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Cooperative path planning of multiple autonomous underwater 

vehicles operating in dynamic ocean environment 

 

Abstract: This paper presents a two-stage cooperative path planner for multiple 

autonomous underwater vehicles operating in dynamic environment. In case of static 

environment, global Legendre pseudospectral method is employed for collision-free 

paths of vehicles for the purpose of minimum time consumption and simultaneous 

arrival. Moreover, in order to keep the multiple autonomous underwater vehicles safe 

from collisions on the path segments connecting two adjacent control nodes, an 

adaptive intermediate knots insertion algorithm is introduced. In the on-line planning 

stage, the local re-planning strategy aims at avoiding collisions with unexpected 

dynamic obstacles by two consecutive avoidance maneuvers, and the differential 

flatness property of autonomous underwater vehicle is utilized, which can help the 

vehicles react fast enough to avoid moving obstacles. 

Keywords: Cooperative path planning, Autonomous underwater vehicles (AUVs), 

Collision avoidance, Legendre pseudospectral method, Differential flatness  

 

1. Introduction 

Research on Autonomous underwater vehicles (AUVs) has been gaining attention 

recently due to the increasing demand in military, scientific research and commercial 

applications [1]. AUVs are a class of submerged marine vehicles that can perform 

underwater tasks and missions autonomously, using onboard navigation, guidance, and 
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control systems [2]. In order to enhance the level of autonomy and operational 

efficiency of AUVs, automatic guidance systems or proper path planning techniques 

for AUVs have become crucial.  

In general, the path planning problem of AUVs can be regarded as an optimization 

process, in which the main challenge is to avoid the collisions with obstacles and allow 

a capable guidance for AUVs in complicated ocean environment. There have been a 

wide variety of algorithms employed to solve the path planning problems for AUVs, 

including sampling-based algorithm [3], graph search method [4], [5], artificial 

potential field algorithm [6], [7] and evolutionary algorithm [8]-[11], etc. In most 

practical applications, AUVs have to operate in unknown and potentially cluttered and 

dynamic environments, thus real-time path planning is of primary importance to ensure 

safe and efficient operations [12]-[14]. A detailed overview on path planning of AUVs 

can be found in [15].  

Among the work reviewed, the majority only focused on the case of single AUV. In 

the past decade, motivated by increasingly complex and challenging missions at sea, 

there is widespread interest in the development of advanced techniques for multiple 

AUVs [16]-[19]. The core idea of multiple AUVs cooperation is to use a fleet of 

relatively small, simple and inexpensive AUVs to take places of specialized and 

expensive ones to solve underwater missions cooperatively. Simultaneous use of 

multiple AUVs can improve performance and robustness, as well as reducing cost; 

however, little attention has been paid to this problem due to the high uncertainty and 

complexity of the realistic ocean environment. The algorithm proposed in [20] 
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integrated the task assignment with path planning of multiple AUVs, which aimed to 

arrange a team of AUVs to reach all the appointed dynamic targets in 3-D underwater 

environments with obstacle avoidance without speed jump. A path planner for 

rendezvous of multiple AUVs and autonomous surface vessels using a distributed shell-

space decomposition scheme was specified in [21], which combined with a B-spline-

based quantum particle swarm optimization algorithm. Then, the rendezvous 

trajectories could be generated by considering both the capabilities of each vehicle and 

the dynamic environment. In the previous work, the dynamic models of AUVs have not 

been considered, and the proposed algorithms were only designed for off-line cases. 

Nevertheless, in practice, an on-line AUV guidance strategy is always required to 

regenerate paths during the course of the mission in any unstructured or unpredictable 

environment. Formation path planning problem of multiple unmanned surface vehicles 

(USVs) in realistic ocean environment using fast marching method is discussed in [22]. 

Here leader-follower formation control structure is adopted along with the on-line path 

planning scheme to largely maintain the formation shape with static and dynamic 

obstacles. However, the obtained paths are not optimal or even near-optimal and neither 

the relative moving directions of the dynamic obstacles and the affected USVs have not 

been considered in the process of collision avoidance.  

This paper focuses on the development of a cooperative path planner for multiple 

AUVs to obtain near-optimal paths in rich obstacles ocean environment. In order to 

improve the autonomy, the proposed path planning algorithm is designed to work off-

line and on-line. In the off-line stage, the paths can be pre-programmed according to 
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the original ocean environment information, which is completely known as a prior 

before the mission starts, and pseudospectral method will be employed to tackle the 

corresponding optimization problem. It is always a challenge to choose a proper number 

of control nodes. A large number of control nodes will be beneficial to collision 

avoidance for the AUVs with static obstacles as well as other members in the fleet, and 

furthermore the required accuracy can be easily satisfied. However, more control nodes 

will also cause inefficiencies and increase optimization complexity, and even make the 

optimization fail in finding an optimum. Therefore, in the off-line path planning process, 

an adaptive knots insertion pseudospectral method will be employed, which can achieve 

the requirements for collision avoidance and accuracy criteria by inserting proper 

number of knots at proper locations. Then, if unforeseen events occur during the 

mission, i.e. an unexpected obstacle suddenly pops up, the affected AUVs should have 

to begin regenerating paths on-line to avoid collisions, by using the continuously 

updated environment information from on-board sensors. Such re-planning process 

must be completed in real-time, and satisfies certain optimization criteria to ensure the 

safety and performance of the mission. Hence, the flatness property of AUVs will be 

introduced, and the corresponding optimization can then be solved more efficiently in 

flat outputs space. In addition, considering the relative orientation of the affected AUV 

and the corresponding dynamic obstacle, a practical cooperative re-planning strategy 

will be proposed.  

The rest of this paper is organized as follows. Section 2 describes the problem 

formulation by means of the mathematical models. Section 3 proposes the cooperative 



5 
 

path planning algorithm for multiple AUVs with static and dynamic obstacles. 

Simulation results are shown in Section 4, followed by conclusions and future work in 

Section 5. 

2. Problem formulation 

2.1. Mathematical model 

  Let n be the number of AUVs in the fleet 1 2{ , ,..., }nA A AA . Assuming all the 

AUVs in the fleet are identical, then the mathematical model of the ith AUV moving in 

a horizontal plane is described as follows [23]:  

)

( ) ( )

i i i

i i i i i i




   

η J(

M C D τ



    
                    (1) 

where, T[ , , ]i i i ix y η denotes the position ( , )i ix y and the heading angle i  of the ith 

AUV in earth-fixed reference frame; T[ , , ]i i i iu v r represents the velocity vector in the 

body-fixed reference frame, ,i iu v  denote linear velocities along surge and sway 

directions, and ir  is the rotational velocity in yaw motion; )iJ(  is Jacobian 

transformation matrix; M  denotes system inertia matrix; ( )iC    is Coriolis-

centripetal matrix; ( )iD   is hydrodynamic damping matrix; T[ , , ]i ui vi ri    is  the 

control vector including surge force ui , sway force vi and the yaw moment ri . 

  Furthermore, with the assumptions in [24], the dynamic and kinematic equations of 

motion can be described as  
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where, m  is the mass of AUV; Iz is the moment of inertia about the Z-axis of the body-

fixed frame; 
| | | |/ , /u u u v v vX X Y Y  and 

| |/r r rN N  are damping coefficients. 

2.2. Problem description 

Generally, cooperative path planning of multi-AUV can be regarded as a multi-

optimization problem subject to some certain criteria and constraints, which are 

imposed by the mission requirements, the physical characteristics of AUVs, as well as 

the ocean environment, then a set of optimal paths
1 2{ , ,..., }nP = P P P can be generated. 

This study considers four factors to determine the optimization criterion: time 

consumption over all participating AUVs F1; simultaneous arrival of AUVs at their 

selected destinations F2; collision avoidance with obstacles F3; collision avoidance with 

other AUVs F4. The values of these criteria are calculated over the potential AUV’s 

trajectories, which are approximated by Legendre polynomial on a set of Legendre-

Gauss-Lobatto (LGL) nodes. The objective function in this study can then be defined 

as: 

1 1 2 2 3 3 4 4( , ) ( , ) ( , ) ( , ) ( , )J F F F F      X O X O X O X O X O         (3) 

where, T

1 2[ , ,..., ]nX X X X  and T[ ; ] , 1,2,...,i i i i n  X  is the state of iA  ; 

1{ ,... }mO OO  is the set of m obstacles; 1 to 4 represent positive weighting values 
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satisfying
4

1

1j

j




 . 

(1) Objective criteria for time consumption and simultaneous arrivals 

In this study, these two criteria should be both minimized in order to satisfy the task 

requirements. Set 
iT  as the time taken by 

iA  to arrive at its selected destination, then 

the optimization function for total time consumption can be expressed as: 

 
1

1

n

i

i

F T


                                (4) 

Obviously, this criterion requires each participating AUV to reach its final position with 

minimum time consumption. Further, let 1 2max( , ,..., )i n iT T T T T   , which is the time 

taken by iA  to wait for the arrival of the last member, then the optimization function 

for simultaneous arrival can be described as: 

2

1

n

i

i

F T


                              (5) 

(2) Objective criterion for obstacles avoidance  

In this section only the static obstacles are considered, while the dynamic obstacles 

will be discussed later in Section 3. Assuming the safety distance between the ith AUV 

iA  and the kth obstacle  ( 1,2..., )kO k m  is k . Then, the objective function for static 

obstacles avoidance can be defined as  

3

1 1 0

2 2

1     

0,      otherwise

( ) ( )

i

k

k

k

k k k

Nn m
u

iO

i k u

u

iO ku

iO

u u u

iO i O i O

F f

d
f

d x x y y



  



 
 


   



                  (6) 

where, 1iN   is the number of control nodes on iP ; ( , )u u

i ix y  is the position of the uth 

control node on iP ; ( , )
k kO Ox y  is the position of the kth obstacle kO  and 

k

u

iOd  is the 

distance between kO  and the uth control node on iP . 
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(3) Objective criterion for AUVs avoidance 

This factor is a cooperative constraint to guarantee the feasibility of the paths when 

all the AUVs moving simultaneously. With this purpose, set uv

ijd  as the distance 

between the uth control node on iP  and the vth control node on 
jP , then the following 

model can be used to penalty this constraint: 

4

0 0

safe min

2 2

1,         and   | |

0,      otherwise
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   
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            (7) 

where, safe  is the safety distance between any two AUVs in the fleet; u

it  is the time 

taken by iA  to arrival at its uth control node, and v

jt  is the time taken by 
jA  to 

arrival at its vth control node; mint  is a pre-determined value for user design. 

Penalty functions are used to deal with collision avoidance as shown in Eqs. (6) and 

(7). Generally, to find out the optimal or even near-optimal solutions, the optimization 

algorithm has to avoid violations of the constrains caused by F3 and F4. Further, large 

values for weights 
3  and 

4  can keep the optimization research far away from the 

high-risk areas where the constrains may be violated. Besides, it is always necessary to 

select the safety margins carefully in practical applications by considering the physical 

limitations of the vehicles (such as the velocities, turning rates, time consumption and 

so on). So that, even if the violations occur, there is still sufficient time for the AUVs 

to respond. 

It can be found in Eqs. (6-7), each AUV should move out of the safety regions of 

obstacles and other AUVs due to a high risk of collisions. Moreover, in the cooperative 
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path planning problem, besides the optimization criteria for individual vehicle, more 

attention is paid to address cooperative behaviors. Thus, in order to fulfill the 

cooperative constraints defined in Eq. (7), not only the spatial constraints but also the 

temporal constraints should be taken into account.  

With the optimization criteria defined above, the cooperative path planning problem 

for multi-AUV can be written as the following optimization problem:  

1 1 2 2 3 3 4 4

T T

,0 ,

max max ma

Minimize ( , ) ( , ) ( , ) ( , ) ( , )

)
Subject to

( ) ( )

(0) [ (0), (0)] ;    ( ) [ ( ), ( )]

| | , | | ,   | |
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   




   
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M C D τ

X X X X



    

   

x ,     {1,2,..., }   i n 

       (8) 

where, 
,0iX and

, ii TX are the initial and desired final states of iA ; max max, ui vi   and maxri  

are the maximum values of control inputs with respect to physical limitations of the 

thrusters mounted on the vehicles. 

3. Cooperative path planner for multi-AUV 

  In path planning problems, safety always holds priority, especially for multi-AUV 

operating in complex ocean environment with high uncertainties. This section will deal 

with the cooperative path planning problem for multi-AUV in two phases: off-line and 

on-line. The main purpose of off-line process is to solve the optimization problem 

defined in Eq. (8) to generate a set of feasible and optimal paths, while the on-line 

process focuses on collision avoidance with unexpected dynamic obstacles by using a 

local cooperative planner. The flowchart for the cooperative path planning process is 

shown in Fig.1. 
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Initialization

Off-line cooperative  

path planning 

Store the information 

of all control nodes

Return results

On-line cooperative 

path re-planning 

 

Fig. 1. Flowchart of cooperative path planning process 

(i) Initialization: load the starting and desired destination conditions of all the 

members in the fleet, the locations of static obstacles and the pre-determined 

parameters, such as safe min,t  and k ; 

(ii) Off-line cooperative path planning: according to the required waypoints 

distribution of the mission, a Legendre pseudospectral method based path planner 

integrated with an adaptive intermediate knots insertion scheme is proposed to 

solve the optimization problem defined in Eq. (8), which can also ensure the path 

segments connecting any two adjacent control nodes safe from collisions; 

(iii) Store the information of all control nodes: to reduce the bandwidth of the 

distributed planner, each AUV in the fleet only exchanges the information of its 

control nodes with other members;    

(iv) On-line cooperative path re-planning: this process employs local re-planning 

scheme to avoid collisions with unexpected dynamic obstacles. Once a collision is 

detected, i.e. an AUV moves into the safety region of a dynamic obstacle, the re-
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planning process is activated to compute proper maneuver to resolve the conflict. 

In this paper, the re-planning scheme can guide the affected AUV back to the 

original off-line path by two consecutive avoidance maneuvers. Furthermore, the 

differential flatness property of AUV is introduced to speed up the planning process, 

thus the AUV can react sufficiently fast to the changing ocean environment.   

3.1. Legendre pseudospectral method based off-line cooperative path planner 

(1) Legendre pseudospectral method 

Legendre pseudospectral method is part of the larger theory of pseudospectral 

optimal control, which was originally proposed in [25]. Since then, Legendre 

pseudospectral method has been extended and applied for an impressive range of 

problems. The following section provides an overview of Legendre pseudospectral 

method, and more details can be found in [26]. 

The main idea of Legendre pseudospectral method is to parameterize the states and 

control inputs of the ith AUV with Nth order Lagrange polynomials NL on 1iN   

Legendre-Gauss-Lobatto (LGL) points. First, the physical domain [0, ]i it T  should be 

mapped to a computational domain [ 1,1]i    by the affine transformation 

2
1i

i

i

t

T
                               (9) 

The states ( )i iX  can then be approximated on 1iN   LGL points as  

0 0

( ) ( ) : ( ) ( ) ( )
i iN N

u u

i i i i i i u i i u i

u u

      
 

   X X X λ              (10) 

where, LGL points 0, 0,1,..., ( 1,  1)iNu

i i i iu N       are the roots of ( )N iL  . ( )u i   

is the Nth degree Lagrange interpolating basis function defined as 

https://en.wikipedia.org/wiki/Pseudospectral_optimal_control
https://en.wikipedia.org/wiki/Pseudospectral_optimal_control
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The first and the ( 1)th  derivatives of ( )i iX at the LGL point k

i can be 

approximated respectively as  
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where,
1,kuD are the entries of the ( 1) ( 1)i iN N    matrix 

1D  
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( 1)D  is also an ( 1) ( 1)N N    matrix, which can be easily obtained by

( 1)

( 1) ( 1), 1: [ ]ku



 



  D D D . 

  Using Legendre pseudospectral method based path planner, the off-line cooperative 

path planning shown in Eq. (8) can be further converted into a nonlinear programming 

(NLP), which aims at determining a set of coefficients 

1 20 0 0 T

1 1 2 2[ ... ; ... ;...; ..., ]NNN N

N N       , and can be solved by a MATLAB based general 

commercial optimal control software package DIDO [26]. 

(2) Adaptive intermediate knots insertion 

  In the cooperative path planner above, the collision constraints are only checked on 

a series of discrete-time control nodes. This collision check can be acceptable if the 

number of control nodes is sufficiently large; however, more nodes would lead to 
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inefficiencies and ill conditioning of the discrete problem. On the other hand, as shown 

in Fig. 2, the nodes distribution of Legendre pseudospectral method with different 

orthogonal polynomials have a common characteristic. They distribute densely near the 

two ends of the computational domain, while sparsely in center region, which would 

cause the gap between certain two adjacent nodes too large with a relatively small 

number of nodes. Hence, the path nodes may be confirmed safe from collisions, but a 

risk of collisions may still exist on the path segments which connect these nodes. To 

fix this problem, an adaptive intermediate knots insertion scheme is proposed.  

 
Fig.2. Distribution of nodes for Legendre pseudospectral method 

It should be noted, in some practical missions AUVs may be required to visit some 

user-specified waypoints besides the initial and final points, which cannot be 

guaranteed by global orthogonal polynomials. In this paper, the pre-determined 

waypoints will be tackled as knots, and local pseudospectral method will be used in 

each segment individually. The adaptive intermediate knots insertion algorithm is 

shown in Table 1:  

Table 1 Adaptive intermediate knots insertion algorithm 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

LGL

LGR

LG


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Adaptive intermediate knots insertion algorithm: 

Initialization： 

Set ( )iK l  as the number of knots produced after the lth round of knots insertion for iA ; 

,WP iN is the number of waypoints for iA  to visit, and 
,(0)i WP iK N ; ( )iS l  is the number of 

segments in the lth round and 
, , 1,2,..., ( )s

i l iS s S l ; 1iN  is the number of LGL points on each 

segment and L is a parameter relatively large to ensure enough rounds of knots insertion. 

Main loop: 

for 1:l L  

for 1:i n  

for 1:k m  

   for 1: ( )is S l  

          do _ 0lc ik   ( _ 0lc ik  means no collisions between iA  and kO  in the lth 

round, otherwise _ 1lc ik  ) 

              
, 0i sh   (number of collisions for iA  with any static obstacle on the sth 

segment) 

              for each 1: 1iu N   

                 evaluate 3 ( , )F X O  on segment 
,

s

i lS  

              if collision happens between the uth and the (u+1)th LGL points                

_ 1lc ik   

                 i(hi,s+1)=u 

                 hi,s = hi,s +1 

if   i<n 
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for ( 1) :j i n   

                   do _ 0ld ij    ( _ 0ld ij   means no collisions between iA and jA  , 

otherwise _ 1ld ij  ) 

           , 0i sp   (number of collisions for iA with
jA ) 

           for each 1: 1jv N   

if collision happens between the vth and the (v+1)th LGL points 

       _ 1ld ij   

       i(pi,s+1)=v 

  pi,s = pi,s +1 

for 1:i n  

        if any _ 1lc ik   

          Go to Algorithm 1 in Table 2 below 

        else   

           for ( 1) :j i n   

              if any _ 1ld ij   

                if any _ 0lc jk   

                 if ( ) ( )i jK l K l   

,( ) ( ) j

i i i lK l K l k   (
,

j

i lk is the number of collisions occur between iA and

jA in round l) 

else ( ) ( )i iK l K l  

s=s+1 

l=l+1 
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return ( )iK l  

Herein, Algorithm1 below shows how to choose a proper set of new knots for each 

AUV, when they collide with static obstacles.   

Table 2 Algorithm 1 for knots insertion for collisions with static obstacles  

Algorithm 1: 

Sort i(hi,s+1) in ascending order as a set of possible knots, then choose the proper knots 

according to the following rules: 

(1) If one node appears more than once in this set, then the node must be a new knot; 

(2) If collisions are detected separately in two or more consecutive intervals (between any two 

LGL points) with the initial node of the first interval as   and the final node of the last 

interval as  , then all the intermediate nodes will be deleted from the set, and these two end 

points should also be adjusted as following: 

(i) if 
iN     , then delete the node   in the set; 

(ii) if 
iN     , then delete the node   in the set; 

(iii) if 
iN     , then all these two end points should be chosen as new knots; 

Then all 
,

s

i lk  remaining nodes compose a set of new knots for iA  on segment 
,

s

i lS ,  

 s=s+1 

( )

,

1

( ) ( )
iS l

s

i i i l

s

K l K l k


   

In Algorithm 1, only some of the detected knots are taken into account, in order to 

improve the efficiency of the algorithm. By repeating the intermediate knots insertion 

process, the total number of control nodes increases, while the quantity of nodes in each 
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segment still keeps constant. Therefore, the risk of collision can be reduced efficiently 

with a relatively low computational complexity.  

The flowchart for off-line cooperative path planning process is shown in Fig. 3.  

Start

Compute a set of paths  {P1,P2,…,.Pn}

by LPM based method

Collision occurs?
Y

N

Store datas

End

  

    Initializaiton:              ,0 ,, ,  1,...,
ii i T i nX X

max max max,  and ui vi ri  

( , ),  1,2,...,
k kO Ox y k m

Adaptive knots 

insertion Algorithm 

safe min,  and kt 

 

Fig. 3. Flowchart of off-line path planning process 

3.2. On-line cooperative path planner 

The previous algorithm can obtain a set of optimal paths for multiple AUVs off-line; 

however, the paths are not always applicable in the dynamic environment. The majority 

of existing algorithms focused only on the off-line implementations, since on-line path 

planners are always computationally expensive and their fast reaction to the changing 

ocean environment is very challenging. Additionally, the increased computational cost 

would be a heavy burden to plan multiple AUVs cooperatively.  
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In this paper, when multiple AUVs following the off-line optimal paths detect 

dynamic obstacles, an on-line path planner starts to work. Furthermore, the differential 

flatness property of AUV will be introduced, which can reduce the computational cost 

while increasing the efficiency of the on-line planner.    

(1) Collision detection of dynamic obstacles 

Assuming the number of dynamic obstacles in current ocean work space is m , and 

the safety distance between the ith AUV
iA  and the qth dynamic obstacle 

,  1,2,...,qO q m   is   , then the optimization criterion for dynamic obstacles 

avoidance can be written as: 

5 ,

1 0

, min

,

2 2

,

1,         and   | |

0,      otherwise

( ( )) ( ( ))

i

q

q

q

q

Nm
u

i O

q u

u u

i O i qu

i O

u u u

i O i q q i q q

F f

d t t t
f

d x x t y y t







 









     
 


      



              (7) 

herein, ( , )q qx y   is the position of 
qO  at time 

qt ; , q

u

i Od   is the distance between the 

uth LGL point of iA  and the qth dynamic obstacle 
qO ; mint  is a user designed 

parameter. 

(2) Collision resolution 

In practical applications, each AUV in the fleet should have a maximum detection 

radius. Once the dynamic obstacle enters the detection region of the ith AUV iA  

(centered at ( , )i ix y  with a radius ,  R R   ), its motion can be detected and predicted. 

Fig. 4 shows the template used to construct the collision resolution algorithm, in which 

the obstacle qO  moves along the y-axis of the moving reference frame, while iA  

follows the off-line path (displayed by the red dashed line). Assuming 
qO  enters the 
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detection region of 
iA  for the first time when 

iA  moves close to the (u-2)th node 

(marked as ( 2)Node u

i

 ) along its original path. Evaluating the optimization criterion F5 

for the subsequent nodes on 
iP , if there exists a risk of collision, then an on-line path 

planner is activated, otherwise Ai continues to move along its off-line path until the next 

dynamic obstacle is detected. It is noticed that, the collision should be checked with 

both spatial constraints and temporal constraints. Even if the instantaneous distance 

between the affected AUV and the dynamic obstacle is smaller than the required safety 

distance, the risk of collision can be ignored as long as the time span for these two to 

reach the corresponding points is longer than mint .  

 

qO

  

iA

x (moving reference frame)

y

Off-line planned path

Nodeu

i

( 2)Node u

i



( 1)Node u

i



 

,i vWP

,( 1)i vWP 


( 1)Node u

i



( 2)Node u

i



qO

 

Fig. 4. Template for the collision resolution 

Herein, the collision resolution algorithm includes two consecutive avoidance 

maneuvers, which aims at diverting the affected AUV away from the obstacle, and later 

guiding it back to the off-line path at the end of the re-planning process. The detailed 

procedure is shown in Table 3 below. 
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Table 3 Collision resolution algorithm  

Collision resolution algorithm: 

1. Find out the position qO , where the instantaneous distance between the off-line path of iA

and predicted path of qO  is shortest, and circle the corresponding safety region with a radius 

  ; 

2. Choose the starting point for the first re-planner as the first node detecting the dynamic 

obstacle such as ( 2)Node u

i

 in Fig. 4, and the ending point of the second re-planner as the first 

node out of the safety region of qO such as ( 2)Node u

i

 ; 

3. Draw the tangent lines from the starting point ( 2)Node u

i

 and ending point ( 2)Node u

i

  

respectively to construct an intersection
,i vWP . Take this point as a new waypoint, and also as 

the ending point of the first re-planner, as well as the starting point of the second re-planner; 

4. Run the Legendre pseudospectral method based algorithm twice to update the local path with 

these three points to fulfill all the optimization criteria. 

It is shown in Fig. 4, by setting the new waypoint
,i vWP , the AUV can move out of the 

safety region of the dynamic obstacle more efficiently. Moreover, due to the time taken 

for the re-planning process, the actual starting point for the updated path will be some 

certain point on the off-line path of iA , which is close to the starting point of the first 

re-planner (displayed as 
,( 1)i vWP 
  in Fig. 4).  

 

(3) Multi-AUV on-line re-planning scheme 

Obviously, the previous on-line re-planning scheme is able to clear the risk of 

dynamic obstacles by updating the local path of the affected AUV, but it will also make 
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the new path distinct from the one obtained off-line, especially the path segments 

around the obstacle. As discussed above, the constraints for collision avoidance with 

static obstacles and other AUVs can only be satisfied by the nodes on off-line paths, so 

the distinction may cause collisions again. Therefore, in the re-planning process, it is 

necessary to evaluate the optimization criteria 3 4,F F  as well as 
5F , which will result 

in a computational burden, and even make the re-planning impossible to achieve on-

line when multiple AUVs are in re-planning process simultaneously.  

To improve the efficiency of the distributed planner, the information exchanged by 

the AUVs in the fleet are only the control nodes, and the on-line path planning of 

multiple AUVs can be regarded as an optimization problem defined in a region centered 

at the starting point of the corresponding re-planner with a pre-selected radius R. In 

each re-planning process, only the nodes of AUVs and static obstacles locating in this 

region will be taken into account by the re-planner, such that the computational cost 

will be reduced dramatically. Furthermore, when all the AUVs are operating in the 

working space, the re-planning process can be carried out sequentially according to the 

order of detection of collisions. Thus, once the affected AUV starts to re-plan, all the 

other AUVs still move along their current paths until the end of the re-planning process, 

and then the updated control nodes will be broadcasted to all the other members in the 

fleet. It is noted that, the matter of prime importance in path planning problems is safety; 

therefore, the above scheme is proposed to simplify the path re-planning process. In 

order to improve the efficiency further, the differential flatness property of AUV will 

be discussed in the following section. 
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(4) Differential flatness of AUV  

Differential flatness is an intrinsic property of nonlinear control systems, which can 

transform the original complex dynamical equations into a set of algebraic equations 

[27]. In this paper, a set of flat outputs of 
iA   can easily be found as

T T

,1 ,2 ,3[ , , ] [ , , ]i i i i i i iY Y Y x y  Y , and then the mathematical model of iA  as shown in Eq. 

(2) can be transformed into  

,1 ,3 ,2 ,3

,2 ,3 ,1 ,3

,3

cos sin cos sin

cos sin cos sin

i i i i i i i i i

i i i i i i i i i

i i i

u x y Y Y Y Y

v y x Y Y Y Y

r Y

 

 



    


   


 

               (14) 

| |

,1 ,3 ,2 ,3 | | ,1 ,3 ,2 ,3 ,1 ,3 ,2 ,3

| |

,2 ,3 ,1 ,3 | |

| |

( cos sin ) ( | cos sin |) ( cos sin )

| |

( cos sin ) (

ui i i i u i u u i i

i i i i u u u i i i i i i i i

vi i i i v i v v i i

i i i i v v v

mu mv r X u X u u

m Y Y Y Y X X Y Y Y Y Y Y Y Y

mv mu r Y v Y v v

m Y Y Y Y Y Y





   

      

   

    ,2 ,3 ,1 ,3 ,2 ,3 ,1 ,3

| |

,3 | | ,3 ,3
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| |

( | |)

i i i i i i i i

ri z i r i r r i i

z i r r r i i

Y Y Y Y Y Y Y Y

I r N r N r r

I Y N N Y Y





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



  
   

   

(15) 

It can be noted that, the number of optimization parameters to be determined has 

been dramatically reduced by 50% in the flat outputs space, while the constraints caused 

by the differential equations of the system model have also been totally eliminated. 

Therefore, the computational complexities as well as the time consumption will be 

reduced remarkably to ensure the on-line re-planning successful.  

4. Simulation results 

  In this section, two case studies are tested to demonstrate the performance of the 

multi-AUV path planners in presence of different ocean environments: The first case 

aims at generating time-minimum paths for multiple AUVs travelling through a static 

environment, and the problem of simultaneous arrival for all vehicles at their selected 

destinations will also be discussed. The second case deals with dynamic ocean 
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environment, where unexpected moving obstacles will be considered. 

  The numerical simulations will be carried out in case of three identical AUVs with 

10m ( 1~ 4)k k   and 5msafe  . The initial and final states of individual AUV are 

given in Table 4.  

Table 4 Initial and final states of individual AUV 

Parameter Value Parameter Value 

1,0X  T[5,5, / 4,0,0,0]  
11,TX  T[100,100, / 4,0,0,0]  

2,0X  T[20, 10,0,0,0,0]  
22,TX  T[80,120,2 / 3,0,0,0]  

3,0X  T[60,10, / 3,0,0,0]  
33,TX  T[0,110, / 2,0,0,0]  

The number of LGL points for the first global planning is set as 10iN   and 
min 10st  . 

Further, the limitations of control inputs are set as 
max max 150Nui vi    and 

max 50N mri   , i=1~3. 

  Simulation results are plotted in Figs. 5-9. Fig. 5 displays the results of time-optimal 

path planning for three AUVs without considering the ocean environment. The obtained 

paths are almost a set of straight lines connecting the initial and final points of each 

AUV, in order to guarantee the total time consumption minimum over all participating 

members. However, since the obstacle constraints have not been taken into account, the 

AUVs collide with the obstacles on the lines to the destinations. Furthermore, as shown 

in Fig. 5(c) the collisions not only occur between AUVs and obstacles but also exist 

between AUVs.   
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(a) Time-optimal paths for AUVs in case of static environment 

 

(b) Distances between each AUV and static obstacles 
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(c) Distances between any two AUVs 

 

(d) Control inputs 

Fig. 5 Path planning of multi-AUV for minimum total time consunmption in static environment 
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3 126.32sT  , respectively, and the total time consumption is F1 = 387.19s, which is a 

little longer than the result obtained in last case. Although more time has been spent on 

the purpose of simultaneous arrival, all three AUVs still are not able to arrival at their 

destinations simultaneously. This is due to the optimization criteria considered herein 

include not only F2 but also F1, and the weighting factors are set as 1 2 0.5   , which 

implies the total time consumption and simultaneous arrival are of equal importance in 

this case. Increasing the weight 2  associated with F2 can indeed improve the 

performance of simultaneous arrival; however, much more time has to be used to 

achieve this goal. For example, if the weights are 1 20.3,  0.7   , then the time used 

by individual AUV can be obtained as 
1 2126.85s,  139.97sT T   and

3 139.85sT   , while 

the total time consumption increases by more than 30s. So, it is always necessary to 

make a tradeoff between these two items according to specific problems by adjusting 

the weights.  

 

(a) Optimal paths for simultaneous arrival 
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(b) Distances between each AUV and static obstacles 
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(d) Control inputs 

Fig. 6 Path planning of multi-AUV for simultaneous arrival and minimum total time consumption in static 

environment 

   Fig. 7 displays the results for the case in which multiple AUVs navigate through a 

rich obstacles environment for purpose of simultaneous arrival and minimum time 

consumption in 2D scenarios. It is found that the collisions on LGL nodes can be 

successfully avoided by considering the collision constraints. However, collisions can 

also be found on the segments connecting two adjacent control nodes, i.e. 
3A  collides 

with 
2O on the segment connecting its 5th and 6th LGL points, and understandably the 
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enough. Whilst, as shown in Fig. 7(c), the distance between 
1A  and 

2A  can be 

detected shorter than the safety distance 
safe  in the time interval[99.5s, 107.2s] , which 

can also be considered as collision. It also should be noticed as shown in Figs. 7(a) and 
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depends on both spatial constraints and temporal constraints. 

 

(a) Paths for AUVs in environment with static obstacles 
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(c)  Distances between any two AUVs 

 

(d) Control inputs 

Fig. 7 Path planning of multi-AUV for simultaneous arrival, minimum total time consumption and collision 

avoidance in static environment  
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applying knots insertion algorithm. Further, Fig.8 (c) shows inserting knots is also 

beneficial to avoid collisions occurring among the members in fleet. In short, all the 

AUVs can achieve their desired destinations successfully without colliding with any 

obstacles, as well as any other AUVs in the team by inserting knots at the segments 

where collisions are detected. Additionally, local planners sometimes can optimize the 

criteria further as shown in Fig. 8. The total time taken in last case is 414.97s, which is 

reduced to 388.35s herein. Since the segments between any two selected knots are re-

planned locally, some unnecessary detours on the off-line paths can be avoided, and 

then the total time taken for the AUVs to reach destinations is reduced.   

 

(a) Paths for AUVs in environment with static obstacles 
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(b) Distances between each AUV and static obstacles 
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(d) Control inputs 

Fig. 8 Application of knots insertion algorithm in static environment 
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(a) Paths for AUVs in environment with static and dynamic obstacles 

 

(b) Distances between each AUV and static obstacles 
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(c) Distances between each AUV and dynamic obstacles 
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(e) Control inputs 

Fig. 9 Path re-planning of multi-AUV to deal with moving obstacles   
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In the simulations, the off-line path planning can always be completed in 15 seconds, 

and then, the computational complexity of on-line re-planners can be reduced greatly 
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by taking these results as known conditions. More specifically, it is known most 

optimization algorithms are sensitive to initial guesses, so if a re-planner can take the 

results obtained in last re-planning as the initialization, the time taken can be certainly 

reduced and a better solution can also be obtained. In this work, the computational cost 

for each re-planning is always less than 2 seconds. Furthermore, in order to have the re-

planner run on-line successfully, if the time consumption of iteration exceeds 3 seconds, 

the process will be forced to stop, and the AUVs have to move along the current paths 

until next re-planning begins. Meanwhile, all the AUVs are assumed to be guided by 

last re-planner at the first beginning of each re-planning process, until the current re-

planner completes. 

Additionally, in the applications of the proposed algorithm, if the dynamic obstacle 

is detected only a relatively short distance away with high velocity, it is difficult or even 

impossible for the AUV to maneuver out of the safety region always, due to its physical 

limitations. Then, the emergency measures should be carried out for the sake of safety, 

which is beyond the scope of this paper, and will be studied in our future work. 

5. Conclusions and future work 

This paper presents a novel Legendre pseudospectral method based cooperative 

path planner that work off-line and on-line. In the first phase, Legendre pseudospectral 

method based path planner is integrated with an adaptive knots insertion algorithm to 

solve the collisions with static obstacles and other AUVs in the team. In the on-line 

phase, flatness property of AUV is employed and combined with a local re-planner to 

avoid the risk of collision with moving obstacles. Simulations tests have been 
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performed to generate a set of optimal paths with minimum time consumption for three 

AUVs travelling simultaneously through turbulent ocean fields in the presence of both 

static and moving obstacles. From the simulation results, the proposed path planner is 

shown to be capable of reacting fast to dynamic ocean environment, and avoid the 

collisions successfully and efficiently. 

The ultimate aim of the development of path planning algorithms is to enhance the 

autonomy and operational efficiency of AUVs. Thus, the next major objective of this 

work is to integrate the task assignment module into the proposed algorithm, which is 

a self-decision making system to allocate the tasks to individual AUVs according to 

mission requirements. Another extension of this work is to generate the optimal paths 

for multi-AUV in realistic ocean environment, such as strong currents fields and 

irregularly shaped terrains and uncertainty dynamic obstacles. Additionally, the 

performance of path planning algorithms is always closely related to the physical 

limitations of AUVs in practical applications, so it is also necessary to take them into 

account in future work.    

Although the approach is proposed only for multi-AUV, it can also deal with the 

cooperative path planning problem of other unmanned vehicles (eg. unmanned surface 

vehicles and unmanned aerial vehicles) with proper adjustments and extension, which 

is also an important aspect of future work. 
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