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In master-�eld simulations of lattice QCD, the expectation values of interest are obtained
from a single or at most a few representative gauge-�eld con� gurations on very large lattices.
If the light quarks are included, the generation of these �el ds using standard techniques is
however challenging in view of various algorithmic instabi lities and precision issues. Ways
to overcome these problems are described here for the case ofthe O(a)-improved Wilson
formulation of lattice QCD and the viability of the proposed measures is then checked in
extensive simulations of the theory with 2 + 1 avours of quar ks.

1. Introduction

Numerical lattice QCD usually proceeds by generating a representative ensemble of
gauge-�eld con�gurations through a Markov process and estimating the expectation
values of the chosen observables through ensemble averages. On very large lattices,
translation averages in presence of a single gauge �eld (themaster �eld) provide
an alternative way of calculating the expectation values, the associated statistical
errors being determined through translation averages too [1].

In the case of the SU(3) gauge theory in four dimensions, somelarge-scale simu-
lations of this kind were recently performed and worked out as expected [2]. While
the inclusion of the light quarks in these calculations is inprinciple straightforward,
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some technical questions must be answered before the established lattice QCD tech-
niques can be applied with con�dence. Global accept-rejectsteps, for example, can
be a source of inexactness as a result of signi�cance losses growing proportionally to
the lattice size. Other possible issues include numerical instabilities of the simulation
algorithm and unbalanced local inaccuracies of approximately calculated solutions
of the Dirac equation.

In the present paper, all these potential obstacles for master-�eld simulations are
addressed and solutions are brought forward in each case. For de�niteness Wilson's
formulation of lattice QCD is considered [3], with O(a) counterterms added as usual
[4,5], but the material covered in sects. 3{5 is not speci�c to this form of the lattice
theory. Moreover, an enhanced stability of the simulationsis expected to be bene-
�cial for traditional QCD simulations too.

The proposed stabilizing measures include a slight modi�cation of the standard
O(a)-improved lattice Dirac operator (sect. 2) and the use of the Stochastic Molecu-
lar Dynamics (SMD) simulation algorithm [6,7] in place of the Hybrid Monte Carlo
(HMC) algorithm [8] (sect. 3). Which level of numerical precision is required for the
algorithm to simulate the theory exactly, and how su�cient p recision can be guar-
anteed, is discussed in sects. 4 and 5. The results of some representative simulations
of QCD with 2 + 1 avours of quarks, demonstrating the viabili ty of the proposed
framework, are then reported in sect. 6.

2. O( a)-improvement revisited

Accidental near-zero modes of the Wilson{Dirac operator are commonly suspected
to cause simulation instabilities and enhanced statistical uctuations. Experience
moreover suggests that the addition of the Pauli term required for O(a)-improvement
tends to further these undesirable e�ects, particularly so on coarse lattices. In this
section, a modi�ed improved Dirac operator is introduced, which can be expected
to be better behaved in this respect and which has some other advantages too.

2.1 Preliminaries

The lattice theory is set up on four-dimensional hypercubiclattices with time extent
T, spatial sizeL 3, spacinga and periodic boundary conditions in the space directions.
Either periodic (anti-periodic for the quark �elds), Schr•odinger-functional [9,10] or
open boundary conditions [11,12] are imposed in the time direction. The gauge
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group is taken to be SU(3) and the notational conventions forthe group generators,
the link variables, etc., are as in refs. [5,11,12].

In the simulations reported in sect. 6, the tree-level Symanzik-improved gauge
action is used [13], but the choice of the gauge action is otherwise unimportant. For
notational convenience, lattice units are usually employed, where all dimensionful
quantities are expressed in units of the lattice spacinga.

2.2 Lattice Dirac operator

On a lattice with periodic boundary conditions, the O(a)-improved Wilson{Dirac
operator is given by

D = 1
2 f  � (r �

� + r � ) � r �
� r � g + csw

i
4 � ��

bF�� + m0; (2.1)

where m0 is the bare quark mass,r � and r �
� the forward and backward gauge-

covariant di�erence operators and bF�� the standard (\clover") lattice expression [5]
for the gauge-�eld tensor. The coe�cient csw is equal to 1 at tree-level of pertur-
bation theory and grows monotonically with the gauge coupling, typically reaching
values around 2 on coarse lattices (see ref. [14], for example).

If the lattice points are classi�ed as even or odd depending on the parity of the
sum of their coordinates, the Dirac operator assumes the block form

D =

 
Dee Deo

Doe Doo

!

; (2.2)

Deo and Doe being the hopping terms from the odd to the even points and theeven
to the odd points, respectively, while the Pauli term is included in the diagonal part

Dee + Doo = M 0 + csw
i
4 � �� bF�� ; M 0 = 4 + m0: (2.3)

A simple way to accelerate lattice QCD simulations exploitsthis structure by passing
to the even-odd preconditioned formD̂ = Dee � DeoD � 1

oo Doe of the lattice Dirac
operator, which acts on quark spinors on the even lattice sites only.

The Pauli term in these equations can be fairly large, particularly so on coarse
lattices, where it may get close to saturating the norm bound


 i

4 � ��
bF��




2 � 3: (2.4)

Since the positive and negative eigenvalues of the Pauli term are equally distributed,
and the bare massm0 is usually negative, the diagonal part of the Dirac operator
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is then not protected from having arbitrarily small eigenvalues. Even-odd precondi-
tioning is in fact known to occasionally fail for this reason, with probability growing
proportionally to the lattice size, which practically excl udes its use in master-�eld
simulations.

2.3 Alternative form of the lattice Dirac operator

The fact that the diagonal part of the improved Wilson{Dirac operator is not positive
distinguishes the improved from the unimproved operator and could explain why the
improvement tends to promote the instabilities mentioned at the beginning of this
section.

From the point of view of O(a)-improvement and the continuum limit, the alter-
native expression

Dee + Doo = M 0 exp
�

csw

4 + m0

i
4 � ��

bF��

�
(2.5)

for the diagonal part of the Dirac operator may however do just as well. At leading
order of perturbation theory, this expression actually coincides with the traditional
one and improvement is achieved by settingcsw = 1. Clearly, this form of the diag-
onal part of the Dirac operator is positive de�nite and safely invertible. Even-odd
preconditioning is therefore guaranteed to be numericallyunproblematic. Moreover,
det D = det D̂ up to a �eld-independent proportionality constant.

Whether the alternative form (2.5) of the diagonal part of th e Dirac operator is a
viable choice at all couplings in the scaling regime is an open question at this point,
which must ultimately be answered through extensive simulations of the modi�ed
theory. In these simulations, the exponential of the Pauli term and the derivative
of the exponential with respect to the gauge �eld must be frequently evaluated, but
there are ways to do this with negligible computational e�ort (see appendix A).

2.4 Including O(a) boundary counterterms

If open or Schr•odinger-functional boundary conditions are imposed in the time direc-
tion, O( a)-improvement near the lattice boundaries requires boundary counterterms
to be added to the quark action. The counterterms amount to replacing the constant
M 0 in eq. (2.3) by a diagonal operator that acts on quark �elds  (x) according to
[5,11]

M 0 (x) = f 4 + m0 + ( cF � 1)(� x 0 ;1 + � x 0 ;T � 1)g  (x): (2.6)
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At tree-level of perturbation theory, the improvement coe� cient cF is equal to 1 and
the boundary term in eq. (2.6) thus vanishes at this order.

The alternative expression for the diagonal part of the improved Dirac operator is
then again given by eq. (2.5) with M 0 set to the operator (2.6). This way of adding
the boundary counterterms preserves all the good properties of the term mentioned
above.

3. Stochastic molecular dynamics

The numerical integration of the molecular-dynamics equations in the HMC algo-
rithm is known to occasionally go astray, leading to unbounded violations of energy
conservation. In these singular cases, the time-reversibility of the integration is likely
to be violated too and the exactness of the simulation is thenno longer guaranteed.
What causes these instabilities remains unclear. In particular, they occur even if the
lattice Dirac operator is rigorously protected from having near-zero modes (through
a twisted-mass term, for example).

With respect to the HMC algorithm, the Stochastic Molecular Dynamics (SMD)
simulation algorithm [6,7] described in this section tendsto be less a�ected by inte-
gration instabilities. One of the reasons for this favourable behaviour is the typically
much shorter molecular-dynamics integration time, but the fact that the pseudo-
fermion �elds are more frequently adapted to the changes of the gauge �eld may
have a stabilizing e�ect too.

3.1 SMD update cycle

The SMD algorithm is rather similar to the HMC algorithm and l ike the latter does
not assume a particular form of the lattice action. For simplicity the algorithm is here
described for two-avour QCD and no frequency-splitting of the quark determinant,
the generalization to other cases of interest being straightforward.

The �elds processed by the SMD algorithm are the gauge �eldU(x; � ), the asso-
ciated momentum �eld � (x; � ) and a pseudo-fermion �eld � (x) with action

Spf (U; � ) = ( �; (D yD)� 1� ): (3.1)

In the case considered, the only other term included in the total action S(U; � ) of the
theory is the gauge actionSG (U). An SMD update cycle then consists of a random
rotation of the momentum and the pseudo-fermion �eld, a short molecular-dynamics
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evolution of the momentum and the gauge �eld and, �nally, an accept-reject step
that makes the algorithm exact.

3.2 Random �eld rotation

At the beginning of the update cycle, the momentum and the pseudo-fermion �eld
are refreshed according to

� ! c1� + c2�; c 1 = e � � ; c2 = (1 � c2
1)1=2; (3.2)

� ! c1� + c2D y�; (3.3)

where the �elds � (x; � ) and � (x) are chosen randomly with normal distribution.
Both  > 0 and � > 0 are �xed parameters of the SMD algorithm, � being equal to
the molecular-dynamics integration time (see subsect. 3.3).

The algorithm de�ned by eqs. (3.2),(3.3) simulates the Gaussian distribution

constant � expf� 1
2 (�; � ) � Spf (U; � )g (3.4)

at �xed gauge �eld. If there are further pseudo-fermion �eld s, this property must be
maintained by including them in the update step and by adapting eq. (3.3) to the
chosen pseudo-fermion actions. The \friction parameter" determines how quickly
the memory of previous �eld con�gurations is lost. In princi ple each �eld may have
its own friction parameter, but for simplicity  is here taken to be same for all �elds.

3.3 Molecular-dynamics evolution and accept-reject step

In the second step of the SMD update cycle, the molecular-dynamics equations for
the momentum and the gauge �eld, which derive from the Hamilton function

H (�; U ) = 1
2 (�; � ) + S(U; � ); (3.5)

are integrated from the current simulation time t to t+ � using a reversible symplectic
integration rule. The �elds ~� and ~U obtained at the end of the integration are then
accepted with probability

Pacc(�; U ) = min f 1; e� � H ( �;U ) g; � H (�; U ) = H (~�; ~U) � H (�; U ): (3.6)

Otherwise, i.e. if the proposed �elds ~�; ~U are not accepted, the gauge �eld is set to
U and the momentum �eld to � � [7]. Throughout this step, the pseudo-fermion
�eld is held �xed.
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The accept-reject step guarantees that the update cycle preserves the distribution
e� H of the gauge �eld, the momentum �eld and the pseudo-fermion �eld. Moreover,
if � is su�ciently small, the SMD algorithm can be rigorously shown to be ergodic
and to asymptotically simulate this distribution, indepen dently of the initial values
of the �elds [15].

3.4 Continuous simulation-time limit

At �xed � and large  , the SMD algorithm coincides with the HMC algorithm. On
the other hand, if � is taken to zero while  is held �xed, the acceptance probability
(3.5) goes to 1 and the algorithm solves the stochastic molecular-dynamics equations

@t � = � � � @U S + �; (3.7)

@t U = �U; (3.8)

@t � = � � + D y�: (3.9)

A compact notation is used here and the white-noise �elds� and � have been scaled
by the factor

p
�=2 before going to the limit � = 0.

The parameter  can in principle be set to any positive value. Previous empirical
studies of the SU(3) gauge theory however showed that the autocorrelation times of
physical quantities have a shallow minimum around = 0 :3 [11]. At this value of  ,
the memory of old momentum and pseudo-fermion �elds lasts for a few molecular-
dynamics time units, i.e. for about as long as the trajectorylengths typically chosen
in HMC simulations of lattice QCD.

3.5 Choice of parameters and e�ciency considerations

SMD step size. Short molecular-dynamics integration times � are bene�cial for the
stability of the algorithm and do not have a negative impact on the autocorrelation
times if  is held �xed. In practice a few steps of a reversible symplectic integration
rule are applied to integrate the �elds from time t to t + � and the acceptance rate
hPacc i is set to the desired value by adjusting� .

Acceptance rate. When �eld con�gurations are rejected, the momentum is reversed
and the algorithm tends to backtrack its trajectory in �eld s pace. An e�cient samp-
ling thus requires the acceptance rate to be such that rejections only occur at large
separations in simulation time, relevant reference time distances being 1= and the
autocorrelation times of physical quantities [11].
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Large-volume scaling. If all other parameters are held �xed, the energy di�erence
� H entering the acceptance probability (3.6) grows roughly like V 1=2 with the num-
ber V of lattice points. In order to preserve a high acceptance rate on large lattices,
the integration of the molecular-dynamics equations must thus become more and
more accurate. The computational cost per unit of simulation time then increases
proportionally to V 1=2p if an integration rule of order p is used. Higher-order schemes
such as the ones listed in ref. [16] are therefore highly recommended for master-�eld
simulations.

Exploiting continuity in simulation time . Since the SMD algorithm updates the �elds
in small steps, the computational e�ort can be signi�cantly r educed by propagating
previous solutions of the Dirac equation [17] and a local deation subspace [18] along
the trajectory in �eld space. Complete regenerations of thedeation subspace are
then not even required and regular incremental updates su�ce to keep it in good
condition at all times [18].

Simulation e�ciency . The SMD algorithm tends to consume more computer time
per unit of molecular-dynamics time than the HMC algorithm, but the e�ciencies
of the two algorithms end up being similar once the autocorrelation times are taken
into account [11].

4. Required numerical precision of � H

Since the Hamilton function (3.5) is an extensive quantity,whose average value grows
proportionally to the number of lattice points, important s igni�cance losses occur
when the energy de�cits � H are computed at the end of the molecular-dynamics
evolution of the gauge and the momentum �eld. Depending on the lattice size and
on how accurately the Hamilton function is obtained, the numerical errors of the
calculated values of � H may then be such that the correctness of the simulations is
compromised by false accept-reject decisions. The goal in this section is to determine
at which level the errors can have a statistically noticeable e�ect.

4.1 Model distribution of � H

On large lattices, and if the numerical integration of the molecular-dynamics equa-
tions is stable, the probability distribution � (h) of h = � H is expected to be well
represented by a Gaussian, because �H is a sum of uncorrelated contributions from
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distant regions on the lattice. The distribution must satis fy

Z
dh � (h) =

Z
dh e� h � (h) = 1 (4.1)

and is therefore of the form

� (h) =
1

p
2��

exp
�

�
(h � 1

2 � 2)2

2� 2

�
; (4.2)

where the width � is given by the acceptance rate

hPacc i =
Z

dh � (h) min
�

1; e� h 	
= 1 �

�
p

2�
+

� 3

24
p

2�
+ O( � 5): (4.3)

For hPacc i = 0 :80, 0:90 and 0:95, for example,� is equal to 0:51, 0:25 and 0:125. The
model distribution (4.2) is in fact accurately matched by the empirical distributions
measured in simulations like run B1 discussed in sect. 6, in which the integration of
the molecular-dynamics equations never went astray.

The calculated approximate value~h of � H is distributed slightly di�erently from
the exact value. Assuming the numerical errors are small, randomly distributed and
uncorrelated to h, the joint distribution

� 2(h; ~h) =
� (h)
p

2��
exp

�
�

(~h � h)2

2� 2

�
(4.4)

may be expected to describe the situation reasonably well,� being the mean square
deviation of ~h from h. Integration over h then yields the distribution

~� (~h) =
1

p
2� ~�

exp
�

�
(~h � 1

2 � 2)2

2~� 2

�
; ~� = ( � 2 + � 2)1=2; (4.5)

of the actually measured values~h of � H .

4.2 Kolmogorov{Smirnov test

One may now ask how well the distribution ~� must be sampled to be able to distin-
guish it from the exact distribution � . If a sample size of, say,N trials is insu�cient,
any sequence ofN accept-reject decisions made in an actual simulation is statistically
as likely as the one in a (theoretical) simulation without numerical errors.
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Fig. 1. Number N of accept-reject steps where the di�erence of the distribut ions
of the calculated and the exact values of � H starts to be statistically noticeable. In
the limit � � � of small numerical errors, N is asymptotically equal to 17 :1 � (�=� )4

(dotted line).

The Kolmogorov{Smirnov test provides an answer to this question by comparing
the exact cumulative distribution

F (h) =
Z h

�1
dz � (z) (4.6)

with the empirical distribution

FN (h) = f number of casesk where hk � hg=N (4.7)

obtained by drawing N numbers h1; : : : ; hN randomly with distribution � (h) (see
ref. [19], for example). In particular, the deviation

d = sup
h

j ~F (h) � F (h)j (4.8)

of the modi�ed cumulative distribution ~F from the exact one can only be resolved,
if d is larger than the standard deviation of FN from F . Since the latter is at most
(4N )� 1=2 at all values of h [19], sample sizesN satisfying

N �
1

4d2 (4.9)

are required to detect the deviation (4.8) of the cumulative distributions.
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Assuming the model distributions (4.2),(4.5), some algebra shows that

d = 1
2 f erf(~�r ) � erf(�r )g; r =

1
�

p
ln(~�=� ); (4.10)

is a steep function of the ratio�=� . The bound (4.9) then implies that huge statistics
is usually required before the numerical errors of �H can a�ect the simulations at a
statistically signi�cant level (see �g. 1). An SMD simulati on with average acceptance
rate of 99% and error margin� = 10 � 3, for example, is potentially a�ected only after
about 7 million update cycles. The precision requirements on � H are thus fairly
mild, a fact that was recently con�rmed in an empirical study of the SU(2) gauge
theory using the HMC algorithm [20].

5. Sources of numerical inaccuracies

Lattice QCD simulations are usually performed on machines complying with the
IEEE 754 standard for oating-point data and arithmetic. It is also common to use
double-precision (64 bit) data and operations for the basic�elds, except perhaps
in some intermediate steps, when the accuracy of the �nal results is provably not
a�ected. Various sources of numerical inaccuracies howeverrequire special attention
if large lattices are simulated.

5.1 Lattice sums

Scalar products of quark �elds and the Hamilton function, for example, involve a sum
over all lattice points. Important accumulations of roundi ng errors in these typically
huge sums can be safely avoided using quadruple-precision (128 bit) oating-point
arithmetic. Quadruple-precision numbers may conveniently be represented by pairs
of standard IEEE 754 double-precision numbers and there exist e�cient algorithms
that correctly implement the associated arithmetic operations on any machine com-
plying with the standard [21,22].

Clearly, when the energy di�erence � H is computed, the truncation to 64 bit
precision should occur only after calculating the di�erence, so that � H is obtained
with an absolute numerical error equal to the (now practically exact) sum of the
errors of the local contributions to the Hamilton function.
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5.2 Spatially non-uniform inaccuracies

In the course of the molecular-dynamics evolution of the gauge and the momentum
�eld, the Dirac equation

D (x) = � (x) (5.1)

must be solved many times for given source �elds� . The solution is obtained using
some iterative algorithm, the iteration being stopped whenthe current approximate
solution ~ satis�es

k� � D ~ k � ! k� k (5.2)

for some normk�k and speci�ed tolerance! . In practice the rounding errors involved
in the process set a lower limit (about 10� 14 in the case of 64 bit data and arithmetic)
on the tolerances that can be attained by the algorithms.

Traditionally the square norm k�k2 is used and the stopping criterion thus requires
the sum

k%k2
2 =

X

x

k%(x)k2
2 ; %(x) = � (x) � D ~ (x); (5.3)

to be small. Since the contributionsk� (x)k2 to the norm of the source �elds in lattice
QCD simulations are all about equally distributed, the square norm k� k2

2 is typically
a huge number on the order of the numberV of lattice points. The bound (5.2) then
does not exclude large local imbalances of the accuracy of the approximate solution
~ (x), where, in the worst case,k%(x)k2

2 = O( V) at some points x.
Inaccuracies of the solutions of the Dirac equation propagate to the force terms

in the molecular-dynamics equations and thus to the evolvedmomentum and gauge
�elds. Whether large local inaccuracies do occur with some appreciable probability
is currently not known, nor are their e�ects on the �elds and th e energy de�cits � H .
Their possible presence however implies a loss of control over the correctness of the
simulations, particularly so if very large lattices are simulated.

Unbalanced inaccuracies are excluded if the uniform norm

k k1 = sup
x

k (x)k2 (5.4)

is used in the stopping criterion (5.2). The uniform norm hasall properties a norm in
a complex linear space must have. Moreover, ample empiricalevidence suggests that
the iterative algorithms commonly used in lattice QCD are able to deliver accurate
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solutions of the Dirac equation satisfying the uniform-norm stopping criterion (see
appendix B for further details about the uniform norm and the associated operator
norm).

5.3 Precision loss at small quark masses

The deviation of the exact solution  of the Dirac equation (5.1) from any approxi-
mate solution ~ satisfying the stopping criterion (5.2) is bounded by [23]

k ~ �  k � !� (D )k k; � (D ) = kDkkD � 1k: (5.5)

At small quark massesm and lattice spacingsa, the condition number � (D ) of the
Dirac operator diverges approximately like (am)� 1 and reaches values of 103 or even
104 in practice. Since the computation of the forces in the molecular-dynamics step
requires the normal Dirac equation,D yD = � , to be solved, the errors propagated
to the momentum and the gauge �eld tend to be enhanced by a factor proportional
to (am)� 2. At the end of the molecular-dynamics evolution, the energyde�cit � H
is then obtained with an absolute numerical error growing like V 1=2(am)� 2 at small
am and large V .

A reduction of these potentially catastrophic errors is automatically achieved if
the Dirac operator is split in several factors and a corresponding number of pseudo-
fermion �elds is used to represent the determinants of the factors [24{29]. The e�ect
is particularly transparent in the case of the twisted-massfactorization [24,25]

D yD = ( D yD + � 2
n )

n � 1Y

k =0

D yD + � 2
k

D yD + � 2
k +1

; � n > � n � 1 > : : : > � 0 = 0 : (5.6)

If the largest mass,� n , is set to a number of order 1 in lattice units, the computation
of the force deriving from the �rst factor is numerically unp roblematic. The actions
associated with the rational factors, on the other hand, maybe written in the form

Spf ;k (U; � k ) = ( � k ; � k ) + ( � 2
k +1 � � 2

k )( � k ; (D yD + � 2
k )� 1� k ); (5.7)

which shows that the part involving the inverse of the Dirac operator is suppressed
by an explicit twisted-mass factor. In particular, if a log-scale factorization is chosen
[12], where� 1 is on the order of the quark mass and� k +1 ' 10 � � k , the twisted-
mass factor provides a suppression equal to� 2

k +1 of the force deriving from eq. (5.7)
and its absolute numerical error.
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5.4 Synthesis

If all lattice sums are performed with quadruple precision,the approximate solution
of the Dirac equation is the dominant source of numerical errors in the simulations.
The calculated values of the energy de�cit � H are directly a�ected by these inaccu-
racies, but also indirectly through the inaccuracies of the�elds accumulated in the
�eld-rotation and molecular-dynamics steps.

Provided uniform-norm stopping criteria are used in these steps, and if a log-scale
factorization of the light-quark determinant is chosen, the total error of � H is ex-
pected to be reliably controlled by the solver tolerances. The associated sensitivities
and tolerances can then be determined empirically so as to meet the precision re-
quirement discussed in sect. 4. Since the error of �H grows with the number V of
lattice points (roughly like V 1=2), the tolerances must be tightened with increasing
lattice size, but there is still ample room for lattices larger than the ones simulated
to date before the tolerances reach the limit set by the machine precision.

6. Numerical studies

The simulations reported in this section mainly serve to check whether the modi�ed
O(a)-improved Wilson{Dirac operator introduced in sect. 2 is an attractive choice
of Dirac operator for numerical lattice QCD. This is also the �rst time the SMD
algorithm (in the form described here with continuous updates of the pseudo-fermion
�elds) is used to simulate QCD with light quarks. For these rather technical studies,
where a direct comparison with previous work using the standard setup is desirable,
the traditional rather than the master-�eld simulation str ategy is chosen.

6.1 Non-perturbative O(a)-improvement

As already mentioned, the theory with tree-level improved gauge action [13] and
2+1 avours of quarks, referred to as the up, down and strangequark, is considered.
From now on the alternative form of the improved Wilson{Dira c operator will be
assumed unless stated otherwise. The complete speci�cation of the theory then still
requires the parametercsw in eq. (2.5) to be determined as a function of the bare
gauge couplingg0.

The results of a non-perturbative computation of the parameter along the lines
of ref. [30] are plotted in �g. 2. No particular di�culty was m et in this calculation,
wherecsw is determined by imposing O(a)-improvement in physically small volumes.
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Fig. 2. Non-perturbatively determined values (black diamon ds) of the parameter
csw of the modi�ed lattice Dirac operator [cf. eq. (2.5)]. The so lid curve represents
the rational �t (6.1) of the data. Also shown are the values (op en squares) and �t
curve (dashed line) in the standard O( a)-improved theory obtained in ref. [14].

In the range 6=g2
0 � 3:8 of the coupling, the rational function

csw =
1 � 0:325022g2

0 � 0:0167274g4
0

1 � 0:489157g2
0

(6.1)

provides an excellent �t of the data.

The computation of csw was pushed up to values of the coupling, where the lattice
spacinga in physical units gets close to 0:1 fm and higher-order lattice e�ects become
non-negligible (scale setting is discussed below). Apart from a shift of the coupling
to smaller values for a given lattice spacing, the dependence of csw on the coupling
looks similar to the one previously found in the case of the standard O(a)-improved
Wilson{Dirac operator.
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