e) torsion-free if d m = 0 for m 2 M and d 2 D implies d = 0 or m = 0, i.e., the torsion
submodulet( M ) of M is trivial:

t( M ) := f m 2 M j 9 d 2 D n f 0g; d m = 0g = f 0g;

f) torsion if t( M ) = M .

2As mentioned earlier, every pair of non-zero elements of D has a non-zero common left multiple, which
implies, e.g., that t( M ) is a left D -module.
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In cases a) and b) the (uniquely de�ned) integer r and r � s, respectively, is called therank
of M .

Proposition 2.12 (cf., e.g., [Bou80], [Rot09]). Let M be a �nitely generated left D -module.
Then the following chain of implications holds:

M free ) M stably free ) M projective ) M reexive ) M torsion-free:

Remark 2.13. For certain classes of rings, some levels of the hierarchy of modules collapse.

a) If D is a commutative principal ideal domain, then every �nitely generated torsion-free
D-module is free. More generally, ifD is a right3 principal ideal domain, i.e., every
right ideal of the domain D is generated by one element, then every �nitely generated
torsion-free left D -module is free (cf. [Coh06, Prop. 1.4.1]).

b) Let k be a �eld or a commutative principal ideal domain and D = k[@1; : : : ; @n ] the
commutative polynomial algebra over k. Then every �nitely generated projective D-
module is free (Quillen-Suslin Theorem, cf. [Lam06]; cf. also Subsection 5.3).

c) If D = An (k) is a Weyl algebra over a �eld k of characteristic zero (cf. Example 3.8 b)),
n 2 N, then every �nitely generated projective left D -module is stably free (cf. Section 3)
and every stably free left D -module of rank at least 2 is free (cf. Section 5).

Structural properties of behaviors that are addressed in this article can be characterized
in terms of the properties of modules de�ned above. The unexplained terminology will be
introduced and references will be given below.

Theorem 2.14. Let D be an Ore algebra as in Remark 3.9,R 2 D q� p, and F an injective
left D -module which is a cogenerator for the category of leftD -modules. Then the behavior
of the linear systemR y = 0 is

a) at if and only if M is free (cf. Section 5),

b) a projection in F (p+ q)� 1 of a at behavior de�ned over D if and only if M is stably free
(cf. [QR05b, Thm. 2]),

c) controllable, i.e., admits a parametrization, if and only if M is torsion-free (cf. Sec-
tion 4),

d) autonomous (i.e., every left D -linear combination of the components of a solution of
the system is annihilated by a non-trivial operator in D) if and only if M is torsion.

3 Module-theoretic constructions

Determining structural properties of linear systems de�ned overD in an e�ective way requires
that certain constructions related to the system moduleM can be carried out. In particular,
the possibility of deciding membership to a �nitely presented D-module and, in the positive
case, representing the element as linear combination of the generators is a least requirement.

3We thank Burt Totaro for a clari�cation of this statement and the reference [Coh06].
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