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A constructive study of the module structure
of rings of partial differential operators®

A. Quadrat! D. Robertz?

Abstract

The purpose of this paper is to develop constructive versions of Stafford’s theorems on
the module structure of Weyl algebras A, (k) (i.e., the rings of partial differential operators
with polynomial coefficients) over a base field k of characteristic zero. More generally,
based on results of Stafford and Coutinho-Holland, we develop constructive versions of
Stafford’s theorems for very simple domains D. The algorithmization is based on the fact
that certain inhomogeneous quadratic equations admit solutions in a very simple domain.
We show how to explicitly compute a unimodular element of a finitely generated left D-
module of rank at least two. This result is used to constructively decompose any finitely
generated left D-module into a direct sum of a free left D-module and a left D-module of
rank at most one. If the latter is torsion-free, then we explicitly show that it is isomorphic
to a left ideal of D which can be generated by two elements. Then, we give an algorithm
which reduces the number of generators of a finitely presented left D-module with module
of relations of rank at least two. In particular, any finitely generated torsion left D-module
can be generated by two elements and is the homomorphic image of a projective ideal
whose construction is explicitly given. Moreover, a non-torsion but non-free left D-module
of rank r can be generated by r + 1 elements but no fewer. These results are implemented
in the STAFFORD package for D = A,,(k) and their system-theoretical interpretations are
given within a D-module approach. Finally, we prove that the above results also hold
for the ring of ordinary differential operators with either formal power series or locally
convergent power series coefficients and, using a result of Caro-Levcovitz, also for the
ring of partial differential operators with coefficients in the field of fractions of the ring of
formal power series or of the ring of locally convergent power series.

Keywords: Weyl algebras, Stafford’s theorems, linear systems of partial differential equa-
tions, D-modules, mathematical systems theory, constructive algebra, symbolic computation.

1 Introduction

In his seminal paper [44], Stafford precisely described the module structure of the Weyl
algebra A, (k) over a field k of characteristic zero, namely, of the ring of partial differential
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(PD) operators with coefficients that are polynomials over k. In particular, he proved his
famous result asserting that every left /right ideal of A, (k) can be generated by two elements.
Constructive proofs of this result were studied in [22, 26] and implemented in Macaulay?2
([27]) and in Maple ([37]). A consequence of Stafford’s theorem is that every finitely generated
projective (or, equivalently, stably free) left/right module over A, (k) of rank at least two is
free ([44]). This result was made constructive in [20] by following Stafford’s original proof
and in [37] by developing a more general one based on the concept of stable rank (Stafford’s
theorem asserting that the stable rank of A,,(k) is two). This last algorithm was implemented
in the STAFFORD package ([37]) and used in mathematical systems theory ([37]).

Based on extensions of Stafford’s results obtained in [18], we proved in [38] that the same
results as the ones developed in [44] are valid for the ring of ordinary differential (OD) op-
erators with coefficients in the ring of formal power series or in the ring of real or complex
convergent power series. This result was applied to mathematical systems theory (e.g., re-
duction and decomposition problems, Serre’s reduction, controllability, observability, Monge
problem, computation of flat outputs and injective parametrizations of differentially flat sys-
tems, blowing-up of singularities). For more details, see [13, 15, 38].

Stafford’s theorem has also been extended in [9] to the ring D, (k) (resp., Dn(k)) of
PD operators with coefficients in the field of fractions of the ring of formal power series
A = k[x1, ..., 2] (resp., of the ring of locally convergent power series A = k{z1,...,zn}).
As explained in [37, 38], finitely generated projective modules of rank at least two over these
algebras are free.

More results on the module structure of the Weyl algebra D = A,,(k), obtained by Stafford
in [44], have not been made constructive yet, and in particular the following ones (where every
module is assumed or claimed to be finitely generated):

1. Every left D-module M can be decomposed as the direct sum of a free left D-module
DY for some r € Z>o and a left D-module M of rank at most one, i.e., M = D> @M,
where rankp (M) < 1.

2. Every torsion-free left D-module M can be decomposed as the direct sum of a free left
D-module D" for some r € Z>( and a left ideal I of D generated by two elements,
i.e., M = D™ @I, where I = Ddy + D ds for certain di, dy € D.

3. Every torsion left D-module T" is the homomorphic image of a projective left ideal of
D, and thus can be generated by two elements, i.e., T' = I/J, where I is a projective
left ideal of D and J a left D-submodule of I (which can also be generated by two
elements).

4. Every non-torsion left D-module of rank r is either free or can be generated by r + 1
elements but no fewer.

5. If rankp(M)>2and M & D =N & D, then M = N.

Similar results hold for finitely generated right D-modules ([44]).

The first (resp., last) point above can be traced back to Serre’s splitting-off theorem ([41])
(resp., Bass’ cancellation theorem ([5])), not requiring, however, any projectivity condition
on M. These results are well-known in commutative algebra and they have been studied in
[17, 28] (see also the references therein) within a constructive commutative algebra approach.



Versions of these results were studied in [42, 43] for noncommutative (simple) noetherian
rings and in [18] for very simple domains. A very simple ring D is a prime ring D (namely,
dy Ddy # 0 for all di, do € D\ {0}) which is noetherian and satisfies

Va,b,ce D,VYde D\{0}, 3u,veD: Da+Db+Dc=D(a+duc)+D((b+dvc), (1)

where D s = {rs|r € D} denotes the principal left ideal of D generated by s € D. For more
details, see [18]. If D is a very simple domain (and thus satisfies the right Ore condition), then
one can easily show that for fixed dy, do € D \ {0}, the following inhomogeneous quadratic
equation

y1dyz1 +y2daze =1

admits solutions (y1 y2 21 22)7 € D* [18, 44]. Solving inhomogeneous quadratic equations of
the above form is the cornerstone of our approach. The Weyl algebra A, (k), where k is a
field of characteristic zero, is a prototypical example of a very simple domain. The solvability
of the above equation plays a fundamental role in certain problems studied in module theory
(e.g., existence of unimodular elements, direct sum decomposition of modules). In particular,
Stafford’s theorems, stated above for A, (k), hold for a very simple domain D. More generally,
it can easily be seen that the (category of) finitely generated modules over a very simple
domain possess(es) some features that bear some resemblance with (the category of) finitely
generated vector spaces over a division ring (e.g., a field).

The purpose of this paper is to study the above results for very simple domains from a
constructive viewpoint, therefore completing our understanding of Stafford’s results for A, (k)
([44]) in terms of symbolic computation. Using the recent extension of Stafford’s main theorem
to the rings D, (k) and D, (k) obtained in [9], we also generalize Stafford’s theorems to the
algebras ﬁn(k) and D, (k). Finally, the algorithms we developed in the present paper for
A, (Q) are implemented in the STAFFORD package ([37]). For more details, see also Appendix
of [39].

From a more general perspective, the constructive approach to algebraic analysis initiated
in[1,3,4,7, 11, 12, 13, 14, 15, 16, 32, 33, 34, 35] relies on the solvability of inhomogeneous
linear systems over the ring under consideration. Within category theory, this idea was ax-
iomatized in [2] and applied, for instance, to sheaf theory. If D is a very simple domain, in this
paper, we show that problems classically studied in module theory (e.g., Serre’s splitting-off
theorem, Swan’s lemma, Bass’ theorem), which are based on the solvability of inhomogeneous
quadratic equations (see above), can be studied within the same constructive framework. As
pointed out by a referee, if we are only interested in linear systems theory, i.e., in the cate-
gory of finitely presented left D-modules, all the results of this paper also hold for a finitely
presented left D-module M over a coherent domain D which satisfies both the left and right
Ore conditions and (1).

One of the main motivations for making Stafford’s results constructive is the fact that they
have system-theoretic interpretations within the algebraic analysis or D-module approach (6,
24, 29, 30]) (e.g., efficient generation of the set of autonomous elements ([11, 37]), computation
of injective parametrizations ([37]), Serre’s reduction ([7, 15]), decomposability of the solution
space ([13])). These results apply to general linear PD systems which can be determined,
overdetermined, or underdetermined depending on which result we consider. For instance,
apart from many other results, we prove that a linear system of PDEs defined by a square full
row rank matrix of PD operators (e.g., most of the classical linear systems of PDEs studied in



mathematical physics and engineering science) is equivalent to a linear system defined by two
PDEs in two unknown functions (see Example 8). This result can be seen as a generalization
for linear systems of PDEs of the well-known cyclic vector theorem in the theory of ODEs
(see, e.g., [10] and the references therein). Moreover, these results can be used to study
nonlinear PD systems by means of their linearizations around a polynomial/rational/formal
power series/locally convergent power series solution (e.g., shallow water waves, Poiseuille
flow, flexible thread attached to one point in a vertical equilibrium position).

We point out that the above results are not valid for a ring of PD operators with constant
coefficients. But if one allows the use of non-constant coefficients, then we can always embed
this ring into a ring of PD operators with polynomial/rational/formal power series/locally
convergent power series coefficients, so that the above results hold (see, e.g., Example 5).

The paper is organized as follows. In Section 2, we shortly introduce basic ideas of alge-
braic analysis, review well-known results of noncommutative algebra, and explain how linear
PD systems can be studied by means of module theory. The main results of the paper are
presented in Section 3. More precisely, the fundamental role of the unimodular elements of a
module is explained in Section 3.1. Section 3.3 shows how to combine Stafford’s main theorem
with constructive module-theoretic techniques to explicitly compute unimodular elements of
(sub)modules. These results are then used in Section 4 to study Stafford’s reduction and in
Section 5 to examine questions about the efficient generation of modules. In Section 6, we
study Stafford’s cancellation theorem and its consequences. Finally, we conclude and open
some perspectives in Section 7.

Notation. In what follows, Z>¢ will denote the set of non-negative integers, k a field of
characteristic zero (e.g., k € {Q, R, C}), D a noetherian domain, namely, a left and right
noetherian ring with 1 and without zero-divisors, and D?*P the set of ¢ X p matrices with
entries in D. We shall identify D? and D9*! and we write I, for the r x r identity matrix.
Moreover,

GL.(D)={UeD™ |3VeD™ . UV=VU=1I}

is the general linear group of degree r over D and U(D) = GL1(D) the group of units of D.

2 Algebraic analysis

Using ideas of algebraic analysis ([6, 24, 29, 30]), we can study linear systems over a noetherian
domain D by means of module theory and homological algebra. We shortly recall a few results
which will be useful in what follows. For more details and results, we refer to [11, 13, 37].

Let R € D?*P and M := D'P/(D'*9 R) be the left D-module finitely presented by R.
Let us describe M by means of generators and relations. Let {fj }j:L---,p be the standard basis
of D'*P_ namely, fj is the row vector of length p with 1 at the 4 position and 0 elsewhere.
Moreover, let 7 : DY*P — M be the left D-homomorphism defined by sending A\ € D!*?
to its residue class w(\) in M. By definition of M, 7 is surjective since every m € M is the
residue class of certain X’s in D*P | i.e., m = w(A) = 7(A+v R) for all v € D' If y; = 7(f;)
for j =1,...,p, then, for every m € M, there exists A = (A1 ... \,) € D'*P such that

p p p
m=m(\)=mn Z)\jfj :Z/\jﬂ(fj)zz)\jij
j=1 j=1 J=1

4



which shows that {y;};—1,.., is a family of generators of M. Let R;qs (resp., Rej) denote the
i*® row (resp., ' column) of R. The family of generators {y;};—1.. , of M satisfies relations

p p p
Vi=1,....,q, Y Ryy; =Y Riym(f;) =7 Rijfj | =7(Ri)=0, (2)
j=1 j=1 j=1

since Rje € D' R for i =1,...,q. Now, let F be a left D-module and let
kerp(R.) :={n € F*| Rn =0}

be the linear system defined by R and F. A simple but fundamental remark due to Malgrange
([30]) is that the linear system kerrz(R.) is isomorphic to the abelian group homp (M, F) of
left D-homomorphisms from M to F, i.e.,

kerr(R.) = homp (M, F) (3)

as abelian groups, where 2 denotes an isomorphism (e.g., of abelian groups, left / right mod-
ules). This isomorphism can easily be described: if ¢ € homp(M,F), n; = gp(y]) for
j=1,....,p,and n = (1 ... n,)T € FP, then using (2), Ry = 0 since for i = 1,.

p
> Rijn; = ZRwa Zm =y Zwaj = ¢ (7 (Ris)) = ¢(0) = 0.
j=1

Moreover, we can show that givenn = (11 ... np)7 € kerz(R.), the map ¢, : M — F defined
by @n(m(N)) = An for A € DYP is a well-defined left D-homomorphism from M to F, i.e.,
¢y € homp (M, F). Finally, the abelian group homomorphism x : kerz(R.) — homp (M, F)
defined by x(n) = ¢y, is bijective. For more details, see [11, 13, 37]. Hence, (3) shows that
the properties of the linear system kerz(R.) can be studied by means of homp(M,F), and
thus by means of the left D-modules M and F.

If M', M, M" are three left /right D-modules, f € homp(M’, M), and g € homp(M, M"),
then M’ —L5 M —%5 M is called a complex if im f C ker g. This complex is said to be exact
at M if kerg = im f. A complex which is exact at any place is called an ezxact sequence. In
particular, the complex 0 — M’ oM L M7 5 0is called a short exact sequence if f

is injective, ker g = im f, and g is surjective. For more details, see [40)].

The definition of the left D-module M = D'*P/(D'*4 R) yields the following exact se-
quence

R
D4 & ptxp Ty A — 0,

called a presentation of M, where .R : D% — D*P is defined by (.R)(u) = u R for all
pu € DY¥4. Since equivalence of linear systems of equations is tantamount to isomorphism
of the corresponding left D-modules, homp (M, F) is a more intrinsic characterization of the
linear system than kerz(R.) (e.g., it does not depend on the particular embedding of ker #(R.)
into FP).

Example 1. Let A be a differential ring, namely, A is a commutative ring equipped with
commuting derivations é; for i = 1,...,n, namely, maps §; : A — A satisfying

Vai,az € A, (a1 +az) = d0i(a1) + di(az), di(a1 az) = di(a1) az + a1 d;(az),



and ;0 6; = §j00; for all 1 < i < j < n. Moreover, let D = A(01,...,0,) be the (not
necessarily commutative) polynomial ring of PD operators in 0, ..., 0, with coefficients in
A, namely, every element d € D is of the form

d= Z a, 0", relsy, a,€A p=(u1 ... ptn) EZIZT)”,
0<ul<r

where OF = 9" ... 94" is a monomial in the pairwise commuting indeterminates 0, ..., Oy,
and 0;a = a0;+9;(a) forall a € A. If k is a field and A = k[z1, ..., zy] (vesp., k(z1,...,2n)),
then A(0i,...,0y) is simply denoted by A, (k) (resp., B,(k)) and is called the polynomial
(resp., rational) Weyl algebra. If R € D?*P and F is a left D-module (e.g., F = A), then
the linear PD system kerr(R.) = {n € FP | Rn = 0} is intrinsically defined by homp (M, F),
where M = D*P/(D'*4 R) is the left D-module finitely presented by R.

Within algebraic analysis, the study of the module structure of rings of PD operators plays
a fundamental role for the study of linear systems of PD equations. In [11, 13, 34, 35, 37|, we
have initiated the constructive study of module theory and homological algebra over rings of
functional operators such as rings of PD operators or Ore algebras.

Let us now recall a few classical definitions of module theory (see, e.g., [31, 40]).
Definition 1. Let D be a noetherian domain and M a finitely generated left D-module.

e M is free if there exists 7 € Z>( such that M = D1X". In this case r is called the rank
of M.

M is stably free if there exist r, s € Zxo such that M @ D*¢ = D" where @ denotes
the direct sum of modules.

e M is projective if there exist r € Z>¢ and a left D-module P such that M & P =& D7,

M is reflezive if the canonical left D-homomorphism € : M — homp (homp (M, D), D)
defined by (m)(f) = f(m), for all m € M and for all f € homp(M, D), is an isomor-
phism of left D-modules.

M is torsion-free if the torsion left D-submodule of M defined by
t(M)={meM|3de D\ {0}: dm =0}
is reduced to 0, i.e., t(M) = 0.
e M is torsion if t(M) = M.
Similar definitions hold for right D-modules.
See [11, 34, 37] for algorithms which test whether or not a finitely presented left D-module
M is stably free, projective, reflexive, torsion-free, has torsion elements or is torsion.

Since D is a noetherian domain, D satisfies the left and the right Ore properties (see,
e.g., [31]), namely, for all di, da € D \ {0}, there exist e;, e € D \ {0} such that e; d; =
ez ds (resp., die; = dgeg). This result yields the existence of the division ring of fractions
QD) = S7'D = DS~ ! of D, where S = D \ {0} (see, e.g., [31]). If M is a finitely
generated left (resp., right) D-module, then Q(D) ®p M (resp., M ®p Q(D)) is a finitely
generated left (resp., right) Q(D)-vector space and rankp (M) := dimgpy(Q(D)®p M) (resp.,
rankp (M) := dimgpy(M ®@p Q(D))).



Theorem 1 ([31, 40, 44]). With the hypotheses of Definition 1, the following results hold:

1. The following implications hold for finitely generated left/right D-modules:
free = stably free = projective = reflexive = torsion-free.

2. If D = Ay(k), then every finitely generated torsion-free left D-module is stably free.

3. If D is a principal ideal domain (e.g., D = Bi(k)), namely, every left ideal and every
right ideal of D can be generated by one element, then every finitely generated torsion-
free left D-module is free.

4. If D = A, (k), then every finitely generated projective left/right D-module is stably free
and every stably free left D-module M with rankp (M) > 2 is free (Stafford’s theorem,).

Constructive proofs of Stafford’s theorem (see 4 of Theorem 1) were given in [20, 37].
Computation of bases of free A, (Q)-modules is implemented in the STAFFORD package ([37]).

Finally, let us state a proposition that will be constantly used in what follows.

Proposition 1 ([13]). Let R € DYP and R' € DY*? satisfy D'*1R C D™ R/, i.e., are
such that R = R" R’ for a certain R" € D% . Moreover, let Ry € D" *9 be a matriz such
that kerp(.R') = DY R and let T and 7 be respectively the following canonical projections:

m: D¢ R — P:= (D! R)/(DR),
m': DX — Q= DY /(D9 R" + D" R}).
Then, the left D-homomorphism ¢ defined by
Q — P
'(A) — w(AR),
is an isomorphism and its inverse . =% is defined by:

P 5 Q
T(AR) — 7'(N).

3 Unimodular elements and very simple domains

3.1 Unimodular elements

Definition 2. An element m* of a left D-module M is called unimodular if there exists
¢ € homp (M, D) such that p(m*) = 1.

The set of unimodular elements of M is denoted by U(M). Let us explain the significance
of unimodular elements in module theory. If m* € U(M), then there exists ¢ € homp (M, D)
such that ¢(m*) = 1. If 0 : D — M is the left D-homomorphism defined by o(1) = m*,
then (poo)(d) = p(dm*) =d for all d € D, i.e., p oo =idp. In particular, ¢ is surjective
and we have the following short exact sequence of left D-modules:

0— kero — M 2 D —0. (4)



Since p oo = idp, the exact sequence (4) splits (see, e.g., [40]), i.e., M = ker o & D m*, where
Dm* = Do(1) = D since o is injective. Hence, the left D-module D m* generated by m* is
a direct summand of M. Thus, every unimodular element of M can be used to decompose
M into a direct sum. Finally, the splitting of (4) yields the following unique decomposition
of elements of M
VmeM: m=(m-—q@(m)m*)+ p(m)m*, (5)

where m — ¢(m) m* € ker ¢ and p(m)m* € Dm*.

If m is a torsion element of M, i.e., dm = 0 for some d € D\ {0}, and if f € homp(M, D),
then d f(m) = f(dm) = f(0) = 0, which shows that f(m) = 0 since D is a domain. Hence,
a unimodular element of M cannot be a torsion element of M.

In the sequel we will frequently use the following characterization of torsion modules.

Lemma 1 ([11, 25]). Let D be a noetherian domain and M a finitely generated left D-module.
Then, the following statements are equivalent:

1. M is torsion.
2. homp(M, D) = 0.
3. rankp (M) = 0.

Let us now study the problem of computing unimodular elements of M. Let us consider
a finitely presented left D-module M = D'*P/(D1*4 R). Malgrange’s remark (see (3)) with
F = D yields homp (M, D) = kerp(R.). More precisely, we have the following simple lemma.

Lemma 2. Let M = DY*? /(D4 R) and m : D'*P — M be the canonical projection onto
M. Then, for every ¢ € homp(M, D), there exists u € kerp(R.), i.e., Ry =0, such that:

YAe DYP p(r(N) = A (6)

Notation. We shall simply denote the left D-homomorphism defined by (6) by ¢,.

As previously shown, if M is a torsion left D-module, then U(M) = (), i.e., a torsion left
D-module does not contain unimodular elements. Hence, let us suppose that M is not a
torsion left D-module. Then, 2 = 1 of Lemma 1 shows that kerp(R.) = homp(M, D) # 0.
Let @Q € DP*™ be such that kerp(R.) = Q D™. Since RQ = 0, we get the following complex:

pixe &, ptw 2, plxm,
Lemma 3 ([11]). With the above notations, we have:
{ t(M) = kerp(.Q)/imp(.R),
M/t(M) = DYP/kerp(.Q).
In particular, w(X) is a torsion element of M if and only if A\Q = 0.

Remark 1. Using Lemma 2, ¢ € homp (M, D) has the form ¢, for a certain p € kerp(R.) =
imp(Q.), i.e., p = Q& for some £ € D™. Hence, if 7(\) € M\t(M),i.e., AQ # 0 by Lemma 3,
there exists £ € D™ such that AQ & # 0. Thus, p := Q& € kerp(R.) yields ¢, € homp(M, D)
such that ¢, (m(X)) # 0.



The problem of finding a unimodular element m* = w(\*) of M and p* = Q &* € kerp(R.)
such that ¢+ € homp(M, D) satisfies p,+(m*) = 1 amounts to solving the following problem:

Problem 1. Find \* € D'XP and &* € D™ such that \* Q £* = 1.

Remark 2. We note that Problem 1 corresponds to solving a certain inhomogeneous quadratic
equation in the A7’s and the £;’s. As for the problem of checking whether or not 7(\*) is a
unimodular element of M, it is a linear problem: Check whether or not \* Q € D*™ admits
a right inverse in D. For instance, this can be answered constructively for (not necessarily
commutative) polynomial rings which admit Grébner basis techniques (see, e.g., [11, 12]).

If one entry of @ is invertible in D, then Problem 1 can be solved easily: if Q;; € U(D)
and {f,}r=1,.p (resp., {hs}ts=1..m) is the standard basis of D'*P (resp., D™), then \* = f;
and & = Qi_jl h; are such that \* Q £* = 1. Then, m* = 7(f;) is a unimodular element of M,
P =Q&" € kerp(R.), and ¢+ (m*) = 1.

More generally, if one row (resp., one column) of @) admits a right inverse (resp., a left
inverse) over D, then Problem 1 can be solved easily. For instance, if the 5 column Qej of Q
admits a left inverse T' € D'*P_ then considering \* = T and £* = h;, where {hg}s—1,. m is the
standard basis of D™, and p* = Q £*, we get \* u* = 1, which proves that m* = = (T) € U(M)
and ¢« (m*) = 1. Now, if the i*! row Q;e of Q admits a right inverse S € D™, then considering
X< = f;, where {f,},=1,.p is the standard basis of D'*P ¢* = S, and p* = Q S € kerp(R.),
we get \* ¥ = 1, which shows that m* = 7(\*) € U(M) and ¢+ (m*) = 1.

Let us illustrate these results with two explicit examples.

Example 2. Let us consider the Weyl algebra D = A3(Q) and the finitely presented left
D-module M = DY*3/(D'3 R), where the matrix R is defined by:
12200 T2 +1 20035+ 30
R = —%3@82—% 0 %82 EDBXS.
—01 — 31205 —0y —5 03
The corresponding system defines the infinitesimal transformations of the Lie pseudogroup

formed by the contact transformations (see Example V.1.84 in [32]). We can check that
kerp(R.) = Q D, where the matrix Q € D? is defined by:

R
Q=| 01+2203
—X9 82 —2

Moreover, ) admits the left inverse T" = %(xg 0 —1). Thus, if \* = T and & = 1,
ie., u* = @, then \* u* = 1, which shows that m* = w(\*) is a unimodular element of M
and @, (m*) = 1. Following [11], we can prove that M is a torsion-free left D-module, i.e.,
t(M) = 0. Then, using Lemma 3, we get ker p,» = kerp(.Q)/imp(.R) = t(M) =0, i.e., ¢,»
is injective. Thus, M = Dm* @ ker p,» = Dm* = D, which proves that M is a free left
D-module of rank one (compare with Example 1.5.1 of [34]).



Example 3. Let D = A3(Q) be the Weyl algebra and M = D'*3/(D R) the left D-module
finitely presented by R = (01 + x2 02 03+ z1). Using the OREMODULES package ([12]),
we get kerp(R.) = Q D*, where the matrix Q € D3** is defined by:

Oy + 03 + 21 —(83+x1)2 —(01 +x2) (03 + 1) + 2 0
Q= —(01 + x2) 0 0 O3 + 11
—(01 +x2) (O1+x2)(03+21)+1 (O + x2)? —02

We can check that the last row of @ admits the right inverse S = (93 +x; 1 0 0)T.
Thus, if \*=(0 0 1),& =S, and p* =QS = (02(03+x1) — (014 z2) (03 + x1) 1)T,
then A*p* = 1 and Ru* = 0. Hence, m* = w(A\*) € U(M) and ¢,+(m*) = 1. Therefore,
M = Dm* @ ker ¢+ and ker p,« = kerp(.u*)/imp(.R) = (D*2T)/(D R), where:

T 10 —0 (03 + 1)
N 0 1 (81+1‘2)(63+(L‘1) .

Since kerp(.1) =0 and R = C'T, where C = (01 +x2 02), Proposition 1 then shows that
ker @, » = O := D'*2/(D (), which proves that M = D @& O. Now, since rankp (M) = 2 and
(O3 +x1 0 — (01 + x2))T is a right inverse of R, M = D3/(DR) is a stably free left
D-module of rank two (see [37] for more details), and thus a free left D-module of rank two by
Stafford’s theorem (see 4 of Theorem 1). Therefore, we get D@ O = D'*2 which is consistent
with the fact that O is a stably free left D-module of rank one since (—d2 01 + xg)T is a
right inverse of C'. Finally, following [37], we can prove that O is not a free left D-module of
rank one, which shows that D @ O = D'*? does not imply O = D.

In Section 3.3, we shall explain how unimodular elements of a finitely generated left D-
module M of rank at least 2 can be computed when D is a very simple noetherian domain,
a concept studied in the next section. In particular, in Section 3.2, it is shown that the Weyl
algebras A, (k) and B, (k) satisfy this interesting property.

3.2 Very simple domains

Let us now introduce an important definition for what follows.

Definition 3 ([18]). A ring D is called very simple if D is prime, namely, d; D dy # 0 for all
dy, da € D\ {0}, noetherian and satisfies the following property:

Va,b,ce D,VYde D\{0}, 3u,veD: Da+Db+Dc=D(a+duc)+D((b+dvc). (7)

If D is a very simple ring, choosing a = b =0, ¢ = 1, and d € D\ {0}, there exist u, v € D
such that D = Ddu+ D dv, which implies that there exist s, t € D such that 1 = sdu+tduv,
and thus Dd D = D. Hence, every two-sided ideal of D is trivial, i.e., D is a simple ring (see,
e.g., [31, 40)).

Moreover, considering d = 1 in (7), every left ideal of D generated by three elements, and
thus every finitely generated left ideal of D, can be generated by two elements.

Clearly, a domain is prime. A well-known result states that a left (resp., right) noetherian
domain satisfies the left (resp., right) Ore condition (see, e.g., [25, 31]). Hence, if D is a very
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simple domain and dy, dy € D \ {0}, there exist e, ea € D \ {0} satisfying d := dye; = daes
(see Section 2). Thus, (7) yields:

Da+Db+Dc=D(a+duc)+D((b+dve)=D(a+di(e;u)c)+ D (b+ds(e2v)c).
Lemma 4 ([18]). If D is a very simple domain, then we have:

1. Every finitely generated left ideal of D can be generated by two elements.
2. The following property holds:
Va,b, ce D, Vdy,dy € D\{0}, 3u,ve D: Da+Db+Dc =D (a+diuc)+D (b+davc).
(8)
Remark 3. If D is a very simple domain admitting an involution 6, namely, an anti-

automorphism of order two, i.e., an additive map 0 : D — D satisfying 6(d; da2) = 0(d2) 0(dy)
for all di, dy € D, and 62 = idp, then a right analogue of (8) holds, namely:

Va,b,ce D, Vdi,dyo € D\{0}, 3u,ve D: aD+bD+c¢D = (a+cudy) D+ (b+cvdsy)D.
(9)
Indeed, applying (8) to (b), O(c) € D and 6(dy), 0(d2) € D\ {0}, there exist v/, v € D
such that D 6(a) + D 6( 0(c) = D (0(a) +6(d1) v 6(c)) + D (6(b) + 0(d2) v' 6(c )),

(a) = aq (0(a) + 0(dy) v 0(c)) + az (6(b) + O(d2) v' 6(c)),
0(b) = B1 (6(a) + 0(d1) v’ 0(c)) + B2 (6(b) + 0(d2) v 6(c)),

(€) =7 (0(a) + 6(d1) u’ 0(c)) + 72 (0(b) + 0(d2) v" 0(c)),
for certain oy, awg, B1, B2, 71, 72 € D. Hence, if u = 6(u') and v = §(v’), then we obtain

a=(a+cudy)bf(ar) + (b+ cvdy)f(ag),
b= (a+cud)f(B1)+ (b+cvds)0(B2),
c=(a+cud)b(y1)+ (b+cvds)b(y2),

which proves (9). Finally, we note that the ring D = A(d1,...,0,) of PD operators admits
the standard involution 6 defined by:

Vac A, 0(a)=a, 0(0;)=-0; i=1,...,n. (10)
Theorem 2 ([44]). The Weyl algebra A, (k) is a very simple domain.

The computation of elements u and v defined in (8) is implemented in the STAFFORD
package ([37]) based on algorithms developed in [22, 26] for the computation of two generators
of left /right ideals generated by three elements.

Example 4. Let us consider D = A3(Q), a = 01, b = 0a, ¢ = w1, d1 = z2, and dy = z1. If

u=0andv=1,andas =a+diuc=01 and bo =b+dovec =0, —l—.%'%, then (8) holds, i.e.,
a= a2,
b=1 m1(82+x1)a2+ (—x1 01+ 2) by,
c:—i(f)z—l-xl)ag—i-géhbg,

which shows that Da + Db+ Dc = Das + Dbe. Finally, using the involution 6 of D

defined by (10), the above identities yield 6(a) D+ 60(b) D+6(c) D = 6(a2) D+ 0(bs) D, where
0(a) = 0(az) = 01, O(b) = —0s, O(c) = 1, and O(by) = —o + 2.
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Stafford’s theorem, namely, Theorem 2, has recently been extended. Let us briefly review
these extensions.

We denote by Kdim(D) the Krull dimension of a noetherian ring D ([31]).

Theorem 3 (Proposition 1.3 of [18]). If D is a simple noetherian ring of Krull dimension 1,
then D is very simple.

A ring D is artinian if every descending chain of left or right ideals of D is stationary (see,
e.g., [40]).

Proposition 2 ((ii) of Corollary 6.6.7 of [31]). Let A be a noetherian differential ring of finite
Krull dimension and D = A(0) the ring of OD operators with coefficients in A. If A is not
artinian and D is simple, then Kdim(D) = Kdim(A).

Theorem 4 ([37]). The ring A(0) of OD operators with coefficients in the differential ring
A =Ek[t] (resp., k{t}, where k € {R, C}) is a very simple domain.

Proof. Let A be either k[t] or k{t} with k € {R, C} in the latter case. The ring A is not
artinian because (t) D (t?) D (#3) D ... is an infinite strictly descending chain of ideals, i.e.,
there exists no I € Z>q such that (¢') = (¢'*1) for all i > I. Tt is also well-known that A is
a local ring, namely, m := (t) is the only maximal ideal of A (namely, the only ideal m of A
such that A/m is a field), and D = A(J) is a simple noetherian domain (see, e.g., [6, 29]).

Now, if A is a local ring, m the maximal ideal of A, and k¥ = A/m the residue field, then
a standard result of commutative algebra asserts that Kdim(A4) < dimy(m/m?). See, e.g.,
[40], p. 487. Since dimy((¢)/(t?)) = 1, we get Kdim(A) < 1. Moreover, since an integral
domain is a field if and only if its Krull dimension is 0 and the integral domain A is not a
field, Kdim(A) = 1, which yields Kdim(D) = 1 by Proposition 2 and finally proves the result
by Theorem 3. O

Theorem 5 ([9]). Let A = k((z1,...,2,)) (resp., k{{z1,...,xn}}) be the field of fractions
of the ring of formal power series (resp., the ring of locally convergent power series) with
coefficients in k (resp., k € {R, C}). Then, the ring A(01,...,0,) of PD operators with
coefficients in A is a very simple domain.

A consequence of D being very simple is that the stable rank of D is at most two, i.e.,
sr(D) < 2. See, e.g., [18, 31, 37]. This implies the following theorem.

Theorem 6 ([18, 37, 31]). Let D be a very simple domain and M a finitely generated stably
free left D-module. Ifrankp(M) > 2, then M is free. Ifrankp(M) =1, then M is isomorphic
to a left ideal of D which can be generated by two elements.

In [37], we explained how to compute bases of a finitely generated left/right projective
D-module M with rankp (M) > sr(D). The corresponding algorithm is implemented in the
STAFFORD package ([37]) for D = A, (Q) (see 4 of Theorem 1). Using Theorems 4 and 5, the
same algorithm is valid for D = A(9), where A = k[t] or A = k{t} and k € {R, C}, and for
D = A(01,...,0p), where A = k((z1,...,2p)) or A= k{{z1,...,2,}} with k € {R, C}. For
more details, see [38].

If D is a very simple domain and if we consider the particular case a = b =0, ¢ =1, and
dy, dy € D\ {0} in (8), then there exist u, v € D such that Ddyu+ Ddsv = D, i.e., such
that ydj u + zdy v = 1 holds for some y, z € D. We obtain the following corollary, on which
the algorithmization of the above mentioned results of Stafford are based.
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Corollary 1 ([44]). Let D be a very simple domain and dy, da € D\{0}. Then, the following
inhomogeneous quadratic equation

yrdiz1+y2dazp =1 (11)
admits a solution (yy y2 z1 22)T € D,

We emphasize that the algorithmization of Stafford’s theorems stated in Section 1, which
hold for a very simple domain D as we shall see in the sequel, is based on the solvability of
(11). Hence, Corollary 1 plays a key role in the constructive versions of Stafford’s theorems
for very simple domains.

Elements y1, y2, 21, and zo as in Corollary 1 can be computed by the STAFFORD package
for D = A,(Q) ([37]). However, due to involved computations required in the correspond-
ing algorithm, solutions of the quadratic equation (11) can in general only be computed in
reasonable time for low order and low degree PD operators d; and ds.

3.3 Computation of unimodular elements

The next lemma called Serre’s splitting-off theorem due to its reminiscence of [41], states the
existence of a unimodular element in a finitely generated module of sufficiently big rank.

Lemma 5. Let D be a very simple domain and M a finitely generated left D-module. If
rankp (M) > 2, then M contains a unimodular element.

Proof. Since M is a finitely generated left D-module over a left noetherian domain D, M
is finitely presented, i.e., there exists R € D*P such that M = D'*P/(D'*4 R). For more
details, see, e.g., [40]. Let m: D™P — M be the canonical projection onto M.

By 1 = 3 of Lemma 1, M is not a torsion left D-module, and thus there exists m; ¢ t(M).
Moreover, since M is not a torsion left D-module, kerp(R.) = homp(M,D) # 0 by 2 = 1
of Lemma 1. Let Q € DP*™ be such that kerp(R.) = @ D™. According to Lemma 3,
mi1 = 7(A1) has to be chosen so that A\; Q # 0.

Using Remark 1, there exists 1 € kerp(R.) = QD™ such that ¢; := ¢, satisfies
w1(m1) # 0. In particular, u; = Q& has to be chosen so that (A Q)& # 0. Then, the
following diagram is commutative with exact rows:

pixa B pixe T, a4

+ L Lo

o — D 4o p o

We can easily check that kerp; = kerp(.u1)/(D'*9R). For more details, see [13]. Since
0# Dpi(my) C p1(M) = DYPpuy; C D and D is a noetherian domain, rankp (1 (M)) = 1.
Then, the short exact sequence 0 — ker o1 — M — im 7 — 0 yields:

rankp (ker 1) = rankp (M) — rankp (im¢;) > 1.

For more details, see [31, 40]. Thus, by 1 = 3 of Lemma 1, ker¢; is not a torsion left
D-module, and there exists mg € ker p; such that mg ¢ t(M). We choose my as follows.
Let S € D™ P be such that kerp(.u1) = D" S. If v € D" satisfies v (S Q) # 0 and
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A2 = v S, then Lemma 3 shows that we can take ms = w(A2). Let &, € D™ be such that
(A2Q) & # 0 and define ps = Q&. Then o := ¢, € homp(M, D) satisfies pa(ma) # 0.
Since my € ker 1, we have p1(mg) = 0.

If pa(m1) # 0, then by the right Ore property of D, there exist r1, ro € D\ {0} such that:
w1(m1)ry + w2(my) re = 0.

Recall that homp (M, D) has a right D-module structure defined by (¢ 7)(m) = ¢(m) r for all
r € D and for all m € M (see, e.g., [40]). Then ¢ = @171 + par2 € homp(M, D) satisfies:

@5 (m1) = p1(m1)r1 + pa(m1) r2 = 0,
©h(ma) = @1(ma) r1 + pa(ma) r2 = w2(ma) ra # 0.

Therefore, without loss of generality, we may assume that ps(m;) = 0. Then, we have:

01(m1) #0, @1(ma) =0, @a(m1) =0, @a(ma)#O0.

Applying Corollary 1 to d; := ¢1(m1) # 0 and dy := pa(mg) # 0, there exist y1, y2, 21,22 € D
such that (11) holds, i.e., y1 ¢1(m1) 21 + Y2 p2(m2) z2 = 1, or equivalently:

y1 (A1 p1) 21+ y2 (A2 p2) 22 = 1.

Let A* = y1 M +y2de € DVP,om* = 7(\*) = yimy +yame € M, p* = 21 + pgz2 €
kerp(R.), and ¢ := @1 21 + @2 22 = @« € homp (M, D). Then,

e(m*) = (p1 21 + @2 22) (M) = p1(M*) 21 + P2(M”*) 29
= (y101(m1) +y2 ©1(m2)) 21 + (y1 p2(m1) + y2 p2(m2)) 22
= y1p1(mi) 21 + Y2 p2(ma) 22 = 1,

which shows that m* € U(M). As explained at the beginning of Section 3.1, we then get
M = Dm* @ ker p = D @ ker ¢, where ker ¢ = kerp(.u*)/(D*9 R) is a left D-submodule of
M with rankp(ker ¢) = rankp (M) — 1. O

We summarize the procedure indicated in the above proof in the following algorithm.
Algorithm 1 (UnimodularElement).

e Input: A very simple domain D and R € D?*P such that the finitely presented left
D-module M = D'*P/(D'*4 R) has rank at least two, i.e., rankp (M) > 2.

e Output: \* € DY*P and p* € kerp(R.) such that we have m* = 7(\*) € U(M) and:
Pur(m*) = 1.
1. Compute Q € DP*™ such that kerp(R.) = Q D™.

2. Pick A; € D'*P such that A\; Q # 0.
3. Find & € D™ such that (A1 Q)& # 0 and define uy = Q& € kerp(R.).
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4. Compute S € D"*P such that kerp(.p1) = D" S.
5. Pick v € D" such that v (S Q) # 0 and define Ay = v S.
6. Find £ € D™ such that (A2 Q) &2 # 0 and define uy = Q &3 € kerp(R.).

7. If A\j pua # 0, then compute 71, ro € D\ {0} such that (Ay u1)r1 + (A p2) re = 0 and
replace ps by @y r1 + pa ro.

8. Compute y1,y2, 21,22 € D such that y1 (A 1) 21 + y2 (A2 p2) 22 = 1.

9. Return \* = y; A1 +y2 A2 € DYP and p* = py 21 + o 22 € kerp(R.).

Steps 2 and 3 of Algorithm 1 can be replaced by selection of a non-zero entry of @
and defining A\; and &; as the row and column standard basis vector, respectively, which
corresponds to the chosen row and column. But, in special cases, it is worth considering a
vector \; (resp., £1) not occurring in the standard basis of D*? (resp., D™), as if instance
A1 @ (resp., Q&) is a unit of D (see Examples 2 and 3).

Lemma 5 yields the following important theorem.

Theorem 7 ([44]). Let D be a very simple domain and M a finitely generated left D-module.
Then there exists r € Z>o and a finitely generated left D-module M' with rankp(M') < 1
such that:

M o D1><7‘ @ M/.

If M is torsion-free, then M’ can be chosen as a left ideal of D (which can be generated by
two elements).

Proof. If rankp (M) < 1, then the result trivially holds with » = 0 and M’ = M.

Let us now suppose that rankp (M) > 2. Using Lemma 5, we obtain M = D" @ M’,
where rankp(M') < 1.

Assuming ¢(M) = 0, we have ¢(M') = 0, and thus M’ is a torsion-free left D-module of
rank at most one. Using the concept of minimal parametrization ([11]), M’ is then isomorphic
to a left ideal of D. Indeed, if M’ = D'!/(D'*™ ) and V € D! is a non-zero vector such
that V' € kerp(U.), then Theorem 8 of [11] shows that M’ is isomorphic to the left ideal of D
generated by the entries of V. Since D is a very simple domain, M’ can be generated by two
elements by 1 of Lemma 4. O

In the context of Theorem 7, let us compute a finite presentation R’ of the kernel of
@ = Qu, 21 + Pu, 22 and an isomorphism between M and D @& L, where L is the cokernel of
the presentation matrix R’. This isomorphism is used in order to iterate Algorithm 1 and to
explicitly describe the left D-isomorphism M =2 D" @ M’.

Let T € D**P be such that kerp(.u*) = DY™*T. Thus, ker¢o = (D**T)/(D*9R).
Moreover, let T € D'® be such that kerp(.T) = D! Ty, C € D?*® such that R = CT
and R = (CT TST. We define O := D/(D'™(@*+) R') and the canonical projection
k: D' — O onto O. Then, Proposition 1 yields the following left D-isomorphism:

¢:kerp — O

"V T) — (). (12)

15



If Z:= (I, 0)7 ¢ D@+)*4 then we have
RT=ZR, (13)

which yields the following commutative diagram with exact rows and columns, where € :
ker ¢ — M is the canonical injection:

0
!
pixa+t) E pie 5y 0 —0
1.z T Jeog?
pxe B pe T, M —0
\ Ty Lo
0 —~ Dp 4 D —0.
{ 4
0 0

Remark 4. We note that the short exact sequence 0 — kerp(.u*) — D*P RN SN
splits (see the paragraph after (4)), i.e., D1*P = D@kerp(.u*), which shows that kerp(.u*) is
a stably free left D-module of rank p—1 (see Definition 1). If kerp(.u*) is a free left D-module
(e.g., if D = A, (k) and p > 3 by 4 of Theorem 1), then there exists a full row rank matrix
T € DP=DxP (je., kerp(.T) = 0) such that kerp(.u*) = D'*P=D T which yields s = p — 1,
t =0, and R’ = C in the above diagram.

Now, using the split short exact sequence (4) and the decomposition (5), we get the
following left D-isomorphism:

t1:M — Ddkeryp

m=n(A) — (p(m), m— g(m)m*) = (A, 1A (I — p* A))). (14)

Since we have p(m — @(m)m*) = A(I, — p* \*) u* = 0 for all A\ € D*P, m = 7()\), and
kerp(.u*) = DY T, there exists G € DP* such that:
I, — "\ = GT. (15)

In other words, we have the following split exact sequence:

Dixs T Dixp R D - 0.
.G AX
Now, using (12), we obtain the following left D-isomorphism

to:D@®kerp — D®O
(d, 7(vT)) — (d, k(7))

which combined with (14) (using (15)) yields the following left D-isomorphism:

ti=wouy: M — D®O
m=mn(A\) — (Ap*, k(AG)).

16



1

To characterize =+, we first need to derive a few identities.

Multiplying T' (resp., A\*) from the left to (15) and using 7" p* = 0 and A\* p* = 1, we get:

TGT = T-Tup*\N =T, (16)
NGT = XN — A\ ph) A =0. (17)

(16) yields (I, — T G)T = 0 and using kerp(.T) = D**! Ty, there exists E € D**! such that:
I,-TG=ETD. (18)

Combining (17) and kerp(.T) = D'*! Ty, there exists F € D**! such that:
NG =FT. (19)

Now, multiplying R from the left to (15), we obtain R = RGT because p* € kerp(R.).
Using R = CT, we get CT = RGT, ie., (C —RG)T = 0 and using kerp(.T) = D! Ty,
there exists H € D9*! such that:

C—-RG=HT. (20)

Let us now introduce the following map:

w: D0 — M
(d,k(y)) V= w(dXN +~T).

We can easily check that w is a well-defined left D-homomorphism since, using (13), we have:

Ve DX, o((dk(y +OR)) = w(dX + (y+0R)T) = w(dX* +yT+ (9 2) R)

m(dX +~T).

Then, using (15), \* p* =1, T u* = 0, (18), and (19), we have

(@o)(m(N) = w((A ", k(AG)) =7(A (WA +GT)) =7(N),
(tow)((d, k(7)) = Lm(dN +~T)) = (AN +yT) ", s((d XN +~+T) G))
=(d,k(dF Ty 4+~ (s = ETy))) = (d, k(v + (d F — v E) T2)) = (d, k(7)),

which finally shows that ;= = w.

Let R= (0 R') e Dlatt)x(+s) 7f — plx(+s) /(DIx(a+t) R) be the left D-module finitely
presented by R, and 7 = idp ® & : DY(1*+$) — AT the canonical projection onto M. We get
M=2DoO=M. If P :=(u* G)cDP*U+) and Py:= (I, — H)¢c D@+ then using
(20), we get R P, = P, R, which yields the following commutative diagram with exact rows:

pxa L pbe T, 0
J/ .P2 \l/ -Pl \l/ f

pixa+) R pixes) T, F7
Hence, the left D-isomorphism f is defined by:

f:M — M
(A — TAP) =(A\pr, s(ANQ)).
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To finish, let us compute f~!. Using the identity R = C' T, we have:

— [ N 0 C A" cT R P
R =y = p— p R p ZR‘
T 0 Ty T 0 0 0
Hence, if P := (AT TT)T € DU+9)%P and P} := Z € D4t)*4 then we have RP] = Py R,
which yields the following commutative diagram with exact rows
pixe B pue T, g
1.5 TP

pixtatt) R, pix(es) T,o3r g

and the following left D-homomorphism:
g:M —
f((@l (92)) —

M
7T((91 92) P{) :7T(01 )\*+92T)
Using (15), A\*p* =1, (19), T u* =0, (18)

, and (20), we can easily check that

PP = p*N+GT =1,
, M A G 1 F1s 0 F —
PP = = =1Isy1+ R,
Ty TG 0 I,—FETs 0 —-F
which yields g o f =idys and f o g = idy;, and finally shows that g = f -1

Example 5. Let D = A3(Q) and M = D'*3/(D R) be the left D-module finitely presented
by the divergence operator in R3, namely, R = (8, 02 083). Then, rankp(M) = 2, which
shows that there exists a non-trivial decomposition of M as in Theorem 7. We can check that
kerp(R.) = Q D3, where Q is the matrix of PD operators defining the curl operator, namely:

0 -85 0y
Q=] o o -a |. (21)
—3 & 0

Since the entries of @ are not units of D and none of the rows (resp., columns) of @) admits a
right inverse (resp., left inverse) over D, there is no easy way to detect unimodular elements
of M. Then, let us apply Algorithm 1 to M. If we consider \;y = (0 — 1 0), then
)\1 Q = (—83 0 81) 75 0. NOW, taking 51 = (0 0 1)T, then M1 = Qfl = (82 - 81 O)T
and dy := A1 1 = 01. Now, kerp(.u1) = D*2 S, where S and thus S Q are defined by:

a1 82 0 82 83 —81 83 0
S = , SQ= .
( 0 0 1 ) @ < ) o 0 )
Then, considering v = (0 1), we get v(SQ) # 0 and \a =vS = (0 0 1). The choice

& = (0 1 0)7 yields po = Q& = (=03 0 01)7 and dy := Xapo = 01. Moreover,
A1 po = 0. Computing a solution (y; yo 21 22)7 € D* of y1 dy 21 + y2do 20 = 1, we get:

n=-x1—-1, y=1, 2n=1, z2=2+1
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Thus, \* =y1 M1 +y2 2 = (0 21+ 1 1) defines the unimodular element m* = 7(A*) of M.
Moreover, if yi* = 1 21 +p2 20 = (0o — (x1+1)03 —01 (w1+1) 9 +1)T, then our(m*) = 1.
Hence, M = Dm* @ker ¢+, and ker p,» = kerp(.u*)/(D R). Remark 4 shows that kerp(.u*)
is a free left D-module of rank 2 and, computing a basis, we get kerp(.u*) = D2 T, where:

T 1 —(131+1)(82—(131+1)83) (1,‘1+1)83—62
0 (1‘1 + 1) 01+ 2 o1 ‘
The matrix 7" has full row rank, i.e., kerp(.7") = 0. Let C be such that R = C' T, namely:
C = (81 Oy — (371 + 1) 83).

Then, ker p,» = O := D*2/(D (), which shows that M = D & O. Let us give an explicit
isomorphism. If R = (0 C) € D3 M = D'3/(DR), and 7 : D3 — M the canonical
projection onto M, P| = (N1 1T ¢ D3%3_ then RP] =CT = R, which shows that the
following diagram is commutative with exact rows

D Ao ps Ty
T idp B T.P Ty
p & pxs T, A1 o,

where g(7(0)) = m(0 P{) for all § € D*3. Now, since P{ € GL3(D), g is a D-isomorphism
and f = g~ ! is defined by f(m(\)) =7(\ Py) for all A € D'*3, where:

82—($1+1)83 1 0
Pl = 1/71 == —81 0 1
(l‘1—|—1)61+1 0 —({L‘l—l—l)
In other words, 01 u; + 02 uz + d3u3 = 0 is equivalent to 0y wy + (02 — (x1 + 1) J3) we = 0
(and no condition on v) under the following invertible transformations:
V= (.731+1)U2—|—U3,
wy = up — (w1 +1) (02 — (1 + 1) 03) ug + ((x1 + 1) 93 — 02) ug,
wy = ((3}1 + 1) o1 + 2) uo + 01 us,
uy = (02 — (w14 1) 03) v + wr,
& uy = —01 v + wo,
us=((x1+1)01 +1)v — (x1 + 1) wo.
Now, since M is torsion-free (see, e.g., [11]), so is O. Then, computing a minimal parame-

trization of O (see [11]), O is isomorphic to the left ideal I = D 97+D ((x1+1) 9y 03— 92—03)
generated by two elements of D, which finally shows that M =2 D @ I.

Remark 5. Let us give system-theoretical applications of Theorem 7. Let M be a finitely
generated left D-module with rankp(M) > 2. Then, according to Theorem 7, there exist
r € Z>o and a left D-module M’ with rankp(M’) < 1 such that M = D" @ M'. If Fis a
left D-module, then using the additivity of the functor homp(-,F) (see, e.g., [40]), we get:

homp (M, F) = homp (D", F) @ homp(M’, F) = F" @ homp(M’, F). (22)
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Significant information on the solution space homp (M, F) is then contained in homp (M’, F).
We refer to [11] for the relevance of the extension functor ext’;( -, F) in mathematical systems
theory. More generally, since ext’,(D1*", F) = 0 for i > 1 (see, e.g., [40]), we then have:

Vi>1, exth(M,F)=exth(M,F). (23)

A more general version of Theorem 7, namely, a relative version where M is replaced by
M C N or, more generally, by an injective homomorphism ¢ : M — N, is now given.

Theorem 8 ([44]). Let M and N be two finitely generated left D-modules satisfying M C N
and rankp (M) > 2. Then, there exists m* € M which is a unimodular element of N. Hence,
there exist a left D-submodule M’ (resp., N') of M (resp., N ) such that M' = M N N’ and:

M=Dm*&e M'CN=Dm*® N'.

Proof. Let us consider a presentation of the finitely generated left D-module M (resp., N)
M = DY?/(D' 4 R) (resp., N = D?'/(D'*? R')), where R € D?? (resp., R’ € DI*?").
Let ¢ € homp(M, N) be the injection of M into N. Firstly, ¢ € homp(M, N) is defined by
the following commutative diagram with exact rows

pxa B pe T, 5
1P l.P b (24)

.R, /
pixd = pbx' T, N 0,

ie., u(m(n)) = «'(n P) for all n € D'*P where P € DP*? is such that R P = P’ R’ for a certain
P’ e D74 and 7' : D¥? — N is the canonical projection onto N (see [13]). Secondly, the
injectivity of ¢ is equivalent to the fact that for all S € D*P and for all T' € D5*? satisfying
S P =TR, there exists L € D**? such that S = L R. For more details, see [13]. Finally, we
have 1(M) = (DY>*®+d) (PT  RTYT)/(D'*4¢ R') C N = D'? /(D' R') (see [13]).

Theorem 8 follows similar arguments as the ones used in the proof of Lemma 5. Let us
shortly adapt the arguments of the proof of Lemma 5 to this more general situation. We note
that Theorem 7 is a particular case of Theorem 8 where N = M and ¢ = id,.

The hypothesis rankp(M) > 2 implies that M is not torsion by 1 = 3 of Lemma 1.
Then, there exists my = () ¢ t(M). Thus, if \y = n; P, then «(mq1) = «’(\1) ¢ t(N). If
Q € DP*™ (resp., Q' € DP*™') is such that kerp(R.) = Q D™ (resp., kerp(R'.) = Q' D™),
then A\; € D'*P has to be chosen so that A\; Q # 0 (or such that A\; P Q' # 0). Now, Remark 1
shows that there exists y1; € kerp(R'.) = Q' D™ such that ¢y := ¢, satisfies ¢1((my)) # 0.
More precisely, we have to choose &; € D™ such that w1 = Q' & satisfies:

p1(e(m1)) = A = (M Q)& #0.

Then, the following diagram is commutative with exact rows:

pixa A, DLxp N M —0
4 L.(Pw) . Lorow
0 — D d, D 0.

Since im(p; 0¢) is a left ideal of D containing (¢1 o ¢)(my) # 0, rankp(im(¢1 0¢)) = 1, which
combined with the short exact sequence 0 — ker(¢q 0t) — M — im(py o) — 0 yields
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rankp (ker(pjot)) = rankp(M)—1 > 1. Thus, ker(y; o¢) is not torsion by 1 = 3 of Lemma 1.
Since t(ker(py 0 ¢)) = t(M) Nker(ypg o ¢), there exists ma € ker(yp; o ¢) such that ma ¢ t(M),
and thus t(mg) & t(N). Let S € D"*P be such that kerp(.(P p1)) = D" S. Then, we have

ker(p1 01) = kerp((P 1))/ (D1 R) = (D' 5)/ (D' R),

and thus mg = 7(n2) for some ny = v S € DY™P where v € D™ has to be chosen so
that v (S P Q') # 0. Define Ay = 1y P. Considering & € D™ such that (A Q') & # 0 and
po = Q' & € DV, then o := ¢, satisfies pa(t(m2)) = A2 po # 0.

By construction, ma € ker(¢1 o t), which yields ¢i(c(m2)) = Aap1 = 0. Now, if
w2(t(my)) = A1 p2 # 0, then by the right Ore property of D, there exist r1, ro € D \ {0}
such that (Aqu1)r + (Ap2)re = 0. Let ph = i + pery € kerp(R.) and define
©5 1= Oy T1 + Py T2 = oy € homp(N, D). Then, we have:

@o(u(ma)) = ALy = A1 (par1 + pzr2) =0,
©5(1(ma)) = Ag piy = Xa (p1 711 + par2) = (A2 p2) 72 # 0.
Therefore, without loss of generality, we may assume that s(c(m1)) = 0.

Let di := A1 # 0 and do := Ag s # 0. Then, Corollary 1 shows that there exists
(y1 y2 21 22)T € D* satisfying y1 (A1 pi1) 21 + y2 (A pi2) 20 = 1. If we define

= yim + Y212, m* = () = y1w(m) + y2 () € M,
p* =1z + pg 22 € kerp(R), ¢ = ¢gu+ € homp(N, D),

then we have:

e(t(m*)) =n"Pp* = (y1m +y2m2) P(u1 21 + p2 22) = (y1 M1+ y2 A2) (11 21 + p2 22)
=y1 (A1) 21 +y1 (M p2) 22+ y2 (A2 pn) 21 + y2 (A2 p2) 22
=y1 (A1) 21 +y2 (Ao p2) 22 = 1.

Thus, ¢(m*) € «(M) is a unimodular element of N, which yields N = D «(m*) & ker ¢. More-
over, since 1 := @,(pr) € homp(¢(M), D) satisfies 1(c(m*)) = 1, 1(m*) is also a unimodular
element of (M), which shows that «(M) = D ¢(m*) @ ker ¢, and finally proves

(M) =Di(m*)® M CN=Di(m")®d N,
where N’ :=ker p and M’ := ker p|,(pr) = ker o N ¢(M). O

Remark 6. We note that a division ring D is characterized by the result of Theorem 8 for
finitely generated left D-modules M C N if the condition rankp (M) > 2 is dropped. Indeed,
Theorem 8 holds for non-zero finitely generated D-vector spaces M C N.

A unimodular element, whose existence is proved in Theorem 8, can be computed by the
following algorithm.

Algorithm 2 (UnimodularElementInSubmodule).
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e Input: A very simple domain D and R € D?*P such that the finitely presented left
D-module M = D*P/(D'*4 R) has rank at least two, i.e., rankp(M) > 2, a matrix
R' € D?*? presenting a left D-module N = D'*¥' /(D% R'), and a matrix P € DP*?'
defining an injective homomorphism ¢ € homp(M, N), i.e., «(n(n)) = 7'(nP) for all
n € DYP where 7 (resp., 7') is the canonical projection onto M (resp., N).

e Output: n* € DYP and p* € kerp(R'.) such that «(7(n*)) = 7'(n* P) € U(N) and
@y € homp(N, D) such that ¢« (c(m(n*))) = 1.

1. Compute Q' € DP*™ such that kerp(R'.) = Q' D™

Pick 71 € D'*P such that n; (P Q') # 0 and define \; = n; P.

Find £, € D™ such that (\ Q') &1 # 0 and define pu; = Q' &; € kerp(R'.).
Compute S € D"*P such that kerp(.(P 1)) = D" S.

Pick v € D' such that v (S P Q') # 0 and define 2 = v S and Ay = 12 P.
Find & € D™ such that (Ao Q') & # 0 and define puy = Q' & € kerp(R'.).

Noe ok N

If Ay p2 # 0, then compute r1, 7o € D \ {0} such that (A p1) 71 + (A1 pe2)r2 = 0 and
replace s by pyr1 + poro.

8. Compute y1, y2, 21, 22 € D such that y3 (A1 p1) 21 + y2 (A2 o) 22 = 1.
9. Return n* = y1m1 + y2 2 € DY*P and p* = py 21 + po 22 € kerp(R'.).
Example 6. Let D = A;(Q) and M = D*3/(DR) and N = D'*6/(D'*3 R’) be left D-
modules finitely presented respectively by:
o -t 0 0 0 -1
R=@ 0 —-t), RR=[0 9 0 -t 0 0
0 0 9 0 —t 0
Since R and R’ have full row rank, we have rankp(M) = 2 and rankp(N) = 3. Now, if
001000
P=l100001]|, P=@© 0 1),
000O0T1O0

then we have RP = P’ R/, i.e., the diagram (24) is commutative with exact rows, where

t € homp(M, N) is defined by «(m(n)) = «'(n P) for all n € D'*3, and 7 : D3 — M (resp.,

7' D6 — N) is the canonical projection onto M (resp., N). Then, ¢ is injective because:
kerp(.(PT RTYY=D (S -T), S=@ 0 —t)=R, T=(0 0 1).

We can check that kerp(R'.) = Q' D3, where:

-1 12 0 0 0
0 to—1 —t2 0 0
o — 0 0 0 —t* to-1
1 o0 02 —t9—2 0 0
0 0 0 —td—2 9?2
-0 3t 3 0 0
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Ifg =0 1 0and& =(=1 0 0 0 0)7, thenyy =Q & =(1 0 0 0 0 9T
and dy = Py = 0+ 1. Now, kerp(.(P p1)) = D2 S, where:

1 00
S = .
(001)

Ifv=0 1and & =0 0 0 0 DY, thenm =vS =0 0 1), up = Q' & =
(00 td—1 0 8 0)',dy=mPus=0% and g Pus = 0. Then, 2, = 1, 2 = t + 1,
y1=—(t+1)0%> -390+ 1, and yo = O + 1 are such that y; dy 21 + yo d2 22 = 1, which yields

=yimtyp=0 —(¢+1)02-30+1 0+1),
=iz peze=01 0 tEt+1)0-1 0 (t+1)0+2)0 97,

which satisfy n* P p* = 1. Thus, m’ = «’(n* P) € U(N) because ¢(m’) = 1, where ¢ := @x.
Moreover, if m* = w(n*) € M, then ¢, (ap(m*) = 1, ie., t(m*) = 7' (n* P) = m' € U((M)),
which yields «(M) = Dm' @ M' C N = Dm/ @ N', where N’ = ker ¢ and M’ = ker o), (ps).

4 Stafford’s reduction

Let us give now an important application of Theorem 8 and Algorithm 2. Let us consider a
finitely presented left D-module L = D' /(D'? P) and the left D-modules K = D'*? P
and N = D', Let R € D?*? (possibly R = 0 and ¢ = 0) be such that kerp(.P) = D' R.
Then, M := D'¥?/(D'*¢ R) = K and the injection ¢ : M — D'?" is defined by

VYneDYP. y(n(n) =nP,

where 7 : D'*P — M is the canonical projection onto M. Note that K = ((M). The
following diagram is commutative with exact rows:

pixa “E pixp Toooar 40

1 l.p de

0 — D' 14 pua’

Now, if rankp (K) = rankp(M) > 2, then Theorem 8 is applicable. Since homp (N, D) = D,
we can take Q' = I, in Algorithm 2 and we obtain n* € D*P and &* € DP" such that
m* = w(n*) € M satisfies that «(m*) = n* P € U(DYP) and ¢ := g satisfies (1(m*)) =
n* P& =1. If \* :=n* P € D'P | then we get:
DY = D y(m*) @ ker o = D X\* @ ker ¢.
Since ¢(m*) = A* is also a unimodular element of K = (M), we get
K = DYP P = Du(m*) © ker g = D \* @ ker g,

where ker p g = ker ¢ N K. Hence, we obtain

L=D"7/(D"P P) = (DX @kery)/(D N\ @ ker p|x) = ker ¢/ ker ¢, (25)
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where rankp(ker ¢) = p’ — 1 and rankp (ker | ) = rankp(K) — 1.

Let us now characterize the left D-module L' := ker ¢/ ker ¢ and the isomorphism
L = [/ appearing in (25). We have ker ¢ = kerp(.£*) = D" X for a certain X € D™*
and kerpjx = {nP|ne DVP : (nP)&* =0} =kerp(.(P&*)) P. If Y € D**? is such that
kerp(.(P&%))=D™*Y and Z =Y P € D*¥ | then ker @i = DY Z, which yields:

L/ _ (D1><7‘ X)/(Dlxs Z)

We note that rankp (D" X) = p’ — 1 and rankp(D'** Z) = rankp(K) — 1.

If F € D" (resp., Xo € D'™") is such that Z = F X (resp., kerp(.X) = D'** X5), then
Proposition 1 shows that:

I = (Dlxr X)/(Dlxs Z) ~ M. Dlxr/(Dlx(s-i-t) (FT X;f)T)

Now, let 7 : o ey (resp., k : kerp — L) be the canonical projection onto L
(resp., L'). Then, the following diagram is commutative with exact rows and columns

0 0 0
\J \J \J

0— kergyy — D>?P 25 p 40
\ \J \

0— kerp — DY 25 D 0,
Y b \J

0o— L % L — 0
\J \J
0 0

where o : L' — L is the left D-isomorphism defined by:
Vvekery, alk(v))=r1v). (26)

If o : D" — [ = DY /(DY) (FT - XTYT) is the canonical projection onto L”, then
composing the left D-isomorphism 3 : L” — L’ defined by 8(c(6)) = x(0 X) for all § € D"

(see Proposition 1) with «, we get the following left D-isomorphism:

vyi=aof:L" — L

o@) — 1(0X). (27)
Hence, using Y P = Z = F X, the following diagram is commutative with exact rows:
F
()
D1x(s+1) pDixr 2y v —0
Lo oy L ox I (28)
DUxp L opxr I, L 0.

Now, using the identity A\*&* = 1, we obtain (Iy — £&*X*)&* = 0, which shows that
DYV (I, — € \*) C kerp(.£*) = D" X, i.e., there exists U € DP*" such that:

ENAHUX =1I,. (29)
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Using \* = n* P, (29) implies that U X + (§* n*) P = I,y and 4 of Lemma 2 of [16] then yields:

vy 1L — L
T(A\) — o(AU).

Finally, let us point out an interesting application of the above results. We first note that
the following diagram is commutative with exact rows:

0
!

0— kerp(.(P&¥)) — Db L0 p g
l.pP l.p Jidp

0—  kerp(€) — D' & D —0
lr L l

0— r = L — 0
{ 1
0 0

Since n* P&* = 1, the left D-homomorphisms .(n* P) : D — DY?" and .* : D — DIXP
satisfy .£*o(.p* P) = idp and .(P £*)o.n* = idp, and thus the following short exact sequences

0 — kerp(£) — DP 5 D 50, 0 kerp(.(P€¥)) —s DXP P p g
split (see [40]). Thus, DV = D @ kerp(.£*) and DY*P = D @ kerp(.(P £*)), which shows
that kerp(.£*) (resp., kerp(.(P£%))) is a stably free left D-module of rank p’ — 1 (resp., p—1).

If p’ > 3, then using Theorem 6, ker ¢ = kerp(.£*) is a free left D-module of rank p’ — 1.
Considering a basis of ker ¢, there exists a full row rank matrix X € D®~Dx?" guch that
kero = DY>XP'=D X Thus, r = p' — 1, Xo = 0, t = 0, and (28) becomes the following
commutative diagram with exact rows

Dlxs i) pixw-1) o .
Ly 1.x Iy

P
px» = pvx I, L 0,

where 7 is the left D-isomorphism defined by (27). Hence, we have
L — Dlxp’/(DIXp P) ~ gl Dlx(p’—l)/(Dlxs F),

which shows that one generator of L can be removed from the presentation matrix P.

Moreover, if p > 3, then using Theorem 6, kerp(.(P£*)) is a free left D-module of rank
p — 1. Considering a basis of kerp(.(P £*)), there exists a full row rank matrix Y € D®=DxP
such that kerp(.(P¢*)) = DY>®=DY. Thus, s = p — 1, and (28) becomes the following
commutative diagram with exact rows

Dix(p-1) i> D1><(p’—1) AN ¥4 —50
Ly I .x Ly

P
pxr =  px? I, [ 0,
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where 7 is the left D-isomorphism defined by (27). Hence, we have

I — Dlxp//(Dlxp P) ~ Dlx(p'—l)/(Dlx(p—l) F),

which shows that one generator and one relation of L can be removed from P.

Remark 7. Since rankp(K) = rankp(DP P) < p and rankp(K) > 2 so that Theorem 8 is
applicable, then we necessarily have p > 2.

We obtain the following theorem which surprisingly does not appear in [44].

Theorem 9. Let D be a very simple domain, P € DP*¥ | and L = DIXPI/(DIXEP) a finitely
presented left D-module. If rankp(DY*P P) > 2 and p' > 3, then there exists P € Ds*x(@'=1)
such that [ = T := D> @'=1 /(DX P). Moreover, if p > 3, then P can be chosen so that

S=0D

— 1, i.e., L] = Dlx(p,—l)/(Dlx(p—l) P)

Algorithm 3 (StaffordReduction).

e Input: A very simple domain D and P € D? *?" such that:

rankp(DP P) > 2.

e Output: Two matrices P € D**" and X € D™?" such that the left D-homomorphism

10.

v:L:=DY/(D**P) — L:=DY/(DPP) (30)
o) — 1(0X),

is a left D-isomorphism, where o (resp., 7) is the canonical projection onto L (resp.,
L). If p’ > 3, then r = p’ — 1 and, moreover, if p > 3, then s =p — 1.

. Pick 1 € D'*P such that Ay :=n P # 0.

Find & € D¥ such that \; & # 0.

Compute S € D'P such that kerp(.(P&;)) = D! S.

Pick v € D'*! such that v (S P) # 0 and define 7o = v S.
Find & € DP such that (1 P) & # 0 and define Ay = 1 P.

If A\ & # 0, then compute r1, 1o € D \ {0} such that (A &1)r1 + (A1 &) re = 0 and
replace & by &1 71 + & 7.

Compute y1,y2, 21, 22 € D such that y; (A1 &1) 21 + y2 (A2 &2) 22 = 1.
Compute 17* = y1 1 + y2 12 € DP and & =& 21 + & 20 € DP.

If p < 2, then compute X € D™*? such that kerp(.£*) = D" X. Else, compute a
basis of the free left D-module kerp(.£*) of rank p’ — 1 to get a full row rank matrix
X e D@'=Dx0" guch that kerp(.£*) = D@D X and set r = p/ — 1.

If p < 2, then compute Y € D¥*P such that kerp(.(P£*)) = D' Y. Else, compute a
basis of the free left D-module kerp(.(P &*)) of rank p — 1 to get a full row rank matrix
Y € DP=1*P such that kerp(.(P&*)) = D>*®P=DY and set s/ = p — 1.
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11. Compute Z =Y P.
12. Left factorize Z by X to get F' € D*'*" such that Z = F X.

13. If p < 2, then find Xy € D™ (possibly reduced to 0) such that kerp(.X) = D! X,
and define P = (FT  XI)T else P = F and set t = 0.

14. Return (P, X) defining respectively the left D-module I = D@ =1 /(D1*("+) P) and
the left D-isomorphism v : L — L given by (27).

Example 7. Let D = A3(Q) and L = D'*3/(D'*3 P) be the left D-module finitely presented
by the curl operator (21). We can easily check that kerp(.P) = D R, where R = (01 02 03)
is the divergence operator (see Example 5). Let us apply Algorithm 2 to the left D-modules
M = DVY3/(DR) 2 K = D3P and N = D3, If we consider ny = (0 0 1) and
& =(0 1 0)T,then dy :=mn P& = 0;. Moreover, kerp(.(P&;1)) = D'*2 S, where:

8, 0 0
s=( " 5.
01 0

If we consider v = (0 1), =vS=(0 1 0),andé&=(0 0 —1)7 thends:=m P& =
01. Since 1, P& = 0, then we need to compute a solution (y; y2 21 22)7 € D* of (11). We
get z1 =1, za =21+ 1, y1 = — (21 + 1), and yo = 1, which yields:

" =yim+yene=(0 1 —(z1+1)),
F=&z1+86&2n=(0 1 —(:1:1—{—1))T.

Hence, \* :==n*P = ((z1+1) 924+ 935 —(21+1)01 —1) € U(DY3) and ¢ := ¢« satisfies
©(N) = A*¢* = 1. In other words, \* is a certain left D-combination of the rows of P which
admits a right inverse over D. Thus, D'*3 = D \* @ ker ¢, where ker ¢ = kerp(.£*) = D'*2 X

and:
1 0 0
X = .
0 z1+1 1

Since X has full row rank, the rows of X define a basis of the free left D-module kerp(.£*) of
rank two. Now, \* is a unimodular element of K, and thus D'*3 P = D \* & ker ¢|K, where

ker g = {nP|ne D (nP)&" =0} =kerp(.(PE)) P,
and kerp(.(P %)) = DY, where the matrix Y € D?*3 is defined by:

v — -1 *($1+1)82*83 ($1+1) (($1+1)82+33)
B 0 -0 (.7}1 + 1) o1 + 2 ’

Since Y has full row rank, the rows of Y define a basis of the free left D-module kerp(.(P £*))
of rank two. Then, ker px = D2 7 where Z =Y P. Now, let F € D?*2 be the matrix
such that Z = F X, i.e.:

F:( (05 + (01 4+ 1) 82)? <<w1+1>82+ag>alag>
~(( |

31
$1+1)82+83)81—262 8% ( )
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Since kerp(.X) = 0, Proposition 1 shows that:
I = D1><3/(D1><3 P) ~ L/ = (D1><2 X)/(D1><2 Z) gz — D1><2/(D1><2 F)

The left D-isomorphism 7 : L — L is then defined by y(o(6)) = 7(0 X) for all § € D2,
where o : D12 — [ (resp., 7 : D3 — L) is the canonical projection onto L (resp., L).
Moreover, y~! : L — L is defined by 7~ 1(7()\)) = a(AU) for all A € D'*3, where:

1 0
U= —(fL‘l + 1) 62 - 83 81 . (32)
(w1 4+1) (21 +1)02 +03) —(v1+1)01 +1

Finally, since kerp(.F) = D (=01 03 + (w1 + 1)02), we have rankp(D'*2F) = 1, and
Algorithm 2 cannot be applied again to L.

Finally, let us compute the inverse of the left D-isomorphism « : L' — L defined by
a(k(v)) = 7(v) for all v € D" X (see (26)). This result will be used in the next section.

Now, using the identity n* P £* = 1, we obtain (I, — P£{*n*) P£* = 0, which shows that
DYP (I, — P& n*) Ckerp(.(P &%) = DY, i.e., there exists V € DP*¢ such that:

P& +VY =1, (33)
Multiplying P on the right of (33) and on the left of (29) and subtracting the result, we get:
PUX=VYP. (34)

Now, we claim that o' is the left D-homomorphism defined by:

: /
C‘;(AL) - ﬁ(AUX). (35)
Using (34) and Z =Y P, we first check that w is well-defined:

Ve DY, wir(A+nP))=cAUX)+r((nV)Z)=rc(AUX) =w(r(N).
Finally, using (29), A* = n* P, and X £* = 0, we can check that

(@ow)(r(V) = a(k(AU X)) = 7(AU X) = 7(X) = 7((AE"7") P) = 7(A),
(woa)(k(0 X)) =w(T(0 X)) =r(@XUX)=r(0X (Iy — & n*P)) =r(0X),

which shows that w = o~ L.

5 Efficient generation of finitely generated modules

We have the following interesting corollary of Theorem 9.
Corollary 2. Let L = D7 /(DP P) be a torsion left D-module.

1. If p' > 3, then there exists P € D'*2 such that L = L := D'*2/(D'*! P). In particular,
L can be generated by two elements. Moreover, | can be chosen such that:

l=p—9p +2.
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2. There exist a projective left ideal I of D and a left submodule J of I such that L = 1/J.
In other words, L is a homomorphic image of a projective left ideal of D (which can be
generated by two elements).

Proof. 1. Since L is a torsion left D-module, by 1 = 3 of Lemma 1, rankp(L) = 0, which
yields rankp (D'*P P) = p/ > 3. Applying p’ — 2 times Theorem 9, we obtain P € D'*2 such
that L = L := D2 /(D" P), which proves the first part of 1. Finally, using that

p > rankp(DVP P) =p' > 3,

then Theorem 9 shows that [ can be chosen such that [ = p — p’ + 2.

2. If p’ = 1, then L = D/(D'*P P), which proves 2 with I = D and J = D'*P P. Now,
if p’ > 1, using 1, we may assume that p’ = 2, i.e., L = D*2/(DP P). Let R € D?*P
(possibly R = 0 and ¢ = 0) be such that kerp(.P) = D9 R, M = D*P/(D'¥4R), 7 the
canonical projection onto M (7 = idys if R = 0), and ¢ : M — D2 the injection defined
by t(m(\)) = AP for all A € D'*P. The following diagram is commutative with exact rows:

pixe B pie  Tooar

\ 1P b

0 — Dpv2 4 pue
Since rankp(D'*P P) = 2, the proof of Theorem 8 for K = (M) shows that there exist
n* € DYP and ¢* € D? such that ¢ := e+ satisfies:

p(e(r(n)) =n" P& =1.

Thus, if A\* := n* P, then D'*P P = DX ® N’ C D2 = DX ® N, where N := kerp =
kerp(.£*) and N’ := ker g = kerp(.(P £*)) P. This implies:

L=(DXNa&N)/(DN&N)=L :=N/N

Let k: N — L' = N/N' (resp., 7 : D'*?2 — L) be the canonical projection onto L’ (resp.,
L). Then, the above left D-isomorphism is defined by (26), namely:

a:L’ — L
k(v) — T1(V).

Since D2 = DX*® N =2 D@ N, N is a projective left D-module of rank one, and thus
N is isomorphic to a projective left ideal of D, which can be generated by two elements (see
Section 3.2). Note that if N is a free left D-module of rank one, then NN is isomorphic to a
principal left ideal of D (i.e., generated by one element). Let X € D"™*2 (resp., Y € D**P)
be such that N = kerp(.£*) = D" X (resp., kerp(.(P&*)) = DY), If Z =Y P € D%,
then N’ = kerp(.(P&*)) P = D' Z, and thus N/N' = (D'*" X)/(D'** Z). Since N’ C N,
there exists F' € D**" such that Z = F' X and the injection ¢ : N’ — N is defined by:

Ve D™ i(0Z)=(0F)X. (36)
Let Xy € D™ (resp., Zo € D"**) be such that kerp(.X) = D! Xy (resp., kerp(.Z) =
D™ Zy). Then, the following diagram is commutative with exact rows

7 Z
D1><u 2} D1><s N’ 0

l.a b .F di

X X
D1><t 2 D1><r ; N s 07
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where G € D"X! satisfies Zo F = G X5. Since N and N’ are two left D-submodules of
D2 they are torsion-free. Hence, Ny := D" /(D1 X5) = D>’ X = N and N} :=
D3 /(DY*u Z,5) =2 DYX5 Z = N’ are also torsion-free left D-modules of rank one. Considering
a minimal parametrization of Ny and of N} (see [11]), there exist two matrices B € D" and
C € D? such that No 2 [ := D'*" B and N} = H := D' C, where I and H are two finitely
generated left ideals of D. To get such minimal parametrizations, we need to pick a non-zero
B € D" (resp., a non-zero C' € D?®) such that BD C kerp(Xs.) (resp., C D C kerp(Zs.)).
Then, by definition of the minimal parametrizations, the next diagram is commutative with
exact rows

pru 2 ps G

}.G L .F ¥

X .B
D1><t 2 D1><r I 07

where j € homp(H,I) is defined by:
voec D™ §0C)=(0F)B. (37)
Let us note that we then have the following left D-isomorphisms

e:H — N’ eI — N
0C — 027, vB — vX,

which satisfy ¢’ o j =i oe, where i and j are respectively defined by (36) and (37).
If we consider the left D-submodule J = imj = D'*% (F B) of I, then we have:

cokerj = I/J = (D" B)/(D'** (F B)).

Let § : I — I/J be the canonical projection onto I/J. Then, the following diagram is
commutative with exact rows and columns

0 0
\J )

0— H — N —0
L li
0— I E—/> N —0,
) 1w
/g = I
\J 1
0 0

where w € homp(I/J, L") is the left D-isomorphism defined by:

w:I/J] — L
d(vB)) —— k('(vB)) =kr(vX).

Composing w with the left D-isomorphism « € homp(L/, L) defined by (26), we then obtain
the following left D-isomorphism:

xX=aow:I/J — L
d(vB) — T(vX).
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Let us now explicitly characterize the inverse y ™! = @™t oa~! of x. We first note that

w ! L' — I/J is defined by w ! (k(v X)) = §(vB) for all v € D" Secondly, a~!
is defined by (35), i.e., a ' (7()\)) = k(AU X), where U € D?>*" is defined by (29), i.e., by
I, — & X\* = U X. Thus, the left D-isomorphism y ! is finally defined by:

YAe D2y Hr(\) == Yo (r(V) = @ {k(AU X)) = 6(A\U B).
L]

Remark 8. We note that 1 of Corollary 2 does not give in general the most accurate bound
for the number of generators of a torsion left D-module because cyclic torsion left D-modules
exist (namely, torsion left D-modules of the form D/J, where J is a left ideal of D).

Example 8. Many linear PD systems coming from mathematical physics or engineering
science are defined by means of a square full row rank matrix P € DY *?" of PD operators.
Applying 1 of Corollary 2 to P € DP' P’ we obtain that these linear PD systems are equivalent
to linear PD systems defined by P € D?*2  i.e., to linear PD systems defined by (at most)
two unknowns and two PD equations. For an algorithm computing P € D?*2, see [7, 15].

Example 9. Let D = A(0) be a ring of OD operators, where A = k[t] or A = k[t] and k is a
field of characteristic zero, or A = k{t}, where k € {R, C}, E € A»*", R=01,— E € D",
and M = DY /(DY" R). If {f;}j=1...n is the standard basis of D" 7 : D" — M
the canonical projection onto M, x; = n(f;) for j = 1,...,n, and z = (1 ... z,)7, then
Rz =0 (see Section 2). By 1 of Corollary 2, the torsion left D-module M can be generated
by two elements y; = 7(G1) = G1x and y2 = 7(G2) = Gy x, where G; € DY for i = 1, 2.
Equivalently, the matrix (GI  GI RT)T admits a left inverse (see, e.g., [7, 15]), i.e., there
exist S1 € D™, Sy € D", and S3 € D™*" such that:

S1G1+S,Gy+ S3R=1,. (38)

Now, if we consider the linear OD control system & = Ex + Fu (see, e.g., [23]), where

F € A™™ the above remark shows that that there exists G = (GT GI)T € A?*" such that

(38) holds. Thus, the following linear OD control system
T =Fx+ Fu,

(39)

y=Guz,
is observable (see, e.g., [23]), namely, the state x of (39) can be expressed in terms of y1, y2, u,
and their derivatives. Indeed, combining Rz = F v and (38), we get x = Sy y1+52 y2+ 53 F u.
Hence, 1 of Corollary 2 shows that there exist two outputs y; = G1x and y2 = Go x of the

linear OD control system # = E z + F u such that its state x is observable by means of ¥,
Yo, and u.

Algorithm 4 (ProjectiveldealPresentation).

e Input: A very simple domain D and P € DP*F such that the finitely presented left
D-module L = DY¥' /(D'*P P) is torsion.
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e Output: Three matrices B € D*, B’ € DY, and W € D**?" such that

X: K= (DY B)/(D¥B) — L
0(vB) — T(VW)

is an isomorphism of left D-modules, where § : D'** B — K (resp., T : D L)
is the canonical projection onto K (resp., L).

1. If p’ =1, thenreturn B =P, B=1, W =1 (e, z =1, y = p).

2. Apply Algorithm 3 to P to obtain two matrices P € D5*2 and X € D?*?' such that the
left D-homomorphism v : L = D'*2/(D*$ P) — L defined by (30) is an isomorphism.

3. Apply Algorithm 2 to the matrices R := R € D' satisfying kerp(.P) = D'*'R,
R' =0, and P := P to obtain n* € D'** and £* € D? such that n* P&* = 1.

4. Compute X € D**2 such that kerp(.£*) = Dixz X
5. Compute Y € DY*¢ such that kerp(.(P£*)) = DY>VY.
6. Compute Z =Y P € D¥*2,

Left factorize Z by X to get F' € DY*® such that Z = F X.

® N

Compute X9 € D*** such that kerp(.X) = D** X».

9. Compute a non-zero B € D such that B D C kerp(Xa.).
10. Compute B’ = F B € DV.
11. Compute W = X X € D**V',

12. Return the matrices B, B’, and W.

Example 10. Let D = A;(Q) and L = D'*2/(D'*2 P) be the left D-module finitely pre-
sented by the matrix P defined by:

12 t
P= )
to+2 0

Since P has full row rank, L is a torsion left D-module. Corollary 2 then shows that L = I/J,
where I and J are two left ideals of D such that J C I, both of which can be generated by

two elements. Let us compute I and J. If we consider n* = (0 —t) and £&* = (0 1)T, then
n* P& =1. Now, kerp(.£*) = DX, kerp(.(P&%)) = DY*?Y, Z =Y P, Z = F X, where:

to—1 —t2 —t2 0 —t2
X=(1 0, Y= , Z= , F= )
0? —td—2 —td—2 0 —td—2

Since kerp(.X) =0, i.e., X9 = 0, then kerp(Xs.) = D, which shows that B = 1 is a minimal
parametrization of N = DX 2 Dand [ = DB = D. Thus, B = FB = —(t* t0+2)7,
which shows that L = K := D/J, where J = Dt?> + D (t0 + 2). We note that J is the
cyclic left D-module which is the annihilator of the derivative of the Dirac distribution (see
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Example 1.2.9 of [34]). The left D-isomorphism x : K — L is defined by x(d(v)) = 7(v X)
for all v € D, where 6 : D — K (resp., 7 : D'*2 — L) is the canonical projection onto K
(resp., L). Thus, L is generated by 7(X) = x(4(1)) and we can easily check that 7((0 1)) =0
(for more details, see [37]). Finally, the matrix U = (1 0)7 satisfies Io — (&*n*) P = U X,
which shows that x ! : L — K is defined by x~!(7(\)) = §(AU) for all A € D1*2.

Example 11. Corollary 2 can be understood as a generalization of the standard cyclic vector
theorem for linear OD systems (see [10] and the references therein). 1 of Corollary 2 shows
that every finitely generated torsion left D-module L can be generated by two elements.
Moreover, 2 of Corollary 2 states that L = I/J, where I is a projective left ideal of D and J
is a left D-submodule of I. Now, if D = A(0) is a ring of OD operators with coefficients in a
differential field A, then D is a principal ideal domain (see, e.g., [31]), and thus I and J are
two principal ideals of D, i.e., there exist di, da € D such that L = (D d;)/(Dds) = D/(D d3),
where d3 € D is such that d; = d3 do. The element d3, which is not uniquely determined by
L, can be computed by means of a Jacobson normal form of the presentation matrix P of L.

Let us illustrate with a simple example that Algorithm 4 can be used to compute ds. Let
D= Bl(Q), Qg cA= Q(t) for ’L,j = 1, 2, F= (aij)i’jzl,g, and L = D1X2/(D1><2 P), where:

o — _
P:OIQE:< a1 a”).

—a21 0— a22

The left D-module L corresponds to the linear OD system & = Ex. Let us suppose that
a1z # 0 (a similar result holds if ag; # 0), which implies a;, € A. Choosing n* = (1 0),
& = (0 —a1721)T, we get n* P&* = 1. Then, kerp(.£*) = DX, where X = (1 0), and
kerp(.(P&*)) = DY, where Y = ((0—az) ajy 1),since P&* = (1 —(9—ag)ajy)". Then,
Z=YP= ((a— (122) a1_21 (8— a11) — a1 0) = FX, where F' = (8— a22) a1_21 (8— a11) —any,
which shows that:

L= (D2 X)/(D"?Z)= D/(DF).

In case a;; # aze and aja = az; = 0, then considering 7 = (1 0), & = (1 0)7,
d1 =m Pfl = 8 —aii, kerD(.(Pﬁl)) = D(O 1), N2 = (O 1), fg = (O 1)T, dg =12 P§2 =
O —az, mP& =0, y1di 21 +yadazo = 1, where —y1 = yo = (a11 — ag2) ™!, 21 = 25 = 1,
and thus 7* = yim +y2m2 = (a11 —aze) L (=1 1) and € = & 2z1 + 20 = (1 1T are
such that n* P{¢ = 1. Then, Algorithm 4 gives kerp(.{) = DX, where X = (1 —1),
kerp(.(P€)) = DY, where Y = (0 —age — 0 +an) (a1 —ag)™', Z=Y P =F X, where
F = (0—a) (a1 —an) (0 —a1n) = (0 — a11) (a11 — azn) "' (0 — asz), and thus we obtain:

L=~ (DX)/(DZ)=D/(DF).
Now, if a1 = ag and ajs = as; = 0, then considering 1 = (1 0), & = (1 0)T
d1 =m P§1 =0 — aii, kerD(.(Pfl)) = D(O 1), n2 = (O 1), fg = (O 1)T, dg =12 P§2
8—@11, T]Q.Pfl == O, yldlzl +y2d222 = 1, where Y1 = =22 = 1, Z1 = t, Y2 = *t, and thus
" =yim+yem = (1 —t)and £ = & 21 + &z = (t 1)T are such that n* P& = 1.
Then, Algorithm 4 gives kerp(.{) = D X, where X = (=1 t), kerp(.(P¢&)) = DY, where
Y=(-0—-ay td—ant+2),Z=YP=FX,where F = (0—a;)? and thus we obtain:

L=(DX)/(DZ)=D/(DF).
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Corollary 3. Let P € DP*?" be a full row rank matriz and L = DY /(D'P P). Then,
there exists P € D2*W'=r+2) sych that:

L=T .= DW=t/ (pIx2Pp),

If p —p > 1 and the right D-module ext},(L, D) := DP/(P DP') is cyclic, then there exists
R’ € D' =p1) gych that L= M’ := D' =p+1) /(D R).

Proof. Applying the contravariant left exact functor homp( -, D) to the short exact sequence
0— DU? B pbv’ 2,
we get the following long exact sequence of right D-modules (see, e.g., [11, 40]):
0 +— exth(L, D) <& D? &~ D¥ +— homp(L, D) +— 0.

Now, by a version of (3) for right D-modules, we have homp (ext}, (L, D), D) = kerp(.P) = 0,
which shows that extl(L, D) is a torsion right D-module by 2 = 1 of Lemma 1. Thus,
it can be generated by two elements by 1 of Corollary 2. Let A € DP*? be such that
{ww(Aei) }iz1,2 generates ext}, (L, D). Theorem 3.6 of [7] then proves that the left D-module
E = D> WH+2) /(DIXP Q), where Q := (P —A) € DP*(P'+2) s stably free of rank p/ +2 — p.
Since rankp(L) = p' —p > 0, then p’ + 2 — p > 2, which shows that E is a finitely generated
free left D-module by Theorem 6. Finally, the result follows from Theorem 4.1 of [7].

Finally, if the right D-module exth(L, D) is cyclic, then there exists A € D? such that
exth (L, D) = w(A) D. Using Theorem 3.6 of [7], the left D-module E = DY ®'+1) /(D1*P Q')
where Q' := (P — A) € DP*W'+1) g stably free of rank p/ +1 —p. If p/ +1 —p > 2, i.e.,
p —p > 1, then E’ is free by Theorem 6 and the result follows from Theorem 4.1 of [7]. [

Since holonomic modules over the standard rings of PD operators are cyclic (see, e.g.,
[6, 29]), the second part of Corollary 3 yields Theorem 30 of [15].

Remark 9. Corollary 3 is most interesting in the case of a finitely generated left D-module
M satisfying rankp (M) > 1, i.e., for underdetermined linear systems. Indeed, if P € DP'*¥'
has full row rank, i.e., rankp (M) = 0, then Corollary 3 yields again 1 of Corollary 2.

Example 12. Since the global dimension of the rings A;(k), Bi(k), k[t](9), and k{t}(9)
where k£ € {R, C}, is one (see, e.g., [6, 29]), Section 3 of [37] shows that the first part of
Corollary 3 holds for these rings. Hence, any underdetermined linear system of OD equations
(namely, rankp (M) = p’ — p > 1) with either polynomial, rational, formal power series or
locally convergent power series coefficients can be reduced to an equivalent linear OD system
defined by at most two OD equations.

Following Stafford ([44]), let us now show how to use Corollary 2 to obtain the minimal
number of generators of a finitely generated left D-module L which is not torsion.

First of all, if L can be generated by r elements, then there exists a surjective left D-
homomorphism w : D'*" — L defined by mapping the i*" element of the standard basis of
D7 to the i*" generator of L, i.e., we have the following short exact sequence:

w

0 — kerw — D" 5 L — 0. (40)
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If rankp(L) = r, then the equality rankp(L) + rankp(kerw) = r yields rankp(kerw) = 0,
i.e., kerw is either 0 or a torsion left D-module. But, ker w is a left D-submodule of the free,
and thus of the torsion-free left D-module D'*" which yields kerw = 0, and proves that
L = D™ ie., Lis a free left D-module of rank r. Conversely, if L is a finitely generated free
left D-module of rank r, then L can be generated by r elements. Hence, a finitely generated
left D-module L can be generated by r := rankp(L) elements if and only if L & D",

We note that a finitely generated left D-module L cannot be generated by fewer elements
than rankp (L) since the short exact sequence (40) yields r — rankp (L) = rankp(kerw) > 0.

Now, let us suppose that L is not free, i.e., cannot be generated by r := rankp(L)
elements. By Theorem 7, there exists a left D-module L' with rankp(L’) < 1 such that
L= D™ @I If rankp(L') =0, i.e., L' is a torsion left D-module, then = s, which yields
L= D™ 0=Y g (D@ L), where rankp(D ® L') = 1. Now, if rankp(L’) = 1, then s = r — 1.
Hence, with a change of notations, we can always suppose that L = D™ (=Y ¢ I/ where
rankp(L') = 1. Since L’ is not a torsion left D-module, there exists I’ € L’ \ ¢t(L’). Thus,
annp(l') ={d € D | dl' =0} =0, i.e,, DI’ =2 D/annp(l') = D. Now, the following short
exact sequence

0— DI —L — L'/)(DI')—0

yields rankp(L'/(D1')) = 0, i.e., L'/(D1’) is a torsion left D-module. Now, 2 of Corollary 2
shows that there exist a projective left ideal I of D and a left D-submodule J of I such that

«

L'/(DU') =2 I/J. Thus, we get the short exact sequence 0 — DI’ — L’ N I/J — 0.
Hence, the following diagram has an exact row and exact columns

0
J
0 J
4 4
D I
4 4
0— DI' % 1 Ly 177 o,
{ 4
0 0

which can be completed to the following commutative diagram with exact rows and columns:

0— D % Dol % I —0

\ I \

0o— DI' % ' 5 110 —o.
1 I \
0 0 0

For more details, see, e.g., [40]. We now note that D @ I is a projective left D-module with
rankp(D @ I) = 2, and thus D @ I is a free left D-module of rank two by Theorem 6, i.e.,
D @ I = D2, Therefore, L' can be defined by two generators (but no fewer), which finally
shows that L can be generated by » — 1+ 2 = r 4+ 1 elements but no fewer.

Lemma 6. Let M be a non-free left D-module with rankp (M) = 1. Then, M can be generated
by two elements and no fewer.
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Let us explain how to get a presentation of L' = D" /(DX Q) defined by only two
generators. Since rankp(L') = 1, rankp(D**Q) =r — 1. Ifr — 1 = 1, i.e.,, 7 = 2, then
nothing has to be done. Let us now suppose that r — 1 > 2, i.e., r > 3. Then, applying
Algorithm 3, we get L/ = L = D' (=1 /(D1*t Q) where rankp (D! Q') = r—2. Repeating
the same argument, we finally get L' = L = D'*2/(D™ Q).

Example 13. Using standard results on the minimal number of generators of finitely pre-
sented modules over a commutative ring based on Fitting ideals (see, e.g., [19]), we can easily
check that the E = Q[01, 0z, 03]-module L = E'3/(E'3 R), where R is the matrix (21)
defining the curl operator in R? (see Example 7), can be generated by three elements but no
fewer. Now, if we consider the left D = A3(Q)-module M = D'*3/(D*3 R) =~ D ®g L, then
rankp (M) =1 and Lemma 6 shows that M can be generated by two elements but no fewer.
If {fj}j=123 is the standard basis of D3 7. D3 — M the canonical projection onto M,
{y; = m(f;)}j=123 a family of generators of M, and y = (y1 y2 y3)T, then it was shown
in Example 7 that {21 = y1,202 = (1 + 1) y2 + y3} is also a family of generators of M and
y = U z, where the matrix U is defined by (32) and z = (21 29)7.

Let us sum up the above remarks in the next theorem due to Stafford.

Theorem 10 ([44]). Let L be a finitely generated left D-module that is not a torsion module,
i.e., rankp(L) > 1. Then, the following statements are equivalent:

1. rankp(L) =r.

2. Either L is a free left D-module of rank r, i.e., L = D" and thus L can be generated
by r elements, or L is not a free left D-module and L can be generated by r+1 elements
but no fewer.

Example 14. If M = D'3/(D R) is the left D = A3(Q)-module finitely presented by the
divergence operator R, then it is well-known that M is torsion-free but not free (see [11, 37]).
Since rankp (M) = 2, by Theorem 10, M can be generated by three elements. Hence, R is
a minimal presentation of M, namely, a presentation of M having the minimal number of
generators p(M) of M.

Remark 10. Corollary 2 shows that a finitely generated torsion left D-module M is either
cyclic, i.e., generated by one element, or can be generated by two elements. Theorem 10
(see also Lemma 6) shows that a finitely generated left D-module of rank one is either free,
i.e., cyclic, or can be generated by two elements and no fewer. Hence, a finitely generated
left D-module M satistying rankp (M) < 1 can always be generated by one or two elements.
From a systems theory viewpoint, Remark 5 and the above results show that the study of
ext’, (M, F) for i > 0 (ext® (M, F) = homp(M, F)) can be reduced to ext’,(M’, F) for i > 0,
where rankp(M’) < 1, and thus to the case of a left D-module M’ which is either zero, can be
generated by one or by two elements. Finally, Theorem 10 also shows that a finitely generated
left D-module M which cannot be generated by two elements satisfies rankp (M) > 2.

6 Cancellation theorem

6.1 Main result
Let us state a result due to Stafford (which can be traced back to Swan [45]).
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Lemma 7 ([44]). Let D be a very simple domain satisfying (9), M a finitely generated left
D-module with rankp (M) > 2, d* € D, m* € M such that (d*, m*) is a unimodular element
of D& M. Then, there exists ¥ € homp (D, M) such that:

9(d*) +m* € U(M).

Proof. Since (d*, m*) € U(D @& M), there exist w; € homp(D, D) and ws € homp(M, D)
such that w = wy ® wy € homp (D & M, D) satisfies:

w((d*, m*)) = w1 (d*) + we(m*) = 1. (41)

Let R € D?*P be such that M = DY*?/(D'*4 R) and 7 : D**P — M the canonical projection
onto M. Since rankp (M) > 2, applying the first seven steps of Algorithm 1, there exist two
elements m; = 7(\1) and ma = 7(A2) of M, where A1, A2 € D*P_ and two elements p; and
pa2 of DP such that ¢; := ¢,, € homp(M, D), i =1, 2, satisfy:

p1(m1) #0, @1(m2) =0, @a(m1) =0, @a(mz2) # 0. (42)
Using (9), there exist r, s € D such that:
©1(m*) D + a(m”*) D +d* D = (p1(m*) +d* rp1(m1)) D + (p2(m*) + d* s p2(m2)) D. (43)
In particular, there exist «, 5 € D such that:
d* = (p1(m”) + d" roi(m1)) a + (p2(m”) + d* s pa(m2)) B. (44)

Using the right D-module structure of homp (M, D), let x := p1 o+ @2 8 € homp(M, D) be
defined by x(m) = ¢1(m) a + @a2(m) B for all m € M. Let us also consider ¥ € homp(D, M)
defined by ¥(d) = d (rm1 + smg) for all d € D. Then, using (42), we get

x(0(d™)) = x(d"9(1)) = d" x(rm1 + s m2)

= d* (p1(rmi + sma) a + @a(rmi + sma) B)

= d* (r1(ma) o+ 5. 2(ms) B),
which combined with (44) yields:

x(m*+9(d") = @i(m") a+@a(m”) B+ d" (roi(m) a+ spa(me) B)
= (pr(m") + d"roi(mr)) a+ (p2(m”) +d" s pa(me)) f = d*.  (45)
Let us define ¢ := (w1 —wg 019) G wy € homp(D & M, D). Then, using (41), we get
P((d*, m* +9(d"))) = wi(d*) — w2 (I(d*)) + wa(m™ + I(d¥)) = wi(d*) + wa(m*) =1,

which shows that (d*, m* +9(d*)) € U(D @ M). Let us define ¢ := w;y (1) —w2(¥(1)) € D and
¢ = wy + xt € homp(M, D). Thus, using (41) and (45), we obtain
p(m”* +9(d")) = (w2 + x 1) (m" + 9(d"))
= wa(m”*) + wo(I(d*)) + x(m* +V(d"))t
=1- wl(d*) + WQ(CZ* 19(1)) +dt
=1—d"wi(1)+d w2 (V1)) +d*t
—l—dt+dt=1,

which finally shows that m := m* + ¢(d*) € U(M) and p(m) = 1. O
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If D admits an involution, then (9) is a direct consequence of (7) as noticed in Remark 3.

Note that if d* = 0, then m* € U(M) and we can choose 9 = idp.

Remark 11. If m* ¢ ¢(M), then we can choose m; = m* so that pa(mq) = @2(m*) = 0 and
(43) simplifies to ¢1(m*) D+d* D = (1+d*r) 1(m*) D+d* s pa(m2) D, i.e., we need to find
r, s, a, B € D such that d* = (1 +d*r) p1(m*) o + d* s pa(m2) B.

Remark 12. If rankp(M) > 2 and m € M, then considering w; = idp and we = 0, then
(1, m) € UMD & M). Lemma 7 then shows that there exists ¥ € homp(D, M) such that
m’ :=¥(1) + m € UM), and thus M = Dm’ & M’ for a certain left D-module M’, which
proves again Theorem 7. If m ¢ t(M), then using Remark 11 with d* = 1, the unimodular
element m’ can be obtained by computing a solution of the following inhomogeneous quadratic
equation:

1= (14r)pi(m)a+ spa(ms)B.

We find again the main argument of the proof of Theorem 7.
Algorithm 5 (ReductionOfUnimodularElement).

e Input: A very simple domain D satisfying (9), R € D9*P a matrix such that the left
D-module M = D'*?/(D'*4 R) has rank at least two, i.e., rankp(M) > 2, d* € D,
\* € DYP guch that (d*, m*) € U(D @ M), where m* = w(\*) and 7 : DY*P — M is
the canonical projection, and e € D and u € kerp(R.) such that w € homp(D & M, D)
defined by

Vde D, VYAXe€DY™, w((d, w(\))=de+ \pu,

satisfies w((d*, m*)) =1, i.e., d*e+ X p=1.
e Qutput:

1. X € DY such that ¥ € homp(D, M) defined by 9(d) = dm for all d € D, where

A
m := w(\), satisfies m* + 3(d*) = m* + d*m € U(M).
2. 1 € kerp(R.) such that ¢ := ¢ € homp (M, D) satisfies p(m* +9(d*)) =1, i.e.:

N+ d* N = 1 (46)

1. Applying steps 1-7 of UnimodularElement (see Algorithm 1) to R, we get A1, Ao € D'*P
and p1, p2 € kerp(R.) such that dy := p1(my) # 0, p1(m2) =0, d2 := p2(m3) # 0, and
pa(my) = 0, where ¢; := ¢, € homp(M, D), and m; = w();) for i = 1, 2. Note that if
m(\) ¢ t(M), then we can take \; := A.

2. Using (9), compute r, s € D such that:

()\*,ul)D—i-(/\*ug)D—l—d*D: ()\*,UJ+d*7’)\1,ul)D+()\*/Lg-l-d*s)\gug)D.

3. Define X :=r \; + s \a.

4. Right factorize d* by S = (A +d*rA)p1 (N +d*s)X2) po) to get d* = S (a B)7,
where a, 5 € D.

5. Define p* := py o+ pa 8 € kerp(R.), t := e — A, and i := p + p*t € kerp(R.).
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6. Return X and 7.
Let us check (46). Using A ua = 0, A2 u1 = 0, and 4 of Algorithm 5, we first get:

A"+ d" (r A&+ sX2)) (mra+ p2 B) = XN (i a+ pp B) +d" (r A+ s X2) (o + p2 B)
:)\*(MOH—,MQB)+d*(r)\1u1a+s)\2,u2ﬂ)
:(/\*—i-d*r/\l),uloz—i-()\*—i-d*s)\z)ugﬁzd*.

With the notations of 5 of Algorithm 5, using t=p+ (ua+u2 B)t, t =e— (r A1 +s2) p,
d* e+ X p =1, and the above identity, it follows:

N+ R TT= (V4 d (r h + 5 00)) (1 (1 0+ 122 8) 1)
=XNp+d (A +sX)p+ N +d (rA+sh) (pa+pB)t
=l—-de+d (r\i+sh)pu+dt
=1-d(e—(rAi+sX)p)+dt=1

Remark 13. If M = D'*" with » > 2, then Theorem 7 and Algorithm 5 show that for every
(d X)elU (Dlx(Hr)), where d* € D and \* € D" ie., such that (d* )\*) admits a
right inverse over D, there exists A\ € D" such that A := A+d* A € U (DIX”), i.e., such that

X admits a right inverse over D. This result comes from the fact that the stable rank of D is
at most 2, i.e., sr(D) < 2, which is a direct consequence of (7) as explained in [37].

Example 15. Let us consider again Example 5. Let d* = 9, \* = (0 0 — z1), and
m* =nx(\). fe=xyandpu = (—93 0 )T € kerp(R.), then d* e+\* u = 1, which implies
that d* @ m* € U(D & M) since ¢ € homp(D & M, D) defined by ¢(d & w(\)) =de+ A\ for
all d € D and for all A € D'*3 satisfies p(d* @ m*) = d*e + \* u = 1. By Lemma 7, there
exists A € D3 such that ¥ € homp (D, M) defined by 9(d) = d=w()\) for all d € D satisfies

that m* + 9(d*) = 7(A\* +d* \) € U(M). Using Algorithm 5, let us compute A.

Let )\1 = (0 -1 0), )\2 = (0 0 1), H1 = (32 — 61 O)T, and Mo = (—83 0 81)T.
Then, using Example 5, we have d; := ¢1(m1) = 01, p1(me) = 0, d2 = pa(me) = 01,
and @o(m1) = 0, where ¢; := ¢,, € homp(M, D), and m; = 7(\;) for i = 1, 2. Then,
ds := p1(m*) = XM up = 0 and dy := @a(m*) = N puo = —x1 0;. Using Remark 3, we can
compute r, s € D satisfying (43) by computing u, v € D such that

D6(ds) + D 6(ds) + DO(d*) = D (6(ds) + 0(dy) u8(d*)) + D (6(da) + 6(d2) v 6(d*)),

where 6(d3) = 0, 0(ds) = x101 + 1, and 6(d*) = —01, and then defining r = 6(u) and
s =0(v). We can take v =1 and v = 0, and thus r = 1 and s = 0. Then, we obtain A=\
and A==\ +d*A=(0 —0; —ux1) issuch that 7(A) € U(M).

Let us compute i € kerp(R.) such that A = 1, i.e., such that ¢ € homp (M, D) defined
by @(m(\)) = A@ for all A\ € D3 satisfies ¢(m(A)) = 1. Right factoring d* = 9; by the
matrix S = (07 —z101), weget d* =S (a B)T, where a = %xl and 8 = %(‘91, which yields
,u*:% (—61@34—56132 —.1:181—1 af)T,t:xl,and:

1
5 (—$18183+.%'%82—383 — I (x181+2) (x181—|—4)81)T.

T
Finally, we note that we can also use Remark 2 to compute .
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Lemma 7 is the key result for the so-called (Bass’) cancellation theorem ([44]) which states
that M & D = N & D implies M = N when rankp(M) > 2. Let us explicitly describe this
last isomorphism following the proof of Corollary 12.6 of [45] as pointed out in [44].

Let f: D& M — D @& N be a left D-isomorphism and (d*,n*) := f((1,0)). Now,
if g: D@® M — D is defined by g((d,m)) = d for all d € D and for all m € M, then
(gof~H((d*,n*)) = g((1,0)) = 1, which shows that (d*,n*) € U(D&@ N). By Lemma 7, there
exists ¥ € homp(D, N) such that n := n*+9(d*) € U(N). Thus, there exists ¢ € homp (N, D)
such that ¢(n) = 1. Now, let us consider the following left D-homomorphisms:

k:D — D h:D&N — DéN l:D&N — D&N
d — dd*, (d,n) — (d,n+9(d)), (d,n) +— (d=(kog)(n),n).
(47)
Since h and [ are automorphisms of D ® N, i :=lohof: D® M — D @ N is a left D-
isomorphism. Moreover, i((1,0)) = (loh)((d*,n*)) = l((d*,n)) = (d* — (koy)(n),n) = (0,n).

Now, N=Dnédkerp 2 Ddkerpsincen € UN). f X ;=D& N =D& (Dndkeryp),
then Y := X/(0® Dn) = D@®kero = Dndkerp = N. Using (5), we have the direct sum
decomposition

VneN, n=g¢n)n+(n—pn)n), ¢n)neDn, n—en)nckeryp,
and the left D-isomorphism N =Y is then defined by

e:N — Y ey — N
no— ollem)n),  o(dn) — n+(d— (),

where 01 : X = D ® N — Y is the canonical projection onto Y.

If 41 € homp (D, D @& N) (resp., iz € homp (D, D @& M)) is defined by i1(1) = (0,n) (resp.,
i2(1) = (1,0)), then im4; = D (0,7) and im iy = D (1,0), which yields

cokeriy =Y, Z:=cokeriy = (D& M)/(D(1,0)) = M,
where the last left D-isomorphism is defined by

k.M — Z
m > 0o3((0,m)),

where 09 : D ® M — Z is the canonical projection onto Z.

Using i o i9 = i1, the following diagram is commutative with exact rows and columns

0 0
4 4

0— D p D —0
1z L

0— D&M - DaN —0,
\Laz \Lal
Z - Y
4 4
0 0
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where ((o2((d,m))) = o1(i((d,m))) for all d € D and for all m € M. With the notation
(e,n) :=1i((0,m)), the left D-isomorphism @ := e~ o010k € homp(M, N) is defined by:

w:M — N

m +— n+(e—p(n))n. (48)

Theorem 11 ([44]). Let D be a very simple domain satisfying (9), M and N two finitely
generated left D-modules, and rankp(M) > 2. Then, M & D = N @ D implies M = N.

A similar result holds for right D-modules.

Let us give an explicit description of . Let M = D'*? /(D4 R), N = D'*¥' /(D¢ R/),
7 DYP — M (resp., 7' : DY*P — N) be the canonical projection onto M (resp., N),
P=(0 R)e DU+ p = (0 R) e DV*U+) [ = p*xU+p)/(DIX4P) = D@ M,
L' = DXX+) (D14 Py =2 D@ N, and 7 : D47 5 [ (vesp., 7/ : D*U+) 5 1))
the canonical projection onto L (resp., L’). Let f be a left D-isomorphism defined by

f:L — L

Q) — T(CX), (49)

where:

X X , ; ,
X = 11 12 c D(H'P)X(H‘P)’ X1 €D, X;p€e DlXp, Xo1 € Dp, Xo9 € DP*P
Xo1 Xoo

Then, f(r(1 0)) = 7/((X11 Xi12)). Now, applying Lemma 7, there exist A € D'*? and
71 € kerp(R'.) such that (X12 + X11 A\) 77 = 1. The left D-isomorphism i is then defined by

i: L — L'
7(¢) +— T(CX'),

X X X X 1 A 1 0
Y 11 12 . 11 Xi2 ) (50)
Xo1 X Xo1 Xoo 0 Iy —nXn Iy

B 0 XA+ X9 (51)
Xo1 — (Xt A+ Xo2) T X117 Xog A+ Xoo |

where:

We note that the last matrix in (50) defines an automorphism of L’ since R’z = 0. Using
(48), the left D-isomorphism w is then defined by:

w:M — N

T — 1 (X + (X — Xa ) X)) (52)

Remark 14. We note that the matrix defining (52) can be obtained from X’ as the entry at
position (2, 2) of the following matrix:

1 0 0 X\ [ 0 X,
Xo —Xoolt I X5 X Xy X+ (X4 — Xgom) Xiy )
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Let us explicitly describe the algorithm realizing Stafford’s cancellation theorem (see The-
orem 11).

Algorithm 6 (CancellationTheorem).

e Input: A very simple domain D satisfying (9), R € D?7*P such that the rank of the left
D-module M = D' P /(D4 R) is at least two, R' € DY*?, P = (0 R) € D9*(1+p)
P'=(0 R)eD?*0+) and X € DUPX(14P) defining the left D-isomorphism (49).

e Output: Y € DP*?' defining the left D-isomorphism (52).

1. Select the first row (X171 Xi2) of X, where X717 € D and X5 € DYV
2. Compute Q' € DP*™ such that kerp(R'.) = Q' D™
3. Compute a right inverse (¢ 1) € D" of (X1, X12Q').

4. Apply Algorithm 5 to (d*, m*) = (X11, 7'(X12)) € UMD @® N), e = ¢, p = Q' i, where
N = DY /(D™ R') and 7’ : D'*¥" — N is the canonical projection onto N, to get
X € DY and 71 € kerp(R'.) such that:

X2+ XuNp=1

5. Compute the following matrices:

Xig=X11 A+ X12, X5 :=Xo1 — (Xa A+ X)) i X11, Xoo 1= Xo1 A+ Xoo.
6. Return Y := X%, + (X4, — X5 11) X1.
Algorithm 6 will be illustrated in the next section.

6.2 Applications
6.2.1 Computation of bases

Let D be a very simple domain satisfying (9) and M a finitely generated stably free left D-
module. By definition (see Definition 1), there exist 7, s € Z>( such that M @ D'*% = D1x7.
Since D is a noetherian domain, we have 0 < s < r (see, e.g., [25]). If rankp(M) =r—s > 2,

r—s)

then applying Stafford’s cancellation theorem (see Theorem 11), we obtain M = D¥(r—s),
i.e., M is a free left D-module of rank r — s > 2, which gives a proof of Theorem 6.

This approach to compute bases of free left A, (k)-modules of rank at least two was
pursued in [20]. Below, we give a proof which is different from the one in [20]. Indeed,
the approach of [20] is based on versions of Lemma 7 and Theorem 11 for a left/right D-
submodule M of a finitely generated free left/right D-module, and not for a general finitely
generated (i.e., presented) left/right D-module M as it is done in this paper. In other
words, [20] considers kerp(R.) C DP whereas we consider the finitely presented left D-module
cokerp(.R) = DY*P/(D'*4 R).

Given a presentation matrix of a finitely generated stably free left D-module L, in [37],
it is shown how to compute a matrix R € D9*P which admits a right inverse S € DP*? i.e.,
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RS = I, and is such that the left D-module M := D'*?/(D*4 R) is isomorphic to L. Then,
the following short exact sequence

0 — DY B pbr T g
splits, namely, D'*4 @ M = D'¥P (see, e.g., [40]), and this left D-isomorphism is defined by:
g: D1 oM — DX

@,7(A) — (¢ A)(

R g':D>r — DMXMaeM
)7 A — (S (V).

I,-SR

For more details, see [36]. Let P = (0 R) € DI*@*P) p' =0 X = (RT (I,-SR)")T
the above matrix defining the left D-isomorphism g, L = D'*(@+P) /(D1xa p) [} = D'*P,
7 : DY¥(@tP) 5 [ and 7/ = idy,. Using the left D-isomorphism L = D' @ M defined by
sending 7((60  \)) to (0, 7(\)) for all & € D> and for all A € D*P_ then we get the following

left D-isomorphism:
f:L — L' =DY?

A6 N) — (0 m<1f2R>. (53)

If rankp (M) = p—q > 2, then applying ¢ times Algorithm 6, we obtain a left D-isomorphism
h: M — D™ ®=9 defined by h(r(\)) = AQ for a certain matrix Q € DP*(P=9) (called an
injective parametrization in [11, 37]). Moreover, the matrix @ necessarily admits a left inverse
T e DP—D*P je. TQ= I—q, and {7 (T}e) }i=1,.. p—q forms a basis of the free left D-module
M of rank p — ¢, where T}o denotes the i'" row of T'. For more details, see [37].

Remark 15. Theorem 11 is based on solving quadratic equations of the form (11). As already
noticed in [37], for the computation of bases of finitely generated free modules, we only need
to find o, 8 € D such that

d1D+d2D+d3D:(d1+d304)D—|—(d2—|—d35)D, (54)

which is generally faster and gives smaller results than solving equations of the form (11).
Indeed, f(7(1 0)) = Rie € U(DYP) (i.e., Rje admits a right inverse, e.g., the first column
of S) and Algorithm 5 aims at finding \ € D¥>(=1) guch that X9 + X1\ € U(Dlx(p*l)),
where Rie = (X711 Xi12), X11 € D, and X2 € D@1 1f d; and dy are two non-zero
entries of X712 and d3 = X71, then there exist o, € D such that (54) holds. Since the right
ideal generated by the entries of Rj,e is D, so is the right ideal generated by the entries of X9
but where d; (resp., do) is replaced by di + ds  (resp., d2 + ds ). Then, X can be chosen as
the vector defined by « (resp., 8) at the position corresponding to the one of d; (resp., da),
and 0 elsewhere. Compare with [37].

Example 16. Let D = A;(Q), R= (0 t 0),and M = D'3/(DR). Since R admits the
right inverse S = (t — 0 0)7, M is a stably free left D-module of rank 2, i.e., a free left
D-module of rank 2 (see 4 of Theorem 1). Using Algorithm 6, let us compute a basis. Let
P=(0 R)e DV L[ =DY/(DP), 7: D> — L be the canonical projection onto
L, I' = DY3 and the left D-isomorphism f : L — L’ defined by (53), i.e., which sends
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7((@ X)) to (0 A) X, where:

0 t 0

P R | —to+1 -2 0

\I,-SR | 9  to+2 0

0 0 1

Let us define:

—t0+1 -2 0
X1 =0, Xlgz(t O), Xo1 = 0?2 , Xoo = to+2 0
0 0 1

Using Remark 15 and tD+0D +90D =t D + (0+ 9) D, we can take « = 0 and f = 1 and
get A= (0 1) which is such that X1o + X131 A= (¢t 9) € U(D'*?) since X12 + X11 A admits
the right inverse i = (=0 t)”. Computing the matrix X’ defined by (51), we get

—td+1 —t2 —to+1
X1 =0, Xip=(@ 09), X3 = 0 . Xpy=| to+2 82 :
~t0 0 1
which yields:
—t2(0+1) —tP?+(1-t)0+1
Q=X+ (X —Xoom) X1o=] tFP+(t+2)0+2 O*(0+1)
—t(t@+1)+1) —t0(0+1)+1

We can check that kerp(.Q) = D R, and @ admits the following left inverse:

p_ [0 to+t+2 9(0+1)
W —1? —t@+1)+1 )

Therefore, we have M = D'*3Q = D1*2 and {m(T}e)}i=1,2 is a basis of M.

6.2.2 Rank reduction compatible with isomorphism

Let us consider a finitely generated left D-module M with rankp (M) > 2. Using Theorem 7,
there exist r € Z>o and a finitely generated left D-module M’ with rankp(M’) < 1 such that:

M o~ D1><7‘ D M/.

Let us also suppose that we have another direct sum decomposition M =2 D'*¢ @ M”, where
rankp(M") < 1. Let us now study the relations between M’ and M”. The left D-isomorphism
D" @ M’ = D5 @ M" and the fact that D is a noetherian domain imply:

rankp(M) = r + rankp(M') = s + rankp(M").

Then, applying Stafford’s cancellation theorem (see Theorem 11), one of the following impli-
cations holds:

44



1. If M’ and M" are two torsion left D-modules, then r = s > 2 and:

D1><(r—2) @ (D1><2 @ M/) o~ Dlx(r—2) ® (D1><2 @ M”) = Dix2 oM = Dix2 @ M.

2. If rankp(M’) = rankp(M"”) =1, then r = s > 1 and:
Dlx(rfl) @ (D EBM,) ~ Dlx(rfl) ® (DEBM”) = DEBM/ ~D EBM”.

3. If rankp(M’) =1 and M” is a torsion left D-module, then s = r+ 1 > 2 and:
DIX(T—I) D (_D D M/) o~ DIX(S—2) e (D1><2 @M”) = D @M/ o~ D1><2 D M//.

4. If M’ is a torsion left D-module and rankp(M"”) =1, then r = s +1 > 2 and:
D1><(r—2) @ (D1><2 @M,) ~ D1><(s—1) ® (D EBM”) - px2 aM >~Da M".

6.2.3 Auslander transposes

Auslander transposes play a fundamental role in the study of the module structure of Aus-
lander regular rings. For more details, see [11, 16, 35] and the references therein. Let us
introduce this concept and its main properties.

Theorem 12 ([16]). Let us consider the following finite presentations of a left D-module M :

.R
D¢ L pbx» Ty M 0,

pxd E puet T
Let us consider the following two finitely presented right D-modules:
N :=D/(RDP?), N':=DY/(R D).
Then, we have
DYtP ¢ N =~ DIt g N/ (55)

as right D-modules. Hence, N and N' are projectively equivalent, which shows that M defines
a unique projective equivalence class of right D-modules. Any representative of this projective
equivalence class is called an Auslander transpose of M. In particular, we have:

rankp(N) + ¢’ + p = rankp(N') + ¢+ p'.
We refer to [16] for the explicit construction of a right D-isomorphism as in (55).

The Auslander transpose of a finitely presented left D-module is a finitely presented right
D-module. If D = A(d,...,0,), then using the involution 6 of D defined by (10), the
right D-module structure on an Auslander transpose can be turned into a left D-module
structure. More precisely, if we introduce the so-called adjoint matriz R := (0(R;i;))T € Dpxa
of R € D7, then the left D-module N := D¥4/(D'? R) is called the adjoint of the left
D-module M = D'*P /(D% R). Then, (55) yields:

DX@+p) g N = pIX(a+) g NV, (56)

Turning right D-modules into left D-modules by means of an involution of the ring is usually
useful in practice since many computer algebra systems (e.g., Maple) are only equipped with
left Grobner basis techniques. In mathematical physics, adjoint modules play an important
role as shown in [32] (see also the references therein and [16]).
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Corollary 4. Let D be a very simple domain. With the notations of Theorem 12, if r = ¢'+p,
' =q+7p, and s € Z>g is such that

rankp(N) +r — s = rankp(N') + 1" — s > 2,

(55) yields:
D?”—S EB N o DT’—S @ N/.

Moreover, if D admits an involution, then:
Dlx(r—s) ® N ) Dlx(r’—s) ® ]’\\f/

For more examples illustrating Theorem 11, see [39].

7 Conclusion

The constructive study of Stafford’s theorems ([44]) on the module structure of the Weyl
algebras A, (k) over a field k of characteristic zero was initiated in [22, 26] and continued in [20,
37]. In the present paper, we have studied the rest of Stafford’s theorems from a constructive
viewpoint. The corresponding algorithms have been implemented in the STAFFORD package
([37, 39]) and the main results of the paper were illustrated with explicit and classical linear
systems of PD equations. Finally, we have also explained that Stafford’s theorems could be
extended to the case of rings of PD operators with coefficients in various differential rings or
fields, or more generally, to any very simple domain. Since many linear functional systems
of practical interest can be defined by means of a finitely presented left module over an Ore
extension [31], a quantum algebra [31] or a skew PBW extension [21], an interesting problem
is to investigate when these rings are very simple domains.

We hope that the results of this paper and those of [20, 37] will motivate the symbolic
computation community to pay more attention to constructive versions of Stafford’s main
theorem (see (7)). To be able to efficiently compute two “simple generators” of ideals of
Ay (k) is the main issue for studying the module structure of A, (k) (e.g., by means of the
algorithms in the present paper) and using it in the study of linear PD systems within algebraic
analysis or D-module theory.

The feasibility of an implementation of the extensions of Stafford’s theorems (see The-
orems 4 and 5) in a computer algebra system also needs to be studied in the future. For
analytic linear OD systems, an extension of the STAFFORD package called STAFFORDANA-
LYTIC is under development.

Stafford’s theorems ([44]) have been generalized in another important direction in [18]
where it was shown that the module structure of the ring D(X) of PD operators on a smooth
irreducible affine variety X over a field k£ of characteristic zero is similar to the one of the
Weyl algebra A, (k) = D(A™(k)), where A™(k) denotes affine space of dimension n over k.
The only differences are that one-sided ideals can now be generated by three elements instead
of two and the condition rank 4, ) (M) > 2 in the theorems of [44] and of this paper has to be
replaced by rankp(x)(M) > 3. These results can also be extended to certain singular affine
algebraic varieties (see [18]). It was also shown in [8] that statements similar to the ones for
D(X) hold for A, (K), where K is a division ring of characteristic zero (e.g., the quaternions H
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or the division ring of fractions of A,,(k) (see Section 2)). Based on the constructive versions
of Stafford’s theorems developed in this paper, we are currently studying these extensions.

Finally, the properties of (the category of) finitely generated modules over a very simple

domain should be studied in detail (as shown in [18], it has good functorial properties such
as respecting localizations with respect to Ore sets).
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